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Abstract Consider atime homogeneous {0, 1}-valued m-dependent Markov chain
{X _nt1+n, n = 0}. In this paper, we study the joint probability distribution of num-
ber of O-runs of length ko (ko > m) and number of 1-runs of length k;(k; > m) in
n trials. We study the joint distributions based on five popular counting schemes
of runs. The main tool used to obtain the probability generating function of the
joint distribution is the conditional probability generating function method. Fur-
ther a compact method for the evaluation of exact joint distribution is developed.
For higher-order two-state Markov chain, these joint distributions are new in the
literature of distributions of run statistics. We use these distributions to derive some
waiting time distributions.

Keywords Runs - Joint distribution - m-dependent Markov Bernoulli trials -
Conditional probability generating function

1 Introduction

Distribution theory related to run statistics has become a very active area in
recent years. Particularly in the last decade it has been extensively studied by
many researchers (Aki and Hirano 1994, 1995; Aki et al. 1996; Antzoulakos 1999;
Balakrishnan 1997; Fu and Koutras 1994; Han and Aki 1999, 2000a,b,c; Inoue
and Aki 2002, 2003; Koutras and Alexandrou 1995; Uchida 1998; and references
therein.).

At early stages run statistics were defined with respect to Bernoulli trials (BT).
Several generalizations to usual BT such as non-identical BT, Markov dependent
BT (MBT), higher-order MBT, Binary sequences of order k, Binary sequences of
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order (k, r), multi-state trials, Markov dependent multi-state trials etc have been
considered in the literature. Further depending on the requirements of different
statistical problems, several new counting schemes of runs and hence types of runs
were introduced. Some of the most commonly used types of runs and corresponding
run statistics are as follows.

e N, ;: the number of non-overlapping consecutive k successes until 7 trials in
the sense of Feller’s (1968) counting.

e M, : the number of overlapping consecutive k successes until n trials in the
sense of Ling’s (1988) counting.

e G, :the number of success-runs of size greater than or equal to k until # trials.
E, x: the number of success runs of exact length & followed by failure until n
trials in the sense of Mood’s (1940) counting.

® X, 1. the number of £-overlapping (0 < € < k — 1) success runs of length k
in n trials according to Aki and Hirano (2000) i.e. the number of success runs of
length k£ which may have overlapping part of length £ with the previous success
run of length & that has been counted.

To obtain the distributions of run statistics, method of combinatorics was used
at early stages. But in case of generalized sequence of trials this method becomes
complicated. Hence some new methods, such as conditional probability generating
function method (pgf), Markov chain imbedding method, induced Markov chain
method, exponential family approach etc were developed and used to obtain the
distribution of run statistics.

The main tool used for obtaining the distributions in this paper is conditional
pgf method. This method is not new in the literature of distributions of run sta-
tistics. It can be used in two different ways. In the first way, condition is put on
the next event (see Hirano and Aki 1993; Uchida 1998) and in the second way the
condition is put on the next trial from each stage (see Aki 1997; Aki et al. 1996;
Ebneshahrashoob and Sobel 1990; Han and Aki 2000b; Uchida and Aki 1995).

Higher-order MBT have been considered by Schwager (1983), Uchida (1998)
and Han and Aki (2000b) to study distribution of X, ¢, the number of success runs
of length k in n trials. While Aki et al. (1996) studied distribution of sooner and
later waiting time problems in case of higher-order MBT by using pgf method and
combinatorial method.

The joint distribution of runs and patterns have been studied by Fu (1996) in case
of multi-state trials by introducing forward and backward principle for method of
Markov chain imbedding. Doi and Yamamoto (1998), Shinde and Kotwal (2006)
also studied joint distribution of run statistics in case of multi-state trials. Han
and Aki (1999) introduced a concept of Markov chain embeddable variable of
multinomial type and returnable type to study joint distribution of runs in case of
multi-state trials, under the first four counting schemes introduced above.

In this paper we consider a sequence of m-dependent MBT. Let X! , (i =0, 1)
be the number of i-runs of length ; in n trials. In Sect. 2 we derive pgf of distribu-
tion of (X)), . X, ) under the above-mentioned five counting schemes, by using
conditional pgf method. Using the pgfs derived in Sect. 2, we develop an algorithm
to get exact probability distribution in Sect. 3. The formula for exact probability
is interpreted in terms of joint distribution of (X7, ., X, . ) and (X_, , . X} | ).
As an application of these distributions, in Sect. 4 we obtain distribution of sooner
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and later waiting time problems. In Sect. 5, we evaluate the exact probability distri-
butions of (X)), . X, , ) under all the counting schemes and distributions of some
waiting time random variables.

