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Abstract. The paper deals with kernel estimates of Nadaraya-Watson type for a
regression function with square integrable response variable. For usual bandwidth
sequences and smooth nonnegative kernels, e.g., Gaussian and quartic kernels, strong
L3-consistency is shown without any further condition on the underlying distribution.
The proof uses a Tauberian theorem for Cesaro summability.
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1. Introduction

Let X be a d-dimensional random vector with distribution g and let Y be a real
random variable with EY? < oo. The regression function m : R — R defined by
m(z) ;= E(Y | X = z) is to be estimated on the basis of a sequence (X1, Y1), (X2,Y2),...
of independent identically distributed (i.i.d.) copies of (X,Y). No further assumptions
on the distribution of (X,Y’) will be required. For given values (21,y1), ..., (Zn,¥yn) of
(X1,Y1),...,(Xn, Yn) an estimate of m(z) will be denoted by mp(z, 21,91, .., Zn, Yn) =:
mn(z),r € R4.

A sequence of estimates (m,,) is called strongly [weakly] universally consistent if

(1.1) /|mn(m) —m(z)|?u(de) - 0  almost surely (a.s.)

(12) 1B [ (o) = ma)u(az) — o

for all (X,Y) with EY? < oo.

Stone (1977) showed that there exist weakly universally consistent estimates, namely
the nearest neighbor estimates. For suitably defined nearest neighbor estimates Devroye
et al. (1994) showed strong universal consistency. For recursive series estimates, for re-
cursive kernel estimates (Révész (1973)) and for semi-recursive kernel estimates (Devroye
and Wagner (1980b)) and semi-recursive partitioning estimates, weak and strong uni-
versal consistency was proved by Gyorfi and Walk (1996, 1997) and Gyorfi et al. (1998).
For suitably defined least squares estimates in function spaces Lugosi and Zeger (1995)
and Kohler (1997, 1999) showed strong universal consistency using especially series es-
timates and spline estimates, respectively. As a reference for further consistency results
in nonparametric regression estimation we mention Gyorfi et al. (2002).
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The kernel estimate

— ZZ;I }/;:Khn (IL' _ Xl)
Y im1 Kno (2 — Xi)

(% := 0) with bounded Lebesgue-integrable kernel K : R — R and positive bandwidths
hn, — 0, was introduced by Nadaraya (1964) and Watson (1964). Devroye and Wagner
(1980a) and Spiegelman and Sacks (1980) showed weak universal consistency for K with
compact support and K > blg,, with some b > 0, r > 0, if nh¢ — oco. (I denotes
an indicator function and S;, denotes the closed sphere around x in R?¢ with radius
r > 0.) Strong consistency p-almost everywhere for suitable kernels and bandwidth
sequences was treated by Devroye (1981), Greblicki et al. (1984), Stute (1986), Kozek
et al. (1998), Walk (2001) (for (semi-)recursive estimates), and other authors. In this
paper we consider the modification

>y YiKn, (2 — X3)
max{8,Y ., Kn,(z — Xi)}’

(1.3) () -

where K, =K (——)
b,

(1.4) mp(z) = r € RY,

of the Nadaraya-Watson estimate m.,(z), for fixed § > 0 (see Spiegelman and Sacks
(1980)). For 1 > & > 0, my, coincides with 7, in the case of the naive kernel K =
Is, .. The estimation function my(-) is continuous for continuous kernel. For K suf-

ficiently smooth (e.g., Gaussian kernel K(z) = e~l=l* or quartic kernel K(z) = (1 —
|lzl*)2Is, , (z), ||-|| denoting the Euclidean norm) and usual bandwidth sequence (mainly
hn, =n77, 0 < vd < 1), we shall show strong universal consistency of (m,) (Theorem
2.1). Whether strong universal consistency also holds for the Epanechnikov kernel Kg
with Kg(z) = (1—||z(|*)Is, , () or the naive kernel K = I, ,, remains an open problem.
The choice of bandwidths, especially its order, is important for the rate of convergence
under regularity conditions (see Stone (1980, 1982), Krzyzak and Pawlak (1987), Hérdle
(1990, Chapter 4), Pawlak (1991), Gyorfi et al. (2002) and the literature cited there).
For d = 1 with a two times differentiable m and existence of a differentiable density of
X, in view of a small asymptotic mean square error (MSE) the ratio

(f K(u)du)™2(f K(u)2du)4/5(f uw? K (u)du)?/5
(f Ke(u)du)=2(f Kg(u)2du)*/5( [ w2 K p(u)du)?/5

with here optimal Epanechnikov kernel K is of interest (see e.g. Hardle (1990), pp. 29,
77, 100, 134, 138). For the Gaussian kernel the ratio is 1.041, while for the quartic kernel
the ratio is 1.005.

