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Abstract We consider the standard linear multiple regression model in which the
parameter of interest is the ratio of two regression coefficients. Our setup includes
a broad range of applications. We show that the 1 — « confidence interval for
the interest parameter based on the profile, conditional profile, modified profile
or adjusted profile likelihood can potentially become the entire real line, while
appropriately chosen integrated likelihoods do not suffer from this drawback. We
further explore the asymptotic length of confidence intervals in order to compare
integrated likelihood-based proposals. The analysis is facilitated by an orthogonal
parameterization.

Keywords Adjusted profile likelihood - Adjustments to profile likelihood -
Conditional profile likelihood - Expected length of confidence interval - Integrated
likelihood - Orthogonal transformation - Profile likelihood

1 Introduction

There is a large class of important statistical problems that can broadly be described
under the general heading of inference about the ratio of regression coefficients
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in the general linear model. This class includes the calibration problem, ratio of
two means or Fieller—Creasy problem (cf. Fieller, 1954; Creasy, 1954), slope-ratio
assay, parallel-line assay and bioequivalence. The general nature of such problems
was recognized several decades ago, as documented for example in the excellent
treatise of Finney (1978). There are many articles on these specific problems based
on a frequentist perspective. However, solutions to these problems have typically
encountered serious difficulties. For example, confidence regions for the ratio of
two normal means based on Fieller (1954) pivot may be the entire real line.

We consider here likelihood-based intervals for the ratio of two regression
coefficients, which is our interest parameter. We discuss the profile likelihood and
its modifications, such as the conditional profile likelihood (Cox and Reid, 1987),
modified profile likelihood (Barndorff-Nielsen, 1983) and adjusted profile likeli-
hood (McCullagh and Tibshirani, 1990), and compare these against a certain class
of integrated likelihoods (Kalbfleisch and Sprott, 1970; Berger et al. 1999). All
these likelihoods may be viewed as special cases of adjustments to the profile
likelihood (cf. DiCiccio and Stern, 1994). Wallace (1958) and Scheffé (1970) also
discuss confidence intervals for the ratio of two regression coefficients. The key to
the derivation of the various likelihoods is a non-trivial orthogonal reparameter-
ization of the original parameter vector given by Ghosh et al. (2003) and reviewed
here in Sect. 2.

While the conditional, modified and adjusted profile likelihoods have been very
effective frequentist tools in eliminating nuisance parameters, they suffer from a
drawback for the problems as mentioned earlier. Since all these likelihoods remain
bounded away from zero at the end-points of the parameter space, as shown in Sect.
3, the resulting likelihood-based confidence regions could potentially become the
entire real line. Explicit conditions which guarantee this are provided in Sect. 4.
However, the integrated likelihoods considered in this paper avoid this problem.
We further show in Sect. 5 that a confidence set resulting from the integrated likeli-
hood under the one-at-a-time unconditional reference prior has a certain asymptotic
superiority over its competitors. We illustrate our results in Sect. 6 with an exam-
ple on a parallel-line assay and we make some concluding remarks in Sect. 7. The
proofs of some technical results in Sects. 3 and 4 are deferred to Appendix.

2 An orthogonal transformation

Consider the general regression model:
YiZZﬂjxij+€i, i=1,...,n, (D
j=1

where the errors e; are independent (0, o%). Here 8 i € (=00, 00) for j # 2 while
By € (—o0, 00) — {0}. The parameter of interest is 8; = B;/B,. We write Y =
Oty ey X =t xi) i =100, X = (xq,...,x), B =
Bis....B)T, e= (e, ...,e,)T". Letrank(X) = r < n. Thus in matrix notation
the model can be rewritten as Y = X + e.

Ghosh, Yin and Kim (2003) have given a transformation of the parameter vector
(BT, o) thatresults in the orthogonality of 6; with the remaining parameters. Define
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S=(s),i,j=1,...,rby § = n~'XTX and §;; = (sij),i,j=1,2, Sip =
Sgl = (S,‘j),i = ],2,j =3,...,r, 522 = (Sij),i,j =3,...,I’. Sincerank(X) =
r, S, S» and C = S§;; — SpA are positive definite, where A = 52_21 S>1. Write
A= (a;),i=3,...,r,j=1,2and C = (¢;;),i, j =1, 2. Since C is positive
definite, the quantity Q(0;) = 011912 + 2c¢120) + ¢2; is positive for all 0;. Consider
now the transformation:

Bi = 01B, Bo=6,0""2(6)),
,3j=0j—,32(aj191+aj2), j=3,...,r, 0 =0,4. 2)

Let ¢ = (6>,...,6,41). It is shown in Ghosh, Yin and Kim (2003) that 0; is
orthogonal to v and the reparameterized Fisher information matrix of 0 = (6, ¥)
is given by

n 02|C|
1(9) = —— Block diag (2— LS ,2).
02, oXon’ P

We will repeatedly use this information matrix for the development of various like-
lihoods for the parameter of interest ;. We treat the rest of the parameters i as
nuisance parameters.

