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Abstract. Asymmetric kernels are quite useful for the estimation of density func-
tions with bounded support. Gamma kernels are designed to handle density functions
whose supports are bounded from one end only, whereas beta kernels are particu-
larly convenient for the estimation of density functions with compact support. These
asymmetric kernels are nonnegative and free of boundary bias. Moreover, their shape
varies according to the location of the data point, thus also changing the amount of
smoothing. This paper applies the central limit theorem for degenerate U-statistics
to compute the limiting distribution of a class of asymmetric kernel functionals.
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1. Introduction

Fixed kernels are not appropriate to estimate density functions whose supports
are bounded in view that they engender boundary bias due to the allocation of weight
outside the support in the event that smoothing is applied near the boundary. A proper
asymmetric kernel never assigns weight outside the density support and therefore should
produce better estimates of the density near the boundary. Chen (1999, 2000) shows
indeed that replacing fixed with asymmetric kernels substantially increases the precision
of density estimation close to the boundary. In particular, beta kernels are particularly
appropriate to estimate densities with compact support, whereas gamma kernels are
more convenient to handle density functions whose supports are bounded from one end
only. These asymmetric kernels are nonnegative and free of boundary bias. Moreover,
their shape varies according to the location of the data point, thus also changing the
amount of smoothing.

This paper derives the asymptotic behavior of asymmetric kernel functionals by
applying a central limit theorem for degenerate U-statistics with variable kernel. The
motivation is simple. It is often the case that one must derive the limiting distribution
of density functionals such as

(11) I, = /A o(@) (@) — f(2)|dz,

where ¢(-) is a bounded regular function and f is an asymmetric kernel estimate of
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the true density f with support A. Examples abound in econometrics and statistics.
Indeed, a central limit theorem for the density functional (1.1) is useful to study the
order of closeness between the integrated square error and the mean integrated squared
error in the ambit of nonparametric kernel estimation of densities with bounded support.
Although there are sharp results for nonparametric density estimation based on fixed
kernels, e.g. Bickel and Rosenblatt (1973) and Hall (1984), no results are available for
asymmetric kernel density estimation.

Further, goodness-of-fit test statistics are usually driven by second-order asymp-
totics (e.g., Ait-Sahalia et al. (2001)), hence density functionals such as (1.1) arise very
naturally in that context. Consider, for instance, one of the goodness-of-fit tests ad-
vanced by Fernandes and Grammig (2005) for duration models, which gauges how large
is

(1.2) A(f,0) = / "[Co(@) - T (@) f(z)d,

where I'g(-) and I'f(-) denote the parametric and nonparametric hazard rate functions,
respectively. It follows from the functional delta method that the asymptotic behavior
of (1.2) is driven by the leading term of the second functional derivative, namely

RLYIC)) 2
| ki - e,

As duration data are nonnegative by definition, gamma kernels are called for so as to
avoid boundary bias in the density estimation.

Let X;1,...,X, be a random sample from an unknown probability density function
f defined on a support A, which is either A = [0,00) or A = [0,1]. The nonparametric
estimator f of the density function f uses the appropriate asymmetric kernel, namely,
the gamma kernel for A = [0,00) and the beta kernel for A = [0,1]. As in any kernel
density estimation, the smoothing bandwidth, say b, converges to zero as the sample size
grows. We are now ready to formulate the main result.

THEOREM 1.1. Suppose that ¢ is a bounded regular function and the density func-
tion f and its first and second derivatives are bounded and square integrable on A. As-
suming further that b is of order o(n‘4/ 9), it then ensues that

(1.3) nbY/41,, — Vﬂaxl ea?(X1)e(X1)] S N(0,0%),

where the subscript of the expectation operator E indicates the random quantity that it
refers to, 04 = \/—IEXI [c_l/z(X1)<p2(X1)f(X1)], and the boundary correction depends
on the support A with ¢ o) (X1) = X1 and ¢ 1(X1) = X1(1 — X1).

As is apparent, the boundary correction c4(-) is the sole distinction between the
limiting distributions of the two asymmetric kernel functionals. Because the support is
bounded only from below in the gamma kernel case, it suffices to control for values of z
close to the origin. In the context of beta kernels, it is necessary to deal with x in the
vicinity of both boundaries of the unit interval. We defer until the next section, which
reviews the properties of beta and gamma kernels, to comment upon the bandwidth con-
dition b = o(n~%/?). Lastly, we split the proof of the theorem into two parts: Sections 3
and 4 demonstrate the result for the gamma and beta kernel functionals, respectively.
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2. Asymmetric kernels

Instead of the usual nonparametric kernel density estimator
~ 1 & x—X;
=—)>» K
for = g oK ()

where K is a fixed kernel function and h is a smoothing bandwidth, consider the asym-
metric kernel estimator

. 1 <&
fo) = KXo,
where K 4{-} corresponds either to the gamma kernel

u®/® exp(—u/b)
Kzjp1,p(u) = (/b + 1)be/o+1 1(u > 0)

or to the beta kernel
uac/b(l _ u)(l—x)/b
Kx/b+1,(1—x)/b+l(u) = B(.’I:/b—{- 1 (1 — :E)/b+ 1)

according to the density support A. As usual, the smoothing bandwidth b converges to
zero as the sample size n grows.