2 Distribution of (X3, , X} ,,)

Let X_ 41, X—m+2,---, X0, X1, ..., X, be a time homogeneous, m-dependent
sequence of MBT with transition probabilities,
PXi=1[Xi1 =X, Xi 2 =Xm—1, -+ » Xiom = X1) = Prjxytns
PXi=0[Xi1 =xm, Xi 2 =Xm—1, -+ » Xicm = X1) = @ryxyots
for i=1,2,...,n, and x1,x2,...,x, =0, 1.
where gy,x,. x, =1 — Prixyox, A0A 0 < priny v, <1 Vxi,x2,...,x, =0, 1.

Let the initial probability distribution be,
P(X‘m-H = X1, X7m+2 = X250, XO = -xm) = ijl)CQ Xm0 X1, X2y o vv s X = 07 1'

Here we obtain the joint distribution of (X7, .X),) by converting the
sequence of m-dependent MBT to the sequence of one- dependent Markov tri-
als. This conversion is based on the transformation of m-digit binary number to
a unique equivalent decimal number as used by Uchida (1998). Uchida (1998)
studied the distribution of X ,, the number of success runs of length k in n trials in
case of sequence of m- dependent MBT under first four counting schemes by using
method of conditional pgfs.

First we introduce the notations necessary for the conversion of sequence of
m-dependent MBT to the sequence of one-dependent Markov trials and describe
the method in short.

Let N2 be the set of all possible outcomes of sequence of length m i.e. N2 =
{x1x2... % | X1, %2, ..., %, =0,1, }. It consists of 2" elements. Treating ev-
ery element xx; . . . x,, of N2 as a m-digit binary number, transform it into unique
equivalent decimal number by using a function g : N2, — NJ©
such that g(x; x5 ...x,) = 27:11 2m=t y;, for all x1x; ... x, € N2, where N0 =
{0,1,2,...,2" —1,}. Let fi(i =0, 1) be the mapping from N'* to N'° such
that fi(x) = 2x + i(mod 2™). If x is equivalent decimal of binary number
X1X2 ... Xy then f;(x)(i = 0, 1) calculates the decimal equivalent of binary num-
berx;...x,i.

Forexample form=3, wehaveNg = {000, 001, 010,011, 100, 101, 110, 111}
and N3 = {0, 1, 2,...,7, }. Then the decimal equivalent of 3-digit binary num-
ber 1101is 6. Transition from 110 to state 1(0) results in new state 101(100), i.e. the
decimal equivalent of the binary number 101(100) is calculated by f;(6) (fo(6)).

The sequence {X;,i > —m + 1} of m-dependent MBT is thus converted into
one-dependent {0, 1, 2,...,2" — 1, }-valued sequence{Z;, i > 0} of Markov tri-
als with the transition probability matrix P = (( pxy)) of order 2 x 2"where

pr ity = fi(x)
Py=1{q. ify=fox) VxeN) (1
0 otherwise



540 K. S. Kotwal, R. L. Shinde

Let @y (f0, 1) (@ = N, G, M, E , X) be the pgfof distribution of (X? o X! " o)
where X!

nk .« =0, 1) denotes the number of i-runs of length k; in n MBT under
the counting scheme corresponding to «, where « is defined as follows. (see Han
& Aki 1998).

N for non-overlapping counting scheme,
G for atleast k counting scheme,
o = { M for overlapping counting scheme,
E for exactly k counting scheme,
X for generalized £ — overlapping counting scheme.

For a non-negative integer ¢ < n, assume that we have observed until (n — ¢)’ h

trial (i.e. X_pp1, Xopmaayeve » X0, X1y evv s Xue).

Let ¢’ (to,t1))(«a = N,G,M,E, X and i =1, 2, ..., 2™ —2) be the pgf
of joint distribution of number of O-runs of length ko and number of 1-runs of length
kiinX,_c11,..., X, giventhat X,,_. = Xy, Xp—c—1 = Xu—t» -+ » Xn—c—mtl = X1
and g(x1x2...xp) = 1.

Observe that for x; = x, = -+ = x, = 1(0), glxx2...x,) = 2" — 1

(0). Hence we define qﬁfzs —Lh (10, 11) (qbc(?(;j ) (1o, tl)) as pgf of joint distribu-

tion of number of O-runs of length ky and number of 1-runs of length k; in
Xp—ct1,---, Xpgiventhat X;,_. = Xp—e1 = -+ = Xyl = 1(0) and cur-
rently at (n — c)’htrlal 1-run (0-run) of length Jj has occurred, j =1, , ki
(=12, ... ko).

Assuming moo..0 = 1, for « = N, G, M, E, X, we have,

Pualto, ) = i (t0, 11) 2)
Also we have, for « = N, G, M, E, X,
$o.) (to.11) =1 V(. j) 3)
and
Poolto.) =1 i=1,2,...,2"=2.

