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Abstract. Let {X,}n>0 be a Markov chain with stationary distribution f(z)v(dz),
v being a o-finite measure on E C R?®. Under strict stationarity and mixing condi-
tions we obtain the consistency and asymptotic normality for a general class of kernel
estimates of f(-). When the assumption of stationarity is dropped these results are
extended to geometrically ergodic chains.
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1. Introduction

Kernel density type estimators for real-valued and strictly stationary Markov chains
were considered by Roussas (1969, 1991), Rosenblatt (1970) and Athreya and Atuncar
(1998). They extended to the Markov chain case the results of kernel density estimates
of a sequence of independent and identically distributed (i.i.d.) random variables. For
the stationary density f(-) kernel estimators of the type

1 ~ T — Xy _
(1.1) fn(:c)—nh;K( - ) h=hy, |0 for n— oo,

were studied. Then under regularity conditions on K(-) and h the consistency and
asymptotic normality were obtained. Roussas (1969) considered chains satisfying Doob’s
Condition Dy with an unique ergodic set and no cyclically moving subsets. Rosenblatt
(1970) replaced these assumptions by ¢-mixing conditions. Athreya and Atuncar (1998)
weakened these conditions by assuming Harris recurrency. Other results about kernel
estimators in a Markov chain can be found in Roussas (1991).

We consider a more general setting: a Markov chain {X,},>0 with general state
space E C R? and replace the stationary density by the existence of a density f(-) with
respect to a o-finite measure v on E. Under this setting the estimators in (1.1) can be
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redefined by,

(1.2 Ia@) = =S W(hz,Xe),  h=ho,

k=1

where W(h,z,-) is an appropriate weight function. Note that, in the usual case v is
the Lebesgue measure and we may think of W as K/h with h standing for v({(x — h/2,
z + h/2)). Further motivation for the use of (1.2) can be found in Campos and Dorea
(2001), where the i.i.d. case was treated.

In Section 2, we gather the basic assumptions and some preliminary results. In
Section 3, under strict stationarity and ¢-mixing we show the strong consistency and
asymptotic normality. And in Section 4, unlike the previous works on this matter, the
assumption of strict stationarity is dropped.

2. Preliminaries

Let {X,}n>0 be a Markov chain with transition kernel {P(z,A) : x € E, A € £}
where E C R? and € is a o-field of subsets of E. Assume that the chain possesses a
stationary density f(-) with respect to the o-finite measure v on E, that is,

/ F(@)v(da) = / P e, A)f(@)v(dz), VYAEE, Vn
A E
where for n > 2
P"(z, A) =/ P*(y, AP *(z,dy), 1<k<n-1.
E

In the usual case the asymptotic properties of (1.1) were derived at continuity points
of f(-). Here we consider v-continuity points.

DEerINITION 2.1. For a function g defined on E we say that x is a v-continuity
point of g, in short z € C,(g), if given € > 0 there exists § > 0 such that

vy :ly—z| <6 lg(x) —g(y)| > €} =0.

DEFINITION 2.2. We say that {X,},>0 satisfies p-mixing condition if for all A €
Fk, forall B e Fesnsk>0and n > 1,

(2.1) |P(AnB)—-P(A)P(B)|<¢(n)P(A) and ¢(n)|l0 as n— oo,
where F} ™ = o(Xy, Xi41, - -+, Xim)-

DEFINITION 2.3. We say that the chain is geometrically ergodic if there exists a
probability = on E and constants & > 0 and 0 < p < 1 such that

(2.2) |P"(z,A) —m(A)| < ap™, Vxe€E,VA€E, Vn.

Note that, in this case, we necessarily have

lim P*(z,A) =7n(A) and =(A4)= /Af(y)z/(dy) Ve € E, VAe&.

n—oo
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ConDITION 1. For z € C,(f) and h = h,, | 0 assume that W(h,x,-) are density
functions with respect to v. Moreover, given § > 0

(2.3) \Ws(h,z,y)| < Ks(z) < oo, and }llin%) Ws(h,z,y) = 0.
where
(24) Wé(hvxay) = W(h»xay)l{z:]z~z|>6} (y)

CONDITION 2. Assume that Condition 1 holds and that for v, (z) = v{y: ly—z| <
h} we have

(2.5) lim y,(z) = v(z) < oo, lim ny,(x) = o0
and
(2.6) Y (2)W (h,z,y) < Kj(z) < oo for h small.