Asymmetric kernel estimators are boundary bias free in that the bias is of order
O(b) both near the boundaries and in the interior of the support (Chen (1999, 2000)).
The absence of boundary bias is due to the fact that asymmetric kernels have the same
support of the underlying density, and hence no weight is assigned outside the density
support. The trick is that asymmetric kernels are flexible enough to vary their shape
and the amount of smoothing according to the location within the support.

On the other hand, the asymptotic variance of asymmetric kernels is of higher order
O(n~'b~1) near the boundaries than in the interior, which is of order O(n=1b71/2).
Nonetheless, the impact on the integrated variance is negligible, so that it does not affect
the mean integrated square error. Furthermore, the optimal bandwidth b, = O(n=%/%) =
O(h?), where h, is the optimal bandwidth for fixed nonnegative kernel estimators (Chen
(1999, 2000)). Accordingly, both beta and gamma kernel density estimators achieve the
optimal rate of convergence for the mean integrated squared error of nonnegative kernels.

It is readily seen that the bandwidth condition b = o(n~*/?) induces undersmoothing
in the density estimation. Other limiting conditions on the bandwidth are also applicable,
but they would result in different terms for the bias in (1.3). For instance, the bandwidth
condition b = O(n~2/5) that entails asymptotically optimal pointwise density estimates
yields an additional term driving the asymptotic distribution of (1.1). Accordingly, that
would lead to another component in the variance whose estimation would require the
estimate of the second-order derivative of the density function as in Héardle and Mammen
(1993), for example. As an alternative, Hirdle and Mammen (1993) and Chen et al.

(2003) show that one may replace f(z) by Ef(x) in (1.1) so as to avoid undersmoothing.

1(0<u<1)

3. Gamma kernel functionals

In this section, we show that the asymptotic behavior of gamma kernel functionals
of the form (1.1) is indeed as claimed in (1.3). The proof builds on U-statistic theory in
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that we decompose the functional so as to force the emergence of a degenerate U-statistic.
Let r (2, X1) = ¢¥2(2) Ky p11,5(X1) and #n(z, X1) = rn(z, X1) ~ Ex, [ra(z, X1)]. In
addition, denote by [ the integral over the density support A = [0,00) and by § mul-
tiple integrals. Letting the absence of subscript in the expectation operator denote the
expectation over (X1i,...,X,) then yields

I = / o(@)[f (z) — Ef (2))?dz + / (@) [Ef(z) - f(z)2dz
+o / o(@)[f(z) - Ef@)|[Ef(z) - f(2)]dz,

or equivalently, I,, = I1, + Ion + Isn + I4y, where
2
L, = = Pz, X;)Pn(z, X;)dz
1 n2 ;/ 7
I = [ o(@[Ef(z) - f(@)Pde
Iin = 2 [ ¢(@)f(0) - Ef@)[E/ (@) - f(@))dz.

The first term stands for a degenerate U-statistic and contributes to the asymptotic
variance as well as to the limiting Gaussian distribution, whereas the second term defines
the asymptotic mean. In turn, the third and the fourth terms are negligible provided
that the bandwidth b is of order o(n™%/°).

We start by deriving the first and second moments of r,(z, X1). Observe that

Ex, [rn(z, X1)] = <P1/2(I)/Kz/b+1,b($1)f(w1)dw1 = o2 (@)E (),
where ¢ has a gamma distribution G(z/b+ 1,b). Applying a Taylor expansion yields
E¢[f(O)] = f(z) + O(b),

illustrating the fact that the gamma kernel density estimation has a uniform bias of
order O(b) as singled out by Chen (2000). Put differently, the order of magnitude of the
bias does not depend on the location within the density support and, as a consequence,
Ex, [ra(z, X1)] = ¢1/2(2) () + O(b).

