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Abstract. In two-component mixtures of exponential distributions, different
strategies for starting the likelihood maximization algorithm converge to different
types of maxima. The power of an LR test of homogeneity against such a mixture
strongly depends on the considered strategy, and global maximization need not result
in the largest power. An explanation is given on basis of a systematic investigation
of the likelihood function in a large number of simulations, using a variety of diag-
nostic tools. Thereby, we also gain a deeper insight into the properties of the samples
that generate particular types of solutions of the likelihood equation. In particular,
“spurious solutions” often occur; these are mainly responsible for the fact that global
maximization may not result in a statistically meaningful estimator. Removing the
smallest elements of a sample may drastically increase the power of previously inferior
strategies.
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1. Introduction

In mixture models with restricted number of components, the likelihood function
may have multiple local maxima. Examples are given in McLachlan and Peel (2000).
For calculating local maxima, the EM algorithm is often applied. This is an iterative
algorithm that needs a starting point. The possible existence of multiple maxima implies
that the choice of its initial value(s) is an important issue. This problem has been treated
by several authors; for recent discussions, see for example Biernacki et al. (2003) or Karlis
and Xekalaki (2003).

On the other hand, one might be led to the wrong conclusion that there are several
local maxima if the maximization method does not work well enough. Karlis (2001)
gives an example of a sample from an exponential mixture, where at first glance the
likelihood function seems to have several very different local maxima (reached from
different starting values). However, if the EM is run for a large number of additional
iterations, all starting values finally converge to the same estimator. This observation
indicates that the flatness of the likelihood function in certain areas is an additional
source of the unpleasant behaviour of likelihood maximization in mixture models.

*This research has been supported by a grant from the Deutsche Forschungsgemeinschaft.
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These shortcomings have implications on the statistical performance of likelihood
methods. For example, in Seidel et al. (2000a), the likelihood ratio test for homogeneity
against two-component mixtures of exponential distributions is investigated by simula-
tion. Under the alternative hypothesis, the likelihood is maximized by the EM. It is
demonstrated that its starting value and also the type of stopping rule applied strongly
influence the empirical properties of the test.

One might argue that these observations are not surprising, as a statistical proce-
dure that is not based on the true likelihood maximum clearly has inferior properties.
However, it is shown in Seidel et al. (20000) and in more detail in Seidel et al. (2000¢)
that global maximization does not result in the best test.

As subglobal likelihood maximization may give better results, it seems to be advan-
tageous to define a likelihood ratio test in terms of the maximization algorithm. If the
latter is properly specified, the test statistic has a well defined theoretical distribution
under each parameter value, therefore critical values and the power of such a test are
well defined theoretical concepts. Although only the empirical behaviour of the tests
has been studied in our simulation experiments, the differences between the considered
variants are so evident for the observed phenomena that our conclusions seem to hold
also for the theoretical behaviour. However, a satisfactory explanation was still missing.
Such an explanation is given here.

It has already been observed in Seidel et al. (2000b) that the inferiority of certain
tests might be caused among others by spurious solutions of the likelihood equation,
resulting in artifactual components. This conjecture is strongly supported by the obser-
vations reported here. There is a typical pattern in samples from mixtures of exponentials
that causes such spurious components, and removing the smallest elements of a sample
may drastically increase the power of previously inferior strategies.

These and other features of likelihood functions are investigated here in a systematic
way in a large number of simulations, using a variety of diagnostic tools. Thereby, we
gain a deeper insight into the different kinds of solutions of the likelihood equation in
two-component mixture models, into the properties of the samples that create these
solutions, and into the implications on the behaviour of likelihood ratio tests. Similar
observations were made in other mixture models, too. In particular, it follows from our
studies that the global maximum of the likelihood function is not always a statistically
meaningful solution of the likelihood equation.

2. Likelihood ratio tests for mixtures of exponentials

2.1 The mizture model
For z > 0, let

1
(2.1) fl@,0) = ge=*/°
denote the density of the exponential distribution with expectation # > 0. The

density of the mixture of m exponential distributions f(z, 61),.. ., f(z, 6m) with mixing
weights p1,...,pm (0 < pj < 1) is given by

f(ZL',P) = Zij(JJ,@j),
=1
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P 6, --- 6,
pl-..pm

denotes the parameter of the mixture. Suppose that zq,...,z, is the outcome of a
random sample of size n with respect to some observation X. The log likelihood of P is

the matrix

(2.2) I(P) = Zlog f(zs, P).