3 Development of likelihoods

We first derive the profile likelihood of ;. Writing E = (31, s ,fS;)T as the
maximum likelihood estimator (MLE) of 8 and SSE = (Y — X8)T(Y — Xp),
the likelihood is

1 ~ —~
LB, B2, . fr,0) xo™" eXP[— —{SSE+ B-B'X"X(B —ﬁ)”-

202

Next, writing T = (61, 1), 7T = (B, B,), by an identity for partitioned matrices
we get

n B =B XTX(B - B) = (B — P)TC(Bagp — P) + u" S,

where u™ = (B3 — B3, ... . B — B) + (P26 — B1. B2 — B2) S125,' . Now, by maxi-
mizing with respectto (83, . .. , B-), B2 and o in succession, one obtains the profile
likelihood of 6, as

~ ~ —n/2
LpL(®1) o {SSE+n|CI(B0n — B/ 000} 3

Remark 1 Note that as |6, — 0o, (B26) — B1)2/Q(61) — B2/c11 so from Eq. (3)
Lpy (61) is bounded away from O as |0;| — oo. This immediately suggests that
any likelihood-based confidence interval for 6; can potentially be the entire real
line; see Sect. 4.
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Remark 2 In many important problems of statistical inference, such as the Ney-
man—Scott problem, the deficiency of the profile likelihood has been rectified by
various adjustments. One such adjustment is the conditional profile likelihood, as
proposed by Cox and Reid (1987). Let L(0) denote the likelihood function and
1(0) the log-likelihood function of 6. Let 1/7(01) denote the MLE of v for fixed
6, and (61, ¥ (61)) = 6(6y). It is shown in Appendix that

~ ~ —n—r/2
LepL®) o {SSE +nICIGtr - B?/06n) )

Clearly Lcpy (01), like Lpp (61), remains bounded away from zero as |61 — 0.
Moreover, due to their similarity in form, both produce identical confidence sets.

Remark 3 A second adjustment to the profile likelihood due to Barndorff-Nielsen
(1983) is the modified profile likelihood given by Lyjpy.(61) = Lpr.(61)M(61),
where M (6,) is an adjustment factor. This adjustment factor, derived in Appendix,
leads to

LypL(61) o< Lpp(61) Q2 (01) (116161 + 1261 + cinfi + c22) 718510 (61). (5)

Thus as |0;] — oo, Lppr.(61)/LpL.(61) tends to a constant depending only on y
and X and hence Ly pr,(61) also remains bounded away from 0 as [0 — oo.

Remark 4 McCullagh and Tibshirani (1990) proposed an adjustment to the pro-
file likelihood based on unbiased estimating functions. Let 77(6;) be the maxi-
mum likelihood estimator of 7 for fixed 6y, where n = (61, B2, ..., B,,0). Let
U6) ={U61) —m (1) }w(0), where U(6;) = (9/961) log Lpy (1) is the score
function based on the profile log-likelihood, and m(6;) and w(¢;) are chosen
such that EU(GI)U(GI) =0 and Vn(gl)U(Ql) = —En(gl)(a/ael)U(Ql) Then

m(601) = E5,U (61),
2

ol 0
w0) = ViayU @) { = Ego 5 g LpL.@) + go-m@). (©)

Then the adjusted profile likelihood of McCullagh and Tibshirani is given by
o _
LApL(01) = exp { / U(t)dr } @)
9]*

where 6}, is an arbitrary point in the parameter space of ;.
In our case it can be shown that

O1(cnifr + cafa) + cfi + enbo

.
B2(61) 06D ,

. [SSE _[CI(B:th — BD* |

oo = {_ T om } ®

The theorem below, proved in Appendix, provides expressions for m (6;) and w(6).
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Theorem 1

n—r—1 061)B2(61)
noQO)BIO) +5201)/n

Let Ipp1.(61) = log Lapy (61). Then, for 6;, < 6, Theorem 1 and Eq. (7)
imply that |/opp (6] < fei |U (¢)|dt. Since U (t) = 0,,(t‘2) for large [¢], it fol-
lows that /5 p, does not diverge to —oo as |0;| — 00. In otherwords, LA py, also
remains positive as 6| — oo.