We compute the second moment of r,(z, X1) in a similar fashion. It ensues from
the properties of the gamma density that

Ex,[ra(z, X1)] = 90(53)/Ki/b+1,b($1)f($1)d$1
= () By(z)En[f(n)],
where 7 ~ G(2z/b+ 1,b/2) and

: I'2z/b+1)/b
(3.1) By(z) = 22z/§+1{«2(x/g/+ 1)’
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Given that E,[f(n)] = f(z) + O(b), it then follows that

Blla) = [ Exilrd(e X0ldo - 1 [ B, (e X))z

1 -
» [ p@Bu@)r(@) + 0®)ds + 0™
1 -
— = [ e@Bu@)f@)ds + O™,
Let R(z) = V2mexp(—2)z**1/2/T(z + 1). By rewriting (3.1) in terms of the R-
function, one obtains
_ R*(z/b)b=1/2g71/2
T R(2z/b) 27
According to Brown and Chen’s (1999) Lemma 3, R(z) is a monotonic increasing function
that converges to one as z — oo and R(z) < 1 for any z > 0. Moreover, if z/b is large

enough, the difference between one and the first fraction in (3.2) is negligible and hence
one may consider that vbzBy(x) = 1/{24/7) (Chen (2000)). It therefore follows that

(3.2) By(z)

E(I,) = %/(p(m)Bb(w)f(x)dx—l-O(n_l)

b
o [ B @+ [ o@Bie) @ + 0,

I

It then suffices to write the first integral in terms of w = z/b to show that the first term
is at most of order O(1/n), so that

Y W A
n 2\/7‘( 0

by the dominated convergence theorem, provided that E[z~'/2¢(x)] is finite. It therefore
ensues that

E(Iz,) = ™ 2p(z) f(z)dz + O(n™ ")

b3/4 _
b B (lzn) = 5 =B, (X1 Pe(X0)] = o(1).
In addition, we show in the Appendix that
(3.3) V(I2) = O(n™3b"2 + n73b71).

It then follows that V (nb'/4Iy,) = n2bY/2V (I5,) = O(n~1b~3/2), which is by assumption

of order o(1). Applying Chebyshev’s inequality thus results in

p-1 /4

2yrm
The fact that b = o(n~*/?) also ensures that the third and fourth terms are negligible

if properly normalized. Indeed, I3, is proportional to the integrated squared bias of the

gamma kernel density estimation, hence it is of order O(b?). The bandwidth condition
then guarantees that nb'/*I3, = O(nb*4) = o(1). Further,

B(lin) = 2 [ $(@ELf(2) - EF(IEf(@) — f(a)lds =0,

bt/ Iy, — Ex, [X;20(X1)] = 0p(1).
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whereas E(IZ,) = O(n~1b?) analogously to Hall ((1984), Lemma 1). This means that
E(n?b'/213,) = O(nb*/?) = o(n~'/10), and thus it stems from Chebyshev’s inequality
that nb/414, = 0,(1).

Finally, recall that I, = Y, . Hn(X;, X;), where

1<J
2 . v
HA(X0 X)) = 5 [ Fala, Xi)F(o, X;)do.

As is apparent, I, is a degenerate U-statistic as H,(X;, X;) is symmetric, centered, and
E[H,(X;, X;) | X;] = 0 almost surely. To see why, note that

BIHAC X) | X) = 5 [ 7ol X)ElFo(e, X0) | X;de

2 [ y
= = [ e X)Elralo, X)),

which equals zero because the mean of #,(z, X;) is by construction zero. We then apply
Theorem 4.7.3 of Koroljuk and Borovskich ((1994), p. 163) for degenerate U-statistics,
which states that if, for some k& > 1,

]EXLXZ [Gi(Xl’Xﬁ] + nl_k]EXth [H?zk(Xl’XQ)] =0

3.4 ,
(34 EX, o [H2(X0, Xo)]

where G, (X1, X2) = Ex, [Hn (X3, X1)Hn (X3, X2)|, then

n4b1/2
nb/4I, 5 N (0, —5—Ex..x, [Hg(Xl,Xz)]) .

We start by establishing that the denominator of (3.4) is of order O(n~*b7%/2) as a
by-product of the derivation of the asymptotic variance o2 of nb!/4I},,. Indeed,
n4b1/2

Jé = 2 EXl,Xz[Hvzz(leX2)]

- 2b1/2% [/ Fn(x,xl)Fn(x,wz)dx]2f(a:l,xz)d(wl,zg)

= 2b'/? fﬁn(fca 1 ) (T, 22)Fn (Y, 21)Pn (y, z2) f (1) f(22)d(2, Y, 71, T2)

= 21/ }{ [ / P, 21)Fn (Y, 1) f(a:l)dwlrd(:c,y)

= 212 $ B o, X0)n (0, X M)

= 261/2]{73(w,y)d(w,y),
where v, (z,y) = Cpn(z,y)=Cr(z,y), Cn(z,y) = Ex, [rn(z, X1)70(y, X1)], and Cy (2, y) =
Ex, [rn(z, X1)]Ex, [rn(y, X1)]- It is easy to show that the latter equals

