Ann. Inst. Statist. Math.
Vol. 57, No. 3, 485-505 (2005)
(©2005 The Institute of Statistical Mathematics

PROFILE EMPIRICAL LIKELIHOOD FOR PARAMETRIC AND
SEMIPARAMETRIC MODELS*

Lu LINE, LIXING ZHU?3 AND K. C. YUEN?

1School of Mathematics and System Sciences, Shandong University, Jinan, 250100,
Shandong Province, China, e-mail: linlu@sdu.edu.cn
2 Department of Mathematics, Hong Kong Baptist University, Hong Kong, China
3 Department of Statistics, East China Normal University, Shanghai, 200062, China
4 Department of Statistics and Actuarial Science, The University of Hong Kong, Hong Kong, China

(Received February 10, 2004; revised June 11, 2004)

Abstract. This paper introduces a profile empirical likelihood and a profile con-
ditionally empirical likelihood to estimate the parameter of interest in the presence
of nuisance parameters respectively for the parametric and semiparametric models.
It is proven that these methods propose some efficient estimators of parameters of
interest in the sense of least-favorable efficiency. Particularly, for the decomposable
semiparametric models, an explicit representation for the estimator of parameter of
interest is derived from the proposed nonparametric method. These new estimations
are different from and more efficient than the existing estimations. Some examples
and simulation studies are given to illustrate the theoretical results.
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ric and semiparametric models.

1. Introduction

Profile likelihood has received much attention in the literature. Severini and Wong
(1992) outlined the general profile likelihood and proposed a profile conditional likelihood
to estimate the parameter of interest under the condition that the data come from a
known class of distributions. These methods are based on the idea of estimating a one-
dimensional subproblem of the original problem so that the obtained estimator is least-
favorable in the sense of Stein (1956). Severini (1998, 1999, 2002) constructed some
modified profile likelihood functions, or some approximations to the modified profile
likelihood functions through known distribution of data, which yield some estimating
functions for the parameter of interest satisfying approximate unbiasedness. Small and
McLeish (1994) in Chapter 5 of their book summed up some Hilbert space methods to
obtain the estimating function for the parameter of interest, which are based on the
version of parameter orthogonality and use the projection of an estimating function
for full parameters onto the E-ancillary subspace of estimating functions to make the
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estimating function insensitive to the change in the nuisance parameter. Motivated by
Severini and Wong (1992), Lin and Zhang (2002) proposed a profile quasi likelihood for
the parametric models under the condition that the information about distribution of
data relates only to the first two moments and the obtained estimator of parameter of
interest is least-favorable efficient.

In this paper, we assume that the information about the distribution is available
in the form of functionally independent unbiased estimating functions. The main pur-
pose of this paper is to estimate the parameters of interest under this general condition
of data. The basic goal is to estimate parameters of interest efficiently in the sense
of least-favorable efficiency for the parametric and semiparametric models. By extend-
ing the profile likelihood and profile quasi likelihood to empirical likelihood, this pa-
per introduces a profile empirical likelihood to estimate the parameters of interest in
the presence of finite-dimensional nuisance parameter. When the nuisance parameter
is infinite-dimensional, an empirical form of score function for the nuisance parameter
is constructed and then a profile conditionally empirical likelihood for the parameter of
interest is obtained. In the decomposable semiparametric models, the proposed nonpara-
metric method leads to some explicit representations for the estimators of parameter of
interest and the nonparametric component. These new explicit representations are very
different from the existing estimations and are useful tools for statistical inference in
the decomposable semiparametric models. Theoretical and simulation results show that
these estimations are more efficient than the existing estimations.

2. Profile empirical likelihood for parametric models

In this section we first introduce a criterion, called the empirical Fisher information,
to assess the empirical likelihood for parametric models and then construct a profile
empirical likelihood for the parameter of interest. The obtained estimator of parameter
of interest is asymptotically optimal under this criterion. Another goal of this section
is to motivate some basic versions for profile empirical likelihood, which will be used in
the next section.

In order to define a profile empirical likelihood for parametric models, we now out-
line the original empirical likelihood as proposed by Owen (1988, 1990), Qin and Lawless
(1994) and so on. Let yi,...,yn be independent observations with an unknown d-variate
distribution F(y,#), where # is a p-dimensional column vector of unknown parameters.
We assume that the information about F(y, ) is available in the form of unbiased es-
timating function u(y,0) = (ui(y,8),...,u-(y,8))’, r > p, i.e., known function vector
u(y, 0) satisfies E(u(y,0)) = 0. In this case the empirical likelihood function is defined
as

N

L(6) = sup {logH Np;

i=1

N

N
Zpi =1,p; > 0,i= 1,---,N»Zpiu(yi,9) =0}-
=1

i=1

By Lagrange multipliers, the empirical likelihood function can be expressed as

N
(2.1) L(0) = 3 log(1 + ¢ (§)u(y:.0)),
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where t(0) = (t1(0),...,t.(6)) satisfies

L W S
N & T+0@)uly,0 o~

On the other hand, if log ]—[i\/:l pi is replaced by Euclidean distance —3 Zilil(pi - %)%
the empirical Euclidean likelihood function is expressed as

N

(2.2) Lg(6) = sup {—% Z(Npi —1)?

i=1

N
Zpi=1,p1207i=17---,N,

i=1
N
> pau(yi, 0) = 0} :
=1

By Lagrange multipliers, the empirical Euclidean likelihood function has the form of

(2.3) Lu(0) = ~ 5 (0)S™ (0)(6),

where a(6) = & SN, u(yi,0), S(0) = & T, (u(yi, 0) — a(6))(ulys, ) — ()"

The two empirical likelihood functions L(#) and Lg(#) have the same asymptotic
behaviours such as L(6) = Lg(0) + op(1) (Owen (1990)). So, in what follows we focus
only on the empirical Euclidean likelihood function Lg(6).