Yet another approach to this problem is the one based on the integrated like-
lihood as introduced by Kalbfleisch and Sprott (1970) and more recently dis-
cussed in Berger, Liseo and Wolpert (1999). We begin with the likelihood for
n=p....B,0):

m(@) = 0 and w(0;) =

L(p) & o™ exp [ - %{n—‘SSE + (Bod — D) C(Badp — ) + MTSzz””-

©)
The submatrix of the Fisher information corresponding to (8,, ... , B, 0) is
given by
0 |9 S1e @S0
— | Su¢ S»n 0. (10)

o>l o of 2

Following Berger, Liseo and Wolpert (1999) we calculate the conditional ref-
erence integrated likelihood. To this end, first we start with the reference prior
7*(Bas ..., Brao|0)) x o (@TCP)!/? = 07" Q'/?(6;) based on the square root
of the determinant of Eq. (10). Next, taking the sequence of compact intervals
[—i,i]"" ' x[i7',i],i=1,2,3,... forp,,..., B, o, following Berger, Liseo
and Wolpert (1999),

k{‘(91)=/l1 //o "2(61)dB, dBs - - dB. do o Q' (6)).

Thus, lim;_ o ki (01)/ki(610) o< Q~/2(6;) where 6y is a fixed value of 6;. Now
from Berger, Liseo and Wolpert (1999), the conditional reference prior is given by

aRBo .. Broolb)) o QYOO =0

The corresponding integrated likelihood, after some simplification, is then

LFR(QI)<><f000/00-.-/0c LGy Ban... . Bro)xCR
X(B2s - + Brr 0 161)dB2 dfs - 0B, do
o 0~ PO [SSE+ niCI Bt — Bir06n) "
o Q7'2(61)LpL(6h).



462 M. Ghosh et al.

The advantage of the integrated likelihood over the profile likelihood is that the
former tends to 0 as |f;| — oo due to the multiplying factor Q~'/2(6;).
We note that in the 6-parameterization, the conditional reference prior reduces to

7RG, ..., 6,41161) x 67,0772(6)).

Remark 5 Interestingly, if one uses instead Jeffreys’ prior JTJ B2y ..., Br,0l01) x
o7 Q'%(#)) as the conditional prior, the resulting integrated likelihood is the
same as the profile likelihood and thus has the same disadvantages pointed out

earlier. However, for the one-at-a-time conditional reference prior nOCR Bay v
B,,cl61) o o=, the integrated likelihood is L?CR(Q,) o Q‘1/2(91){ SSE +

~ ~ —n—r+1/2
n|C|(B261 — ﬂl)z/Q(Gl)} , which, due to the factor Q~1/%(6,), also tends
to 0 as |0;] — oo. Clearly there are other choices. For example, for the one-

at-a-time Berger—Bernardo unconditional reference prior nR(Gz, vy 641101
0,111 Q7'(6y), as found in Ghosh, Yin and Kim (2003), the integrated likelihood is

R 1 ~ ~ 5 —n—r+1/2
LR©) & 07160 |SSE +nICI(Btr — B/ 0(00)] .

4 Likelihood-based confidence regions

We begin with the derivation of a confidence region for 6, using the profile like-
lihood. Such a region is obtained from the corresponding likelihood ratio test.

In particular, if él denotes the maximum likelihood estimator of 6, then writing
ApL(61) = Lpp.(61)/Lpy,(01) and Ipy (61) = log Lpp (61), we get

—2 log App.(61) = 2{Ipy(61) — Ip(61)}
n|C|(Ba61 — B1)?/Q(61) }

=nlogil

" 108 { + SSE
which is monotonically increasing in F = n|C|(B20; — f1)2Q~'(6,)/MSE, where
MSE = SSE/(n — r) and the latter has the F-distribution with 1, n — r degrees
of freedom. Thus the acceptance region for Hy : 6, = 6)( against the alternative
Hl . 91 5& 910 is given by

Cl(Ba6ro — )2/ 00
A = {y  nICIB ]oMSél) /0G0 _ Fl_}

where F) ,_,., denotes the upper 100(1 — «)% point of the F-distribution with
1, n —r degrees of freedom. The corresponding confidence region is then given by

CO)={61: F < Fiural- (11)

We now find conditions under which C(Y) becomes the entire real line. Recall
¢ = (61, )T, and y = (B, B2)". The following lemma is proved in Appendix.

Lemma 1 sup, (61 — 1)*/Q(6)) = p7CP/IC|.
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Table 1 P(F2,—,(¢) < Fin—r.q/2) for different choices of n — r, ¢ and o

n—r o s
0.001 0.01 0.1 1 10
5 0.01 0.973 0.973 0.968 0914 0.311

0.10 0.774 0.771 0.749 0.549 0.012
10 0.01 0.969 0.968 0.961 0.875 0.109
0.05 0.867 0.865 0.845 0.653 0.015
0.10 0.758 0.755 0.729 0.499 0.004
15 0.01 0.967 0.967 0.958 0.858 0.067
0.05 0.862 0.860 0.839 0.632 0.009
0.10 0.753 0.750 0.722 0.482 0.003

Remark 6 From Eq. (11) and Lemma 1, it follows that C(Y) becomes the real line
if and only if npTCP/MSE < Fi,_,.o. Since npTCp /(2MSE) is distributed as
the non-central F* with degrees of freedom 2 and n —r and non-centrality parameter
¢ =nyTCy/(20?), where y = (B1, B2)", the probability of C(Y) being the real
line is given by P(F () < Fin—r.e/2). Table 1 gives these probabilities for
different choices of n — r, { and « and shows very clearly that for small values of
¢ there is a high probability that C (Y) is the entire real line.