For m = 1, we obtain a homogeneous population with parameter 8 = 6;; here, the log
likelihood is written as I(6).

We are especially interested in the likelihood ratio test of the null hypothesis of
homogeneity, namely that X ~ f(z,0) for some 6, against the alternative hypothesis
that the distribution of X is a two-component mixture of exponential distributions,
X ~ f(z, P) for some P with m = 2. For m = 2, we usually set p=p;. Thenpz =1-p
and P can be written as

P= (01,92,[)).

Note that the parameter P of a true two-component mixture (i.e., 6; # 63 and 0 < p < 1)
is identifiable in the sense that the only parameter P that describes the same mixture
is obtained from P = (61,62,p) by “label switching”, namely P = (6,0:,1 — p). The
situation is different for a homogeneous population with parameter 6, say: it is described
by all mixtures with parameter P = (6;,0,,p) and

(2.3) (1 =6andp=1)or (f2 =6 and p=10) or (6 =02 =6).

Under homogeneity, the log likelihood [(#) is maximized by 6§ = 7, the sample mean.
Under the alternative hypothesis, a likelihood estimator Pof Pisa parameter value
that is defined in a particular way in terms of [(P), a special kind of a local maximizer,
say. Any local maximizer P in the interior of the parameter space satisfies the likelihood
equation (81/86,,01/86,,01/8p)(P) = 0. Let

(2.4) 7:.(0,P) = —f(:c(i),P)
and
(2.5) S(6,P) = in(G, P),

where z(1) < z(2) < --- < Z(y) denotes the ordered sample. Using these expressions, the
likelihood equation can be rewritten as
i _ 21 Z@7i(05, P)

2.6 b, = 2) . j=1,2
(26) d 5(0;,P) ’
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and

(2.7) p = (p/n)S(b1, P).

This form of the likelihood equation is often used in mixture modelling as a starting
point for deriving the EM algorithm, see for example Lindsay (1995), Subsection 3.2 or
McLachlan and Peel (2000), Subsection 2.8.1. We additionally arrange the terms in the
sums in the order of the elements z(;), this will be useful in the discussion of spurious
solutions.

The likelihood ratio test is based on the difference dy, of the log likelihoods of P and
6. For better comparison to critical values reported in the literature, we consider as test
statistic

(2.8) 2d, = 2[l(P) — 1(8)).

In standard statistical models, this test statistic has a x2-distribution. However, in
mixture models this is no longer true. The nonidentifiability of the model under the null
hypothesis implies a breakdown of the regularity conditions for the classical asymptotic
theory, this is discussed among others by Ghosh and Sen (1985) and by Lindsay (1995).
Here also exact theoretical results are developed for certain special cases. For example,
in the article by Ghosh and Sen (1985), the limiting distribution for 2d, in a model
of normal mixtures is derived under a strong separation condition and a compactness
assumption for the parameters. On the other hand, Hartigan (1985) shows that without
the compactness assumption 2d,, is asymptotically infinite. A variety of asymptotic
results has been derived under special conditions or in restricted models, see for example
McLachlan and Peel (2000). It has been claimed that the separation condition of Ghosh
and Sen (1985) can be removed. In fact, without assuming such a condition, Dacunha-
Castelle and Gassiat (1999) show that 2d,, converges for a rather general class of models
to a Gaussian process indexed by the closure of the convex cone of directional score
functions. This generalizes also the results of Lindsay (1995). Their approach, however,
does not lead to optimal assumptions. Essentially the same limiting distribution is
obtained in a more general setting in Liu and Shao (2003).