Devroye and Krzyzak (1989) showed strong consistency of () defined by (1.3), if
Y is bounded, for rather general, so-called regular, kernels and bandwidth sequences (hy,)
satisfying only 0 < h, — 0, nh% — oco. From this, it is easy to derive the corresponding
result for (m,) defined by (1.4). A lemma of Gyorfi (1991) formulated for general
estimates of local averaging type (see Lemma 3.1) guarantees strong universal consistency
of (my,), if

(1.5) limsup/lmn(x)m(dw) <cElY| as.

can be established with some constant ¢ > 0 for all (X,Y) with E|Y| < oo (instead of
EY? < o). Thus the crucial step in the proof of Theorem 2.1 is to show (1.5). This
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will be done in the slightly sharpened form

T
Y.K - X;
/ E (2~ X) p(dx) - EY  as.,
St

jelt,.an i} Kna (@ = X5)

if the regular kernel K is choosen sufficiently smooth and (h,) is of usual form (Lemma
3.13). In the proof of this lemma we first show a.s. convergence of the corresponding
sequence of arithmetic means (Cesaro summability) and then use a Tauberian argument
from summability theory (Lemmas 3.2 and 3.3) to obtain a.s. convergence. An important
tool for both steps is the Efron-Stein (1981) inequality in Steele’s (1986) version, but
specialized for a symmetric function of n i.i.d. random vectors (see Lemma 3.4) together
with a covering lemma of Devroye and Krzyzak (1989) (Lemma 3.6). The smoothness
condition on K is needed for the application of the Tauberian Lemma 3.3. It should be
mentioned that in the (trivial) case that u is concentrated on a single point, the argument
leads to a simple proof (without use of the Efron-Stein inequality) of Kolmogorov’s strong
law of large numbers for i.i.d. integrable real random variables (see Walk (2005)).

In Section 2 the result (Theorem 2.1) is formulated. Section 3 contains its proof
together with several lemmas and their proofs.

2. Result
First smooth and regular kernels will be defined.

DEFINITION 2.1. Let H be a continuously differentiable nonincreasing function
on Ry with 0 < H(0) < 1 and [H(s)s® ’ds < oo such that R with R(s) :=
s2H'(s)?/H(s), s > 0 (0/0 := 0), is bounded, piecewise continuous and, for s suffi-
ciently large, nonincreasing, with [ R(s)s? 'ds < oo. The kernel K : R¢ — Ry with
K(x) := H(||z||) shall be called a smooth kernel.

In this sense the Gaussian kernel K = H(|| - ||) with H(s) = e~*" and the quartic
kernel K = H(|| - ||) with H(s) = (1 — s?)?Ij1)(s) are smooth kernels. The smooth
kernels are special regular kernels defined now.

DEFINITION 2.2. (Devroye and Krzyzak (1989)) The measurable kernel K : R% —
R, is called regular if there are a sphere Sy » and a constant b > 0 such that 1 > K(z) >
bIs, . (z), z € R% and [sup,eg,  K(u)dz < oco.

Let (h,) be a bandwidth sequence satisfying h, | 0, nhé — oo, hy — hny1 =
O(hyn/n), e.g. hy, = n~7 with 0 < vd < 1. For a measurable kernel K : R¢ — R, set
Ky, := K(-/hy). Fix 6§ € (0,1]. Now define m,, by (1.4).

The following theorem states strong universal consistency of (m,) for smooth ker-
nels.

THEOREM 2.1. Let K be a smooth kernel, (hy,) as before and (my) defined by
(1.4). Assume EY? < co. Then (1.1) holds.

In a similar but easier way (without a Tauberian argument) weak universal con-
sistency, i.e., (1.2) can be shown for (m,) defined by (1.4) with regular kernel K and
0 < h, — 0, nh¢ — oo, while Spiegelman and Sacks (1980) and Devroye and Wagner
(1980a) showed the corresponding result for (my) and (7,,), respectively, with bounded
support of K.
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3. Proofs

In view of the proof of Theorem 2.1 we formulate several (essentially) known the-
orems as Lemmas 3.1-3.7. To make the paper more self-contained we shall prove some
of them. As further tools Lemmas 3.8-3.13 will be proved. Throughout this section we
assume Y > 0 and Y,, > 0, further 0 < § < 1, without loss of generality. 1t is pointed out
in the lemmas, which integrability or boundedness assumptions on Y and Y;, are used
respectively.

The first lemma is useful for local averaging regression estimates to extend consis-
tencies for bounded Y’s to unbounded Y'’s. It is due to Gydrfi (1991) and can be proved
by truncation of Y (see also Gyorfi et al. (2002), pp. 466, 467).

LEMMA 3.1. Let m, be of the (more general) form

n

mn(m) = 2 Wn,z(x)Y;

i=1

with measurable nonnegative weights W, ;(z) = W, i(z, X1,..., Xn) satisfying

(31) S Woala) < 1.
=1

a) Assume (1.1) for all (X,Y) with bounded Y. Further assume that there is a
constant ¢ such that (1.5) holds for all (X,Y) with EY < oo. Then (my) is strongly
universally consistent.

b) Assume [m,(z)u(dz) — EY a.s. for all (X,Y) with bounded Y. Further
assume that there is a constant ¢ such that (1.5) holds for oll (X,Y) with EY < oo.
Then [ my(x)p(dz) — EY a.s. for all (X,Y) with EY < oo.

The next lemma is a classical Tauberian theorem of R. Schmidt in summability
theory (see Hardy (1949), Theorem 68, and Zeller and Beekmann (1970), 52 II, with
references). For a sequence of real numbers with convergence of the corresponding se-
quence of arithmetic means (Cesaro summability), convergence is established under an
additional condition (Tauberian condition).