Next, the maximum likelihood estimator of 6, based on the conditional profile
likelihood given in Eq. (4) continues to be B] / ﬁz = é] . Hence, writing [cp_(61) =

log Lepr,(61) and Acpr,(01) = LCPL(Ql)/LCPL(él), one gets
—2 log AcpL(01) = 2{icpLB1) — lcpL(61)}
2 A2 -1
— (n—r)log {1 n n|C|(B20) — p1)” 0 (91)}‘

SSE

Thus the conditional profile likelihood-based confidence region is the same as that
based on profile likelihood and, as pointed out in Remark 6, can become the entire
real line.

A similar phenomenon for the adjusted profile likelihood is given in Lemma

2, proved in Appendix. Let él, APL = argsup, Lapy (1) and let Appy (61) =
LAPL(91)/LAPL (01 APL)-
Lemma 2
supg, (—2log AApL (1)} < KPTCP /MSE,
where K is a positive constant that depends only on n and C.

Remark 7 Lemma 2 states that an adjusted profile likelihood-based confidence
set becomes the entire real line for a given « if KpTC7/MSE does not exceed
the upper 100a% point of the distribution of —2log.Aapy.. For the asymptotic
distribution of —2 log Aapy. (61) we write

—2 log AApL(01) = 2{lpL (01, APL) — IpL(81)}
6y
-2 (I —w()U@)dt. (12)
0,
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Butl —w(t) = <72(t)/{n,32 (1) Q(t) +52(t)}. As |t] — o0, it follows from Eq. (8)
that both 2 (¢) O(¢) and 52(¢) are bounded in probability. Since U (1) = O, (|t|~2),
by Eq. (12),

~2 log AApL(61) = 2{lpL (O] APL) — IpL(6D)} + O, (n™"). (13)

Since Z{ZPL(él, APL) — IpL(61)} is asymptotically distributed as x7, it follows
from Eq. (13) that —2 log Appr,(61) has the same asymptotic distribution. Thus
asymptotic confidence regions for 0; can be constructed using percentiles of the
xi distribution.

The confidence regions for 9; based on certain integrated likelihoods are bounded.

Thisisbecause Q(6;) — ocoas|0;| — oo.Hence, writing 91CI =arg supglLCR(Hl)
~2log 2R (61) = 2{log LI(GCR) —log L¥R(6))} — oo as 6] — oco. The

same is true for the integrated likelihoods L?CR(Gl) and LF(@I) introduced in the
previous section. Finally, to O(n~") the integrated likelihood ratio statistics ob-
tained from LFR(QI), LIOCR(GI) and LF(QI) are all asymptotically X12 and these
may be used to obtain approximate confidence intervals for 6.

Suppose s = +/MSE. Since the F statistic occurring in —2 log App (61) is
equal to ¢2, where

_ V/ICIB: — Pah)
V0@

has the 7-distribution with n —r degrees of freedom, we see that the profile likelihood
ratio statistic delivers equitailed confidence intervals whenever these are not the
entire real line. In contrast, all three integrated likelihood ratios will deliver inter-
vals with unequal tail probabilities. However, we can apply a modification which,
to O(n~"), will produce equitailed intervals if desired. Furthermore, these intervals
will always be finite. The necessary modification is an O (n~!/?) bias correction to
the signed root log-likelihood ratio statistic; cf. Barndorff-Nielsen (1994). In our

case it is relatively straightforward to derive the adjustment by direct calculation.
RER =

(14)

Consider the conditional reference integrated likelihood ratio and let
sign(élc%{ —6){—2 log AICR(Ql)}l/ 2 be the signed log-likelihood ratio statistic. It

RCR _ ,CR

is shown in Appendix that a*~™ is standard normal to O (n~"), where

‘@
SR SCE) (15)
28:{QO1)n|C|}1/?
Hence an approximate (1 — ) confidence interval for 0, is {0 : |RCR CR| <

Zq/2}, Where z, is the upper « point of the standard normal dlstrlbutlon Further-
more this interval is equitailed to O (n~') and always finite, since RCR — Foo as

6, — :l:oo Note that /32 Q(@l) in the denominator of Eq. (15) should be computed
ascyg ﬁ i +2ci2 ,31 ,32 +c ,3\22 to avoid numerical instability when ,32 isnear zero. The
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corresponding adjustments for the Jeffreys’ and unconditional reference integrated

likelihood ratio statistics are easily seen to be aOCR _ ;CR _ 1/ 2)aR

The parameter space £2 in the ratios problem excludes parameter vectors with
B2 = 0. Since the asymptotic confidence intervals obtained in this paper are non-
uniform in neighborhoods of 8, = 0, approximate 100(1 — «)% coverage is not
guaranteed for every value of 6 for a given sample size n. However, a quasi-
Bayesian definition of an asymptotic 100(1 — «)% confidence interval S, (Y) for
6, would be P, (0, € S,(Y)) — 1 — « for every proper prior distribution & on
£2. The requirement of some proper prior distribution on §2 is a mild assumption,
since the value 8, = 0 would not normally be regarded as being of any special
significance.