2.2 The EM algorithm

A standard algorithm for maximizing the likelihood function in mixture models with
finite number of components is the EM algorithm, see Bohning (2000) or McLachlan
and Peel (2000). It is an iterative algorithm that starts from some externally chosen
initial value P° = (#9,69,p°) and generates a sequence P* = (6% 6% p*), k € IN, of
improved estimates. It can be derived from the likelihood equation; in our situation of a
two-component mixture of exponentials, P**t1 can be computed from P* by substituting
P* into the right-hand side of equations (2.6), (2.7). This results in the iteration

n L pk)
29 19+1 — Zzzl .11(1)7'1( YR : =19
( ) 0] S(Q;“,Pk) J ? b
(2.10) PPt = (pF/m)S (67, P*).

The sequence (I(P*))re is nondecreasing. For stopping the iteration, we apply a crite-
rion based on directional derivatives, see Bohning et al. (1994) and Lindsay (1995):
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S(6,P) — n has the properties of a directional derivative of I(P) in the direction of 6.
Let acc > 0 be a given level of accuracy. In the same way as in the algorithm described
in Béhning and Schlattmann (1992), we stop the iteration at P = P* if

(2.11) max{S(6F, P*) — n,S(65, P*) —n} <n-acc and k>3

For simulating the quantiles and power of likelihood ratio tests, we chose in previous
studies acc = 1075 and set the maximum number of EM iterations to 5000. However,
for the more detailed investigation here, we choose acc = 107! and set the maximum
number of EM iterations to 100 000. The only exception is the multistart strategy (see
below), which would lead to an extremely slow algorithm. A detailed discussion of the
choice of accuracy can be found in Seidel and Sevéikové (2002b).

2.2.1 Starting values

We consider the following starting strategies:

e minmaz: P® = P2, .. = (2a),%(n),0.5), resulting in an estimator Prinmax-

o mean: P° = PO . = (0.57,1.5Z,0.5), resulting in an estimator Ppean.

e multistart: This strategy is based on a version proposed by Bohning (2000) (p. 69,
“Gold Standard”) with a modification described in Seidel and Sevéikova (2002b), it uses
64 starting values.

e mazimum: the EM is started from both P9, . and P, .. Then Ppaximum is
the element of { Prinmax, Pmean} With the larger likelihood.

Bohning and Schlattmann (1992) claim that initial values with p = 0.5 and well
separated parameters 6; and 0> often yield the global maximum, therefore they propose
to use minmaz as a possible starting value. The multistart strategy is an approximation
to global maximization. We found that in exponential mixture models, mazimum results
in tests with nearly the same quantiles and power as multistart. Therefore in this paper,
we address minmaz and mean as representatives of a large variety of possible starting
values.

2.3 Performance of the tests

In Seidel et al. (2000a, 2000b) and, in more detail, in Seidel et al. (2000¢), the
performance of different versions of the likelihood ratio test for homogeneity is analyzed.
For the starting strategies of Subsection 2.2.1, the theoretical distribution of the test
statistic 2d,, (eq. {2.8)) under the null hypothesis does not depend on the parameter 6.
In the papers mentioned above, simulated critical values of a level « test, i.e., the 1 — a
quantiles of 2d,, are shown for different sample sizes and several levels a. The quantiles
based on minmaz are always (considerably) larger than the quantiles based on mean,
consequently minmaz has better optimization properties under the null hypothesis. Of
course, multistart results in the largest quantiles.

For mixing proportions p € {0.1,...,0.9}, the power of the tests based on different
starting strategies has been simulated for P = (6,65, p) with §; = 1 as a function of s,
02 > 1. Some typical power curves are shown in Figs. 1 and 2 (e = 0) in Subsection 3.2.
Usually, the following ranking of the strategies is observed (Fig. 1): mean has the largest
power, minmaz has the smallest power and is often strongly inferior. This seems to be
somewhat surprising, as under the null hypothesis, minmaz has much better optimization
properties than mean. Perhaps the most striking result is that global maximization,
represented by multistart or mazimum, has always smaller power than mean, often it is
considerably worse. We shall refer to this ranking as the “typical behaviour”.
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Lower contamination models, here represented by p = 0.1 and 62 > 1, behave
differently for small sample sizes, as Fig. 2 (e = 0) in Subsection 3.2 shows. For 6y < 10,
the typical behavior is observed. However, for 65 > 20, mean has a smaller power than
minmaez; here, mazimum is the best strategy.