Now conditioning on the next trial from every stage in general, we get the

following recurrent relations of conditional pgfs of (X7, . X}, ) for ¢ =
1,2, ..., nandae=N,G,M,E, X.
o001, 1) = po )V, 10, 1) + qop ") o (10, 11),
oL o (to, 1)) = pi ¢ZL(1’?a(t0,t1)+qi¢fﬂ({?a(t0,t1),
i=1,2...,2""=2, 2" 1, 2" =2

pi ¢C oo 1) + @i (ot ifi =271 1
pi ¢ (oo 10) + @i o 1) if i = 2!

j 0,j+1 .
¢£f)§;/)(to, ) = po ¢;.f]_(1,)a(to, 1) +QO¢L(-_'1I:,)(IO’ ), Jj=1,2,...,kg—2

¢£,a(t0’ tl) = {
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and

0
Do ¢Cf'_(1 ,)0, (to, 1) + 6]0t0¢£(l]1€?21 (to. 1)
ifa=N,G,M,Xandc=1,2,...,n
¢§?&""‘1)(t0, t) = orifa = Fandc=1.

0 0,k
po ¢!V, (0, 11) + qod >\, (10, 11)

fe=FEandc=2,...,n

Similarly fori =2" —1,

o8P0, 1) = pi o o D F @l (to 1), j =12, ki —2,

. 0
pit1 955 (o, 11) + g0 «(f0,11)

_ fe=N,G,M,Xand c=1,2,... ,n
¢C(f’§‘_l)(to,t1) = orif « = Fandc = 1.

” .
Di ¢§l_11,L (to, 11) + Qi¢g°_(f?a (to, 1)
fe=FEandc=2,...,n

¢cf](10)a(fo,l‘1) + qop” ) a(lo,ll) ifa=N
Po ¢c 1 a(thtl) +6]010¢c 1. D,(fo,l‘l) ifa=M

¢ 0,11 = 3 pod! (0, 1) + g (19, 1) it =G
¢[‘ﬂ ) (o, 1) + qotod " (1, 1) if e =X
potod! . (1o, 1) + g0V 1y, 1) it e = E
Fori =2" —1,
pi o) o ) + gl (0. 1) ifa=N
piti ¢L(~i'k1])a(to, 1) + t]z¢cﬁ)(1i)a(toa ) ifa=M
S o, 1) = 3 pi g (1o, 1) + @iV (10, 1) ifa=G |
i 05 (0, 1) + @i (1o 1) if e = X
pi 8V 1o, 1) + g 0. 1) ifa = E

where for @ = E,¢Z, 70 (15, 1) (95 (1, 1)) is the pgf of joint distri-
bution of number of O-runs of length ky and number of 1-runs of length k; in
Xn—catls--- Zg,lven that X, . = X, 1= = X_c_ms1 = 1(0) and cur-
rently at (n — c)’ trial length of 1-run (O—run) is more than k; (ko). Therefore the
recurrent relations of the conditional pgfs q)c(_ ~LhkatD (to, t1) and q)(o ko1 (1o, 11)

are as follows.
0,ko+1 0 0,ko+1
¢( Dito, 1) = po ¢fl,(1,)5(to, t) +(10¢£710,45— ) (to, 1)
and fori =2" — 1,

i ki+1 i ki+1
o2 Vw0, 1) = pi g (o, 1) + i (10, 11).



542 K. S. Kotwal, R. L. Shinde

The above set of recurrent relations of conditional pgfs for each « can be written
as follows.

(ActBo atotBiat) ¢ o (fos 1)
ife=N,M,G,Xandc=1,2,... ,n
?c,a(to’t‘)z orifa=Eandc=2, ..., n.

(A((xn) + nglo + Bl(”()x tl) ., b1y ifa=E and c=I.

1,a
“)
where
Qc.a(to’ 1)
0,k 0,kop—1 0,0) 41 2 2" -2 2"—1,1 2" —1,2 271k
(¢C('.D( v ¢((?,a b tee ¢((?,a )¢c,a ¢(>,a e d’c.o( ¢c(',a ) ¢c(',ot ) e d)c('.ot 1))
ifa =N, X
0,k 0,kop—1 0,0 1 2 2m—2 2" —1, 2" —1,m+1 2"—1,k '
_ (¢C(IX o) ¢L(,ot 0 ) M ¢L(',ot) ¢c,(x ¢L’,O( ce ¢c,a ¢((r,a ™) ¢((r,a " ) tet ¢L(,ot I>)
ife =M,G
0,ko+1 0,k 0,0 1 2 2m—2 2" —1, 2" —1,m+1 2" —1,ki+1 '
(d)c('.l)t 0 ) d)f',oc o M ¢L(',ot) ¢(',a ¢L’.O( tet ¢c,oc ¢((',Ot ™) ¢((',Ot " ) M ¢L(',Ot ' ))
ifo = E.