The following preliminary results will be needed in our proofs.
LEMMA 2.1. (Campos and Dorea (2001)) Let (S,S,A) be a o-finite measurable

space. For x € S fized and h > 0 assume that V(h,z,-) are real-valued functions satis-
fying (2.3) and such that for h small

/5 V(b z,m)M(dy) < Ko(z) < oo.

Then if 1 is an integrable function and x € Cx(v)) we have

tim | [ V2,00 (@) [ V0 )a@)| o

LEMMA 2.2. (Roussas and loannides (1987)) Let {X,} be p-mizing and assume
that € and n are, respectively, F¥-measurable and FS n-mensurable random variables
such that

1 1
ElfP <00, Enli<oo for p>1,g>1 with;+5=1.
Then the covariance satisfies
(2.7) | cov (€, m)| < 20M/P(n)(EIEIP) /P (Eln|?) /9.
Moreover, if [n| < M a.s. (almost surely) then

(2.8) |E(n | F§) — En| < 20(n)M  as.
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LemMA 2.3. (Devroye (1991)) Let Go = {0,Q} C G1 C --- C G, be a sequence
of nested o-algebras. Let U be a G,-measurable and integrable random variable, and
define the Doob martingale Uy, = E(U | Gx). Assume that there exist a Gy_1-measurable
random variables Vi, and constants ay such that Vy < Uy < Vi + ai. Then given € > 0

—2¢?
P(|U—EU|Z€)§4eXp ZT‘;P— .
k=1"k

3. Estimation under -mixing

In this section, we assume that the chain is strictly stationary, that is,
P(X, EA)z/ flyv(dy), VAe€& n=0,1,2,...
A

and is ¢-mixing. Note that from (1.2) we have

B(fa(@) = 3 3 BOW (b2, X0) = [ Wlhyz,0)f()v(dy)
k=1 E

and a direct application of Lemma 2.1 gives us the asymptotic unbiasedness.

ProposiTiON 3.1. If Condition 1 holds then

(3.1) Jim E(fu(2)) = lim EW(h,z, X1) = f(z), VzeCu(/f).

THEOREM 3.1. (Quadratic mean consistency) If Condition 2 holds and
2211 ‘P1/2(n) < 00, then

(3.2) lim B{{fa(z) - f@)} =0, VzeC,(f).

PrOOF. By (3.1) it is enough to show that var(f,(z)) — 0. Using (2.5) this can
be accomplished by showing that nvy,(x) var(f,(x)) is bounded. By stationarity we can
write,

nvar(fn(z)) = var(W(h,z, X1))

n—1
2
+ =3 (n— k) cov[W(h,z,X1), W (h, z, X11)].
n k=1

Next, we show that for some M < oo

(3.3) lim sup v, (z) var(W (h,z, X1)) < M

n—oo

and

(3.4) Yn(z) cov[W (R, z, X1), W (h, z, X141)] < 2MpY/?(k).
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Then it will follow that,

nyn(z) var(frn(z)) < M + QMZgal/z(k) < 0.
k>1

To prove (3.3) note that from (2.5) and (3.1) we have
(3.5) lim_ y (2)[EW (h, 2, X1)]* = 7(2) f*(2).
Define V(h,z,y) = yn(z)W?2(h, z,y) then by (2.3), (2.4) and (2.6) we have
Vs(h,z,y) < K1(2)Ws(h, z,y) < Ki(x)Ks(x).

Also,

(3.6) }llli% Vs(h,z,y) =0 and /E V(h,z,y)v(dy) < K1(z) < 0.

And from Lemma 2.1,

(37)  lim ya(@)EW(h,z, X1)) = f(2) lim /E V(h,z,y)v(dy) < F(@)Ka ().