We use 6 to denote the empirical Euclidean likelihood estimator obtained from the
empirical Euclidean likelihood (2.3), i.e., § = argsupgecg Lr(0). Under the usual kinds

of limiting conditions (Qin and Lawless (1994), Luo (1994)), vV N(6 — 6;) KA N(0,i51),
where the asymptotic covariance matrix of 6 is

(2.4) gt = {Eo (%)/V—l(awo (-a—“(a‘ye’—,e")) }—1,

V(8) = Eo(u(y, 00)u'(y, 6p)) and the subscript 0 denotes the evaluation at the true state.
The version of equation (2.3) is similar to that of the Generalized Method of Moments
(GMM). According to GMM, 2’6_1 provides a lower bound to the asymptotic covariances
of all regularity estimators of § (Chamberlain (1987)). Then, in this paper, we call ig
the empirical Fisher information for 6.

We now introduce profile empirical likelihood. In this paper, parameter vector ¢
is decomposed as § = (a,(’)’ and then the parameter space © is also decomposed as
© = A x B, in which a € A is a real-valued parameter of interest and g € Bis a (p—1)-
dimensional column vector of nuisance parameters, and 6, A and B are all open sets.
To estimate the parameter a of interest, as mentioned by Severini and Wong (1992) and
Lin and Zhang (2002), we assume that there is a curve in the parameter space such as
a — (o, B,) with 8., = Bo. The empirical Fisher information for estimating « along
the subproblem defined by this curve is given by

Eq <%§l@ - U) V@ Ba) By <

3
a=og

Ou(y, @, Ba)
AL U)
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where U = %%. The minimum empirical Fisher information for « over all
possible subproblems are given by
) o ' N
(25) EO ( u(yaavﬁ ) + U*) V—l(a’ﬂa)EO <8U(y,a’ﬂ ) + U*)
Oo Oa a—ao
. au(y7avﬂa) ' —1 8U(y, x ﬁa)
= inf B | —————=+U )| V —2 s
Ulg]: 0 ( dor + (aaﬁa)EO o +U a:ao7

where F = span Py aBa)y Y and U* = 2u2Be) dBa [t can be verified that
o a8 da

o5’
—U*|a=a, is the projection of éu(ya,+,ﬁa) I

by

=a, ONto F based on the inner product defined

(AvB> = EO(A,)V*l(av :Ba)EO(A) \a:ao .

It follows immediately from the previous characterization that

26 ia= 5o (2UL0E) L1 ) voia, gy (225D g

=g

provides another useful interpretation of i, as the minimum empirical Fisher information
over all possible smooth one-dimensional subproblems. Then we call i, the empirical

Fisher information (EFI) for a. Note that EFI for o associated with a curve a —

(e, (B%)") depends on the curve only through the tangent vector %} at the true value

point . Similar to the terminology used in recent literature (Severini and Wong (1992),
Lin and Zhang (2002)), in this paper, we call such a curve a — (a, (8%)")’ the empirical
least-favorable curve (ELFC), call the tangent vector %’% the empirical least-favorable

direction (ELFD), and then call

(27) Le(o f3) = — (0, 52)5 (@, B3 )i, B3)

the empirical least-favorable Euclidean likelihood.

Suppose that we are able to identify some curves a — (o, 8,) for a € (a,b) sat-
isfying B, = Bo. A least-favorable-efficient selection for empirical likelihood of « is
Lg(a, (%) as defined in (2.7). Of course in practice such a likelihood is not available
because () depends on unknown expectation Ey and unknown parameter ag and then
Lg(a,3}) depends on them as well. However, if we are able to obtain a suitable esti-
mator B, of a ELFC 5%, we may then obtain an estimate of a by solving a substitute
equation Q—L-—’%z—’@"‘—) =0.

From the characterization of U* as a projection, it follows immediately that a nec-

essary and sufficient condition for %ﬁf to be ELFD is that

(2.8) B, (6u(y,a,ﬂa) . duly, @ Ba) (dﬁ::))’ V(o 8)

da op do

« Ey (3U(y,a,ﬁa))

5 = 0.

a=Qgp
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According to the orthogonality as defined above, an estimator B, is said to be consistent
estimator of a ELFC, if 3, converges in probability to a constant 3, and satisfies that

(2.9) <aﬁ(a’ﬂa) 4 2, fo) (ﬁz)) 51(a, Ba) (L(a’ﬂ“))

=op(l).

a=qaqg

Oa op’ da ap’

To carry out this approach, we need to construct a consistent estimator of a ELFC.
For any fixed o, let 3 = argsups Le (o, B), equivalently, B, satisfies

aLE(aa /8)

(2.10) a7 o

=0.

~

Then from this estimator we can obtain an estimator & by maximizing Lg(«, 3, ), equiv-
alently, & satisfies

8LE(a7 BOL)

(2.11) -

=0.

a=4&

The following condition helps us get the asymptotic properties of Ba:
(B1) In the parametric model,

OEo(u(a, ) du(,8)\  OBo(ule, BW () .. (ula, By(a, B))
58 =E°< 95 ) BT —E"( 98 )

Let
(e, B) = Eo(u'(a, B))(Eo(u(a, B)u (o, 8))) ™" Eo(u(a, B))

and 8, denote a solution to the equation d((«, 3)/05 = 0 with respect to 3 for fixed a.
Assume that 3, is unique and that for any ¢ > 0 there exists a § > 0 such that

9¢(a, Ba)

op

<é

sup
(04

implies _
sup |8 — Bal <e.
[0

LEMMA 2.1. Assume that Condition (Ai) listed in the Appendiz and Condition
(B1) hold. Then B, the root of the equation (2.10), satisfies