5 Asymptotic expected volumes of confidence sets

Test statistics and statistical procedures are often compared based on expected
lengths of associated confidence intervals (cf. Mukerjee and Reid, 2001). In this sec-
tion we compare the various adjusted likelihoods via asymptotic expected lengths
of the confidence intervals for 0. The necessary quantities are based on asymptotic
distributions of the likelihood ratio statistics and are not equivalent to limits of the
expected lengths. Indeed, for the present class of problems, the latter are always
infinity (Gleser and Hwang, 1987).

Mukerjee and Reid (1999) and Datta and DiCiccio (2001) considered confi-
dence sets by inverting approximate 1 —a+o(n ') acceptance regions of likelihood
ratio tests obtained via maximization of the adjusted likelihoods. Let C,,(Y) (C(Y),
respectively) be a 1 —a + o(n") likelihood ratio confidence set of ; based on the
profile likelihood function (adjustments to the profile likelihood, respectively) of
0,. To compare these adjustments, the aforementioned authors have developed an
expression for the change T in the asymptotic expected volume of C(Y) relative
to the asymptotic expected volume of C,(Y). Mukerjee and Reid (1999) showed
that T remains the same for Cox and Reid, Barndorff-Nielsen or McCullagh and
Tibshirani adjustment. Therefore, in our comparison we consider only the Cox and
Reid (1987) adjustment.

We now write down an expression for 7. Writing D, = 9/96,, we define
Auvw = Eg{D, D,Dyl(6)}. Due to orthogonality of ; with 6;,,i =2,...,r + 1,
from the expression for 2nT given by Eq. (20) of Datta and DiCiccio (2001) we
get

r+l r+1 r+1 r+1
lu lu yst
211 Zl D((S)——ZZZI I'8{2D, (1)
u=1 u=1 s=1 t=1
A
e+ 21 o,
2] 11

Using I = 0fori =2,....,r +1,1% =0forj =3,...,r + 1,010 = 0,
Aij=0fori, j =3,...,7+1,inour case, T further simplifies to

2

8
T=—+D@GI;")+om™. (16)
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Here 6 depends on the adjustment term. We denote the § corresponding to the Cox
and Reid adjustment by §° and the § corresponding to an integrated likelihood for
a conditional prior 77 (¥ |6,) by 8”. From Egs. (23) and (26) of Datta and DiCiccio
(2001) it follows that

r+1 r+l

Z > IVhyj. 87 =8+ Di(log 7).

1212

Using Aj;;j =O0fori, j=3,...,r + 1,000 =0, 1% =0fori =3,...,r + 1,it
follows that

89=0, 8" = D(log 7). (17)

Thus for a conditional prior of the form m,, (v |6,) < Q¥ (6,)g(y¥) for some con-
stant w and for a general function g(y) we get

5™ = ww. (18)
Q6h)

Note that §™ depends on the prior ,, only through w and ;.

Using 1111 =02 i Q2(91)/(n92|C|) we get from Eqs. (16) and (18) that the
expression for T’ corresponding to an integrated likelihood for the prior m,,, denoted
by Ty, is given by

Pﬂ

67 w{Q'(6))})? L v, {Q (61) 0616},
2062(C]| no 631C|
2

= O 4 2u)( Q) + 200 6) Q@) +on ). (19)
2n62|C |2

} + o(n_l)

w =

The class of priors given by m,,(6) is quite general and by suitably choosing g(-)
and w we get Jeffreys’ prior, the one-at-a-time reference prior, the conditional
reference prior, the first and second order quantile matching priors and a highest
posterior density matching prior for 6;. In particular, a highest posterior density
matching prior is given by |6,|Q(6;) with w = 1. The details are given in Ghosh,
Yin and Kim (2003). For the other priors mentioned above, w is —1, —1/2 or 0. In

particular the one-at-a-time unconditional reference prior 7R has w = —1 and the

conditional reference prior nCR hasw = —1/2.Notethat T_; < T_1» <0 < Ti,
where 0 is the value of T for Cox—Reid adjustment. Since the integrated likelihoods

corresponding to 7 R and zCR produce confidence sets with asymptotic expected
length shorter than the integrated likelihood based on the above highest posterior
density matching prior, in our numerical studies we do not consider the last prior.
Note, however, that unlike other objective priors, this prior results in a confidence
set which has also posterior coverage equal to 1 — a + o(n™").
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6 Numerical results

