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Abstract. This paper considers delta estimators of the Radon-Nikodym derivative
of a probability function with respect to a o-finite measure. We provide sufficient
conditions for universal consistency, which are checked for some wide classes of non-
parametric estimators.
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1. Introduction

Let P be a probability measure in the Borel space (R%, B¢), absolutely continuous
with respect to the o-finite measure pu and f = dP/du be the corresponding Radon-
Nikodym derivative, which is assumed to belong to the space L,(R%, B9, u), with 1 <
p < 00. Usually, the Lebesgue measure X is considered, and f = dP/dA\ is the associated
probability density function (pdf). Given a random sample {X;}"; from P, a delta
estimator of f is defined as,

Fal@) = = 3" Kon, (5 X))
i=1

where m,, = m(n) is called a smoothing sequence, and {K,, }nen a generalized kernel
sequence.

The sequence {m,}neN is not necessarily a sequence of numbers, it may be a se-
quence of positive definite matrices ordered by decreasing norm, in the usual kernel
estimator of a multivariate density; or the order of a polynomial, in the Fourier series
estimator. We consider that the smoothing sequence {m,}nen belongs to some directed
set 1. We say that the set I is directed if it is a non empty set endowed with a partial
preorder <, such that if Ymj,mg € I, 3mg € [ such that m; < mg and mg < m3. We
also assume that {m,}nen diverges in I as n — oo, i.e., VM € I, Inp € N such that
mp > M,Vn > ny.

The class of delta estimators was introduced by Whittle (1958), encompassing most
of the existing nonparametric estimators. Terrell (1984) and Terrell and Scott (1992)
have shown that all nonparametric density estimators which are continuous and differ-
entiable functionals of the empirical distribution function, can be interpreted as delta
estimators, at least asymptotically.
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In case of pdf estimation, fAn(a:) is pointwise asymptotically unbiased if,

Jim E[f(@)] = [ 6z - 2)f@)Ado) = £(a),

where 6 is the Dirac delta generalized function with a jump at zero. This is why these
estimators are known as delta estimators. Watson and Leadbetter (1963), Walter and
Blum (1979) and Prakasa Rao (1983) have provided sufficient conditions for global con-
sistency in norm L, () and pointwise consistency, assuming smoothness conditions on f.
Winter (1973, 1975) has studied uniform consistency and consistency of the correspond-
ing smooth integrated distribution function estimator. Watson and Leadbetter (1964)
have established asymptotic normality. Basawa and Prakasa Rao ((1980), Chap. 11) have
provided results for dependent observations. In this literature, consistency is achieved
under restrictive smoothness conditions on the pdf f. The universal consistency of gen-
eral delta estimators has not been obtained yet.

DEFINITION 1.1. Universal Consistency. Let u be a o-finite measure in (R?, B?),
and P a probability distribution P < p, with f = dP/du € L,(R? B¢, 1). Henceforth,
Ly(p) == Lp(R%,B% u). We say that a delta estimator f» is strongly consistent (in
L,(u)-global sense) when

(1.1) I Fr = Fllz, ) 250,

and weakly consistent, when the convergence is in probability. We say that the conver-
gence is universal when (1.1) holds for every probability function P <« p with f € L,(u).
Note that the degree of universality depends on p.

Usually, weak universal consistency is defined as,
Bl = 1191 = [ BlFa(s) - f(@)Plu(da) o,

see Stone (1977). The equivalence with the above definition is a consequence of Markov’s
inequality and Lebesgue’s dominated convergence theorem.

The literature on universal consistency of smooth nonparametric estimators is enor-
mous, and is mainly based on Stone’s (1977) seminal paper. Universal consistency of
histograms and regressograms has been proved by Abou-Jaoude (19764, b, ¢), Devroye
and Gyorfi (19854, 1985b), Devroye and Gyorfi (1983), Gyorfi et al. (2002). Univer-
sal consistency of discriminant analysis rules based on partitions have been studied by
Devroye et al. (1996b) and Lugosi and Nobel (1996). Universal consistency of density
and regression kernel estimators has been showed by Devroye and Wagner (1979, 1980a,
1980b), Devroye (1983, 1987), Devroye and Gyorfi (1985a), Devroye and Krzyzak (1989)
and Gyorfi et al. (2002). Also discriminant analysis rules have been studied by Devroye
and Krzyzak (1989) and Devroye et al. (1996b). Universal consistency of estimators
based on k — nn in density and regression estimation has been considered by Stone
(1977), Devroye and Gyorfi (1985a), Gyorfi (1981), Devroye et al. (1996a) and Gyorfi et
al. (2002). Discriminant analysis rules has been studied by Stone (1977), Devroye and
Wagner (1982), Devroye et al. (1996b). Orthonormal series estimators of density and
regression functions, based on sieve estimators theory, have been studied by Devroye
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and Gyorfi (1985a), Lugosi and Zeger (1995), Gyorfi et al. (2002) and, in the context of
pattern recognition by Vapnik (1982) and Devroye et al. (1996b).

There are also some monographs on universal consistency. Devroye and Gydrfi
(1985a) and Devroye (1987) have focused on density estimation, Gyérfi et al. (2002) on
regression estimation and Devroye et al. (1996b) on pattern recognition.

The aim of this paper is to provide fairly primitive conditions which are sufficient for
universal consistency, as defined in (1.1). To this end, we use the triangular inequality,

(1.2) 1o~ e, S UEFn) = Fllo, g + 1Fn — EG)lL, -

The first term on the right-hand side is known as the bias term, which is deterministic,
and the second term is known as the wvariation term, which is stochastic.

In next section, we provide sufficient conditions for the universal convergence of the
bias term to zero, using approximation theory. We also illustrate the results checking
the conditions for some wide classes of estimators. In Section 3 we provide sufficient
conditions for the universal convergence of the variation term, applying Law of Large
Numbers (LLN) for triangular arrays on Banach spaces. Proofs are confined to the last
section.

2. Universal asymptotic unbiasedness

First, we introduce the concept of net. Let (B;|| - ||g) be a Banach space. Given a
directed set I, a net {gm }mer in (B; | - ||B), is an application g, = g(m) with g : I — B.
We say that the net {gm}mer converges to f € B, denoted by lim,, 1 ||gm — fllB8 = 0,
if Ve > 0, Im, € I such that ||g,m — fllg < € for all m > m,. For an introduction to
convergence analysis of nets, see Edgar and Sucheston (1992).