P2 ()0 (y) f(x) f(y) + O(b), whereas

Cu(z,y) = /?(2)02(y) / Kajoi10 (@)K, jors(@)dF (@)
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= ¢'2(2)¢"?(y)Bs(, y) / K1y /p+1,6/2(21)dF (21)
= ¢2(2)p?(y) By(z, y)E[f (<)),
where ¢ ~ G{(z 4+ y)/b+1,b/2] and

I'(z+y)/b+ 1] bt

(3.5) By(z,y) = T(z/b+ 1)T(y/b+ 1) 2=+)/6+1°

As before, we rewrite (3.5) in terms of the R-function so as to get

z Yy
By(z,y) = R<Z)R(3) z+y w/bti/a T+y v/bt/a b1/24—1/4y~1/4
b\, (:c—+-y) 2x 2y SN
= b

= By(z,9)[A,y)]2,

with

) (x+y)1/4 <x+y)l/4 b'1/2a:_1/4y_1/4

A
(36)  By(z,y) = 2(3) 2 N

z+y\* (z+y)Y
. A = .
60 aew-(5) (52
Applying a Taylor expansion to E.[f(¢)] then yields

% =2 § oot {Bute) [1 (252) +00)] - @)} dan

= 2 § p(alol) Bz y>[ (2 ;“y)] d(z, y){1+ (1)}

- 272 f (o) B AP |7 (T3] deti o),
which reduces to
7% = 2vEmd [ o126 (@) B (0. 0)f @)dF @){1 + o(D),

by Lemma A.4 in the Appendix.
The second and third terms on the right-hand side of (3.6) equal one if z = y,
resulting in By(z,z) = Bp(x). It then holds that

% = 2VEm [ D) B f(@ AP @)L +of1)
b
= 2o [ 12 a) By (o) (@)dF (=) + o{1)
T 2v2m /b " M22(2) B (2) f(2)dF (2)
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2v/27b /00 220 (2) (b_;x_l) f(z)dF(x) + o(1)
b T

B #Exl (X722 (X1) £(X0)] + (1),

for b small enough. ’

Denote by ¥, and A, the first and second terms of the numerator in (3.4), re-
spectively. We show that ¥, < O(n~*b'—°%/4) and then demonstrate that A, =
O(n!~5%p(1=2k)/2) ensuring that (3.4) holds for 1 < k < 4/3. In what follows, we treat k
as an integer. This is without any loss of generality given that, for any & > 1, there exists
an integer k; > 1 such that k = k;/ks and, by Jensen’s inequality, E(Z*) < [E(Z%1)]'/*z
for any nonnegative random variable Z. Observe that

U, = Ex,,x, {Ek, [Hn(X3, X1)Ho (X3, X2)]}

gy {E’sf [ 0l X0l Xl X Xz)d(x,y)] }

= 4Fn~*Ey, x, { [ f Y (2, Y)Pr (T, X1)Pn(y, X2)d(z, y)] k} -

Jensen’s inequality then ensures that

v, < 4kn_4kf{ [M]k |Fn (€, 21)Fn (y, 22)| *dF (2, y)dF (21)dF (z2)
" f@)fy) T ’

k
= ghptk f [%gf—(%] Ex, [Fn (2, X1)[*Ex, |Fn(y, 21)|*dF (2, ).

However, centering implies that Ex, |#,(u, X1)|* is at most of the same order of
Ex, [ (u, X1)] = O(Bz(,k) (u)), where

k), _ BE(/b) o kyjep-1/2 < O(1=F)/2
B (1) = ey Qe H/ 2 < 00972,

It thus follows that
v, < O(n—4kb-—k/4[B§k) (2)]2) = O(n—4kpl—5k/4

in view that v, (z,y) = O(b~/4). In turn, the second term of the numerator in (3.4)
reads

Ap = n'FEx, x, [HZF (X1, X5)]

_ 22kn1—5k% [/ %n(y,xl)r«n(y,xz)dy} " dF (z1)dF (z2)

2k
= 22kn1"5kj{Hﬁn(yi,xl)ﬁn(yi,xg)dyidF(xl)dF(mg)
i=1

2k

= 22’“77,1—5’“}{113%(1 [H?‘n(yi,)ﬁ)} d(yi, - Y2x),

=1
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which is of order O(n!~%%b(1=2%)/2) by Lemma A.5 in the Appendix. The quantity
nb/41,, /o therefore weakly converges to a standard normal distribution, wh1ch implies
that 14
—1/2
nb'/*1, — 7JEXl[X 25(X1)] S N(0,02).