and (Ay + By.o + By o) fora = N, M, G, X, E and (ASE") + Bé’f)E + Bf"g) are
the square matrices of order equal to size of Qc o[(to, t1). The i"* row of the ma-

trix (Ay + Bo.o + Bi . ) corresponds to the recurrent relation of i"* element of
¢C a(to, t1) with elements of ﬂ 4 a(to, t1) and its elements are the coefficients of

elements of qu ; 0t(to, H).

2m+k0+k1—1 lfOCZN,X
ie. the order of (Ay+ Bow+ Bio) =4 2" +ko+k —m ifa=M,G
2"+ ko+ ki —m+2 ifa=E.

From Egs. (2) and (3), we get foreach o = N, M, G, X, E,
Pn.alto, 1) =[00---010---0] ¢, (o, 1) =p ¢, ,(fo: 1)
and ¢, (o, 1) =1,
where 1 is column vector with all its elements equal to one.

Using Eq. (4) recurrently we get,

(Aa+Booto+Biot)" 1 ifa=N,MG,X,

Qn’a(to, t)= (Aa+BO,a fo+ B tl)n_l (A((),n)‘i‘B[()’Z)x tO+BYf¢)x tl)l ifa=FE.
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Hence the pgf of distribution of (XJ , . X, ;) is given by,

(A +Booto+Biot)" 1 ifa=N,MG,X,

P
Dualto: 1) = p'(Au+ Boto+ Bro )" (AL + B{L 1o+ B 1) 1
ifoe = E.

Let Dy = Ay + Bow + Bio (@ =N, M,G, X, E) and Dy = ((dy;)). We
define the matrix E, , = ((e;;)) of same order as that of Dy such that,

) L ifi=x,j=y
€/ =1 0 otherwise )

Also let ‘-’ be the binary operator such that for two matrices A = ((a;j))
and B = ((b;j)) of equal order, A - * B = ((a;;b;j)). Now we specify the
matrix Dy (¢ = N, M, G, X, E) explicitly and separate the matrices A, , By o and
By , from it.

The elements d;; (i, j = —ko, —ko+1,...,0,1,2,...,2" + ki —2) of the
matrix Dyare as follows.

Po ifi=—k0,—(ko—l),...,—1,0 andj:l
qo ifi=—(ko—1),—(ko—2),...,—1,0 and j=i-1
qo ifi=—ky andj=—-(y+1)
pi ifi=1,2,..., 2% —2m1 om_2 and j = f1(i)
pi ifi=2""—1andj=2"4+m—2
dij = gi ifi=1,2,...,2"m 1,24 1,...,2" =2 and j = fo(i)

gi ifi=2""1andj=-m

gy ifi=2"—1,2",...,2" +k —2 andj =2" —2
pom_y ifi=2"—-1,2",...,2"+k;—3 andj =i +1
pm_y ifi=2"+4+k —2andj=2"+¢; —1

0 otherwise

The matrices Ay, By x and B; x can be obtained from Dy by using the rela-
tions

i=1

2" +ko+ki—1
By x = Dy - % E Ei1]),
2" 4 ko+hi—1

By x = Dx - % < Z Ei,2"'+k0+k1—l>

i=1

andAX =DX _B().X_B]’X.

As non-overlapping counting scheme is particular case of generalized £-over-
lapping counting scheme with £ = 0, the joint distribution of (X7 ko> X 0 i, v) is
same as the distribution of (X? , . X, , ) with £o = 0 and £, = 0.
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Theelementsd;; (i, j = —ko, —ko+1,...,0,1,2,...,2" +k; —m — 1) of
the matrix D, are as follows.

Po ifi=—k0,—(k()—1),...,—1,0 andj:l

qo ifi=—(ko—1),—(ko—2),...,—1,0 and j =i —1

qo0 ifiz—ko andj:i

pi ifi=1,2,...,2" =2 andj = f1(i)

d.=la ifi=1,2,...,2" " —1,2" 1 41,...,2" -2 and j = fo(i)
YT g ifi=2""andj=-m

gm_y ifi=2"-1,2",...,2"+ki—m—1andj=2" -2
pm_y ifi=2"—-1,2"....2"4+kg—m—2 andj =i+ 1
Pom—1 ifi :2m+k1 —m-—1 andj =1

0 otherwise

The matrices Ay, By, » and B; y are specified by the relations,

2" +ko+ki—m
Bo,y = Dy - % E Ei1],

i=1
2" +ko+ky—m
Bym = Dy - % E E; omtkgtky—m
i=1
and AM = DM — B()’M — BI,M .