Let ., (f)() = [ Km, (-, 2) f(2)u(dz) be the expected value of f,(-) with respect
to the probability distribution P. Notice that o, is a linear operator in the Banach

space (LP(:U’)a ” : ||Lp(u))7
Qm : Lp(RY, B, 1) — Ly (RY, B4, 1)
£ an(H@) = [ Kn(o,2fGu(dz);

and {n, }mer is a net of linear operators.
Thus, the delta estimator f, is universally asymptotically unbiased in L,(R%, B, 1),
with p € [1,00), when

rlrlzrer}l ”am(f) - f”Lp(u) = 07 Vf € LP(RdaBd’H’);

that is, {@m }mer is a linear approximate identity. Further details can be found in Vidal-
Sanz (1999). The next theorem provides sufficient conditions ensuring that {am }mer is
a linear approximate identity. Related results can be found in Kantorovich and Akilov
((1982), Th. 3, p. 203).

THEOREM 2.1. Central approximation theorem. Let {am}mer be a net of linear
operators in a Banach space (B, ||-||B), such as L,(p). Suppose that, (1) sup,,c1 ||omllB <
0o, where ||amllp = supsyz<i1 lom(f)lB, and (2) there exists a G C B, which is
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dense in B, such that, imp,epllan(f) — flla =0, Vf € G. Then, {am}mer is a linear
approximate identity. Moreover, if am|| < 0o for each m € 1, then conditions 1) and
2) are necessary.

From the proof of Theorem 2.1, it follows that if |a,,||p < oo for each m € I, but
condition 1) is not satisfied, then there exists a dense Gg set C C B, such that

lim lam(f) = fls = o0, V/€C,

(recall that a G set is a countable intersection of open sets). This result is very relevant,
since in B spaces without isolated points (such as L, spaces), every dense G set is non
numerable (see e.g., Rudin (1966), Th. 5.3.3). For example, the Dirichlet linear operators
in Ly([—m,n]) associated to Fourier series are bounded and satisfy the approximation
property for trigonometric polynomials (that is a dense subset). However, the uniform
boundedness condition fails. Hence there exists a (Gs dense set C of divergence. In other
words, in Ly ([—m,n]) there is a infinite non numerable dense set of densities, such that
the bias of their Fourier series estimators tends to infinite in L; norm. On the other
hand, in L,([—m,n]), with 1 < p < oo, the Dirichlet operators are uniformly bounded
and the approximation property holds.

The next corollary is relevant in a nonparametric context. It allows to interchange
the limits or take joint limits in ||y, (g9-) — gllB-

COROLLARY 2.1. Let (B,| - ||g) be a Banach space and {am }mer an approzimate
identity on such a space. If ||am||B < 0o for each m € 1, then for all nets {g, }rem in B,
such that lim,em || gr — gl|B = 0, it is satisfied that,

lim lim [lam (g-) — gllz = lim lim flom(gr) — glls = i lom(gr) — glls = 0.

In order to get a smooth estimator, we often apply a linear approximate identity
{am} over some consistent but discontinuous nonparametric estimators g, , e.g., his-
tograms. For example, we can use some approximation methods, as interpolation tech-
niques, B-splines, or some other linear approximator with continuous images. Notice
that the smooth approximator a,,, depends on the sample size n. The histogram g, is
a sequence of curves that also depends on the sample size, and we take joint limits when
n — oo. Thus, universal consistency of frequency polygons derives from the universal
consistency of histograms and Corollary 2.1.

The following theorem provides conditions on the generalized kernel net
{Km(x, 2) }me1, which are sufficient for guaranteeing that the net {aum }mer is a linear
approximate identity and, therefore, the delta estimator is universally asymptotically
unbiased.

Notice that am(1)(z) = [ Km(z, 2)p(dz). We define the net of majorized operators

of {@m }mer as the net {|a|m tmer,

@l (/) () = / Ko (2, 2)1 () 1(d2).

THEOREM 2.2. Assume that



UNIVERSAL CONSISTENCY OF DELTA ESTIMATORS 795

A1, {|olm}mer is uniformly bounded in L,(R%, B¢ ), 1 < p < oo, i.e.,

me mel { | fllL, (<1

(2.1) Sup [z, o) = sup{ sup |||a|m(f)||L,,(u)} <00

A.2. limmeﬂ Ham(l) - ]'HLp(M) =0.
A.3. For all compact sets C C R4, u(C) < oo.
AA. For all § > 0, and all compact sets C C R9,

lim = 07
mel

/ Ko (@, 2) e (d2)
{z:llz—z]>8}

Lp (HC)

where uc, is the restriction of u to the compact set C'.
Then, the net {am}mer is an approzimate identity in L,(R?, B2, p), i.e. . fn associ-
ated to {Km (z, 2)} is universally asymptotically unbiased.

Assumption A.1 establishes that the net sequence {|&/|m }mer is uniformly bounded
in Lp(Rd,IBd, u). This condition is fairly easy to check whenp=1lorp=2. Ifp=1
and |K,,(z, z)| is continuous for almost all points z,z € R, then (2.1) is equal to

sup {esssup/|K x,z |/u(da:)}
mel | zeR4

where esssup denotes the “essential supremum?”, i.e.,

ess su z)| = inf S z
soup /()] =, b sup ()]

If p = 2 then (2.1) is bounded by

sup { (f tnte z)l2ﬂ(dm)u(d2))l/2} .

See DeVore and Lorentz ((1993), pp. 30-34) and Dunford and Schwartz (1957) for a

discussion of these results.
A sufficient condition for A.2 is that there exists an mg € I such that Ym > my,

am(l)=1 as. [y]

If 4 is a finite measure, a weaker sufficient condition for A.2 consists of assuming

u({xGRd: lirer}1|am(1)($)—1| >6}) =0, V6>0,
sup lam(1)(2)| € Ly(R?, BY, ),
mel

which implies A.2 by dominated convergence arguments, see e.g., Chung ((1974), p. 100)
and Billingsley ((1986), p. 220).
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If 4 is a finite measure, condition A.3 holds. The Lebesgue measure also satisfies
A.3. A sufficient condition for A.4 is that, when m increases, the support of |K,,(z, z)|
shrinks on {(z, ) : z = 2} and, possibly in other points of null measure.

ProPOSITION 2.1. Condition A.2 in Theorem 2.2 can be substituted by,
A2 limper [lam(1) — L) =0.

Condition A.4 may be difficult to check. The next proposition provides a sufficient
condition.

PROPOSITION 2.2. A sufficient condition for A.4 is
A4'. For some s> 1,

=0.
Lp(n)

lim H [ e = 2l Kon, lna)

In addition, the next proposition provides sufficient conditions for A.4’.
PROPOSITION 2.3. The following conditions are sufficient for A.4': for some s >

(i) [z — 2||°|Km(=, 2)|u(dz) — 0, a.s. [u], (or in measure),
(i) [z - zlI°|Km(@, 2)1(d2) < |T(z)], T € Ly(R? B, o).