To prove (3.4) we make use of Lemma 2.2 by taking p = ¢ = 2, £ =
7%/2(3:)W(h, z,X1) and n = 771/2(x)W(h,m,X1+k). By (3.6) and stationarity we get
(3.4) with M = K;(z). O

THEOREM 3.2. (Strong consistency) If Conditon 2 holds, >, -, ¢(n) < oo and if
for all 3>0 -

(3.8) Z exp{—nBy2(z)} < oo.
nzl
Then
nlLIIolo fulz) = f(z), wv-as., VzeC(f).

PROOF. The proof makes use of some of the ideas from Dorea and Zhao (2002).
(i) From Proposition 3.1 we have lim,_,oc E(fn(x)) = f(z) thus enough to show

(3.9) lim [fa(2) = By(fa@)] =0,  veas
Define the auxiliary functions
Ve(Xe) = D [E(m(@)W(h, 2, Xirj) | FF) = E(m(@)W (h, 2, Xi+))]
Jj20

and
Yer1(Xi) = Y [B(m(@)W(h, 2, Xerjn1) | F) = E(m(@)W (h, 2, Xerj)]

520
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where Ff = o(X;,...,X%). That they are well-defined follows from (2.8) by taking
N = ()W (h,z, Xik+14+;) and observing that by (2.6) we have |n| < K1(z). It follows
that

[E(n| F¥) — Enl < o(l + j)K1(z)

and for L(z) = 2K1(z) 3,51 ¢(n)
(3.10) be(Xi) S L) and  eis(Xe) < L(a).

On the other hand, we can write

Pr(Xk) = Yr1(Xp) = (@)W (h, 2, Xi) — EW (h, z, X},)]
and

19(2)[fn(z) = E(fa(@))] = D (@) [0k (Xk) — i1 (X))

k=1

= P1(X1) = Y1 (Xn) + D[k (Xn) — Yr(Xe-1)].

k=2

Moreover,

B P(a(e) = Bn(@)] 2 ) < P (101(X0) = ()] 2 22
D Wk (Xe) = Yr(Xe-1)]| =

+P ( ; ———"7"2(3:)6) .

k=2

(ii) We will show that given € > 0 there exists 3(¢) > 0 such that

(3.12) P(|fa(z) = Efa(2)| 2 €) < 4exp{-n1;(2)B(e)}-

By (3.8) and application of the Borel-Cantelli Lemma we have the desired convergence
(3.9). By (3.10) we have |11 (X1)—¥n+1(X»)| < 2L(x) and by (2.5) we have ny,(z) — oo.
Thus, for n large

P (lwl()ﬁ) ()| -7112&)) o

To estimate the second part of (3.11) we make use of Lemma 2.3. Let G, = FI,
U= 2:22[1/)k(Xk) — @bk(Xk_l)], Ul = E(U ‘ gl), Vz = Ul—l — QL(.’L‘) and a; = 4L(.7)).
Note that we have for k > [,

E@Wk(Xe) | G) = Y _{EE(v(@)W (h, 2, Xi1;) | Gr) | G

j=0
— E[E((x)W(h, z, Xk+;)) | Gil}
= Z 'Y'n(flj h x’Xk-l-j) | gl) - E('Vn(x)W(h’r’Xk-l-j))]

7>0

= Yp(X).
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Similarly E(¢x(Xkx-1) | Gi) = ¥x(X;). It follows that

l

Uy =Y [E@(Xe) | G) = E(k(Xe-1) | G1)]
k=2

+ Y [B@k(Xk) | G) — E(r(Xe-1) | G1)]

k=l+1

l
= Zhﬁk(Xk) - 7/1k(Xk—1)]
k=2

and
\Ui = Ur—a| < | (X0)| + [9i(Xi-1)| < 2L(2).