LEMMA 3.2. If the sequence (s, )nen of real numbers satisfies

(3.2) thi=(s14+ - +8,)/n—0

and

(3.3) liminf(sy —sp) >0 for N>M — o0, N/M — 1,
then

(34) Sn — 0.
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PrROOF. With N = N(M) > M such that N/M — 1 (M — oo) sufficiently slow
and with

N N

1 1

Sp = E Sk — E (sk —sm) =: Au.N — Bu,n
N-M My N-M Py

one has

. N M
AN = N M lzsk - Zskl
k=1 k=1
N/M
= tn —
N/M 1N T N/M -1

By n > min Sk — SM) = Sk(M.N) — SM
' _k:M-H,A..,N( ) (M.N)

tm — 0 (by (3.2),

with k(M,N) € {M +1,..., N}, thus by (3.3) with k(M, N) instead of N
(3.5) limsup spr = — liminf By v < 0.

Correspondingly, with L = L{(M) < M such that L/M — 1 (M — oo) sufficiently slow
and with

1 = 1 <
SM =31 > s+ ML > (sm—sk)=—ALm + By
k=L+1 k=L+1
one has
Arm— 0  (by (3.2)),
(3.6) lHminf sy > liminf Br ar >0 (by (3.3)).

(3.5) and (3.6) yield (3.4). [

We reformulate Lemma 3.2 in a stochastic version as Lemma 3.3 which will be
directly applied in the proof of Lemma 3.13.

LEMMA 3.3. LetU,,Jn, Wy, Z,,V be real random variables and let ¢, be real num-

bers such that
Upny1 —Upn=Jdp+cn+ Wy + 2, n € N.

Assume % 211:;1 U, —V as., further J, > 0 (n € N),

N
lim » =0, if N>M—o0, N/JM—1,
n=M

ZnW,f <o a.s, Z Zn  a.8. convergent.

Then U, —» V a.s.
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Proor. Let (2,4, P) be the underlying probability space, and set

N
Q= {w € % Z Up(w) — V(w), Zan(w) < 00, ZZn(w) convergent} .

n=1

Then P(Q?') = 1. Choose w € Q. For arbitrary N > M — oo, N/M — 1, we have

thus

N
lim inf (Uy 11 (w) — Un (@) = liminf Y (Jn(w) + n + Wa(w) + Zo(w)) = 0.
n=M

This together with

1 N
5 > Un(w) = V(w) (N - o)

n=1

yields Up(w) — V(w) (n — o0) by Lemma 3.2. O

In the following we specialize the Efron-Stein (1981) inequality in Steele’s (1986)
version (see Gyorfi et al. (2002) for further references) to the case of a symmetric statistic
of i.i.d. random vectors.

LEMMA 3.4. Let Zl,...,Zn,Zn be i.i.d. random wvariables with values in some
Borel set A C B™, and let the function f: A™ — R be measurable and symmetric (i.e.,
the function values are not changed by a permutation of the arguments). If f(Zi,...,Z,)
is square integrable, then

1 N
Var f(Z1,...,7%,) < §nE|f(Zl,...,Zn) —f( 21y T, Z)2.

Further we mention a lemma which is well-known from the classical Kolmogorov
proof of the strong law of large numbers for i.i.d. integrable real random variables (see,
e.g., Logve (1977), section 17, as a reference). Here and later on, for Y, > 0 let YTEL] =
Ynl|y,<r) denote the truncation at L > 0.

LEMMA 3.5. For identically distributed random variables Y, (> 0) with EY,, < oo
one has
a) a.s. Y, =Y\ from some random indez on,
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b) o2y HEYAY)? < co.

The following covering lemma is due to Devroye and Krzyzak (1989}, there with
kernel T = K. Recall the notation K, := K(-/h), correspondingly T}, := T'(-/h) for
h > 0.

LEMMA 3.6. If the kernels T and K are regular, then there exists a finite constant
p = p(T,K) depending only upon T and K such that, for any u € R%, h > 0, and
probability measure y,
Th (32 s 'LL)
[ Kn(z — 2)u(d2)

pu(dz) < p.

PROOF. The proof follows the argument of Devroye and Krzyzak (1989). A natural
number k;, depending only on d, and a sequence (z;);cn in R? exist such that the family
{Ss.,r/2;% € N} of balls covers R* where each 2 € R? gets covered at most k; times. One
notices that x € S, /2 implies Sy, ;/» C Sz, and obtains for the regular kernel T

x>
sup T(z)
im1 #€5z;,r/2

o0

o .
= S sup T(z)dz
Z VOI(SO,T/2) :n /2 Zeszlpr/Z ( )

< — I T(2)d
= Vol(So r/2) /E Seirsa (@) Sufr ()dz
< sup T'(z

~ vol( So r/2) /ZGSI,DT

< kz < 00

with ko depending only on d and T'. For arbitrary u € R one has

x
Th(z—u) <Y Isppname(@  sup  Th(t—u)

=1 tesu-}—hzi,'rh/?
o

= ZISu+hzi,rh/2 (1;) Sup T(Z)
- Zesxi,r/Z

and notices that x € Sy pe, rn/2 implies

/ Kz — 2)i(dz) > b(Sarn) > b(Sushoprn/2)

for the regular kernel K. Therefore

Th(z —u)
J Kn(z — 2)u(dz)

SZ—;/ ;u(d:c) sup T(z)

Su+hmi,rh/2 b/‘I‘(SM—f-hI,;,T&/?) ZGSEZ.,T/2

p(dz)



672 HARRO WALK

o

%Z sup T(z)

i=1 2€5=2;,r/2

IA

VAN

ks
b

for all uw € RL. O
Also the following result is due to Devroye and Krzyzak (1989).