We begin with an example from Finney (1978) involving a parallel-line assay. Con-
sider an experiment in which p doses (xii,...,x1,) of a standard drug S is
assayed m timesand g doses (x21, ... , Xo) ofatestdrug T isassayed u times so
thataset {Zy,i=1,...,p;k=1,... m;Zojr, j=1,...,q¢;k=1,...,u}
of n = pm+ qu observations are obtained. The assumed model for a parallel-line
assay is

Zigy=oa+Bx;+eu, k=1,... myi=1,...,p,
Lk =a+Bxoj+p)+ejr, k=1,...,u;j=1,...,q,

where € and e are independent N(0, o?). This model is a special case of
Eq. (1), where 6, = p is the parameter of interest. In the example considered in
(Finney, 1978, p. 105), n=36.

Table 2 gives the exact confidence interval using the F statistic and the likeli-
hood-based confidence intervals for p with «=0.01, 0.05 and 0.10 based on the
profile likelihood, identical with the conditional profile likelihood, and the three
integrated likelihoods based on the conditional reference prior, the one-at-a-time
conditional and unconditional reference priors, along with the corresponding
lengths. Notice that we have two kinds of confidence intervals based on the inte-
grated likelihoods, the upper one based on the Chi-square approximation and the
lower one based on the equitailed approximation. We have also included the HPD
credible sets based on the one-at-a-time reference prior 7R for the sake of compar-
ison with the likelihood-based confidence intervals. The HPD credible intervals are
slightly longer than the other confidence intervals but they have posterior coverage

Table 2 Likelihood-based confidence intervals for p with «=0.01, 0.05 and 0.10 using Finney’s
data

o 0.01 0.05 0.10
Interval Coverage Interval Coverage Interval Coverage
(length) (length) (length)

Exact (-0.307, 0.676) 0.989 (-0.181,0.536) 0.948 (-0.121,0.471) 0. 898
(0.987) (0.717) (0.592)

PL (-0.280, 0.646) 0.985 (-0.162, 0.516) 0.936 (-0.106, 0.455) 0.880
(0.926) (0.678) (0.561)

IL with (-0.279, 0.640) 0.984 (-0.162,0.512) 0.934 (-0.106, 0.451) 0.877
(0.919) (0.674) (0.557)

CR prior  (-0.275, 0.645) 0.984 (-0.159, 0.516) 0.935 (-0.103, 0.455) 0.878
(0.920) (0.675) (0.558)

IL with (0.294, 0.656)  0.987 (-0.173,0.523) 0.942 (-0.115, 0.460) 0 .888
(0.950) (0.696) (0.575)

OCR prior (-0.289, 0.661) 0.987 (-0.169, 0.527) 0.942 (-0.111, 0.464) 0.888
(0.950) (0.696) (0.575)

IL with (-0.293, 0.650) 0.987 (-0.173,0.518) 0.940 (-0.115, 0.456) 0.886
(0.943) (0.691) 0.571)

R prior (-0.284, 0.660) 0.987 (-0.165, 0.527) 0.940 (-0.107, 0.464) 0.886
(0.944) (0.692) (0.571)

HPD with (-0.316, 0.675) 0.990 (-0.188, 0.534) 0.950 (-0.127, 0.469) 0.900
R prior (0.991) (0.722) (0.596)
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Table 3 Confidence sets for p with coverage probability 1 — « based on three integrated likeli-
hoods using 1,000 simulated data

IL under CR prior IL under OCR prior IL under R prior
l-a Coverage Expected Coverage Expected Coverage Expected
probability length probability length probability length
0.99 0.996 79.3824 0.998 79.6600 0.998 15.5772
(0.0020) (2.3069) (0.0014) (2.2224) (0.0014) (0.2491)
0.95 0.959 19.4912 0.965 19.5617 0.966 7.2921
(0.0063) (0.5551) (0.0058) (0.5354) (0.0057) (0.1128)
0.90 0.918 10.8141 0.925 10.8453 0.922 5.1105
(0.0087) (0.3007) (0.0083) (0.2901) (0.0085) (0.0768)

probabilities right on the target and higher than the posterior coverage probabilities
of all the other intervals in our consideration.

It is evident from Table 2 that in all the situations considered, the integrated
likelihood under the conditional reference prior provides intervals with shortest
lengths, although the integrated likelihoods under the one-at-a-time conditional
and unconditional reference priors lead to intervals which are only slightly longer.
In this case np TCy /(2MSE) = 45.92 is quite large. It is therefore no surprise that
a profile likelihood-based confidence interval for p becomes the entire real line
only for very small values of @ which has very limited practical interest.