This proves the main result for the gamma kernel functionals.
4. Beta kernel functionals

In the sequel, we derive in similar fashion the limiting distribution of the beta kernel
functional using the decomposition I,, = Iy, + Isy + I3y + I4n. The only difference is
that r,(z, X1) now represents ¢'/2(z) Ky /b11,(1—-2)/6+1(X1) and [ denotes the integral
over the unit interval A = [0,1]. Again, the first term stands for a degenerate U-statistic
and contributes with the asymptotic variance, whereas the second term provides the
asymptotic bias. The third and the fourth terms are, once more, negligible as long as
the bandwidth b is of order o(n~4/?). As before, this assumption precludes the use of
the optimal bandwidth that is of order O(n~2?/%) as shown in Chen (1999).

To begin, note that Ex, [r.(z, X1)] = »Y/2(z)E¢[f(¢)], where ¢ has a beta dis-
tribution B(z/b + 1,(1 — z)/b + 1). Chen (1999) demonstrates that the beta ker-
nel density estimation has a uniform bias of order O(b), and hence it turns out that
Ex, [ra(z, X1)] = ¢/2(2){(z) + O().

The second moment of r,(x, X;) reads

Ex, [rh(z, X1)] = <P(-"3)/Kg/b+1,(1—m)/b+1(xl)f(l‘l)dffl
= o(z) Ap(2)Eq[f (1)),
where n ~ B(2z/b+1,2(1 — z)/b+ 1) and

B[2z/b+1,2(1 —x)/b+ 1]
B2[z/b+1,(1—2z)/b+1]

Chen (1999) shows that E,[f(n)] = f(z) + O(b), thus

Ap(z) =

(L) = -71; / Ex, [r2 (z, X1)|dz ~ ;1; / B2 [ra(z, X1))dz

%/w(I)Ab(w)[f(x)+0(b)]dx+0(n—1)‘

For b small enough, Chen (1999) shows that Ay(z) may be approximated according
to the location of x within the support. More precisely, /b and (1 — z)/b grows without
bound as b shrinks to zero in the interior of the support, whereas either z/b or (1 —z)/b
converges to some nonnegative constant ¢ in the boundaries. The approximation is such
that

\/— “12[z(1 - 2)]"Y2 if z/band (1—-z)/b— oo

2—2% if z/bor(1-2x)/b—c,

Ab(:c) ~

which implies that A(x) is of larger order near the boundary. As before, there is no
impact in E(1yy).
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Let £ = b€, where 0 < € < 1. Then,

Bli) = & [ ¢(@)4(@)[f(@) + O®)ldz + O™

S L / imgo(x)Ab(wnf(x) +O(b)dz +0(n ™)

1—-x
=57 | -2 @) + Ol
+0(n7 W +n)
b—1/2 1 _
= 57 | Pl =) @)da + o)

as long as ¢ is properly chosen and Ex, {[X1(1 — X;)]~Y/2¢(X1)} is finite. Further, as in
the previous section, V(I3,) = O(n~3b2 + n=3b~1), which means that V(nb'/I,,) =

O(n~'57%/2) = o(1). Tt thus ensues from the Chebyshev’s inequality that nd'/%I,, —
p1/4

S Ex X (1 - X)[” 126(X1)} = op(1).

Applying the same techniques as in the previous section, it is straightforward to
demonstrate that the third and fourth terms are negligible provided that the bandwidth
is of order o(n=%/%). It remains to compute the variance of the degenerate U-statistic
I, = ZKJH (X5, Xj;), viz.

4b1/2
0% = PRy s, [HE(X, Xs)] = 26177 f (Ca(2,) — Ca(a1)d(z, y),

where Cp,(z,y) = <p1/2(x)cp1/2(y)f(w)f(y) + O(b) as before. In turn,
Chn(z,y) = ‘Pl/z(x)‘»ol/z(y)/Kz/b+1,(l—x)/b+1(ml)Ky/b+1‘(l—y)/b+1(xl)dF(wl)

= 801/2(90)901/2(11)141;(50,?/)/K(z+y)/b+1,(1—m-y)/b+1(xl)dF(l‘l)

= ¢"2(@)p"(y) As(z, y)E[£ (<)),
where ¢ ~ Bl(z +y)/b+1,(2—z —y)/b+ 1] and

Blz+y)/b+1,(1—xz—y)/b+1]
Blz/b+1,(1 —2)/b+ 1|Bly/b+ 1,(1 —y)/b+ 1]

Expressing the beta functions in terms of the R-function then yields
Ay(z,y) = Ap(, y)[A(z,9)]"°,
where A(u,v) = A(u,v)A(1 —u,1~v) and