LEMMA 3.7. Let K be a reqular kernel and let (hy,) satisfy 0 < h, — 0, nhe — co.
If Y is bounded, then

/1mn(x) ~m(z)|p(dz) - 0  a.s.

LEMMA 38. Let K :R? - R, T :R? — R be regular kernels. There is a ¢ € Ry
such that for all z € R%, n € N, h > 0 the following relations hold:

Tr(z — 2) 2 .
a) E (/ 1+ Z;‘il Kn(z - Xj);z(dx)> <

Ti(x —2)Kp(z — X 2 .

Th(z — 2)Kp(z — X) Kn(z — X) ) c
C) E/ [1+Z;L:1 Kh(x—XJ)]ZN(dI)/1+z;:1 Kh(i;_XJ)p’(dx) < ﬁa

d E (/ Th(x — 2)EKp(z — X) 'u(dx)>2 . %

1+ 37, Kn(z — X;))? n

PROOF. Let n > 3 w.lo.g. We notice 0 < K <1, and use i.i.d. random vectors
X', X, X, X1, X5,... and their exchangeability.
a) We obtain

2
Tu(z — 2)
F (/ 1437 Kn(z — X;) de))

Th(X' — 2)Th(X — 2) i}
[+ 37 Ka(X = X)][L + 72, Kn(X — X))
<4FE Th(X' — 2)Th(X _nz) ]
2+ 33 Kn(X' = X5)][2 + 3255 Kn(X — X;)]

Th(Xl — Z)Th(Xg — Z)

2+ 3773 Kn(X1 — X;)][2 + X205 Kn(X2 — X))
Th(Xl - Z)Th(X2 - Z)

= 4EZ?=1 Kn(X1— X;3) 3751 Kn(X2 — X;)

=4F (by exchangeability)
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. Th(X — Z)Th(Xl - Z)

4 F -
(n— 1) zleg: Zj:l Kh(X'_XJ)ijl Krn(X: — X;)

(by exchangeability)

the latter by Lemma 3.6 for the empirical measure based on X;, ..., X,.
b) Similarly,

Th(z — 2)Kn(z — X) 2
’ ( [1+ 27, Kn(z — X;)2 “(d$)>

Th(X' — 2)Kp(X' = X)  Th(X — 2)Kn(X — X)
1430 KX = X1 1+ 30, Ka(X — X))
< 8E Th(X/—-Z) Th(X—z)Kh(X—X)
T2+ L Kn(X - Xj) 2+ Z’.’_Z Kn(X = X;)]2
Th(X,—Z) Th( —Z)Kh(X X])
- 1+Z;‘l=1 Kh(X,"Xj) [1+Zj=1 Kh(X_Xj)]2
_8 2": B Th(X' — 2) Th(X — 2)Kn(X — X))

1+ 370 Kn(X7 = X5) [1+ Y7 Kn(X — X;))2

(by exchangeability)
2
8 / Th(z — 2)
<-E . dz
n ( 1+2j=1 Kh(x'"Xj)u( )

< —
_n3

=F

for some ¢’ € R4, the latter by a).
¢) We obtain

Th(I—Z Kh( X) Kh(i'——X) -
5[ T+ lKh<x—X>12“(d””)/ Ty, Kne — %) M%)

_ 5 Ih(X' = )Kn(X' — X) Kn(X - X)

[+ Kn(X = X)PP 14+ 577, Kn(X - X)
< oE Th(X' — 2)Kp(X' — X) Kn(X - X)
- [3+Z?__.2Kh(X'—Xj)]21+Z?=2Kh(X—Xj)
<9E Th(XI-—Z)Kh(XI—X) Kh(Xl—X)
T2+ o Kn(X = X5)P Z? 1 Kr(X1 — X;)
=9- g

Th(XI-—Z)Kh(X X) Z Kh(Xi—X)
[2+Z] 1Kh (X' = E?:l Kh(Xi_Xj)

(by exchangeability)
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Th(X' — 2)Kp(X' — X)
2+ X2 Kn(X' = X;))?
(by Lemma 3.6 for the empirical measure based on Xi,...,X,)
Th( — z)Kh(X Xl)
[1+Ej=1 Kh(X, J)]2

1 = Th(X' = 2)Kn(X' - X;)
=9p—F
2 E L T KX X0
1 Th(Xl — Z)
< 9p— -~
=Py i Kn(X1 — X;)
1 Th_(Xl - Z)
<9p—F—s
B p"2 Ej:l Kn(X1 - Xj)
n
Th(Xi — 2)
=9 E
Pr3 Z S Kn(Xi - X;)