In contrast, next we undertake a simulation study, generating data from the
same parallel-line assay with 8,=0.25, 8,=0.25, 8:=1, 02=3 and n, p.q,m,u
as before. In most of the runs the confidence set for p is an interval. However,
sometimes it is the union of two intervals, in which case the length of the confi-
dence setis the sum of the lengths of these two intervals. Based on these simulations,
Table 3 provides the coverage probabilities and the asymptotic expected lengths
of the confidence sets for p using the three integrated likelihoods. The simulation
standard errors are given within parentheses. As seen from Table 3, confidence sets
based on the unconditional reference prior have lengths much shorter than the ones
based on the conditional reference prior and the one-at-a-time conditional reference
prior.

Based on the theoretical findings of Sects. 4 and 5, the two examples presented
here and others that we have considered but have not reported, it is our recommen-
dation to use an integrated likelihood based on the one-at-a-time unconditional
reference prior for the construction of confidence regions for 6.

7 Concluding remarks

In this paper we have considered likelihood-based inference for ratios of regres-
sion coefficients in linear models, which includes a large class of problems, as
indicated in Sect. 1. We have demonstrated both analytically and numerically sit-
uations where it becomes imperative to use an integrated likelihood if one is to
avoid confidence sets being the entire real line. Although the repeated sampling
confidence interpretation is not invalidated by the occasional occurrence of such
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sets, their final precision is very different from their initial precision, since a con-
fidence level of, say, 95% is attached to an interval in which 6, is known to lie
with probability one. For the ratios problem our recommended approach is the
integrated likelihood based on the one-at-a-time unconditional reference prior of
Berger and Bernardo (1992).

We note that it is not lack of knowledge of o that gives rise to the results in
this paper. Exactly the same behavior ensues when o is known. In particular, for
the Fieller—Creasy problem with means O and ¢ and o = 1, both the profile and
conditional profile likelihoods are proportional to

1 [(n@E —0y)?
exp|—=1—>—11.
P72 1+e2
In contrast, the integrated likelihood multiplies the above by a factor (6% + 1)~!/2

or (% +1)~!, depending on whether one is using 7CR or 7R More generally, the
phenomena described in this paper are not confined to the normal regression model
(Eq. (1)). For example, it can be shown that in the Fieller—Creasy problem above
when the error distributions are Student ¢, the profile likelihood does not tend to
zero as |6| — oo. On the other hand, the information matrix is readily available and
the conditional priors associated with the various integrated likelihoods discussed
in Sect. 3 are unchanged. Analysis of the exact integrated likelihood is difficult, but
an analysis of the Laplace approximation, as given in Sweeting (1987), for exam-
ple, to the integrated likelihood reveals similar behavior to that obtained in the
normal case. A full analysis of location-scale and other regression models involves
additional technical difficulties and is a topic for future research.
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Appendix
Derivation of Eq. (4)
Clearly, Lp (61) given by Eq. (3) is equal to L(@~ (01)). It can be checked that
|5
06,06,

Due to the orthogonality of 8; and v Egs. (3), (20) and Eq. (10) of Cox and Reid
(1987) lead to the conditional profile likelihood of 6, as

) )} = nf72,(6)) Diag (1, $».2). (20)
000/ )k m=2,....r+1

.....

- ~ —~ —n—r/2
Lcpr,(01) o Lpp (O){041(61)} {SSE +n|C(B2601 — /31)2/Q(91)} ,

which is Eq. (4).
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Derivation of Eq. (5)

To derive M (6,) we first write the logarithm of the original likelihood as [ =

161, ¥, él, 1}), where él and 1& are the maximum likelihood estimators of 6§, and
Y. Then

-1 172

021

92l )
ooy lae)

dy oy’ ’é(oo

M@, = '— ey

by Eq. (8.7) of Barndorff-Nielsen (1994). It follows after considerable algebra that

QT RS C VAR C))

‘ 921 ‘
Ay YT lawen

x (116101 4 c1261 + 1261 + c2), (22)

where g(6) only involves 6. This derivation is carried out by expressing / as
I = —nlogb, 11 — 267, )07, + (B, ¥) — BE, T (XTX)BO, V) —
BO1, ¥)}] + h(y, X), where h does not involve any parameters, B(0;, V) is B

expressed as a function of 6; and i as given in Eq. (2). Then Egs. (20), (21) and
(22) give Eq. (5).