3. Spurious components

In former studies we observed that the striking behaviour of likelihood ratio tests
may be caused by the occurence of “spurious local maximizers” of the log likelihood,
where an “artifactual” mixture component is fitted to a small group of sample points.

3.1 Properties in exponential miztures

In samples from exponential distributions, often extremely small data points occur.
In such cases it is quite common that a sharp local maximum exists at a parameter
P with a very small first component 6; having a small mixing weight p and a second
component 8, near T. However, this is not a parameter that describes a homogeneous
popuiation in the sense of equation (2.3); typically, I(P) > I(Z) holds. In samples from
homogeneous populations, there is often a global maximum in such P.

In the described situation, the first component of P is “spurious” in the sense that
it does not correspond to a genuine group in the population from which the sample is
drawn. Here, such P is called a “spurious local maximizer” or a “spurious solution of
the likelihood equation”. Of course, each component of an estimator P that does not
correspond to a component in the population is in some sense “spurious”. However, we
will reserve this term only for components which are fitted to a small number of “extreme”
data points. Such phenomena have been observed in mixtures of normal distributions,
see for example McLachlan and Peel (2000): a component with a very small (generalized)
variance is fitted to a small group of data points located close together. This is similar
to the situation considered here, as an exponential distribution with a small parameter
6, has small variance, too. However, we observed spurious components also in mixtures
of location families of normal distributions with fixed variance, in which a separate
component was fitted to one or two small or large outliers.

The character of a spurious estimator P in a mixture of exponentials can be de-
scribed in more detail. Here, we give only a crude heuristic characterization, which
nevertheless contains essential features of a possibly finer analysis. In samples with
small z(;), there is often a (small) index p such that the first p order statistics are much
smaller than the following elements (x(,41) ~ 10z(,), say). We shall refer to these ele-

ments as “small outliers”. Then 6; is usually approximately the mean of the group of
small outliers, § is proportional to the size of this group and 6 is approximately equal
to the mean of the remainder of the sample. In this sense, P fits a spurious mixture
component to the group represented by 8.

To give a heuristic motivation of the existence of a solution of the likelihood equation
of this type, we define w;(01,0:) = (61/62) exp((z()/01) — (%(:)/62)). Then 7;(61, P) =
1/[p+ (1 — p)w;(61,62)] and 7;,(02, P) = 1/{1 — p+ p/w;(61,02)]. Suppose that a sample
with p small outliers is given and consider a parameter P such that z(;) < 6; < z(,)
and ¢ is large compared to x(,). Then 6, /02 is very small. If the first p elements are
located close together and if 2(,,1) is much larger than z(,), we obtain in the limit (see
Example 3.1 and, even more pronounced Example A.1 in Appendix A):



TYPES OF LIKELIHOOD MAXIMA IN MIXTURES 637

o For i < p, exp((%(:)/01) — (x(5)/02)) =~ exp(1), therefore w; (61, 02) =~ 0, 7;(61, P) =~
1/p and 7;,(62, P) =~ 0.

o Fori> p, z(;)/0: is large and exp((x(;)/61) — ((;)/02)) is large compared to 61 /62,
therefore w;(61,02) is large. Consequently, 7;(6,, P) = 0 and 7;,(62, P) = 1/(1 — p).

With these expressions, we obtain approximate likelihood equations with solution
(07,03, p*) as follows:

Equation (2.7), written as n = S(6,, P), has approximately the form n = p/p with
solution p* = p/n. Equations (2.6) give approximately

! f=1 1/p P ®

and

o — > pr1Z@/(1-p) 1 z": 26
2 = = 0)-
Y l/(l-p)  n-p L

Let P = (61,604,p) ~ (67,03, p*). Then for small 4,

f(z@y, P) = (0/61) exp(—zy/01) + (1 — p)/62) exp(—z 3y /62)
~ (p/é1) exp(~1) + ((1 ~ p)/2) exp(0)

is of magnitude p/f;, and therefore the first terms in the sum defining I(P) (eq. (2.2))
are large. The remaining terms are of the same magnitude as log f(z(;), T), which is the
contribution of z(;) to the log likelihood of T under homogeneity.