We have for o« = G, D, = Dy and

By,c = Dg -*Ey;,
Bi.c = DG - * Epnygiky—m—1, 20 1kothy—m,
and AG = DG — BO,G — Bl,G .

The elements d;; (i, j = —(ko + 1), —ko, ... ,0,1,2,...,2" +k; —m) of
the matrix Dg are as follows.

po ifi=—(ko+1),—ko,...,—1,0 and j =1

qo ifi = —ko,—(ko—1),...,—1,0 and j =i —1

qo ifi=—(ko+1) andj=1i

pi ifi=1,2,...,2" =2 andj = f1(i)

4= gi ifi=1,2,...,2" 1,24 1,...,2" =2 and j = fo(i)
T ¢ ifi=2""andj=-m

pm_y ifi=2"—-1,2"...,2"+ki—m—1 andj=i+1
pm_y fi=2"4+k —m andj =i

gm_y ifi=2"—-1,2",...,2"+ki—m andj =2" -2

0 otherwise

The matrices Ag, By g and B; g can be specified by the following relations.

By, g = Dg - x Ep gy43,
B g = Dg - % Exngggiky—m+1,27+k
and AE = DE — B()’E — B]yE .
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We also haveDp = A(”) 4 B(”) + B(”) and the matrices B(()'T)E, Bl(”é and
AP are as follows.

By'p = Di - % (Exxoss + E32),

(m)y
B, E — Dg - (E2m+kg+k|—m+1,2"l+k0 + E2”’+ko+k1—m,2’"+k0+ko—m+1)
(n) _ (n) (n)
and Ay _DE_BO,E_BI,E'

3 Exact distribution of ( nko? X ,1,,1(,>

From the previous section, we have the pgf of (X? o X ) Ky «) as follows.

B’(A +Boalo+Bion1)"1 ifa=N,M G, X
$nalto,t) = p' (Ag+ Boato+ Bio 11)" l(A<">+B<’”z +B", t )l
ifo = E.
©)

The above form of pgfs in general involves matrix polynomial
(A + Bty + Bit;) "of order n. Hence the joint probability distribution can be ob-
tained by expanding the polynomial with respect to fyand .
That is,
P(Xg,ko o = Xo, X}}l ko = 'xl)
= coefficient oft0 17" in ¢u o(to, 1), (X0, X1) € S (6)

where

Spe = {(x0,x) 10<x; < B,(G,0) ,i=0,1}
and

n

[k ifa=N
n—ki+1 ifao=M
[ ] ifo=G E » =01

[%] ifa=X

.Bn (i, a) =

The following Lemma gives the recurrent relations of the coefficient matri-
ces of 7,"f;" in the expansion of the matrix polynomial(A + Bofy + Bit;)" for
(x0, x1) € S, where S, = {(x0, x1) |10 < x9 + x; < n}.

Lemma 3.1 Let C,(xo, x1) be the coefficient matrix of t,°t," in the expansion of
the matrix polynomial (A + Boty + B1t)". Then C,(xo, x1) satisfies the recurrent
relation

Cp(x0, x1) = Cp1(x0, Xx1) A+ Cp1(xo — 1, x1) By
+Cy—1(x0,x1 — 1) By, (x0,x1) €S, (7

with C1(0,0) = A, Ci(1,0) = By and C;(0, 1) = By.
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Proof Obviously for n=1, we have
Ci(0,00=A, C;(1,0) = Byand Cy(0,1) = By.

and for n=2, C,(xo, x) satisfies (Eq.8) for (xg, x;) € S».
Assume that Eq. (8) is true for some (2 < r < n, ). Hence we have,
(A+Boto+ Bit)" = Z Cr(x0, x1) 117",
(x0,x1)€S;
Then

(A+ Boto+ By 1) !
=(A+Boto+ Bit1))" (A+ Boto+ B 1)

= Z Cr(x0,x1) 117" | (A+ Boto + Bi 1)

(x0,X1)€S;,

= {Cr(x0, x1) A+ Cr(x0 — 1, x1) By + C(x0, x1 — 1) B1} 1° 17"
o h

(x0,X1)€Sr41
Comparing the coefficients in (A + By fy + B ), we get (3.3).
Theorem 3.1 The exact probability distribution of (X2 kows X é kl,a) is given by,
P'Croto,x) 1 ifa=N,M,G, X
X0, L =x0 X!y =) =] 2| Crtalio, 50 AD +Cotu (o= 1, x1) B,
HCht1,0 (X0, x1 — 1) Bf")a} 1 ifa=E
(3)

where Cy, o (X0, x1) is the coefficient matrix of t)°t," in the expansion of matrix poly-
nomial (Aa + By oto + Bi .« tl) " and it satisfies the relation,

Cha(x0, x1) = Cp_1,6(x0, x1) Ag + Cpr1,0(x0 — 1, x1) By«
+Cn—1,ot(~x0, X1 — 1) B s (an xl) € Sn,a

with Cl,tx(07 0) = A, Cl,a(ly 0) = BO,oz and Cl,a(oa D= Bl,a-
Proof The proof follows from Egs. (5), (6) and Lemma 3.1.