Ab(x5 y) =

b=1/25=1/4y—1/4
2/

Ap(z,y) = Ry(z,y)D(z,y)

with

R(/b)R(y/5) = (ka) K (I_Ty) R(2/b)

Ry(z,y) = R<m_£y) R(2—ag—y) R2(1/b)
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It then follows that

o3 = 2 f P(@)e(y) A2(z, 9)E2[£(<))d(z, 5) + Ob)

r+y

= 2 f oot { Ao B s (222) ] dan) + 00

by Taylor expanding E.[f(c)]. However, the term A(z,y) works similarly to the term
A(z,y) in Lemma A 4, yielding

7} = 23 [ §(a) Ao, )t - )2 f(@)dF (@)1 + (1)

= o= [ F@l0 - ) f@AF @) +o(1))
1
~ Ver

for b small enough. Applying then Koroljuk and Borovskich’s (1994) central limit theo-
rem for degenerate U-statistics gives way to

E{¢*(@)[z(1 - 2)] /2 f(2)}{1 + o(1)}

b—1/4
VvV

which completes the proof. To demonstrate that condition (3.4) holds, it suffices to apply

nbt/41, — Ex, {{X1(1 — X1)]"%p(X1)} & N(0,0%),

the same technique as before. The only difference is that, instead of Bl(,k)(-), there will

be an analogous residual term, say Az(,k)(~), stemming from the extraction of a unique
beta density out of the product of k beta kernels.
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Appendix

Derivation of (3.3). Because V(I5,) is at most of the same order of E(I2), it
suffices to compute the order of the latter. Thus,

1 2
B%) = B | [ (o X0)da]

1 o o
= TEx, ]f 72 (2, X1)72 (3, X1 )d(z, )
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1

== Ex,[ri(z, X1)r2(y, X1)]d(z,y)

- 5 B lri (o Xa)lB by, X)ld(2.0)
- 5 $ Ex X0 )JBR, (e, X0))d(z,0)

+ 4 G B (o, X0, o, X0)ld(2,9)

Tt is readily seen that the second and third terms are of order O(n~3b1/2), whereas the
fourth term is O(n~3). It then remains to show that the first term is of order O(n=3b72).
Notice that

T, = Ex, | § ri(x,xl)rﬂy,xl)d(x,y)]

- Ex |§ so(x)w(y)Kz/Hl,b(Xl)Kz/w,b(Xl)d(x,y)]

= Ex, 7{80(90)@(y)Bb(»’C)Bb(y)K2x/b+1,b/2(Xl)K2y/b+1,b/2(X1)d($,y)}

= Ex, [}{ o(@)p(y) Bo(z) Bo(y) B2z, y) Koo +4) /51,74 (X1)d(, y)] .
This means that
Yo = § 9(e)o(w)Bol@)Bo(v) Boyala, )l )}z, ),

where w ~ G(2(z + y)/b + 1,b/4). Applying a Taylor expansion results in E,[f(w)] =
f(££2) + O(b) = O(1), whereas rewriting By(-) in terms of the R-function yields

B Rz(u/b) u-1/2p-1/2 < u—1/2p—1/2

B = Raun) avE S ovE

Similarly, one obtains

2z 2y
Bu(e )—R 5 R 3 <x+y)2x/b+1/4 (x+y)2y/b+1/4 b-1/25-1/4y=1/4
T NEEE R 2 Vam
b

Because R(-) is a monotonic increasing function that never exceeds one (Brown and Chen
(1999), Lemma 3) and A(z,y) < 1, it then follows that

Tty 1/4 z+y 1/4 b—l/zx—1/4y;1/4 (z+y 1/2 p—1/2
2z 2y 2 Ty 27’
Because both z and y are at most of O(b'~¢), where ¢ > 0, the first term is at most of

order O(b°/2=1/2). Tt then follows that Bya(z,y) < O(b~1), which implies that T, is at
most of order O(b~2), completing the proof.

Buya(e) < (
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LEMMA A.l. Ify >z, then A(y) =log A(z,y) > —=(y — z)°2.

PrOOF. The argument relies on the third-order Taylor series expansion of A(y) =
(x4 y)log(z + y) — (z + y)log2 — rlogz — ylogy around z. It follows from A’(y) =
log(z+y)—log2—logy, A”(y) = (z+y) ' —y ! <0and A (y) = —(z+y) 2 +y 2 >0
that A(z) = A'(z) = 0, A”(z) = —1/(2z) and A”'(z) = 3/(4x?). It thus holds that, for
z<z"<y,

— m)2 (y — $)3 A [ o
e + 5 A" (z").
The result then immediately follows from the fact that A”'(-) > 0. O

Aly) = - w

LEMMA A.2. Ift>0, then A(y) > g (y — 2)%(y — 2) for z(1 —¢t) <y < z.