(2.12) sup |Ba — Ba| = op(1),

(2.13) Bao — Bo = Op(N™Y2)
and

(2_14) (67—1‘(&7@1) + (9’(1(0[,,3,1) <%)> S_l(a,,(ia) (817,(04,,3a))

Oa op’ da op’
= OP(N_1/2)‘

a=ao
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Remark 2.1. Lemma 2.1 shows that 3, is a consistent estimator of ELFC. The
approach to constructing the estimator 3a of ELFC is of course common; in fact, for
fixed «, Ba is exactly the empirical likelihood estimator. This fact is similar to that,
for fixed «, the maximum likelihood estimator of 3 is a consistent estimator of a least-
favorable curve when the distribution F(y,6) of y is known (Severini and Wong (1992)).
Furthermore the result (2.14) implies (2.9), both describing the asymptotic orthogonality
of the direction dBa/ da: On the other hand, the proof of this lemma motivates an idea
to construct an empirical form of score function for the nonparametric component of the
semiparametric model (for detail see the next section).

THEOREM 2.1. If Condition (A1) listed in the Appendiz and Condition (By) hold,
then &, the root of the equation (2.11), satisfies that

VN(@& - a0) B N(0, (Ga)™Y),
where i, s defined in (2.6).

Remark 2.2. The theorem shows that the estimator & obtained by (2.11) is asymp-
totically least-favorable efficient.

3. Profile empirical likelihood for semiparametric models

Generally, the semiparametric model is parameterized by a parameter of interest
taking values in a finite-dimensional space and a nuisance parameter taking values in
an infinite-dimensional space. As mentioned previously, when the nuisance parameter
is finite-dimensional, the profile empirical likelihood estimator & obtained by (2.11) is
asymptotically least-favorable efficient. However, if the nuisance parameter is infinite-
dimensional, we are unable to get a root from the equation (2.10) and then we are unable
to get an estimator of a by profile empirical likelihood as presented before.

3.1 Semsiparametric regression model
In this subsection, we introduce a profile conditionally empirical likelihood for the
following semiparametric regression model:

(3.1) E(y | z,2) = h(a, B, 2),

where h(a,3,2) € R is a known function of «, 3 and z, parameter 8 depends on the
value of z in the sense of § = A(x) for some unknown smooth function A. The model
(3.1) can be rewritten as

E(y| z,z) = h(a, Mx), 2).

For simplicity, we assume that x € [0,1] and z € [0,1]. The model contains both
parametric and nonparametric components, the nonparametric component A(x) playing a
role of nuisance parameter. This model is generally semiparametric regression, including
semiparametric linear regression, semiparametric nonlinear regression, semiparametric
generalized linear regression and so on.

Similar to Severini and Wong (1992), we can easily obtain the partial derivative of
h{a, A(x), z) with respect to function A(z) as that, for any continuous function v(z) on
0,1],

h(a, A(z),

2) .y _ Ma,B,2)
ax ="

v(z),
B lg=r@)
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which can be regarded as a linear transformation on the tangent space of the space of
possible A. By the idea of Section 2, for given  and z, here we regard 3 as a function
of a, denoted by 8 = (., and consequently A(z) is also a function of «, denoted by
A(z) = Aq(z). The first inference problem changes to be the subproblem of constructing
suitable estimator of A(z) in the class {A\y(z) : @ € A}. In this case, the unbiased
estimating function of « along the curve a — (a, A, (z)) is

U(y, a, /\a(.’E), Z) =y- h(a’ )\Q(I)y Z)‘

With the similar argument as in the previous section and Severini and Wong (1992),
we call that a curve A%(x) is a conditionally empirical least-favorable curve (CELFC),
equivalently, O\’ (z)/0c is a conditionally empirical least-favorable direction (CELFD)
if and only if

1 Oh(ap, Mo(z), 2)
(32)  Fo {oz(x,z) ( da
6h(a0,ﬂ, Z) d)‘:;o(x) ah(a()?ﬁvz)
P e da ) 08 lp=ro) U(m)}

=0 for any continuous function v(z) on [0, 1],

where 02(x,z) = Eo(y — h(ag, Mo(z), 2) | z,2)%. Similar to (2.6), for given z and z, the
empirical Fisher information (EFI) for « is defined by

Bh(ao, A ’
(33) 1o = Ey ( (O‘Oaaa()(x)vz) + Ug) /0’2(1',2)] ’
* Oh{a 22,2 —J——dA; ( )
where Uj = —’IL?(};@—lhi:/\o(z) dax

In order to carry out an estimation procedure, an estimator of A% (z) must be avail-
able. Since A,(z) is a function of z, the equation (2.10) in Section 2 can not be used to
get the estimator of A’ (z). So a new design is desired.

From the proof of Lemma 2.1, fortunately, we can see that, if 3 is a parameter, the
main part of score function dLg(a, 8)/98 for B is (N/2)(8@' /03)S~1i. Motivated by
this fact and the empirical method, for fixed «, here we consider an empirical form of
score function for 3 as

(34)  gp(eB,z,2) Ouly, o, B, )

[

k=

™=
=

Zi, Zi) u(ys, o, B, 2i) Kni(z, 2)

=1 aﬂ
N Oh(a, B, 2
=3 Z —(Wl)(yz = (o, B, 2:))Kni(z, 2),
i=1
where Kn;(z,2) = Kni((z, 2); (1, 21),- .., (ZN, 2N)) are weight functions satisfying the

following conditions:
(i) Kni(z,2) >0 for z,2 € [0,1].
(i) Zfil Kni(x,z) =1 for z,z € [0,1].
(il) imy oo SUP, Lef0,1] vazl Kni(z, 2)I(||(zi,2:) = (z,2)]] > 6) =0 for any 6 > 0,
where I(S) is an indicator function of set S.
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(iv) SUP .e(0,1] vazl K?Vi(x, 2) =O0(n7t) for 2,z € [0,1].
For fixed a,  and z, from the equation