Let the double pgf of (X2, . X, . ) be ®o(to. 11, 2.) (@ =N, M,G,X).
ie. ' o

o0
D, (t0,11,2) = Zgbn,a(thtly)Z”

n=0
00
— 0 _ 1 _ X0 X1 n
= E E P(Xn’ko.’a = X0, Xy 4, —xl) Pl MR A
n=0 x

ESna
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Simplifying the above expression we get the double pgf of (X7, .. X, ; )
(¢ =N,M,G,X) as,
Oy (1o, 11,2) = p’ [1 —z(Aa+ Bo.ofo+ Bi o 11)] L 0<z<1, (9
where [ is the identity matrix.

The expected number of i-runs of length k; in » trials is,

. 9 ,
E(X,ll,k[,a) = ﬁ‘bn,a(ma ty) }z0=1,z,=1 i=0,1
1

On simplifying this expression we have,

n
EX ) =pY (At BoatBi o) 'Bial i

j=1

=0,1. (10)

Remark 3.1 The exact probability distribution of (X;),ko’a, X, kl,a)(oz = N, M,
G, X) given in (8) can be expressed as,

0 _ 1 _
P(Xn,ko,a = Xo, Xn,kl,o: - xl)

= B/ {Cn—l,a(an x1) Ag + Cp—1a(x0 — 1, x1) Boo
+Cpo1.a(x0, X1 — 1) Bio} 1
The components of the above expression can be interpreted as,
P{Cuta(x0. x1)Aa} 1
= P(Xr(l),ko,(x = X0, Xrlz,kl,a = X1; ngl,ko,a = Xo, Xrlzq,kl,a = xl) (11)
P{Crcta(xo — 1, x1)Boo} 1

_ 0 _ 1 _ . y0
- P(Xn,k(,,a = X0, Xn,kl,a =xi; X

n—1,ko,a — X0 — L, Xrll—l,/q,a = )C])
and
P{Crra(xo, X1 — DB o} 1
= P(Xg,k(,,a = X0, Xrll,kl,a = X1; Xl(‘l)—l,k(],Ol = X0, Xrlt—l,kl,a =X — 1)
so that
P(Xg.koﬂ = X0, Xrlt,kl,a = 'xl)

= P(X} .0 = X0, X,

— . vO0 _ 1 —
nky,a T X15 Xn—l,ko,oz = Xo, Xn—l,kl,ot - X]) (12)
0 _ 1 _ . vO0 _ 1 _
+P(X",ko,06 = Xo, Xn,kl,ot = X1 anl,ko,a =xo— I, anl,kl,a - xl)
0 _ 1 _ . yO0
+P(X) 1w =%0: X0 =X13 X

— 1 — _
n—1,kp,a — X0, Xn—l,kl,a =X 1)

The above interpretation is useful for deriving different waiting time distribu-
tions.
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4 Waiting time distributions

In this section we obtain distributions of different waiting time random variables.
Let F; be the event that i-run of length k;occur for the first time (i=0, 1) and
Ws (W) be the waiting time for sooner (later) occurring event between F{ and
Fy. Let Wi (W}) (i=0, 1) be the waiting time for sooner (later) occurring event
between Fj and F; given that F; is the sooner (later) event and W,fi (i=0, 1) is the

waiting time for r} " occurrence of i-run of length k;.
Then we have,

PW,=r)=PW)=r)+P(W)=r) a=S5,L. (13)

Let ys(t), ¥(1).¥§(t), ¥ (1) and ¥} (1)be the pgf of Ws, W, Wi, W] and W]
respectively.

The pgfs of sooner and later waiting time distributions for success and failure
runs in case of second order Markov dependent trials have been obtained by Aki et
al. (1996) using probability generating function method. In case of general m-order
Markov dependent trials, they have given the system of equations of 2" conditional
pefs of waiting time to be solved with respect to conditional pgf.

We note that the distribution of Wy is same under all the five counting schemes
while distribution of W, is same for non-overlapping, overlapping, at least k, and
generalized £-overlapping counting schemes and is different for the exactly k count-
ing scheme. In the next two subsections we obtain pgf of sooner and later waiting
time distribution by using ¢, (o, t;) = p’ (A + Boto + By 1) " 1, the general form

of pef of the distribution of (X7 , X}, ).