PROOF. As before, the following Taylor expansion holds

A (y_m)z (y_m)S A
Aly) = — *
1) = Y2+ E D R,
where z < z* < z(1 — t). As A" is a decreasing function, A"(z*) < A" (z) and thus
A" (z*)(y — )3 > A" (z)(y — x)2 for y < z. It then ensues that

A — x)? —z)3 —2)2(y —
>0 0o wo0fos)

completing the proof.
LEMMA A.3. For every y, Ay) < g (y — 2)%(y — 2).

PROOF. In view that A"(y) = 2(z + y) =2 — 2y~ < 0, the result readily follows
from the fourth-order Taylor expansion

A(y) - _ (y ;xx)z + (y - ‘1"8):21:(22/ - Z‘) + A/I”(J,‘*) (y ;41“)4,

where z* lies in the interval between x and y. O

LeMMA Ad. Let £b) = [7 [° Az, y)g(z,y)d(z,y) with A as in (3.7)
and Gly) = [5 g(x,y)dz such that |§le exists. It then holds that £(b) =
(2mb)1/2 [ 21/ 2g(z, z)dw.

PrOOF. Let 0 <t <1, then
@z [ / A (2, 3)g(z, y)dyda + / [ araygte e,
0 x 0 z(1-t)

Applying Lemmas A.1 and A.2 yields

£(b) > /0 h /x h exp [—%] 9(z, y)dydz
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il (y—w)z(y—3x)]
+ exp |— z,y)dydz
/0 L(H) p [ 1270 9(z,y)dy

> /oo /oo exp [—(y;:)2]g(w,y)dydx

/ /(1 ) eXp[ (y—m4) z()t+2)] g(=, y)dydz.

Letting 2z = (2zb)~/?(y — z) results in

/0°° /:" exp [‘ & Q_x:)z] 9(z,y)dydz

=/ (2xb)1/2/ exp(—22)g(x, z + 2(2xb)'/?)dzdz,
0 0 ,‘

and hence

.. 1/2 )
hi’ﬂélfb / / exp [ 57 ] 9(z,y)dydx
2/ \/29:/ exp(—2%)g(x, z)dzdz
0 0

= \/775/00 z/%g(x, x)dz.
0

Letting now w = (4zb)~/2(t + 2)Y/2(y — z) yields

/ /(1 t)eXp[ _x4)xl(>t+2)} 9(z,y)dydz

4zb 4
/ \/ z / ex (—w) I,T+w zb dwdzx,
t+2 J_ut\/(t+2)/azb t+2

)2
liminfb‘1/2/ / exp[ y—2) (t+2)] 9(z,y)dydx
z(1-t)

and thus

b—0 4xb

_>_/O \/;[mexp(—w2)g(x,m)dwdx
= \/77? /Ooo \/ti‘ng(x,x)dac.

It then suffices to let ¢ shrink to zero to appreciate that

liéniéafé_lﬂf(b) > \/W/Z/ 22 g(z, z)dz.
- 0

On the other hand, for ¢ > 0, one may write

oo poo oo px(t+1)
(b) = / / Az, y)g(z, y)dydz + / / A¥*(z,y)g(z, y)dyd.
Z(t+1) 0 0
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However, for every y > z(t + 1),

_ _ t+2
A(y) < A(z(t+1)) = zlog 5%%15_2{_—)””1,

so that A(z,y) < af, where a; = 57% < 1. The following inequalities then hold

/ /(t+1) A (g, Y)g(z,y)dyder < / / 2I/b (z,y)dydx

o2y = blgleo
= |g|oo/0 L = 210gat’

where g(z) = [ g(z,y)dy. It also follows from Lemma A.3 that

oo pz(t+1)
/ / Az, y)g(z, y)dydz
0 0

. /oo /.’L‘(t-I—l) exp [_ (y — xii(;z— 3m)] oz, y)dydz
/ /m(t+1) exp [ (y — q:l)xl()2 - t)] oz, y)dydz.