Moreover, in a sample of the considered type, the EM with starting strategy minmax
usually converges to the spurious maximizer P. This will be discussed later, but it can
also be made plausible by applying the above approximations to the EM iterations: For

P2 max = (Z(1), T(n), 0.5) we obtain after one step:
01 — Z?:l x(l)TZ(0?7 PO) ~ Z’ip=1 x(l)/05 — l Ep:m N = 0*
LT (8, PY) 05 e 0T
ol — Yo z@T(03, PY) Y, Tm/05 1 i 20 = 04
2 — [0 ~ - ) — V2
Zz‘:] Ti(ag, PO) Z?:;;-H 1/0'5 n—p i=pt1 ’
and

0.5 — 056~ 1 p
1__ Yo (0 PO =2 L _ P _
b = n ;Tz(elaP) n ;0'5 n .

Ezample 3.1. (Three small outliers) We discuss the properties of a parameter es-
timate that fits a spurious component to the first three order statistics. An additional
example for a highly pronounced spurious estimate is given in Appendix A. We con-
sider a particular sample of size n = 200 from a homogeneous population (§ = 1) with
z(1) = 0.000155 and T = 1.0308. Observe that for such a sample, the expectation of z(;)
is 1/n = 0.005, therefore x(;y can in fact be considered as small.
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Table 1. Contribution of sample points to likelihood equation at Ppinmax and to the log likelihood.

P = Pminmax P = ﬁmean

i T(3) w;i(01,62) 701, P)  Ti(62,P) 1;(P) 1i(P)
1 0.000155 0.000542 71.460227 0.038756 3.206438 —0.030485
2 0.000163 0.000554 71.401761 0.039554 3.186059 —0.030493
3 0.000913 0.004098 57.138012 0.234145 1.407062 -0.031220
T i0a 7.799558 —0.092197
4 0.008864 6788651.8 0.00000015 1.013642 —0.065914 —0.038934
5 0.010777 1.1 x 10° 0.0 1.013642 —0.067745 —0.040790
200 5.831890 00 0.0 1.013642 —5.638952 —5.687974
T cem ~208.621691 —205.974668
T o —200.822133 —206.066866

The estimators are f’minmax = (0.000375, 1.044857,0.013459) with likelihood differ-
ence 2d,, = 10.4895 and Ppean = (1.0308,1.0308, 0.45) with likelihood difference 2d,, = 0.
Table 1 shows the order statistics x(;) as well as the quantities w;(6y,6,), 7:(61, P)

and 7'1(92,P) for the first indices i with P = Pmmmax In addition, the contrlbutlons
I; (P) log f(z @), P) of z(;) to the log likelihood l(P) for P = Ppinmax and P = Prean
are shown.

_ Clustering the sample points according to the Bayes criterion with respect to
Prinmax (see Subsection 5.2.2) allocates the three smallest sample points to the first
component and the remainder of the sample to the second one. Let us finally note
that a clustering of estimators derived from all starting values of multistart (see Subsec-
tion 5.1.2) results in two clusters represented by P,mnmax and Pmeam

3.2 Implications on the power of tests

The likelihood function of a spurious maximizer P in a sample from a homogeneous
population that follows closely the described pattern with p = 2 is displayed in Seidel
et al. (2000b). There is a sharp local (even global) maximum in P with the shape of a
thin needle, i.e., I(P) is larger than [(Z) only in a very small neighbourhood of P. In
the usual plots of the likelihood surface (maximized over p) it is invisible due to a too
coarse resolution.

To see if small outliers really affect the properties of tests, we performed the follow-
ing experiments: in 10 000 samples of each of a variety of populations (a homogeneous
and several mixtures), we removed the first e elements of the ordered sample and cal-
culated the LR test statistic for minmaz and mean from the remainder of the sample.
Table 2 shows for n = 200 the simulated 1 — a quantiles of the new test statistic under
homogeneity for several values of e with & = 0.1.