4.1 Sooner waiting time distribution

The P(W¢ = r) can be written as,

P(W¢=r)=P(x?

ko = 1 Xrl,kl =0; X?A,ko =0, Xifl,kl = 0)
Using interpretations in (3.7), we get,
P(W{=r)=p'C1(0,0)By1
_ E/Ar—l Byl
Similarly,
P(Wg=r)=p A" B L
Hence the pgf of Wi (i =0, 1) is,
Ye@)=1p'I—An~'B;1 i=0,1.
Using Eq. 13, we obtain the pgf of Wy as,
Ys(t)y=1p' (I —A1)~""(Bo+ By) L.
The exact probability distribution of random variable Wy is given by,

P(Ws=r)=p'A"" (Bo+B)) 1 r > min(ko, k). (14)
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4.2 Later waiting time distribution

Observe that WEé Wi+ WP | (F; has occured)

and ngwg + Wll | (Fy has occured)

Distribution of W,f;, (i =0, 1)can be obtained by using marginal distributions
of X9, and X, . The pgf of marginal distribution of X/ , (i =0, 1) is given by,

n,ko

¢n(to, 1) = p' ((A+ B1) + Bot)"L
and ¢, (1, 1) = p' ((A + Bo) + Bit1)"L.

The probability distribution of Wr’;can be obtained by using the fact that,
P(W, =n)=P(X,, =r;X,_, =ri—1) i=0,1

Using the interpretationin (11) in case of marginal distribution of X j;y L(@=0,1)
and proceeding as in Sect. 4.1 we have,
P(W) =n) = p'(A+ B)" "Byl
and P(W} =n) = p'(A+ Bp)"'B 1.

Hence we have pgfs of W and W/as,

Y6y =1p (I - (A+ B~ Byl
and y{ (1) =1 p' (I — (A + Bo)t) ™' B 1.
Then we get the pgf of W, as,
Yr(t) =p {(I—A)"'By(I — (A+ B)1) "' By} 1
+2p" {(I = ADT'Bo(I — (A+ Bo)n)"'Bi} 1
Collecting the coefficients of #"in v, (¢), we have,

rfk()
P(Wy=r)=p'{Y A7'Bi(A+B)~"'B
i=k1
r—k1
+ Z AT Bo(A + Bo)”lBl} 1, r>ko+k. (15

i=ko

Remark 4.1 The formula Egs. (14) and (15) can be used to obtain the sooner and
later waiting time distributions under the counting scheme «, (¢ = N, M, G, X)
by replacing A, Bpand B; by A, By and B; 4 respectively. In the Mood’s way of
counting success runs (failure runs), the runs of exact length k; (k() followed and
preceded by failure (success), except the first run which may not preceded by an
failure (success) or the last run which may not be followed by failure (success)
are counted. But in case of waiting time of the F;(Fp), one has to wait for the
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success (failure) run of exact length k; (ko) which is not followed by failure (suc-
cess). Hence the formulae for the calculation of the sooner and later waiting time
distributions in case of Mood’s way of counting runs are not same as in Eqgs. (14)
and (15). The formula for the exact probability distribution of Wy is,

r—l1
PWs=r)=p' (4")" (B8~ Bor)+(BIb—Bie)) 1 7> minto. k)

and the formula for the exact probability distribution of W/ is,

r—ko

3 <AE — B + Bo,E)

mm=n=g{
i=ky

xBi g(Ag — Béf% + Bog + Bl,E)r_i_2<B(()'3g - Bo,E)}l

rfkl i
o |3 (ae - ni )

i=ko

EX)

xmﬁmE—MQ+&ﬂ+&wr*%m2—&jnl
r = ko + k.

Remark 4.2 The sooner (later) waiting time distribution can be obtained in gen-

eral for sooner (later) occurring event between ri’hoccurrence of i-run of length
ki(i =0,1).

5 Numerical study

We consider the 4-dependent sequence of MBT. Let for the transformed
{0, 1, 2, ..., 15}-valued Markov chain {Z; ,i > 0}, mg = 1 and the transition
probabilities be,

(PO P1 P2 P3 P4 P5s Pe P7 P8 P9 Pio P11 P12 P13 P4 pls)
= (0.1 0.80.50.60.40.550.650.850.20.30.50.80.40.70.75 0.9)

Let kp = 5 and k; = 6. In the following Tables 1, 2, 3, 4, we present the joint
distribution of (X3s 5 .. X}s 6,) fora = N, G, X, E. The distribution of (X(Z)S,S,ot’
X215,6,a) for « = M is shown in the three dimensional plot in Fig. 1. Figure 2
gives the plot of sooner waiting time (Ws) distribution, which is common under all
schemes. In Fig. 3, we have plotted distribution of later waiting time(Wp ), which
is common for « = N, M, G and X and differs for @ = E.