E
9pn

<9—E
P

(by exchangeability)

(by exchangeability)

1
§9p2$7

the latter as in a) by Lemma 3.6 for the empirical measure.
d)

Th(z — 2)EKn(z — X) 2
5 (/ 1+ Y7, Kn(z - X;))? /‘(dx))

Th( X' — 2)Kp(X' — Xnp1) Th(X — 2)Kn(X — Xpy2)
(1437 KX = X)2 1+ 37 Kn(X - X;))2
Th(X' — 2)Kn(X' — Xpg1) Th(X — 2) Kn(X — Xpi2)
B+ Yot Kn(X' =X B+ YT, Ka(X - X;)?
< g pTh(X’ = 2)Kn(X' ~ Xn11) Th(X — 2)Kn(X — Xpt2)
- 1+ S0 Kn(X = X)) [L+ 007 Ka(X —~ X;)2
81
TSRS
Z E Th(X/ — Z)Kh(XI - 1) Th(X - Z)Kh(X Xl)
[+ S04 Kn(X7 = X)) [1+ 040 Kn(X — X;))2

=F

< 8iE

ile{l,...,n+2}
i#l

(by exchangeability)

81 Th(z — 2) ’
< (n+2)(n+1)E (/ 1+ 2 Ku(x Xj)“(dgg))

C”

< —
_n4

for some ¢’ € Ry, the latter by a). O

LEMMA 3.9. Let K: R® - R and T : RY — R be reqular kernels. For parts b)
and c) below, assume that also T?/K is a regular kernel. There is c € R, such that for
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all n € N, h > 0 the following relations hold:

n—1 [n] 2

Y " Th(x — X;) EKR(x — X5) c 9

a) E{) d p(dz) | < =E(Y"M)?
) <-_ T+ 250, o1y Knlz — X5)]? n? (

YT (e — X)) Kn(z - X,,) e e
(Z/ [+ e, np gy Knlz — X; )]2N(dm) = EEE(Y" X

Y[n]Th z—-X; )Kh(:c - Xn )EKh( n+1) 2 . .
c) E (Z/ 1+Z]e{1 ..... 1\ (i }Kh(x—X P pldr) | < ;{E(Yn )2.

PrOOF. Letn >4 wlo.g.
a) By the Cauchy-Schwarz inequality the left-hand side is bounded by

oy — X)EKn(z — X.) 2

Th(.’L‘ )EKh( Xn)
14357, Ku(z — X))

<(n—-1)? / E(Y{™?| X, = 2)E < ,u(d:c)) p(dz)

c n

< / E((Y{™?| X, = 2)u(dz)  (by Lemma 3.8d))
c mn

= ﬁE(YTE h?

for some ¢ € R;..
b) The left-hand side is bounded by

— @ 2
Y " Th(z — Xi)Kn(z — Xn)
k / Z p(dz)
( 1+ 2 e, napvgay Knlz = X-)]2
’ 5/ ;
1"'de{l ..... n—1}\{i,i'} Kh(w—X NE

zze{l, .,n—1}
i#i’

/ YT (& — X ) Kn(E — X) .
[1+Z]€{1 Sn—11\{i,¢} Kh(iL"—X )]2
=(n-1)H,+(n—-1)(n-2)I,

(dz)

(dz)

with

. [n]\2 Th(x—Xl)Kh(I—Xn) T 2

I, _Ey["]y["]/ Th( x“nXll)Kh(m )Q,U(dm) Th(fﬁ—Xz)Kh(fﬁ-X ) (d).
[1+ 32505 Kn(z — X;)] [+ Y2075 Kn(E — X;))2
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We have

Th( )Kh(I—X )
[1+ 3525 Kn(z — X;)]2

- / E((Y"™)? | X, = 2)u(dz)  (by Lemma 3.8b))

2
Hy, = /E((Yl["])2 | X1 =2)E ( u(dw)) p(dz)

IA

c n]\2
= EE(YJ )

for some ¢ € R;. Now we set W = T?/K, W), = T?/K}. By

b

abzg—pq

pq
<la +1b2 1 a? +1b2
_2p210q 2q2P(1 27 q 2qP

for a,b,p,q € Ry withp >0,9g>00ra=p=0orb=q=0, where 0/0 := 0, we obtain

Y (e — X)Th(z - Xe)
1. in - 1 -
< SO Wale — X0)Kn(# — X2) + 5 (%" Wa(E ~ Xo) Kz — X1).