(3.5) gl B,,2) = 0

with respect to (3, we get a solution denoted by Ao. Note that, given (x1,21)y- -,
(xn,2zN), weights Kn;(z, z) are the functions of z and z, which are different from the
existing weights that are the functions of x only (Severini and Staniswalis (1994), Shi
(2001)). As a result the solution ), is also a function of z and z: A, = Aq(z,2). The
following Lemmas 3.1 and 3.2 will show that, at the true state, Ao, (z, z) tends to CELFC
in probability. This is a new idea of using a function of 2-variables to approximate a
function of single variable. Although this method is different from that of Severini and
Staniswalis (1994), it is coincident with that of Severini and Wong (1992) in the sense
of that the estimator of nonparametric component depends on all design variables. The
purpose of this special construction is to make 5\% (z,2) to be a consistent estimator
of CELFC as described in the following Lemmas 3.1 and 3.2. On the other hand, our
method here is somewhat different from the smoothed empirical likelihood. Although
the two methods are based on smoothing technique, the former uses smoothing technique
to construct estimating equation for CELFC and then solves a nonparametric problem,
the latter employs smoothing technique to estimate full parameters and then solves a
parametric problem. A

For understanding how to construct A,(x,z) and & by the equation (3.5) and the
empirical likelihood, we first consider the following examples.

Ezxample 1. Consider a common semiparametric regression model, in which
h(a, A(z), z) has the decomposable form of

(3.6) h(a, A=), =) = g(a, 2) + A(=)

for a known function g(a, z) and an unknown function A(z). In the case we can verify
that the solution obtained from the equation (3.5) has a explicit representation as

N

(3.7) Aa(e,2) =Y (vi — gla, 2:)) Kni(, 2).

1=1

Obviously, it is a common kernel method except that the weights are the functions
of 2-variables. From this estimator, we can obtain an estimator & by minimizing
Lg(a, Aq(z, 2)), or & satisfies

aLE(aa S\Q(.%‘, Z))
du

(3.8)

a=d&

Particularly, in the decomposable model (3.6), if g(a, z) is a linear function of ¢, i.e.,
g(a, z) = az, then we can get a conditionally empirical likelihood estimator & of a by
equation (3.8). The estimator has an explicit representation

(3.9) &= Y (v ZJA;KNJ(%zz)y] (i — Tjo 1KNJ(xZ,zz)zJ)7

>i=(zi — Zj:l Knj(@i, 2:)25)?




PROFILE EMPIRICAL LIKELIHOOD 493

and then, when a = &, the solution A\,(z, z) also has an explicit representation

N
(3.10) Aa(z, z) = Z Kni(z, 2)(yi — &z;).
=1

Ezample 2. Consider the following semiparametric generalized linear model:
E(y |z, z) = exp{az + A(z)}.

From the equation (3.5), fixed o, we get a solution as

N N
Aoz, 2) = log (Z yieaZiKNi(I’z)> — log (Z €2°‘ziKNz‘($7Z)) :

=1 i=1

In this case, however, we can not get an explicit representation for o and then, for solving
the equation dLg(a, Ao(x, 2})/0c = 0, a numerical solution is necessary.

Let
Ou(y,a, B, 2)
o

which equals %’ﬁﬁ’z—) (h(ap, Ao(x), 2)—h(a, B, 2)) in the semiparametric regression model

£(a7ﬂ9$az):E0< U(y,a,ﬂ,z) I:E,Z),

(3.1). Since &(ag, Bo, x, 2z} = 0, we give the following regularity condition:

(B2) In the semiparametric model, let A\, (z,2) denote a solution to the equation
&(a, B,z,z) = 0 with respect to 3 for fixed o and (, z). Assume that A\, (z, z) is unique
and that for any € > 0 there exists a 6 > 0 such that

sup sup |é(a, Ao (2, 2),2,2)] < 6

a (z,2)
implies that ~
sup sup |Aa(x, 2) — Aa(z, 2)] <e.

o (z,2)

LEMMA 3.1. For the semiparamtric regression model (3.1), given x and z, in ad-
dition to Conditions (Ag) listed in the Appendiz, if Condition (B2) holds, then

(311)  sup sup [Aa(2,2) — Aa(, 2)| = 0p(1),

a (z,2)
(3.12)  Aay(@,2) — Ao(z) = Op(N71/?)
and N

dAo(z, 2)
(3.13) e -

SN Oh(aw, B, 2;) Oh(ao, /\O(m)’zi)KNi(a:, 2)
op B=o(x) Ja
= - — +op(1)

3
~ [ Oh(ag, B, %)
v a0, 2 Z) Kz,
Zz:l < aﬁ ﬁ:)\o(x)) N (1' Z)
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Ou(y;, ag, Ao(x), 2;)

N au(yi7a07/67 z’i)

L Kni(z, 2z
B Zz-—l 6,3 B=2o(a) da N ( )
- 2

o iy y My <4
Zijil ( u__—_(y gg B z) ) Kni(z, 2)
B=Ao(x)
+Op(1).