Since EU = 0 we have

‘(

where ((e) =

> Tk (Xk) — ¥ (Xe-1)]
k=2

me:’(_m), and (3.12) follows. O

> Tﬁ) < 4exp{-n72(z)8(0)

449

Remark 1. (a) Note that, in the above proof, the assumption of strict stationarity
is not used, except where the asymptotic unbiasedness from Proposition 3.1 was needed.
(b) The difficulty in replacing the ¢-mixing condition (2.1) by a weaker a-mixing

condition

IP(ANB) — P(A)P(B)| < a(n) and a(n) |0 as n— oo,

relies on the fact that we can no longer guarantee the inequality (2.8) used in the proof

of the strong consistency (cf. Theorem 3.2).

Next, we provide conditions under which the asymptotic normality can be obtained.
Assume that the transition kernel possesses a density function p(z,y) with respect to

v(dy), that is,
(3.13) P(z,A) = / p(z,y)v(dy), VreE, VAef.
A
It follows that for n > 1 and p(®(z,y) =1,

(3.14) PO (2, A) = /A ™ (z,y)v(dy)

where

p™(z,y) = / P (z, 2)p(z, y)w(dz).
FE

PROPOSITION 3.2. Assume that the chain possesses the transition density (3.13)

and that

(3.15) Jim a(z) [ W2z, y)v(dy) = 7*(@)
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exists. Moreover, assume that Condition 2 holds, 3, 5, ne'/?(n) < oo and (z,z) €
C,2(p™) forn=1,2,.... Then we have

(3.16) Jim_ noyn(2) var(fa(z)) = 02(x)

where

(3.17) o?(x) = f(x)7*(x) — y(2) f*(2) + 2v(z) Zpl,k+1(w, z) < .
k=1

Proor. (i) First, we show that
(318)  lim / W (h, z, W)W (h, 2, ) f (0)p® (u, v)r(dw)v(dv) = £(2)p® (z, 7).
n—oo fpa

Let g(u,v) = f(u)p® (u,v) and V(h,z,u,v) = W(h,z,u)W(h,z,v). Then both
g and V are density functions with respect to v2. Moreover (z,z) € C,2(g) and for
Vs(h,z,u,v) = V(h, 2,4, 0)1{|(4,0)= (z,0)|>5) (¥, V) We have

Vs(h, z,u,v) < Wy, s(h,z,u) + Wy, s5(h, x,v) < 2K, 5(x) < 0.

Thus the hypotheses of Lemma 2.1 are satisfied and (3.18) follows.
(ii) By stationarity we have

nyn (@) var(frn(z)) = vn(z) var(W(h, z, X;))

n—1

+ % Z(n — k) cov{W (h,z, X1), W(h,z, X14%)}.

k=1
From (3.5), (3.15) and Lemma 2.1,
nlim Y (Z)E(W?2(h,z,X;)) = f(a:)7'2(x)
and

lim_yn (2) var(W (h, 2, X1)) = f(2)7%(z) - f*(c)v(2).

n—o

From (3.18) we have

n—1
Jim > (@) cov{W(h, z, X1), W (h,z, X106} = Y _ v(x) f(2)p® (z, 2)
k=1 k>1

and from (3.4),

n—1 n—1
> k(@) cov{W(h, @, X1), W (h, 2, X14x)} < 2M Y kp'/2(k).
k=1 k=1

Since S"r—; ko/2(k) < 0o we obtain (3.17). O

The proof of asymptotic normality uses the same techniques as the proof of the
Central Limit Theorem for Markov chains from Doob (1953). The basic difference is the
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replacement of Doob’s condition Dy by ¢-mixing condition. The major difficulty was to

compute the limiting variance, which was done in Proposition 3.2. A detailed proof can
be found in Campos (2001).

THEOREM 3.3. (Asymptotic normality) Assume that the hypotheses of Proposi-

tion 3.2 are satisfied. Let f(z) > 0 and E{|\/y(x)W (h,z, X1)]3} < co. Then for o%(x)
given by (3.17) we have

(3.19) V(@) fa(@) — E(fal(z))] 3 N(0,02(2)).