Proof of Theorem 1

Let 71(61) = 61 — Bi = (=1,607 and n(6) = QO)A6) = (cubi +

c1282)01 + 2181 + c228: = (01, 1)Cy. 1t follows after some algebraic simplifica-

tions that

B n?|C|t1(01)12(6))
Q%(01){SSE + n|C|z7(61)/ Q(61)}

U@ = (23)

From the distribution of 7, it follows that (;(8;), 72(6;))" is bivariate normal
with means 0 and Q(6;)p,, variances (62/n)|C|~'Q(8;) and (6%/n)Q(6;), and
covariance n=!'(—1,0,)C~'C(6;, 1)T = 0. Thus 7,(6;) and 7,(#;) are indepen-
dently distributed. Further, SSE ~ o2y  and is distributed independently of 7,
and hence of (7;(6,), 72(60)). Thus,

m(61) = E5e){U 01}

n?|C| 71(61)
= ——Eﬁw){
Q2@ " [ SSE +n|C|ti(61)/Q6))

} Ej6){12(01)}=0,(24)

utilizing the symmetry of 7;(8;) around O and the independence of 7;(8;) and SSE.
Next

wlC| { n|C|T2(6,)/ Q) }
0361 " | (SSE + n|C|t2(61)/ Q(61))
x E00(75 (1)) (25)

Vien U (01} =
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Sincen|C|t?(61) Q7' (61)/0* and SSE/o? are independent Chi-squares with respec-
tive degrees of freedom 1 and n —r, after some simplifications we get from Eq. (25),

n’|C| Q)3 61) +35%(61)/n
(n—r+Dm—r—10%0) 62(61)/n

ViU 0D} =
(26)

Finally, we calculate

n?|Cl{t](01)72(61) + T5(01)71(61)}

02(0)){SSE + n|C|t(61)/Q(61)}
2n%|C| Q' (01)T1(01)T2(61)

Q3(6){SSE + n|C|z{(6))/Q61)}

/ 2 2
U6 = ;U 6 —

Proceeding as in Eq. (24),

2
Eso){—U'(01)} = _;Vﬁ(ﬁl){U(el)}

n*|C| ) {Tf(el)fz(el)+Tﬁ(91)fl(91)}
02(61) "™ | SSE+n|CIt2(61)/0®) |-

+

But 7{(61) = B> and 4(61) = ciufi + cizfr. Solving 11 (6) = fr6) — B and
72(01) = (c1161 + c12) B1 + (1261 + c22) B2, We get

_ 0112(61) — (c1201 + c2)T1(01) 4 _ (c1101 + c2)T1(61) + 12(61)
01 7 01 '

Now, after much algebraic simplification,

A

1 (0N T2(0) + T O T (0) = Q7' (O){T3(O) — ClT{ ()
+271(01)12(601) (c1161 + c12)}.

Hence, as in Eq. (24),

2
Ejon{—U'(61)} = —;Vﬁ(el){U(Ql)}

nCl { 22(61) — |C|2(6) }
0361 "™ | SSE + n|C|72(601)/06) |

Next, by Eq. (26) and the remarks after Eq. (25),

=+

n?|C|B2(61)
(n—r+1)Q01)5%6)

Ejen{=U'(01)} = (27)

The expression for w(#;) in Theorem 1 now follows from Eqgs. (24), (26), (27)
and (6).
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Proof of Lemma 1

Write dT = (85, —B1). Then

A 512 @' 1 AT
supy, (B201 — B1)°/ Q(61) = Sup¢;&0m =d Cd=y Cy/IC],

as required.

Proof of Lemma 2

Since 0 < w(t) < 1 we have
o0
0 < —2log AppL.(61) < 2[ |U (¢t)|dt. (28)
—00
Recalling the definitions of t; and 7, immediately before Eq. (23), write t; (1) =
(=1,)C~12C'2p and 15 (t) = (¢, 1)C'/>C'/?7 . Then, by the Schwarz inequality,
] < {(=1L,0C (=LY ey = {ew/Ich*GTen' 2,

)] < {¢, DT, DTY*@Tep)'? = o2 ey
Hence, from Eq. (23),
\U@®| <n*ICI"*(PTCP)OQ ' (1)/SSE. (29)

Since Q! (¢) is integrable over (—oo, c0), Lemma 2 follows from Egs. (28) and
(29).

Derivation of the asymptotic distribution of RICR

Write g(6;) = —1 log Q(6;). Then
g(9 1)—g(91)—(91 1_91)g @)+ 0m™".

Since 91CF — él = O(n™"), it follows from Eq. (14) that (0l I — 91)g’(91) =
aCR¢ + 0(n"), where aCR is given in Eq. (15). Also
—2log App(61) =n log{l +1*/(n —r)} =1+ 0@ "),

GCR) O(n~"), again using 6CR _ 4, = om™).

which gives —2 log App_( LI

Therefore
—2 log AfR(61) = 2(g@F) — 2(61)} — 2 log pp.(61) + 2 log 2p AL T)

2R 2400 Y=t +aR2 107, (30)

It now follows straightforwardly from Eq. (30) that, to O (n~!), RICR =t+ aCR

RCR — CR

and hence is standard normal to O (n™!).
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