Thus
Lpiyihe [ Wa@ = X0)Kn(@ = Xa) o\ [ En(@ ~ Xs)Kn(Z = Xn) oo
In < 2 ¥ /[1—!—2. Kp(z — X j)]2ﬂ(d )/[1+Z Kh(m—X)] (4%)
b L gy [ bz X0 - "l( da) [ WHEXDENE = ) g
[1+Z Kh(x—X)] [1 2= 3Kh($—X)]
1 [1+z;' §Kh<m— E [1+z?;;Kh(z— )12
Wiz — XKl K5 X }({b)E exchan)geabllity)
[n]\2 h\T — 1 AT — r\Z 2) A p\Z n 7
< 1oy [ RS _X) ) (ds )/[1+27;Kh(x—xn u(da)
_ _16_ [n]\2 Wh(x_Xl)Kh(w n)
EEEE R TS s PAE
Kp(z — X;c)Kh(SC Xn) .. -
/ Z 1+Z K;z(z—Xj)Pp(dz) (by exchangeability)
[n]y2 Wh(w—Xl)Kh(w Kn(Z — X,) -
Sn_QE(Y ) TS Kh(x_X) ) (o )/1+27;Kh —x;)"

IN

Vel n
& [ B 1 = 2t
(by conditioning with respect to X; and by Lemma 3.8 c) with T replaced by W)
d 9
=k (v,
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for some ¢’ € Ry. This yields the assertion.
c) The left-hand side equals

e{tmnt} [+ 2jeq, . n-1p\iap Bnlz = X5)P°
y / Th(% — X)) Kn(E — X)) Kn(% — Xnsa)
H

,,,,,

<64E Y yin! / [Th(l' — X)Kn(z — Xn)Kn{z — Xpni1) (2)

p(dz)

u{dz)

_ylnl / T (2 — X)) Kn(Z — Xn) Kn(E — Xns2)
l [+ 2 e, netnspny En(@ - X)P
M Wi}
1
<64——F
- n-2 Z
i,le{l,...,n—1}
e / Th(z — X;)Kn(x — Xy) Zje{l et 1\ (6.1} Kn(z — X;)

pu(dz)

..... e
T+ S ettty (@ — K0P (d=)

[n] Th(z — X)) Kp(Z — Xn)Kn(Z — Xnio) -
s Kne = X))
GE{L,...,n—1,n+1\{1} DRAT F]
(by exchangeability, with {i,{} = {i} for i =)

1
(n—2)(n-1)

n—1 2
Th(z — X)) Kp(z — X,
= [1+3 e, nm1p gy Knlz — X))
(by simplifying the first fraction and by a repetition of the argument)
c
< FE(YA"])Q

<64-32

for some ¢ € R, the latter by part b). OJ

LEMMA 3.10. Let K,T and also T?/K be regular kernels. There is a c € R, such
that for all n € N, h > 0 the following relations hold:

n YT, (2 - Xi) .
a) Var i i dz) | < SE(YM)?
) (/; 1+ et np iy Knle — Xj)“( )| < - (Y™

~ Y-[n]Th(x - X)EKp(z — Xpng1) c
b) Var / : p(dz) | < B2,
( ; [1+ > e, ..angap Enlz — X5)]2 n?

2

YT (@ — X0)[Kn(z = Xng1) — EK(z — Xng1)] c

c) E d : n P2 ude) | < < E(YR)Z
: <; (425, oy Bz — X512 (dr) | < B0

ProOF. For the proof of parts a) and b) we use Lemma 3.4 with i.i.d. copies
(Xlan)r ety (Xm Y’n)7 (X’qun) of (Xa Y)
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a) The left-hand side is bounded by

n (& Y["]Th(m—X)
" (;/HZ u(dz)

,,,,,

Yy ]T z—X;
N Z/ 1 z IZ( X) ACES Al
=1 + 2 et -1 i} Kn(@ — X;) + Kn(z — Xy)

?n[n]Th(x - Xn) ’
B / 14500 Knl — Xj)”(dm)>

YT, (z X)+Y¢E"]Th(x—ffn) :
= E(/ 1+ 30 Kn(o - X;) ulde)

n—1 Yi[n]Th(l’— )[Kh(w—f( )+ Kn(z — Xn)] 2
e (1—1 1+ e, mo1pn iy Knl@ — X5)? wde)

= 2
. (m]\2 Th(IE—Xn) T
<4 E{(Yn ! </1+E?=_11Kh($—xj)u(d )) }

YT (2 — X)) Kn(z — X,) Lo
+ 4nE (Z/ [1+Z }hKh(x_Xj)PM(da:)) < EE(Y,E )

JE{L,...,n—1}\{¢

for some c € R, the latter by Lemma 3.8a) (via conditioning with respect to X,,) and
by Lemma 3.9b).
b) The left-hand side is bounded by

n (s~ [ Y Th(z - X)) EKn(z — Xn41)
2 <;/[1+Zae{1 o En@ = X" ude)

/ YT (2 — X)EEw(z — Xnp1)
1+ ien,.n1ny Krle — X5) + Ki(z — X))?

_/YTEn]Th(x"Xn)EKh('T n+1) ( ))2
1+ 727 Knlz — X;))2

CRACE NES 0/ JUES P )2
<nE </ L T (o~ X, EKp(z — Xnt1)p(dr)

S / YT (e = X)[Kn(z = Xn) + Kn(@ = Kn)
im1 [1+ Eje{l n—1}\{i} Kn(z — X;)P3

pu(dz)

.....