Weaker sufficient conditions in Propositions 2.2 and 2.3 can be obtained, substitut-
ing u by pc (i.e., the restriction of u to C), for every compact set C.

Next, we check approximate identity conditions for some broad classes of nonpara-
metric density estimators.

2.1 Singular integral estimators
Consider the class of singular integral estimators of a pdf f € L,(R%,B%, \), defined
a»S,

(22 Fol@) = =3 Ko, (X: - )

Usually, in the nonparametric literature it is assumed that K,,(u) = K,,(—u). These
estimators are associated to the singular integral linear approximators in L,(R¢, B%, \),

om(f) () = / Kon(z - 2)f(2)M(d).

The global unbiasedness of these estimators has been considered by Devroye and Gyorfi
((1985a), Chap. 12, Sec. 8), for the Lebesgue measure restricted to a finite interval.
Singular integral estimators encompass relevant families of nonparametric estimators
like,
o Kernel estimators in L,(R4,B% )), that take,
1

KH(’LL) = m—)K(H-IU),



UNIVERSAL CONSISTENCY OF DELTA ESTIMATORS 797

with H a definite positive matrix, and the matrices are ordered by the relation “to have
smaller ||H||”. For the multiplicative kernel K (u) = H‘;:l K ;(u;), the matrices H are
usually diagonal.

o Fourier series estimators in Ly([—m,7]), 1 < p < oo, with Dirichlet’s kernel,

. 1y,
e

If p = 1 this is not uniformly bounded, but we can use Fejer’s kernel estimators.
o Fejer estimators in L,([—m,7]), 1 < p < oo, with

NN 1 (S50))

~ 2r(m+1) sin (%u>

There are many other examples, for a review see Butzer and Nessel (1971) and
Devroye and Gyorfi ((1985a), Chap. 12). The next result is an application of Theorem
2.2, which provides universal asymptotic unbiasedness for these estimators.

m € N.

ProOPOSITION 2.4. Assume that,

S.1. {Km}mer C L1(R9,B%, N).

S2. [K,(udu=1Vmel

S.3. limmer [ ||ull| Km(u)|du = 0.

Then A.1 to A4 holds in L,(R%,B%, \), with 1 < p < oo, for the generalized kernels
{Km (2 — 2)}mer.

2.2 Histogram

The class of histogram estimators is defined by means of measurable partitions. Let
I be the set of all measurable Borel partitions of R¢ in sets with finite and positive \-
measure. The set I is ordered by the partial preorder m; < ms if ms is thinner than my
almost everywhere, in other words YA; € my, Ay € mo then Ay C Ay, or A; N Ay = 0,
except for a set of A-measure zero.. Then [ is a directed set. Often, we take a regular
subset Iy C I of partitions of finite diameter, such that the maximum diameter of the
partition tends to zero as partitions become thinner, and all subsets form a Vitali system
(the definition can be found in, e.g., Shilov and Gurevich (1997)).

Define the partitioning approximator by the generalized kernel,

Ta(z)14(2)
(2.3) Kn(z,2)= 3 A4
5= 2 TG
with corresponding linear approximator,
(@) = T (———fA PPN 1y

Aem
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The histogram estimator of f € L; (R, B4, )) is,

fal@) =3 (Zﬁ(f—)) Tu(z).

Aem,

This is the oldest nonparametric estimator (Graunt (1662) is an early reference) which
has been studied by Révesz (1971, 1972, 1973, 1974), Tukey (1977), Scott ((1979), (1992,
Chap. 3)) and Freedman and Diaconis (1981), among others. Universal consistency of
the histogram has been established by Abou-Jaoude (1976a, b, ¢) and Devroye and
Gyorfi (1985a). The following proposition illustrates the use of Theorem 2.2, although
it is a well-known result in the literature.

PROPOSITION 2.5. Consider a regular partitions set, Iy. Then A.1 to A.4 hold for
the generalized kernels in (2.3).

The following result, which is based on Theorem 2.1, avoids the use of regularity
condition on the partitions.

PROPOSITION 2.6. Consider the space L,(R%,B% p), with 1 < p < co. If u is
absolutely continuous with respect to the Lebesgue measure A, then the net of integral
operators {oum ymel, with partition kernels defined by equation (2.3), is an approrimate
identity.

2.3 Estimators based on orthonormal Hilbert space bases
Here, we consider the particular case where f € Lo(R% B¢ u). This is a Hilbert
space with the inner product

2 9) o) = / F(2)9(2)u(dz).

The set {ex(2)}, C L2(R%, B2, 1) is said to be orthonormal if (e, €s)Ly(p) = L{k=s}-
The orthogonal projection of an arbitrary f € Lo(R%, B¢, 1) into the linear subspace
spanned by an orthonormal set {ex(z)}7%, can be expressed as,

m

an(£)@) = Yt -enla) = Y [ F@enelutds)) - exto)
k=1

k=1

Note that, if we define,
m

(2.4) Kn(z,2) = 3 ex(@)en(z),
k=1

then, the projection can be expressed as

am(f) (@) = / (2, 2)f(2)u(d).

Thus, we say that a sequence {ex(2)}22, of orthonormal functions is an orthonormal
Hilbert space basis if the sequence of projections {am }5°_; is a linear approximate iden-
tity on Lo(R% B¢, u); or equivalently, if and only if the span of {ew(2)}32, is dense in
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Ly(R4,B% u). Using Zorn’s lemma, it can be proved that every Hilbert space has an
orthonormal Hilbert basis (see Kreyszig (1978), p. 212).
Notice that the corresponding density estimator is just

= %ZKm(aj,Xz) = lz (Eek SC) ek ) Z n'ek(l')a
(2.5) =t =tk k=
Fom = % ' ex(Xi).

This estimator was first considered by Cencov (1962) and Bosq (1969). The literature
about density estimation by means of orthonormal basis is discussed in Devroye and
Gyorfi ((1985a), Chap. 12).

PROPOSITION 2.7. Assume that,
0.1. {ex(2)}2, is an orthonormal set in Lo(R%, B¢, ), such that

sup su / f(z)u(dx) < 00.
meN “f”Lg(u)<l L?(”‘)
0.2. There ezists a ko € N such that e, (x) = 1, a.s. [u].
0.3. For all compact sets C, u(C) < oo.
0.4. V6 > 0, and all compact sets C,
m
sup | [ (Z ek(x>ek(z>> lo - zludz)|  =o.
meN k=1 Lz2(po)

Then A.1 to A.4 hold for the generalized kernel (2.4), and {ex(2)}3, is an or-
thonormal basis in Ly(R%,BY, u).