LEMMA 3.2. For the semiparamtric regression model (3.1), if the conditions of
Lemma 3.1 hold, then,

o ot d;\a(x7 Z) -1
(3.14) (— + = e ) (@0, 2o(@)) 52 v(z)

=op(l) for any continuous function v(zx) on |0, 1],

0u

where

au 8u(y‘ia a01 /\0 1'1) z’L) ou
N Z a8

— i i au(yia aOaﬂy Zi)
da ’ foJ¢] N

op

B=Xo(xi)

B=Xo(z)
@ ‘ d)\_a(x,_z) - Z 8u(y,,a0,ﬂ, zz) dﬁa(xi,zi)
8/8 B=xo(x) do a=ap B=Xo(z:) da a=ag
and
1 N
S(ao, Ao(z)) = N Z(U(yi,ao, Ao(zi), z) — 1)2.
i=1

Remark 3.1. The lemmas above imply that A, (z,2) is just a CELFC with
Aao (T, 2) = Aofx), 5\00 (z,z) is a consistent estimator of this curve. Furthermore, the
direction dAq(, 2)/de|a=a, of CELFD has an approximately explicit representation
(3.13) and the equation (3.14) describes the asymptotic orthogonality of the direction
dAa(z, 2)/da, which just gives an empirical form of (3.2).

THEOREM 3.1. If the conditions in Lemma 3.2 holds, then
V(& — a) 3 N(0, (ia) ™),
where i, s defined in (3.3).

Remark 3.2. The theorem shows that the estimator & obtained by (3.8) is least-
favorable efficient. If we use the existing nonparametric method to estimate nonpara-
metric component A(x) (Severini and Staniswalis (1994), Shi (2000)), the estimator is
a function of univariable z only. For example, in the decomposable model (3.6), the
estimator is

N
Aal(z) = Z Kni(z)(yi — g(e, 1)),
i=1



PROFILE EMPIRICAL LIKELIHOOD 495

where Ky;(z) = Kni(%;21,...,7N) are weight functions depending only on univariable
x. This results in the estimators of « and ((x) respectively as

SN i = S0 By )z — Sy K (20)2))

3.15 o= =

(319) Zﬁvzl(zi - Z;‘\;l Knj(xi)z;)?
and N

(3.16) Aa(z) = Z Kni(2)(ys — 9(&, ).

i=1

However, A (z) is not a consistent estimator of a CELFC because M{;‘am—) has not the
orthogonality as described by Lemma 3.2 and then & is not a least-efficient estimation.
The simulations in Section 4 also support this theory because the variance of \/nda is
significantly smaller than that of /nda.

3.2 Generalized semiparametric models
In this subsection we consider the generalized semiparametric model defined by the
general unbiased estimating function u(y, a, 8, 2}, which satisfies

(3.17) E(u(y,a,B8,2) | z,2) =0

and 3 depends on the value of z in the sense of 3 = A(z) for some function A. This
model includes the semiparametric regression defined in previous subsection as a special
case. As noted previously, the key problem is how to construct the score function for G.
Motivated by (3.4), fixed a, the score function for 3 is defined by

(318) qﬁ(a,ﬂ,x,z) ZE(GU Y, 67»31)

Zi) u(ys, o, B, ;) Kni(z, 2).

In the definition above, however, expectation M(a,3,2) = E(au(y(’94°‘ﬁ’ﬂ’z2 | z) may be
unknown and then a consistent estimator is desired. An efficient method is designed by
the empirical notion as follows:

a 8u(yj,a,ﬁ, z])

(3.19) My(0,8,2) =Y 5 W (2),
j=1
where the weight functions Wy ;(z) = Wn;(2; 21, .. ., zn) satisfy the regularity conditions

as (1)—(iv) in Subsection 3.1 if z and z; take the places respectively of (z,z) and (z;, 2;).
For example, the condition (iii) becomes what follows:

(i) limy 00 SUP,¢(o,1) Z;V=1 Wi (2)I(|z; — 2| > 6) =0 for any 6 > 0.

LEMMA 3.3. If max; Wi ,(2)NloglogN — 0 wuniformly for z € [0,1],

E(M%B’z) | z) is a continuous function of z € [0,1], and Condition (Az) of the
Appendiz holds, then
).

My(a,8,2) %5 E (M

ap
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From Lemma 3.3 we can ensure that
N
(320) qAﬂ(aa /61 z, Z) = 5 Z MN(CY, ﬁ) zi)u‘(yi) «, /67 zi)KNi(x’ Z)
1=1

is an efficient approximation to the score function defined by (3.18). The approximate
score function above is asymptotically unbiased. An solution, denoted by A,(z, z), can
be obtained from the equation §g(a, 5, x, z) = 0 with respect to 3, and then maximizing

Li(a, Ao(x, ) yields an estimator of o denoted by é.

THEOREM 3.2. For the generalized semiparamtric regression model (3.17), if the
conditions in Lemmas 3.1 and 3.3 hold, then

VN (6 —ag) 3 N(0, (ia)™Y),
where iy is defined in (3.3) with h(a, B, z) being replaced by u(y, o, 3, 2).

Remark 3.3. The theorem indicates that the estimator & is least-favorable efficient
for generalized semiparametric models.

_ Ezample 3. This example seems to be artificial, but it can show how to construct
Aa(z, 2) and & in the generalized semiparametric models. In this example, the unbiased
function has the form of u(y, o, A(z), z) = y? — az — yzA(z). Then

N
MN(aaﬂ7 Z) = - ZyjszNj(z)‘

7j=1
From the equation §g(a, 8, z, z) = 0 with respect to 3, we get

S Zj-v:l Y;2i(y? — az)Kni(x, 2)Wj(2:)

j\a(m, z) =
Y Z;\;l YizyiziKni(z, 2)Whj(2:)

By maximizing Lg(c, Bq(z, 2)) We get an estimator of « as

N N N
S o1 (UF = Uk2e iy 2 5%V KN (T, 2 ) Wi (2:) /51

N N —N ’
Dok {2k = Yz Diny Do Yizi i KN (T, 26) Wi (2i)/ 5)