4. Estimation under geometric ergodicity

In this section, we replace the assumptions of ¢-mixing and strict stationarity by
the geometric ergodicity (2.2). Let po(dy) be an arbitrary initial distribution and let
tin(dy) denote the distribution of X,,, that is,

Pay(Xn € A) = / in(dy) VA€E
A

where P, indicates that the initial distribution is p0. Similarly we will use the notation
E,, instead of E for the expectation.

PROPOSITION 4.1. There exists constants a > 0 and 0 < p < 1 such that

(4.1) sup
A€E

Poltn € 4) = [ fwian)| < ap”

and for A € F§, B € F3%,,, ¢(n) = 20p™ we have

(4.2) |Puo (AN B) = Puo(A) Puo (B)| < ¢(n) P (4).

PRrROOF. Using (2.2) we have

Puo(X € 4) = [ fuwia)]o - [ e Aata) - [ [ @wtdnmtan)
< L |P™ (2, 4) — m(A)|o(de) < ap™

As for (4.2) enough to use the fact that

|Bo {L(XsneB) | o} = Puo(Xtn € B)| < [P"(X, B) — m(B)|
+|Puo(Xk4n € B) - 7(B))
< ap™ + ap®t" < 2ap™ = p(n). O
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THEOREM 4.1. Let {X,} satisfying the geometric ergodicity condition (2.2) and
let po be any initial distribution. Assume that Condition 2 holds then

(4.3) lim B, {(fo(2) — f(2))’} =0, VaeOu(f).
If, in addition, (3.8) holds then
lim f.(z)= f(z), v-a.s., VreC,(f).

Moreover, if the hypotheses of Theorem 3.3 are satisfied we have asymptotic normality
(3.19).

PrOOF. (i) First, we show the asymptotic unbiasedness. From Lemma 2.1 we
have for the initial stationary distribution 7 (dz) = f(z)v(dx)

(44)  lim | [ Wz atdy) - £@)] = lim B W (h,2,X0) - 1) =0

Since E, W (h,z,Xx) = [ W (h,z,y)ur(dy) we have from (2.6) and (4.1)

(4.5) ’ [ W0t - f(y)]V(dy)’ < %mk.

It follows that,

%i[Eﬂo(W(h’w’XkD Er(W(h,z Xk)>‘ B Z

k=1 n’}’n(-r =1

By (2.5) and (4.4) we have,
(4.6) 1lim By(fule)) = (2).

(ii) To prove the consistency in quadratic mean we proceed as in Theorem 3.1 by
showing (3.3) and (3.4) without the assumption of stationarity. From (2.6) and (4.6) we
have,

%T(w)ivaruo(w(h,w,Xk)) = 7":” Enj E,e(W23(h,z, X)) = (Euo(W(h,z, X)))?]
k=1 k=1
< ’ynT(L )i MO(W2(h7w7Xk))
k=1
s Klrfx) Xn: MO(W(hvank)) < Q.

k=1

Similarly, writing

EW(h,2,X;1) = /E ] W (h, z,v)uj(dy) P (y, dv)
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we have for L,(j,1) = | covy {W(h,z, X;), W(h,z, X;j11)}|

Wz, w)W(h, z, v)p; (du) s (dy) [P (u, dv) — P!y, dv)]
< 2ap’§:—((f)) . W (h, x, u)p;(du)p;(dy)

- 9% 1 Ki(z)
=20 @

It follows from (4.6) that

Ln(3,1)

E W(h,z, X;).

1n—j

(@) §2 3 La(,1) < K@) 3

panl) n 200 E, W (h, 2, X;) < o0.

1

11

LN
[

A
)
X

S,
i

(i) By Proposition 4.1 the chain is ¢-mixing and @(n) = 2ap”. Clearly
2-n>1#(n) < 0o and the strong consistency follows from (i) and Remark 1.
(iv) Since anl np!/2(n) < oo using (4.1) we have for any measurable function ¢

nler;o |Puo(p( X1, ..., Xn) € A) — Pr(e(X1,...,Xy) € A)| =0.
And the asymptotic normality (3.19) follows. O
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