In the particular case that we use Fourier series, this method is equivalent to use
the previous result on singular integral estimators.

A useful method for obtaining an orthonormal basis in Ly(R?,B¢, 1), consists of
applying the Graham-Schmidt orthonormalization algorithm to some dense subset of
linearly independent functions (see Davis (1975) and Cheney (1982)). For example,
if the monomials {z*}$2, belong to Lo(R%,B%, 1), the associated orthonormal basis is
known as the basis of orthonormal polynomials.

3. Universal convergence of the variation term

Most of the literature on universal consistency is based on Stone’s (1977) theorem,
whose conditions are usually difficult to check. Empirical process theory has also been
applied in order to establish uniform consistency, see e.g., Silverman (1978), Stute (1982)
and Pollard ((1984), pp. 35-36). Vapnik (1982), Devroye et al. (1996b) and Gyorfi et al.
(2002) consider universal consistency of series estimators by means of sieve-estimators
theory (see, e.g., van der Vaart and Wellner (1996), p. 321). Here, we present an alter-
native approach, providing sufficient conditions which are fairly easy to verify. In order
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to establish the almost everywhere, or in probability, convergence of the variation term,
we use probability theory on Banach spaces. The universal convergence,

n

1
~ E Zn,— EZy, ;]
n

i=1

a.e.
=0

Lp(u)

(3.1) [ £ = Elfnlll, ) =

1

with Z,; = K, (z; X;), can be established applying a Law of Large Numbers (LLN)
for triangular arrays in separable Banach spaces. If the convergence holds for every
probability distribution P < u, with f = dP/du € L,(R?,B%, 11), the result is universal.
The case L, requires a separate analysis.

3.1 Convergence in Ly(u), 1 < p < 00

There exists a large literature on probability theory in Banach spaces, see, e.g.,
Xia (1972), Hoffmann-Jgrgensen (1974, 1976), Woyczyiski (1978), Vakhania (1981),
Schwartz (1981), Araujo and Giné (1980), Linde (1986), Pisier (1986, 1989), Vakhania
et al. (1987) and Ledoux and Talagrand (1991), among others. Some LLN for Banach
spaces have been considered by Taylor and Hu ((1987), Th. 4) and Hu and Chang ((1997),
Th. 2.1). The row independence assumption has been weakened by Patterson and Taylor
((1997), Th. 3.2) by assuming weakly negative dependence and that the random elements
have a compact and convex support. Patterson and Taylor ((1997), Th. 3.3) provide an
additional LLN for triangular arrays in B-spaces with Schauder basis, using a negative
dependence assumption. Other results for weighted sums of random elements in B-spaces
have been provided by Ordofiez-Cabrera (1994), Hong et al. (2000) and Hu et al. (2001).

The asymptotic results for sums of random elements depend crucially on the geo-
metric properties of the considered spaces. We say that a Banach space (B, || - ||5) is of
type-y, if 3¢, > 0 such that, for all finite sets {Z;}7; of independent random elements
on B, it is satisfied that,

E

P
i=1

Note that, by the triangular inequality, every Banach space is of type-1. Thus, the only
relevant case is v > 1. On the other hand, the only spaces of type-y for v > 2 is the space
{0}. Hence, the type-y property is useful for 1 < v < 2. There exist many examples of
type-vy spaces. For instance, all the Hilbert spaces are of type-2.

<oy 3 EllZil3)

v
B

THEOREM 3.1. Weak LLN for triangular arrays. Let (B, || - ||g) be a separable
Banach space of typey € [1,2] and {Z,,; : 1 < i < n}pen a triangular array. Assume that
the row elements are independent and E[||Z, ;||B] < oo (then, the Bochner expectation
E|Z,,;] exists). Consider the centered sum,

n

(3.2) Sn =Y (Zn,i — ElZn))-

i=1

If,
B.1. lim,0on™ " 3201 E[||Znsil3] =0,

L
then n~t||S,||g =3 0, and therefore converges in probability.
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Remark 1. A suflicient condition for B.1 is

max B Zol 3] = ofn).

and if {Z,,,;} are i.i.d. by rows, E[||Z,.1]|%] = o(n?1).

Assume that p is a o-finite measure on (R?,B%), then: (a) every L,(R?, B¢, 1) space,
with 1 < p < 2 is of type-p; and (b) every L,(R? B¢, 1) space, with p > 2 is of type-
2. For a proof see e.g. Araujo and Giné ((1980), Th. 7.2, p. 158). Therefore, taking
Zpn,i = Knp, (z,X;), the condition

E[| K, (z, X) ”I;Jp(,t)] = O(np_l)v

is sufficient for the weak consistency of the variation term of delta estimators in
L,(RY, B, ), as {X;} are i.i.d.

Ezample 1. Histogram. Consider the histogram in L,(R%, B¢ \), 1 < p < 2, with
kernel defined by equation (2.3). Notice that

-3 La@)1a(2) "

Ia(2)Ia(2)["
2 @

Ia(x)1a(2)
o Z alx)la

AP

a.e.,

Aem Aem
since the partitions are disjoints. Define

x(m) = inf A(A).

Hence, if x(m,) — 0 with n - x(m,) — oo,

La@)1a(X)|"
P TR

_ Ia X) > aP(A)

Aem

1 1
p—1 E[”Kmn(xsX)“I[J,p()‘)] = np_lE {/

n

_ 1
B [n : X(W"n)]p-1

The universal consistency property in L, follows from Theorem 3.1.

— 0.

Example 2. Orthonormal basis estimators. Consider the orthonormal basis esti-
mator of density functions in Ly(R%, B9, )\), with kernel defined by equation (2.5). As-
sume that m, — oo with m,, = o(n). Applying Fubini’s theorem,

2
dx

§|*—‘

LBl (&, X) ) = B zﬁmymm

mz: mzz (/ ek, ( x)ek2(x)dm) - Eleg, (X)eg, (X))

:lmemm<—1yXWMMHHO
k=1

3!*—‘
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whenever maxx>1 E[lex(X)|?] = maxg>1 [ |ex(2)|?f(2)dz < co. We get universal consis-
tency when this holds for any f > 0, [|f]lL, < 1.

The following result can be useful in order to check the conditions of the previous
theorem.

PROPOSITION 3.1. Let {K,, (z,X;)} be a triangular array in L,(R%,B%, 1) with
1 <p<2and p ao-finite measure. Assume that E[||Kpn,, (x,X)H‘ZP(H)] < o0, then

Bl (5, X2 0] = | [ Vi (2 2P Ghutts)| .