& =

where s, = zfil Zjvzl y;2iYi % KN (Tk, 20) Wi (2i)-
4. Simulations

We now carry out some simulation studies to illustrate the efficiency of the proposed
method and compare the difference between the proposed method and existing method.
Consider the following model:

y; = 10z; + asin(bz;) +e;, i=1,...,N,
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Table 1. a=1,b=3.

n mean of & mean of & variance of /n& variance of \/nd& mean of R mean of R
100 9.987 9.985 0.099 0.103 0.090 0.091
200 10.000 10.002 0.062 0.071 0.094 0.094
300 9.999 9.995 0.033 0.037 0.084 0.084
400 9.998 10.000 0.032 0.035 0.078 0.078
500 9.994 9.997 0.031 0.036 0.076 0.076

Table 2. a=2,b=3.

n  mean of & mean of & variance of /n&  variance of /nd mean of R mean of R

100 9.975 9.970 0.314 0.332 0.303 0.304
200 10.004 10.008 0.175 0.222 0.302 0.305
300 9.998 9.991 0.096 0.123 0.261 0.262
400 9.999 10.001 0.042 0.104 0.247 0.247
500 9.990 9.995 0.041 0.100 0.238 0.239

Table3. a=3,b=2.

n mean of & mean of & variance of /&  variance of /A& mean of B mean of B
160 9.986 9.971 0.154 0.235 0.413 0.414
200 10.001 10.006 0.140 0.144 0.305 0.306
300 9.997 9.994 0.124 0.075 0.255 0.259
400 9.995 10.001 0.123 0.062 0.260 0.257
500 10.001 9.996 0.121 0.053 0.228 0.228

Table 4. a =3, b=3.

n mean of & mean of & variance of /& variance of /n& mean of R mean of R
100 9.962 9.955 0.667 0.710 0.661 0.662
200 10.008 10.014 0.367 0.463 0.647 0.654
300 9.997 9.987 0.207 0.267 0.554 0.557
400 9.998 10.002 0.164 0.216 0.529 0.528
500 9.987 9.993 0.158 0.203 0.507 0.509

where (z;,2;) and e; are independent with (z;, 2;) ~ U[0,1)? and e; ~ U[-0.25,0.25], a
and b are constants. Obviously ¢ and b can reorganize respectively the nonparametric
and nonlinear influences because the larger |a| is, the more nonparametric influence there
is, and the larger |b| is, the more nonlinear influence there is in this model.

To construct the estimators proposed by (3.9) and (3.10), the weigh functions are

chosen as
G((.I', Z)a (miv z’L))

Z;'V:l G((.Z‘, z)’ (mj’ Zj))’

Kpi(z,2) =
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where

1 (.1‘ — .Z‘i)2 (Z - 21)2 }
G((z, 2),(x;,2))) = ——————exp< — - )
(2,20, (01,20) = e { - - B2
where h; and hy are bandwidth satisfying hy, hg = O(N~/6). In the classical estimators
of (3.15) and (3.16), the weigh functions are chosen as

> H T, T;
Kni(z) = N—(—)—,
Zj:l H(z,z;)
where ) ( 2
r—x;
o) = o

where h3 is bandwidth satisfying h3 = O(N~1/5),

Tables 1-4 report the simulated values of estimators & and &, where & is the pro-
posed estimator based on weight functions Ky;(z,2) and & is the classical estimator
based on weight functions K ~ni(z). These results are the average of total 200 simula-
tions, the sample size n is ranged from 100 to 500. According to the numerical results,
we can see that, the variance of /nd is significantly smaller than that of \/nd for the
models with larger a and b. This implies that, to induce the variance, if the model has
strongly nonparametric and nonlinear influences, the proposed method is better than the
existing method. At the same time, |& — 10| and R are respectively smaller than |& — 10|
and R slightly, where R and R are the residual sums of squares caused respectively by
& and &. These results are expected in our theory.
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Appendix

Theorem 1 and Theorem 2 need respectively the following conditions.

(A1) In parametric model, Ey(u(y,6)u'(y,60)) is a positive definite matrix,
3u(y,0)/063 is continuous in a neighborhood of €y, ||Ou(y,0)/86| and |u(y,8)|?
are bounded by some integrable function G(y) in the neighborhood, the rank of
E(du(y,8)/08) is p. Furthermore, the following integrations exist:

E((0u(y,0)/00)u'(y,0)),  E((Ouly,0)/0B:)u'(y,0)),  E(duly,6)/0adB;),
E((0u(y,0)/0008:)u'(y,0)),  E((0u(y, 6)/0)0u(y,0)/98:).

(A2) In the semiparametric model, the condition is the same as (A;) if all expecta-
tions above are replaced by conditional expectations given z and z.

Proor oF LEMMA 2.1. For simplicity, we assume that § is one-dimensional pa-
rameter. By Condition (A1), we can verify that

2 6LE(0475) 84-(05’5) —
@n| N 08 08 |

Op(].).
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Then under Condition (By), for any € > 0, there exists a § > 0 such that
8¢(e, Ba)

o5 2‘5}

zaLE(OZ,Ba) 8{(&,30)

P{Sup IBa — Bal 25} < P{Sup

= P{sup —
[s]

:

N 93 88
2 0Lg(a,B) 9¢(a,B)
<P - - >6
SR s
=0(1)7
implying (2.12). )
Expanding -‘9—[’—’5%;’&?—) =0 at By, we get
Y P _, 0
(A1) 0= GEsTa-wsT s arusT g
OU (105 oy 00 o, O
+{‘5ES 95 " 25° 55
O (108 (1 o108 o g 105 ao g 1S o
358 Bﬂs a+2u'S 6,35 S 5,58 ) 8ﬁS
108 100 -
— 2w 8! 6ﬁS 25" %2}(@10 Bo) + op([|Bas — Boll),

where all terms are valued at (ag, 8p). It follows from Condition (A;) and Eg(u) = 0
that

a=0p(N"2),  S=0p(1), 2%_o0p1),

EX]
(A.2) )
08 &%u 0?8
a5 = Op(1), 5 = Op(1), B Op(1).