2
EKp(z — Xn+1),u(d$)>

n [n]\2 Th(z — Xn )EKh(w Xot1)
<4 E{(Yn ) (/ 1+ Y071 Kn(z — X;)]2 p(d )) }
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n—1 [n] 2
YT (2 — X)) Kn(z — Xp) EKw(z — Xns1)
+ 8nkE E / w(dx
( 142 e, -1 iy Knlz — X5)]? (dz)

for some ¢ € R, the latter by Lemma 3.8 d) (via conditioning with respect to X,,) and
by Lemma 3.9¢).
¢) Immediately by Lemma 3.9a),b). O

Set

~ Y;Kp, (z — X;)
m, (x) = E , xzeRY
1+ Yieq . angs Kna (@ = X5)

LEMMA 3.11. Let K be a reqular kernel and let (hy,) satisfy O < h, — 0, nhd — oco.
a) IfY is bounded, then

> it YiKn,(z - Xi) 30, YiKh, (z - Xi)
00 [ RS TR R Gy e =0 e

(3.8) / in(2) — mn(@)|a(dz) = 0 a5,

(3.9) /]m;l(x) —my(z)|p(dz) - 0  as.
b) For eachl € N

Kh (.’L‘ — Xl)
= p(dz) -0 as.
/ 14+ ieqt, . mnq Kna (@ = Xj)

c) If EY < o0, then
(3.10) E/m;(x),u(d:v) — EY.

PrOOF. a) LetY; < L,i € N, for some L € R;. An upper bound for the left-hand

side of (3.7) is
1
L _ dz).
[ e a

We have

1 1
1/ T, Kl X))~ Is ES, K (o~ X))

Zn—l Ky, (z — X;) \
< o —1jp(dz) -0 as.
- / E} ) Kn,(z - Xi) uld)

according to Devroye and Krzyzak (1989), especially p. 76. Further

1
/ 1+ES." Ky, (2 — Xi)“(dx) -9
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since EY i ; Kp, (z — X;) — oo for p-almost all z, because of nh? — oo and

J Kn, (= t)pu(dt)
hd

n

lnf l‘l’(x + Soy"'hn)

> blim 7

>0

lim inf

for p-almost all z. For the latter relation see the proof of Lemma 2.2 in Devroye (1981),
compare also Lemma 2 in Greblicki et al. (1984) and Lemma 24.6 in Gyorfi et al. (2002).
Thus (3.7) is obtained. From this we obtain (3.8) and (3.9) because of

S Y2 = X)) _ [ma(@) | _ -
DV NCER Ok {m;(x) } =l

which holds for m,, because of 0 < § < 1 and for m/, because of 0 < K < 1.
b) The assertion, even for general h,, > 0, follows from

2
S Kn. (z - X))
E/ : u(dz)| < oo,
; L4 Yiettniiy Kna (@ = X3)

which is obtained from Lemma 3.8a) (with T' = K') via conditioning.
¢) In the case of bounded Y we have

/fﬁn(x)u(dac) — /m(x)u(d:r) =EY as.

according to Lemma 3.7, and then obtain (3.10) by (3.8), (3.9) and the dominated
convergence theorem. For general integrable Y > 0 we have

_ n/E Ky, (z— X41)
1+ 320 5 Kn,(z — X;)
< cFY, n €N,

p(dz)

B [ ml(@)n(d)

for some ¢ € Ry by Lemma 3.8a) (with T = K) via conditioning. From these results we
obtain (3.10) for integrable Y by Lemma 3.1b). O

LEMMA 3.12. Let K be a smooth kernel and (h,) as in Theorem 2.1. Then a
reqular kernel M exists such that

1 - 1 - .
Kh, — Khn+1 <=My, =-M (—> > n €N,
n A,

3

and that M?/K (with 0/0 := 0) is also a regular kernel.

ProOOF. We use the notation of Definition 2.1 and notice that

SIH' ()] = VEG)V/HT) < 3 Rls) + 3 Hs).

The function s — s|H'(s)|, s € Ry is continuous and, for s sufficiently large, nonincreas-
ing, further [ s|H’'(s)|s?"'ds < 00. Choose b € (1,00), ¢ > 0 such that
hn 1

<, o1
hn+1 hn+1 hn hn

3o
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for all n, and set

M(s):=c sup olH'(v)l,  Q(s) == M*(s)/H(s), s20 (0/0:=0).
s<v<bs

M is continuous. For u sufficiently large, M satisfies M(u) = cu|H'(u)| and is non-

increasing. Further [ M(s)s? !ds < oo, i.e., M(|| - ||) is integrable. @ is piecewise

continuous. For u sufficiently large, Q satisfies Q(u) = c®R(u) and is _nonincreasing.

Also fQ s)sd lds < 0o, i.e., Q(||]|) is integrable. Set M() =M(|-1), Q:):=Q(l-1D-

M and Q = M?/K are regular kernels. Now

t t It
n|K|— —K( )]Sc sup H'(s)|- =2
[ <hn> i1 181/ SSSIItH/hn+1| () hn

(””) My, (1), teR% O

I/\

LEMMA 3.13. Let K be a smooth kernel and (hy) as in Theorem 2.1. Assume
EY < o00. Then

(1) [ @wtan) ~ BY s
PROOF. Set
n
) (g) := i 1ihy i
my (x) ’
" ; 1+ 2 e, iy Bna (@ = X;)
n .
YK, (@ - X))
m* (:L‘) = i n , ze ]Rd.
" ;1+Zje{1 ..... angiy Kna (2 — X5)
We notice
(3.12) my <m{™ <mj,, neN