Therefore, if

| [ ot e sentas)| = ot

Li(p)
for all f > 0 with |[fll.,(,) < 1, the variation term of delta estimators converges uni-
versally to zero in probability with respect to || - ||, () norm. This condition is readily
checked for kernel estimators in the following example.

Ezample 3. Kernel estimators. Consider the kernel estimator in L,(R%,B%,\),
with 1 < p < 2, defined by

Ky, (z,2) = a#Hn)K(H;l(z - z)).

It can be proved that Vf non negative with [|f|lz, ) <1,

— o)),
Li(X)

” / \K (WP f(z + Hau)\(du)

Hence,

1
np-1

/ K, (2, 2)P f(2)A\(d2)

1
~ nP-ldet(H, )P !

L1(X)

/ K )P f(z + Hau)A(du)

Li(X)

=0 ([n - det(lmnv-l) |

The sufficient condition is n - det(H,) — oo, applying Proposition 3.1. Universal consis-
tency of kernel density estimators was originally proved by Devroye (1983).

Note that, the above results are not useful when p = 1, because in this case,

[ [ 1@ @) =0,

Li(p)

Ell|Zn,ill Ly (] =

so that the sufficient condition max)<i<n E[||ZnillL,(u)] = 0(1) is not satisfied. The next
subsection is devoted to the Ly convergence of the variation term.
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3.2 Convergence in Ly (1)
In this section we provide an alternative approach, which is specially useful in order .
to deal with Li-spaces.

THEOREM 3.2. Let {Zn; = Km, (2, X;)} be a triangular array in L,(R%,BY, 1)
with 1 < p <2, and consider S, (z) defined as in equation (3.2). Assume that:

(1) n ' maxi<i<n E[|Km, (2, X:)|*] — 0 a.e. [u].

(2) [ sup, Elln 18, (2) Plu(dz) < .
Then [n~'SnllL, (1) 2 0.

If conditions (1) and (2) are satisfied for all probability distributions P <« u, with
[ =dP/du € Ly(11), the weak universal L,-convergence of the variation term follows.

Remark 2. Condition (2), is satisfied when,

o (S,‘if’ [ Knle P ) ) nids) < o

IfllLyeuy<1.f20

Define the maximal operator in L,(R¢, B, p),
a3(f,) = sup [ Kz, 2P Fuld2),
mel

which is a sub linear operator (i.e., aj(f + g) < ap(f) +ap(g) for all f,g € L;). Then,
in order to establish condition (2) universally, we have to check that there exists some
¢ > 0 such that,

(3.3) lon (s D)l sy < el fllz, s

for any f € Ly, with f > 0.

This result is particularly useful to prove weak universal consistency on
L;(R4,B9, )\). In this context, expression (3.3) means that for all non negative f € Ly,

/a;(f, 2)dz = /fnue‘ﬁ (£, @)z < ¢l fllzy0n.

This kind of properties often can be proved using the Hardy-Littlewood-Paley theory.
The Hardy-Littlewood maximal operator on L,(R%, B¢, ),

p*(f,x) = sup f(2)dz,

1
e>0 /\(B(.’E,&)) B(x,¢)

satisfies for some cp 4 > 0, that ||3*(f, z)||L,x) < ¢pallfllL, ) for all f € Ly,. For details,
see Stein (1970), de Guzman (1975) and Wheeden and Zygmund (1977), among others.

Ezample 4. Consider the kernel estimator in L; (R¢, B¢, )), defined by means of,

Ky, (z,2) = gg{%}{—an(HQI(Z - z)).
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Hence, for a.e. z € R%, and all densities f,

n B K 0, 0P = 3 [ 1K, (22) P ()M 2)

If K(-) has compact support C, and there exist constants ¢y, co > 0 such that ¢;Ic(u) <
|K(u)| < colc(u) then,

/ sup / K (2 — 2)| f(2)dedz < cl| fllLyor,
H>0

for all integrable non negative f. Assuming n - det(H,) — o0, the L;-universal consis-
tency property follows from Theorem 3.2.

Ezample 5. Consider the histogram in L,(R% B4 )), with regular partitions and
kernel defined by equation (2.3). For regular partitions, the uniform boundedness con-

dition
/(sglp/ (Z %@) f(z)dz) dx

AEm

/sup Z IA(x)Pf(A) ——=—dr < || fllL, )

is satisfied. This is because the Hardy-Littlewood maximal function,

5 (f.2) = sup B

satisfies ||8*(f, x)llz,(n) < callfllL,(n)- Furthermore, by the Lebesgue density theorem,

mello Z /\((A)IA( )= f(z), ae.

Next, define x(m) = inf gem A(A) > 0, which depends on the dimension d exponentially,
as A is the Lebesgue measure on R?. Condition n - x(m) — oo implies that

Ia(z)I4(X) 2}
A(A)

N E(| Kz, X)P) = ~E [Z

n
AE

P(4)
. Z A(A)erA(x) < T Z A((A) Ia(z)

572 .
S x(m)

0, ae,

as 8*(f,z) < oo a.e. by Fubini’s theorem. The L;-universal consistency property follows
applying Theorem 3.2.
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3.3 Strong convergence

In order to obtain strong convergence, we will use boundedness conditions that are
usually satisfied in the nonparametric framework. The argument is based on Devroye
(1991).

THEOREM 3.3. Strong consistency. Let {Km.,(z,X;)} be a triangular array on
L,(R4,BY, 1), with 1 < p < o0, and fr,, = n~! Sty Km, (z,X;). If there exists an
M > 0 such that,

|Km, (x, Xi)llz, <M, ae, for i€{l,...,n}, VneEN,
then the following assertions are equivalent,
. N I letel
@) [l fm.. = Blfmalllz, "= 0,
- i N a.e.
(i) 1o — ElFan e, =50,
(iii) || fmn — Elfmalllz, 0.

The boundedness condition can be weakened to ||Kp,, (x, X;)||L, < My, a.e., with
Yoo yexp{-n/M?2} < co.

Define,

i/p
M, = esssupHKmn(a: 2, w) = esssup (/]Km (z,z |”,u(dx)) .

z€R4 P

(The essential supremum with respect to P). In order to study strong consistency, we
have to consider the behavior of this sequence.

Ezxample 6. The kernel estimator trivially satisfies that,

M, = su]gi/ IKHn(Z - -’E)Id~77 = |IK”L1(/\) < 0.
ze

In the case p > 1,

1/p 1/p
M, = sup ( J (z—m)wdx) - ( / IKH,.(a:)lpda:)
z€R4

1/p
det(H7 V)P [ |K(H; 'z)Pdx = det(H; )P~ V/P| K| L),
n n P( )

H

so that, it is sufficient that o0 | exp{—n/det(H;1)2P~1/P} < co.