Letting w = (4zb)~/2(2 — t)}/2(y — ) results in

oo px(t+1)
/ / A**(z,y)g(z,y)dydz
o Jo

> [4xb [ 9 [ 4xb
< — —_— .
_/0 2_t/_wexp( w g (z,z+w 2—t) dwdzx

It now suffices to assume that z'/2g(x,y) < z'/2g(z) € L' for every y > x to ensure that

b~20(b) < / \/_/ exp(—w?)g (a: z +w\/—n> dwdz + o(Vb)
and hence
llr;lj(t)lpb 120(b) < \/_/ \/—'g(a: z)dz,

which yields the desired result for ¢t — 0. O

LEMMA A.5. Let Z(m) = (T1,.--,%Tm), Sm = 23 1 T; and

(Sm——l + xm)sm—l"l‘zm
T

Am(a:(m)) -

Suppose that

oam) = F(sm/m)sm [ 222
i=1
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is bounded and there exists h(x1) € L' such that g(x(m)) < hlz1) if ¢y > 1 for every
i > 2. It then follows that fA:,{b(x(m))g(x(m))dx(m) = O(blm—1/2),

ProOOF. Let gm(b) = fA}T{b(x(m))g(I(m))dx(m) and

Gm(a) = log Ap(T(m-1), @)

Sm—1+ Oé>

m—
— E z;logz; — aloga.
m

= (8m-1+a)log (
i=1

Differentiating G,,(c) with respect to a then gives way to

G, (o) =log (s—@—_r—lni.f) —loga

1 1 Sm—1
o)z ——— - =—-—T =«
m(@) Sm—1t+a « a(sm-1 + @)
1 1
17 _
G’m(a) = _—(Sm_l n a)2 + -04—2_ >0,

whereas G/ (a) < 0. Evaluating at o = 22=* then yields

m—1

Sm_ s
Gm <m_11> =sm-1log( _— 1) ZwiIngi

i=1

Q" Sm-1 \ _ _ (m —1)?
mA\m-—1 MSm—1

o () () et et

m—1

As in the proof of Lemma A.4, we let 0 < ¢ < 1 and decompose the integral in ¢,,,(b) into
the sum of the integral over z,, > sk _; = (1 + t)sm 1/(m — 1) and the integral over
Tm < Sk,_1. In the first case, the fact that z,, > s}, _; and G'(s},_;) < G'(3==4) =0
implies that

Gm(l‘m) < Gm(srn—l)

Sm1 + 5% *
= (Sm-1+ 5p,_1) log (b> Z z;logx; — sy,_; log s}, 4

Sm—l(m + t) Sm—l(m + t)
= - ilogz;
——T log{ mim —1) ;:c ogx

—_ sm—l(l + t) log Sm_l(l +t)
m-—1 m—1

Sm—1(m +1) Sm—1(m +1) Sm—1
< — 8m—11
- m—1 log[ m(m — 1) Sm—1198 \ =1
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Sm—-1(1+1) Sm—1(1+1)
B log[ o }
Sm—1 [(m +t)/m]™*
:m—11°g{ (1 + )i+t }

Letting a; denote the term within curled brackets and

§($(m—1)) Z/g(x(m—l)axm)d'rm

then yields

aim P g o < }{a:mfl/b(m~1)g(m(m_1))dm(m—l)

m—1
Gloo a:m’l/b(m_l)dm(m—l) = |9loo {/afl/b(m_l)dxl}

~ m—1 mt m—1 __ m—1
= |9loo (@) b = 0™ ).

IA

As for the integral over x,, < s __.,, we first observe that
g (m-1)

. Sm~—1 1 (m d 1)2 Sm—1 2
Gm(@) = Gm (m— 1) 2! ms;,—1 @ m—1
1 (m—1)*(m? ~ 1) Sm—1 P 1 Sm~1 !
3 m2s2,_, T ¢ & T m-1

fora<E< sfm_l). It follows from G""(£) < 0 that

Gm(@) < G (224 - Lm — 1)” (o ,_m_>

m—1 2 MSpy—1

m—1
1(m—~1)%(m?-1) Sm_1\"
+ = 5 o— =L
6 m2ss 4 m—1
2 2 2
_ - — -1 -
— G, Sm—1 _la_sml (m—1) ,_m o Sm=1 .
m-—1 2 m-—1 MSEm—1 3msm—1 m—1

However, Tm < s{,,_,) implies that z,, — smt < 22=lt and hence

2

m* —1 Sm—1 m+1

l-——— |z — >1—-—-1t.
3MSm_1 ( m m—l) - 3m

Now, because

b 2M8m—1 3m

2 _ 132
A (2(my) < Air{ﬁl(w(m—d))exp [_1 (xm _ Sm-1 ) (m—1) (1 _m+ lt)]
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*

for z,, < s* _,, changing variables to zm = b~ 1/2(z,, — 3==1) results in
m—1 g m—1

]{ . AL (@ (1)) (2 (m) )T ()
Im <SSy, _

1

% -1)? m+1
< b1/2]{ /b B / L2 (m -
< Am_l(rc(m 1)) . exp |-z, ST 1 3 t

Srm—
X g (:C(m_l), 11 + zmbl/z) dzm}dac(m_l).

m —

To complete the proof, it suffices to proceeding by induction so as to conclude that £,,(b)
is at most of order O(b(™~1/2), 0O
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