By comparing the convergence orders of all terms in (A.1), we can get (2.13).
Furthermore, from (2.11), we get

Kl {BLE(a,ﬁa)

da 08
ie.,
o%w oW, _,08S g4 ouw ,_,0u 0w __,08 —1g
(A.3) 5 0ﬂS -—8—ﬁS 5—5 2%5’ 56_—%‘3 8_ﬂs
oS ,_,08 , 028 108 ou
_ro—1 - T g —a'S— §g-122
+2a'S™ %0 —S 6,85 'S 8a865 T Bﬂ %0
257
-8 10 — S5 1= 10U + @87t 07w =0,

O 8[3 0a0f
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where all terms are valued at 8 = 3, and @ = ag. Similar to (A.2),

0%a 828
—=0p(1).

(A.4) 3600 Op(1), 3300

By above result, (A.2) and comparing the convergence orders of all terms in (A.3), we

have

ou' ou ou ou

2ol 2 o1 —1/2
55> 8ada 8- 0PV
ie.,
~ !
ou  O0udBa 100 —1/2
(A.5) (8a+8ﬂ_da) 57155 = Op(N /%),

implying (2.14). The proof is completed.
PROOF OF THEOREM 2.1. It suffices to prove that as N — oo,

1 6LE(OC,Ba) 1 8LE(ayﬂa)
\/N 6a OL=O¢0— \/J_V 8a

108%Lp(o,Ba) 1 8*Lp(a, Ba)
PINT 8oz N~ 8a2

+op(1)

a=ag

and

= Op(l).

o

By Taylor expansion, (A.2) and (A.4),

1 dLp(a,fBa) _ 1 8Lg(e,Ba)
\/N aa a=og \/N 6& a=aop
. 1 62LE(a7ﬂa) %
=N { 8B0a }amo (Beo = fo) + op(1)
VN ((6a oudd.) 4100
2 \\%at 35 da a3

} (/Bao — Bo) +op(1).

From the result above, Lemma 2.1 and (A.5) it follows that the first term in right-hand
side of above expression is asymptotically zero in probability. Then the first result holds.
By (2.12) and the same methods above we can prove the second result. The proof is
completed.

PrOOF OF LEMMA 3.1. By the weight conditions (i)—(iv), we can prove that

sup sup = op(1).

2
—Nqﬂ(av /Ba z, Z) - £(a7 /3’ z, Z)
(a,8) (z,2)

Then under Condition (Bj), for any € > 0, there exists a § > 0 such that

P {sup sup |Aa(x, 2) — Aa(z, 2)| > s}

@ (x,2)



PROFILE EMPIRICAL LIKELITHOOD 501

y

< P { sup sup [(a, Aa(z, 2),2)| > 6}

a (z,z)

——q,g(a )\a(x z),x,z) — §(a,5\a(a:,z),z)

:

o (x,2)

<P

—%Qﬂ(a ﬂ,l‘ Z) (a,,@,x,z)

sup sup sup
a (z,z) B

!
{

o(1),
implying (3.11).
Expanding ga(ag, Aao(Z, 2)) = 0 at Ao(z), we get

Y. Oh(aw, B, 2)
(A6) 0= 20, P %)
; B

(yi — h(ao, /\0(.’L‘), zi))KN,-(x, Z)

B=xo(z)
N
62}7/ 5125 24
+§ymeﬁ—J§§Ll' (3 = hlao, o(@), )
i=1 B=Xo(z)

dh(aw, B, z) \
-(752)

}(;\ao(%Z) = Xo(2))

B=Xo(x)
+rn,

where the convergence order of ry is smaller than that of the other terms in the right-
hand side of (A.6). It can be verified that, given (z, 2),

:i%MAm‘
i=1 B B=Xo(x)

g%<%mﬁﬂ

(yi — h(ao, Ao(®), 2:)) K ni(z, 2)

(y — ka0, Mo(2), 2)) | =, z)

96 B=2o(z)
=0
and
N Oh(c, B Oh(ag, B, z:)
VarO Z 0, Ul (yz - h(O‘Oa AO(w)a Zi))KNi(fE,Z)
i=1 B=Xo(z)
=0 (ZK?W(JU, z)) .
i=1
Then
Y Oh(ag, B, 2;)
(A7) Z ——M ‘ ( ) — h(ao, 2o(2), 2:)) K ni(w, 2)
i=1 B=Xo(z

1/2
P ((ZK?W(:L‘, z)) ) =Op(N’1/2).
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Similarly,

i 52h(040n3, 2;)

552 (% — h(ao, Mo(@), z:)) K ni(x, 2) = Op(N~V/2).

B=Xo(x)

i=1
However,
N 2
Oh{a y 175 25
Z ((g—ﬁﬂ)) } Kyni(z,z) = Op(1).
i=1 B=Xo(x)
By comparing the convergence orders of all terms in (A.6), we can ensure that (3.12)
holds.
Furthermore, expanding %qﬁ(a,j\a(m,z))]azao = 0 at Ao(z), by (3.12) and the
same argument as proving (A.7), we get

o A
0= %Qﬁ(aa /\a(.’L',Z)) Ia:ao

3 i (82h(a0,6, %) | &h(ao, , z:) dha(z, 2) )
= 8af  gore(x) o p=ro@) 9 lazaq
X (yi — h{ag, Mo (), 2:))Kni(z, 2)
Z 6h(a0,[3, 2i)
B=Xo(x)
Oh{ag, Ao(x), 2; Oh(ayg, B, % dh(zx, 2
x( ( 062( ) )+ (ggﬂ ) e —d(a ) a:ao> Kni(z, 2)
+0P(1)
. Z 8h(a0 ﬂ, 2i)
- B=Xo(z)
N <8h(a0,/\0(x),z,~) 8h(ao,ﬁ,zl) ! dho(z, 2) )Km(w,z)
ba B=ro(@) 9 laza
+op(1),

implying (3.13).