Ezample 7. The histogram satisfies, for p = 1, that,

M, =esssup/ Z La(@)1a(2) dx = sup Z I4(z) =1< o0,
z€R4 Aemn, ’\(A) zeR4 Acmn,
and for p = 2,
2
I4(z)14(2) Ii(z
M? = esssup/ — " dx = esssup/
2€R4 A;n )‘(A) zeR4 A; /\(A)2
= sup Laz) < L

S 2= A = Xy’
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so that, it is sufficient that x(m,) — 0, with 3 ., exp{—nx(mn)} < co.
4. Final remarks

In order to establish the universal consistency of a delta estimator in L,(R?,B%, u)
with 1 < p < 2, two conditions should be verified,

(1) The net {am }met is an approximate identity in L,, and {mpy}nen is a divergent
sequence in L.

(2) ElllKm,(z, X)IF ] = o(n?™!), universally.

If there exists some function ¢(m) which tends to zero with m, such that

Bl Koo X1 01 = O (s )

then condition (2) can be replaced by n-¢(m,) — cc. The first condition establishes the
convergence of the bias term, and the second one implies that the variation term tends
to zero. Usually there is a trade-off between bias and variance. As m,, increases, the
bias decreases, but the variance increases. An analogous result holds in L;(R¢,B¢,)),
replacing condition (2) by the assumption

E“Kmn (‘Ta X1)|2] = O(Tl),

for a.e. x € R%, universally, and an appropriate uniform boundedness condition.

The equivalence of weak and strong consistency is proved under boundedness condi-
tions. If {Kpm,, (2, X;)} are positive and integrate one with respect to z, which is usually
the case in density estimation, the boundedness conditions are usually satisfied in the
Ly-space.

We have not covered problems associated to the choice of an optimal smoothing
parameter, usually defined as

P

m, = inf E
mel

=3 Ko, X)) - £(2)

Lp(p)

In this general framework, an optimum m}, could not exist. For example, if we consider
histograms there is not an optimal partition m} € I unless we introduce additional
restrictions on the shape of the partitions. Nevertheless, there are many families of
nonparametric estimators with optimal smoothing parameter. In the main cases it is
possible to estimate m;, universally, see Devroye and Lugosi (2001) for a monograph of
this topic.

5. Proofs

5.1 Proofs of Section 2
PRrROOF OF THEOREM 2.1. First we prove that conditions (1) and (2) are sufficient.
Part I: Sufficient conditions. Assume that {Qm,}mer is uniformly bounded, and
there exists a dense set G C B, such that

gré}x llom(g) —glle =0, Vgeg.
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By denseness, Ve > 0 and Vg € B, 9 € G such that [[g — g||p < €. By assumption,
Vg € G, 3mg € I such that Ym > mo, ||lam(9) — §llB < e. Then, using the assumption
that {@m }mer is uniformly bounded, the linearity of a,, and the triangular inequality,
it 1s satished that,

loam(9) = gz < llam(g) — am(9)llB + llom(9) - glls + lg - gl s
< lamly=9)lls+e+2 < M-llg—glis+2 < (M+2e

Since € is arbitrarily small, the result follows.
Part II:  Necessary conditions. Assume that {am,}mer s a linear approximate
identity in B. Then, trivially the approximation property holds for dense sets G ¢ B.
Assurme that {@m fmer are bounded operators, but not uniformly bounded. By the
Banach Steinhaus theorem (see, e.g., Rudin (1966)), 3C C B that is a dense G set, such
that
sup lam(9)|lp = 0, VgeC.
mel

Furthermore sup,, o {lam(g) — gllg = o0, for all g € C, since ||gllp < > and by the
triangular inequality |, (9) — g9lls 2 [lam(9)lls = ll9llBl, Vg € B. On the other hand,
Vvmel

leun(9) — gl < llam(9)lls + llglls < oo,

hence, the supremum is equal to the limit,

lim [lam(g) - glls = sup lom(g) — glls =0, VgeCl.
mel mel
This contradicts the assumption that {a, }mer is an approximate identity.

Proor OF COROLLARY 2.1. It is sufficient to consider that sup,,cq {jam(lp < o0.
Hence,

lam(gr) = gl < llam(g,) — am(9)llB + llam(g) — gllB
sup flam||z - llgr — 9llB + llam(9) - gll5-

mel

IA

PrOOF O THEOREM 2.2. The theorem follows applying Theorem 2.1 and the fol-
lowing lemmas.

LEMMA 5.1. Let {cum}mer be a net of linear operators in L,(R%, BY 1) with 1 <
p < 00. Then for all m € 1, the norm of the operator verifies,

loamlle, w < llelmllz, -

Furthermore, the uniform boundedness of {|ct|m }mer implies the uniform boundedness of
{am}mel[-

ProOF. Consider a Riesz space (B, <), defined as a linear space B endowed with
a partial preorder <, such that for all pairs {f, g} C B, their supremum and infimum
both exist. For any f € B, define |f| = sup{f,—f}. We say that (B,] - ||5,<) is a
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Banach lattice if (B, || - ||g) is a Banach space, (B, <) is a Riesz space and the norm
Il - 1| B is lattice (i.e., |f] < |g| implies that ||fi|g < ||glls for all f,g € B).

In particular all L,(R%,B% u) spaces, endowed with the preorder “f(z) < g(z)
almost everywhere” are Banach lattices. If f € LP(Rd,Bd, ), then,

lam (f)(z)] S/IKm(z,Z)Ilf(Z)Iu(dz) = lafm(Ifliz)  as. (4]

As the norm || - ||, (,) is lattice, Vf € L,

(

lom (O, < Nedm (D2, < Nledmliz, - 11|z, w)-

The previous lemma and assumption A.1 imply that {au, }mer is uniformly bounded.
Note that the space C.(R?) of continuous functions with compact support is dense in
L,(R% B4, 1), with 1 < p < 0o (see e.g., Rudin (1966), Th. 3.3.1). By Theorem 2.1, it is
sufficient to establish that,

'}117,131 HQWL(f) - fan(;L) =0, vfe Cc(Rd)
LEMMA 5.2. If the net {oum,}mel satisfies the conditions of Theorem 2.2, for all

f € C.(R%),
rlrlzrer}l ”am(f) - f”L,,(u) = 0.

Proor. For any f € C.(R?), define h(z,z) = f(2) — f(z). By A.2,

lam(£)(@) = F@)z,0 < / h(z, 2) Kz, 2)p(d2)
LP(N)
1@ loollm(1)(@) - 111,

(5.1) _ / bz, 2)Km(z, pldn)|  +o(1).