Since a.s. Y, = Y™ from some random index on (by Lemma 3.5 a) because of EY < 00),
we have

(3.13) / (m.(z) — m (2))u(dz) - 0 as.

by Lemma 3.11b).
In the first step we show

(3.14) %Z/m&")(m’)u(dm) — EY  as.

and thus, by (3.12) and (3.13),

N
(3.15) %Z / m* (2)u(ds) — BY  as.
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We have
E{f mi? (2)u(de) - B [ m @)u(da)]? _ <oy B E(y,")?
n T p2
(by Lemma 3.10a) with T = K)
< o0 (by EY < oo and Lemma 3.5b)).
Thus

[ m& (@) u(dz) — E [ m () (dx)]2

n

a.s.,

and the Kronecker lemma together with the Cauchy-Schwarz inequality yields

(3.16) N Z (/m(") z)u{dz) — /m(") z)u(dw)) —0 as.

With Y& := YIy <, L > 0, we notice
timsup £ [ (z)  mi?) o))

: (=YK (- X))
ShmE/ . u(dz)
Z L+ D e, iy Eha (2 = X5) (

=EY-YH)-0 (L- ),

where the equation follows from Lemma 3.11¢) for Y; — Yi[L] instead of Y;. Then once
more by Lemma 3.11c), we obtain

(3.17) E / m{™ (z)u(dz) — EY.

(3.16) and (3.17) yield (3.14).
In the second step we show

(3.18) /m%*)(m)u(dx) — EY as.
by use of (3.15). We apply Lemma 3.3. Noticing ¥; >0, K >0, K;,, > Ky, (by H |,

hnl)and Y <¥/™ (i =1,...,n), Kn, — Kn,,, < 1M, (according to Lemma 3.12),
we obtain

/ mey (2)p(de) — / m? (2)u(dz) > ~Co — Dn, neEN,

with

Mh (.’E XI)
- p(dz),
/Z 1+ Z]G{l angiy Kna (@ — X5)

Kh +1("L‘ )Khn+1 (LL‘ - Xn+1
a p(dz).
/Z [1 + de{l LSn\{i} Khn+1 (JJ - Xj)]2
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Setting

?

Y Khn+1 (I )(Khn+1( Xn+1) - EKhn+1 (-T - Xn+1))
Z 1 X AP p(dx)
L+ Y e, iy Khnia (2 — X5)]

Kh +1($ Xi)
- EK _X,
/Z [1+Z]€{1 iy B (2 — X)) hnps (T = Xn1)p(dz)

we have D, = F,, + G, and thus the representation
1) [mia@us) - [mi@nd

=J,— Cp—F, — Gy
= J, — (ECy + EGp) — (Cp — EC,) — (Gy — EGy) — F,

where
(3.20) J, > 0.

Via conditioning we have

Ecnst(mX1=z)

Mhn (z —2)
E f T S o Xj);z(dx)} u(dz)

< %/E(K | X1 = 2)p(dz) (by Lemma 3.8a) for the regular kernel T = M)
—FEY,

/ Khn+l(z )EKhn+l($ n+1
[1 + Zje{2,,“,n} Khn+1 (3’,‘ X})}

< E/E(Yl | X1 = 2)u(dz) (by Lemma 3.8d) with 7 = K)

EGngn/E(Y1|X1=z) FE

5 ﬂ(dx)] u(dz)

= By
n
for some ¢ € Ry. Thus for N > M — oo with N/M — 1 we obtain
N
(3.21) > (ECn+ EGp) =0
n=M

Noticing that M and M2/K = Q are regular kernels, we have Var(C,) < %E(YJ"])2
by Lemma 3.10a) with T = M. Further Var(G,) < %E(Yé"])2 by Lemma 3.10b) with
T = K. Thus, by Lemma 3.5b), " nVar(C,) < 00, Y nVar(G,) < o0, which yields

(3.22) > n[(Cn — ECp) + (Gn — EGn)? <00 ass.

Finally, by Lemma 3.10c) with 7 = K, and Lemma 3.5b), we have ) EF? <
ey ;1;}_7}(}’["])2 < 00, which yields

(3.23) a.s. convergence of Z F,,
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because (F,) is a martingale difference sequence. Now from (3.15) together with (3.19),
(3.20), (3.21), (3.22), (3.23) we obtain (3.18) by Lemma 3.3.
Finally (3.18) and (3.13) yield the assertion (3.11). O

PROOF OF THEOREM 2.1. In the case of bounded Y < L we have [ |m,(z) —
m(z)|p(dz) — 0 a.s. according to Lemma 3.7, and then obtain

(3.24) /|mn(m) — m(x)|*p(dz) < L/ |mn(x) — m(z)|p(dz) - 0 as.
by Lemma 3.11 a). For general integrable Y > 0 we notice

2
(3.25) My < 2,

(by max{6,¢} > (6 +t)/2 for t > 0), apply Lemma 3.13 and obtain
(3.26) hmsup/mn p(dz) < —hm/m p(dz) = —EY a.s.

From (3.24) and (3.26) we obtain (1.1) for square integrable Y by Lemma 3.1a). [
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