ProoOF OoF LEMMA 3.2. Under the weight conditions, for any € > 0, when n is
large enough, there is a § > 0 such that

2
i 8u(yi)a03)‘0(a"i)azi) 8u(yj7a0aﬂa zj) ‘ K (fL‘ Z‘)
=1 806 8/8 B )\0(-’13 ) i ©

_Z au ijao’ﬁazj) ‘

B=Xo(x:)

au(yj7 g, )‘O(xl) ZJ) 8'11/(:1/3, Qgq, ﬂ5 Z{))
Oa op

Knj(zi, )
B=MXo(x:)




PROFILE EMPIRICAL LIKELIHOOD 503

2
B yl,ao,xom) 2) (f%(y],ao,ﬂ, %) ‘ )
B=Xo(z;)

. au(y]7 Qg, /87 zJ) }
op B=Xo(x:)

au(ija()a/\()(l‘z) ZJ) au(yj7a07/37 z]) ’
Oa

X Knj(xi, 2)I(|| (s, 2:) — (%‘,Zj)H > 6)
2
N | Bu(y;, ao, Ao(xs), 2) (5’u(yj,0¢0,5,2j) )
B=Xo{z;)

B=Xo(x:)

+ ER 53

Jj=1
_ BU(’yJ’, Oto,,B, Zj)

8’3 B=MXo(x:)

au(yj » &g, )‘O(xl) Z]) 3U(y]a ag, ﬂa ZJ)
Oa og B=Ao(z:)

X Knj(i, 2) I (|[(z6, 2) — (25, 25) || < 6)

2
du(y, a0, Mo(z), 2) (au<y, 00,8, 2) ) Cue
o8 B=20()

By the result above and Lemma 3.1, we get that, for any continuous function v(z) on
[0,1],

< Che sup
z,2€[0,1] da

ou 0Ou dha(z, 2) -1
—+ 5 —_— (ao,ﬂo(w)) v(z)
<5a 9B {pre(zy e a=ao> B=o()
N
Z yz,ao,Ao(wz) zi)  Ou(yi, a0, B, 2i)
Pt Y B=o(:)
ZN 6u(y],0(0,)\0($,) Z]) au(y]»aOaﬁVz]) K (.’l' Z')
j=1 da Bmo(2y) nj\Li) %1
X 3
Ou Yj, ’/672:'
i (—( : 3; ) ) Koj(@i, z:)
B=Xo(x:)

xS~ (ao,ﬁo(w)) v(z) + op(1)

B=PBo(x)
= Op(].).

The proof is completed.

PrROOF OF THEOREM 3.1. The note after Lemma 3.1 shows that A.(z,2) is a
conditionally least-favorable curve. Then, to prove the Theorem 3.1, it is sufficient to
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verify that
1 OLg(a,Aa(x,2)) 1 8Lp(a,Aa(z,2))
(A.8) Wi 90 a:ao_\/]v 5o e +op(1).
and
1 8Lg(o, Ao(z, 2)) 1 OLg(a, Ax(z, 2)) .
R T N

In fact, by Lemma 3.1, Lemma 3.2, Ay, (2, 2) = Ao(z) and a similar argument to proof
of Lemma 2.1, the Taylor expansion leads to

1 0Lg(a, Ao(z, 2)) 1 OLp(a,Aa(z,2))
A10) 7%~ 7, oe VN 00 -
1 8LE(a07/6)

(Rao(®,2) = Ao(@)) + 0p(1)

- \/N 8ﬂ ’ﬂ=5\a0 (z,2)

_ 1 (oa  du dAa(z, 2) . ou
N \/Tv‘( 0B |poroy o a:ao) (20, o) 3 f=0(2)
X (Ao (2, 2) = do(2)) + 0p(1)

= OP(l),

which implies (A.8). By (3.11) and the same methods above we can prove (A.9).

ProoF OF LEMMA 3.3. Denote E(%ﬁ‘ﬂ’z) | ) by M(a,,2). For any £ > 0,
when N is large enough, there is a 6 > 0 such that

s |E(MnN(a, 8, 2) | 2,2;) — M(e, B, 2)|
z,z2; €10,

N
< sup > Wi;(2)|M(a, B, 2) — M(e, 8, 2)|I(|2; — 2| > 6)

z,2;€[0, 1]‘7 1

N
+ sup ]ZWNJ(z)IM(a ,8,2;) — M(a, 8, 2)|I(|z; — 2| < 6)
z,2;€[0,1
=2 sup |M(o,B,2)e+e.
z€[0,1}
Then
(A.11) lim sup |E(Mn(a,B,2)]2,2)— M(a,B,2)|=0.

00 2,z;€[0,1]
Furthermore, by the law of iterated logarithm, we have

(A.12) |[E(Mn (e, 3,2) | 2,2:) — Mn (e, 8, 2)|
1/2
=0 ((squ?\,i(ac,z)NloglogN) )

- 0.
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PrROOF OF THEOREM 3.2. It is similar to the proof of Theorem 2.

Therefore (A.11) and (A.12) ensure that

8u(y7 a’ /37 Z)

MN(O‘a/Baz) a_s’E< 8,6

This finishes the proof.
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