Lp(p)

Since h(z,z) € C.(R% x R?) we can restrict the measure y to a compact set C. The
restricted measure is denoted by pc. Then, the first term in (5.1) is bounded by

(5.2)

/ 12, )| Kon(,2) i (2
{z:|lz—z| <6} Lo(ue)

+

/ h(z, 2) Km(z, 2)pc(d2)
{z:llz—=2|>6} Lp(uc)

Since f is uniformly continuous, for all € > 0, 3§ > 0, such that, if ||z — 2z|| <  then
|h(z,2)] = |f(z) — f(2)] <e. Thus, (5.2) is bounded by,

[ +

Lp(ll'C)

[ 1K@, 9o (az) /{ L CELACRRID

Lp(}"C)



UNIVERSAL CONSISTENCY OF DELTA ESTIMATORS 809

By A.1 and A.3 the first term is arbitrarily small, since

sup | [ 1Kn(z, 2luc(d2) < sup | [ 1K (s, )] To(2)ulds)
mel Ly(uc) mel Lp(u)
< sup el 1,0 - ez, 0
mel

= sup |||alml|z, () - #(C)/? < 0.
mel
The second term is bounded by

— 0
mel
LP(HC)

172]loo -

/ | Eom(2, 2) i (d2)
{z:)}xz—2z||>6}

by ||h]lec < 0o and A 4.

PrROOF OF PROPOSITION 2.1. The proof is similar to Theorem 2.2, noticing that,

lom(F) (@) — (@)1, 00 < H / b ot @) |

F o (1) (@) ~ Ul ooy - 112,00

PrOOF OF PROPOSITION 2.2. Since |al,, is a monotone operator and the norm
|- Iz, is lattice,

<67°

LP(HC)

— g,
Lp(n)

/ Iz — 2°| Kom (2, ) 1(dz)

/ K2, 2lpic(d2)
{z:llz—=2|>6}

thus A.4 is satisfied.

Proor OF PrROPOSITION 2.3. This is an immediate consequence of Lebesgue’s
theorem of dominated convergence.

PrROOF OF PROPOSITION 2.4. We use Theorem 2.2. First note that assumption
S.1 implies A.1, as a consequence of the next result.

LEMMA 5.3. Generalized Young’s inequality. Set K,,(u) € L1(R* B% )). Then
Vf € L,(R%,B% \) with 1 < p < oo,

P 1/p
dx) <Nl £z, 00-

b @ iz, = ( [ \ [ 1Kt = 05002
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ProOOF. Using the integral Minkowski’s inequality, Fubini’s theorem and the in-
variance of the Lebesgue measure under translation, it is satisfied that,

- (/( le(u)l'If(xJ”U)Idu)pdx)l/p
/(/(IK'”(“)I : 'f(37+“)l)”dg;)1/p "

1/p
= [ 1w ( / If(x+u)l”d:c) du = [ Kmllacn - 11200

IN

Note that A satisfies A.3. Assumption A .4 is a consequence of S.3. For each compact
set C,

/ Kz — 2)lz = 2| Ao (dz) = / e = o)l = oz = / K ()l

ueC—zx

after a change of variable u = 2 — z. Then,

| [ Eenta =iz pot@n]| = [ il

LP()‘C) LP(AC)

< / K () tllds - 112, (2

_ /le(u)Hlquu A(C)P 0.

PROOF OF PROPOSITION 2.5. We apply Theorem 2.2. First, we check condition
A.1. Note that a, is a positive operator, so a,, = |@|n,. For all m € [,

I4(x)Ia(2)

NA) dx:esssupz I4(2) =1,

z€RYLA pcm

et 4y = ess sup / 3
2€R4 Aem

s

then {|a|m }mer is uniformly bounded in L; (R%, B2, \).
A.2 is immediate since, Ym € 1,

am (1)(x) :/ (Z %@) dz= ) Ia(z)=1 as [A.

Aem AEm

The measure A satisfies A.3. Now we will check A.4. Let A\c be the restriction of A
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to any compact set C, then,

lim
mel

/ |Kom(2,2) A (d2)
{z:||z—2|>6} Li(Ac)

= lim Ta(z)14(2) . -

_rlnell ‘AZI||$—ZI|>5} (,426;11 /\(A) )AC(d ) /\C(d )
: Jtto o=z >5yna) Md2)

< i A;n ( MA) Ia(z)| Ac(dz).

But we can take a fine enough partition mg € Iy with a maximum diameter arbi-
trarily small, i.e., such that for every A € ms, sup, ,c 4 ||z — 2|| < 6. The same holds for
all m > ms. Then

Jtztz—szs3nay Ad2) ()
aeh A(A) A4

Thus, Ym > mg,

0, VAem, Ym > ms.

Z (f{{z:||x—z!\>(i)ﬂA} )\(dz)) Ia(z)=0 as. [},
Aem

and by dominated convergence,

> (f{{z:||x—zil>6}”“‘} Mdz)) Ia(z)

Acem /\(A)

lim Ac(dx) = 0.
mel

PrOOF OF PROPOSITION 2.6. First, notice that the set S of all simple and mea-
surable functions g, such that p({z € R? : |g(z)| > 0}) < oo is dense in L,(R%, B, u),
whenever 1 < p < 0o (see e.g., Rudin (1966), Th. 3.2.8).

LEMMA 5.4. The partition net {om}mer Satisfies the approzimation theorem on
L,(RY B, u), with 1 < p < oo forall g € S.

ProoF. Simple functions g € S, can be expressed as,
S
9(2) = Br1p,(2),
r=1

for some finite measurable partition m = (Bi,...,B,) of R?, with u(B,) < oo for
r=1,...,s By definition,

am(@)() = 3 (@ / g(Z)u(dz)) I4(2)

Aem

° 1
Z ( 1ffrWA)/AIBT(z)u(dZ)> I4(z)

Aem \r=

2 AN B,
= ( lﬁrg—(—ﬁ&)—)) Ia(z).

Aem \r=

i
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Thus, using that ) , ... Ta(z) aelul 1,

> (Zﬂr ﬁ&B )) La(z) = Y Brlp,(z)

lem(9)(z) = g(@) ) =

Aecm \r=1 Lp(w)
— Z ( ) (Z Brip(AN B,y — u(A)fBr(m)]> I4(z)
Aem M Lp(p)

Therefore,

llewm (9)(@) ~ 9@ Loy € S ﬁ S B (AN BYIa(@) - p(A)Is, (@Ia@)]
Aem r=1 Ly ()

which tends to zero when m increases. Namely, if Wi < m, then VB, € T and VA € m,
we have one of the following cases:
(i) AN B, =0 and therefore (AN B,) =0, I snp,}(z) = Ig(x) =0, or
(i) A C B, and thus u(AN B;) = u(A), Ijang,}(x) = La(z).
This implies that VB, € m < m,

14(A N Bo)Ia(2) — (A s @)z
1/p
- ( [iutan B1a@) - u(A)I{AnBr}mlpu(dz))
=0.