6 Discussion

The distributions derived in this paper are new in the literature of run statistics.
The method of conditional pgfs, used in this paper to obtain all the distributions is
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Table 1 Distribution of (ng,S,N’ Xdsen)
X(z)s.s.N X%S,S,N Sum
0 1 2 3 4
0 0.01685 0.05871 0.09833 0.07747 0.01023 0.26159
1 0.04328 0.09169 0.08703 0.01807 0.24006
2 0.07667 0.08814 0.02908 0.19389
3 0.10144 0.04230 0.14374
4 0.08893 0.08893
5 0.07179 0.07179
Sum 0.39896 0.28084 0.21444 0.09553 0.01023 1.00000
Table 2 Distribution of (ngwst, X%SV&G)
X(Z)S,S,G XéS,G,G Sum
0 1 2 3
0 0.01685 0.17803 0.06523 0.00147 0.26159
1 0.28539 0.30711 0.02461 1.98E-05 0.61713
2 0.09427 0.02430 0.00021 0.11878
3 0.00244 6.33E-05 0.00250
4 1.24E-06 0.00000
Sum 0.39896 0.50950 0.09005 0.00149 1.00000
Table 3 Distribution of (X(2)5,5,E’ Xisor)
ng,s,E XéS,é,E Sum
0 1 2 3
0 0.81692 0.08209 0.00380 0.00007 0.90287
1 0.08366 0.00961 0.00041 1.73E-05 0.09369
2 0.00302 0.00034 0.00002 0.00338
3 0.00005 4.77E-06 0.00006
4 2.60E-07 2.60E-07
Sum 0.90365 0.09204 0.00422 0.00009 1.00000
Table 4 Distribution of (X(ZJS,S,X’ X)s 6 x) With £o=3 and £,=2
X(z)s,s,x X215.6.X Sum
0 1 2 3 4 5
0 0.01685 0.03871 0.06108 0.06764 0.05252 0.02478 0.26159
1 0.01636 0.02642 0.03080  0.02455 0.01165 0.10978
2 0.02190  0.02861 0.02794 0.01789 0.00455 0.10089
3 0.02747 0.02844 0.02354 0.01165 0.09109
4 0.03274 0.02617 0.01755 0.00455 0.08100
5 0.03701 0.02245 0.01164 0.07110
6 0.03987 0.01720  0.00455 0.06162
7 0.04071 0.01164 0.05234
8 0.04569 0.00455 0.05023
9 0.02977 0.02977
10 0.01880 0.01880
11 0.07179 0.07179
Sum 0.39896 0.20418 0.17709 0.12627 0.06872 0.02478 1.00000
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Fig. 3 Later waiting time distribution: series 1 fora = N, M, G, X; Series 2 foro = E

already well-established method. But here we have implemented this method such
that the recurrent relations of conditional pgfs can be expressed in a matrix form.
Recurrent use of this representation gives the pgf of the distribution of random
variables under study in the compact form. We have demonstrated the use of sim-
ple algorithm given for the evaluation of exact probability distribution from the
derived form of pgf.
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Apart from the distribution of (XJ , , X\ , ), under the five counting schemes,

one may consider the joint distribution of (X)), , X} , ) where the O-runs and 1-
runs are counted using two different counting schemes. We briefly discuss one
example of this type of random variable as follows.

Example 6.1 Consider the random variable (X7, . X, . ). Then along with

the recurrent relations of ¢§0’i)(t0, t),i=0, 1, ..., ky — 1, ¢Z(t0, t), j=I1, 2,
2" —2and " 10 (t9, t1),i =m,m+1, ..., k; — I(these recurrent relations
are same for « = N, M,G,X), we have to use the recurrent relations of qﬁio;\f‘]) (1o, 11)

and ¢fg_l’kl) (to, t1) from Sect. 2. This set of recurrent relations can be written as,

?C(l(),ll) = (A + Boty + B t1) g_l(l(),tl), forc=1,2, ..., n

0,k 0,ko—1 0,0) 41 42 My o,
where ¢ (,1) = ($0R, 900D @00l g7 GT R g

¢L(‘2”’71,m+1) .. .¢L(.2m’l'k‘))/ and (A + Boty + Bj t1) is matrix of order 2" + ko +
kl —m.
This gives the pgf of random variable (X7, v, X, ) as,

¢n(to, 11) = p'(A+ Boto + Bit)"1,

where By = qoE2,1, By = Bigand A = (Dg — Ey 1 - *Dg + qoE1 4,) — Bo— By
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