In other words, Vg € &, 3m such that Vm > 71 the approximation error is |lam(g) —
Iy =0

The result follows by Theorem 2.1 and the following lemma.

LEeMMA 5.5. If p is absolutely continuous with respect to the Lebesgue measure,
the positive X, linear operators {Qm ymer are uniformly bounded in L,(R%,B, ), for 1 <
P < 0.

ProoF. First notice that in L; (R?, B¢, 1), the norm of oy, satisfies,

u(dz)

lam iz,

La(2)a(2)
Z A AA

esssup/le(x, 2)lp(dz) = esssup/

zeRY, zeR%,p Aem ( )

ess sup Z Is(z)=sup 1=1.
z€R4 Iy’ Aem zeR4

Also, in Lo (R%, B¢, 1), noticing that K, (z,z) is continuous a.e. (since u < A the
discontinuity points have measure null), and

Ia(2)Ia(2)
2 |

”am“Lm

esssup/lK z, z)|p(dx) = esssup/

z€R4, z€R4 i Acm

= eSS sup Z I4(z) = sup 1.
z€R4 Acm zeR4
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For 1 < p < oo, the L, boundedness follows from the Riesz-Thorin interpolation
theorem.

Proor or ProprosITION 2.7. Assumption O.1 implies that A.1 holds. Note that
the projection operators {ay, }mer have norm

. 1/2
lamllzau) = <ZI froex)ny )l ) < edmll 2o -

|f||L2(“)<1
We only need to check A.2 to A4. Note that, since eg,(z) = 1, a.s. [u], then

vYm > ko,
ne amD@) =1 as [

because 1 belongs to the space span ({ex}is,), and its projection is just equal to itself.
Assumptions A.3 and A4 are a consequence of 0.3 and O.4, respectively.

5.2 Proofs of Section 3
Proor orF THEOREM 3.1. As the space (B, | - ||B) is of type v € [1,2], there exists
¢y > 0 such that
~
E [ ;;Z(Zn,i = E[Zn,]) }
B

by the triangular inequality and the C, inequality. On the other hand, the Bochner
integral satisfies ||E[Z,;]||5 < Ell|Zn,illB]Y < E[||Zn:|}] (see Araujo and Giné ((1980),
Prop. 2.2) and apply Jensen’s inequality). Thus,

- A 77
LS s Bz )| | e Do sl
i=1

1 n

I/\

1 n
—;Z 11Z0,i — ElZn,)[5]

Y TNY
S c’y . 2’7“1 Z ”Zn,z”B] + “E[Zn,z]”B’

ny

i=1

~

nv

B

PROOF OF PROPOSITION 3.1. By Fubini’s theorem,
12031 ) = B B & X002 ) = B | [ 1, (2, X))
= [ Bl @ X0PIn() = [ | [ 1o (o 20 S (0| )
= ||/ (o 2P S )

Li(p)

ProOF OF THEOREM 3.2. Notice that for each z € R? the family {K,,_ (z,X;)}
is an R-valued triangular array. Notice that R is a Hilbert space and, therefore a type-2
space. Applying Theorem 3.1, condition (1) implies that,

n

Z K, (%, X:) = E[Km, (z,X:)]) 53

3|'—‘
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and therefore E[[n~'S,(z)[P] — 0 for any p € [1,2], that is

$n(@) = Eln"'Su(2)"] = E

p
}——»0.

This result holds for a.e. z € R?, with respect to u (by assumption 1). Notice also that
condition (2) states that,

LS Ko (0) — Bl (5, X))

/sz;;; dn(z)p(dz) < 00.

Hence, by Fubini’s theorem and Lebesgue’s dominated convergence theorem,
Elln™'8a(@)If ) = [ Bln~'Su(@)Plu(do) = [ én(ohutdz) - 0.

Then, Markov’s inequality implies [|n 'Sy (z)||1, () 2 0; that is, the weak L,-conver-
gence for the variation term.

ProOOF OF THEOREM 3.3. It is well known that complete convergence implies
almost sure convergence which implies convergence in probability. We will prove that
convergence in probability implies complete convergence.

LEMMA 5.6. Under conditions of Theorem 3.3, then, for all § > 0,

P\ frn — Elfmulliz, — Ellfrn — Elfmalllz, )l > 6) < exp{~nA2/4M?}.

PROOF. The result is a consequence of McDiarmid’s (1989) inequality. Consider

a real function g(X4,...,X,) where X, are independent real variables. If g satisfies for
each ip € {1,...,n},
sup 9(X1,..., Xig,---» Xn) —9(X1,. .., Xih oo Xn)| < i
X!, €B

with probability one, by McDiarmid’s inequality,

1=1 Ci

—)\2
Prilg(X1,...,Xs) — Elg(X1,...,X,)]| > A] <exp {T—z} .
Devroye (1991) and Devroye et al. ((1996b), p. 136) provide an introduction to
McDiarmid’s inequality.
Consider the function

9Xsye s Xn) = [0S Koo (8, %) — Bl (@ X)]|| = 1 — Bl
i=1 L,
For any a,b belonging to a normed space, ||la]| — ||b]]| < |la — b]| is satisfied. Thus, for

each ip € {1,... ,n},

sup lg(Xl,‘.. ,Xio,... ,Xn) —g(Xl, ’Xl{()"" ,Xn)\
X, ERd
a.e. 2M
sup HKmn(.’B,XiO)—Kmn(ac,X{O)HLP < =

1
<= <
™ x| erd
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Therefore,

—n)2
Png(Xl"" , Xn) = Elg(X1,... , Xa)]| > A < exp{T]\fé_}’

applying McDiarmid’s inequality.

The proof of the theorem is now immediate, considering the centered sums of the tri-
angular array. Notice that under the boundedness condition, convergence in probability
implies that R N

E(lfm. — Elfm.]llz,] = o(1),

by the dominated convergence theorem.
Therefore, Ve € (0,6) and § > 0 there exists an n(¢) € N such that Vn > n(e),
E[| fm. — E[fm.)lz,] < €, and by the triangular inequality,

P(||fn ~ Elfmalllz, = 6) < P(|fm, — Elfmnlllz, = Elll fron = Elfmalllc,]] =6 —¢),

with 6 —e > 0. By the previous lemma, the right-hand side of last expression is bounded
by exp{—n(é ~ €)/4M?}. Thus, complete convergence holds. The extension to the case
of increasing constants M, > 0 is trivial.
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