All quantiles are rapidly decreasing with increasing values of e. Moreover, the
(relative) differences between minmazr and mean vanish; for n = 200 and e = 3, both
are almost equal. For larger values of e, the quantiles of minmaz are even smaller than
these of mean. For n = 1000, the quantiles of minmax are very sensitive to the choice of
the accuracy level in the stopping rule of the EM (eq. (2.11)), see Seidel and Sevéfkova
(2003).
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Table 2. 1 — & quantiles (o = 0.1) of 2d, after removing the first e elements of the ordered
sample under homogeneity.

n [ mean  MInMmax
0 2627 3.589
1 2218 2.290

200 3 1.601 1.621
5 1.172 1.166

10 0.505 0.493

1 1
09 F 09
08 0.8
0.7 07
a;; 06 g 0.6
& o5} 8 osf
04 . 1 0.4 + .
minmax, e=0 —— minmax, e=0 —+—
0.3 minmax, e=1 ---x--- - 0.3 minmax, e=3 ---s%--- |
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Z maximum, e=0 --#-- maximum, e=0
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o

Fig. 1. Power (a = 0.1) as function of 8 for p = 0.7 and n = 200 after removing the first
elements of the ordered sample. Left panel: e = 0 and 1; right panel: ¢ = 0 and 3.
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Fig. 2. Power (o = 0.1) as function of 62 for p = 0.1 and n = 200 after removing the first e
elements of the ordered sample. Left panel: e = 0 and 1; right panel: e = 0 and 3.

639

Figures 1-2 show selected simulated power curves for n = 200 and e = 0, 1 and 3.

The “typical behaviour” is represented by p = 0.7 (Fig. 1). The power of mean is almost
independent of e. In particular, for e = 0 and e = 1, the corresponding versions of mean
coincide and dominate the other strategies (left panel). On the other hand, the power of
minmazx is much larger for e = 1 than for e = 0, and it is almost identical to the power
of mean for e = 3.

The power for lower contamination models (p = 0.1) is shown in Fig. 2. For e = 1
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and 62 > 10, minmaz has even a larger power than all other strategies for ¢ = 0 and
e = 1. For large 6, the power of mean decreases in e; for e = 3, it has poor power.

Similar phenomena can be observed also for n = 1000 (Seidel and Sevéikova (2003)).
Here, it is in some cases necessary to remove a slightly larger number of elements from
the sample to achieve a good power also for minmaz. In all examples studied so far, the
power of minmax can be drastically improved by removing low order statistics.

4. Log likelihood and EM iterations for large populations

In several simulation studies, we observed that for each particular mixture model,
the likelihood functions of all samples from the same model seem to have a typical
“common shape” ; moreover, the sequences of EM iterations corresponding to a particular
starting strategy seem to follow a typical pattern. To identify this pattern, in this section
we replace the sample by a large population.

4.1 Log likelihood
Suppose that x1,...,z, is an i.i.d. sample from some distribution G and define

le(P)= /Ooo log f(z, P)dG(z).

Then (cf., eq. (2.2)) (1/n){(P) — lg(P) for n — oo. Consequently, the log likelihood
function is for large n approximately proportional to lg(P), and therefore the function
P s lg(P) represents the theoretical shape of the log likelihood function. We shall refer
to it as the log likelihood of P given the population G.

To visualize the log likelihood of P = (61,62, p), we maximize [ (P) with respect
to the mixing weight p and display the resulting function lg(6,,62). As the likelihood
function is strictly concave in p, the maximization problem can be solved easily. For
computational details as well as for the evaluation of the integral in the definition of
Ic(P), see Seidel and Sevéikova (2002b).

Homogeneous population. If G is an exponential distribution with parameter one,
then lhom(61,02) = lg(01, 62) represents the “typical” log likelihood under a homogeneous
population. It is shown in Fig. 3.

The function lhom(f:1,02) attains its maximum at the ridge (]0,00[x{1}) U
({1} x]0, oo[), which corresponds to (]0, oo[x{Z})U({T}x]0, 00|) in finite samples. There
are no other local maxima.

Inhomogeneous population. Figure 4 shows lg(61, 62), where G is a two-component
mixture of exponential distributions with parameter @ = (1.0,0.33,0.7).

Although this case looks similar to the previous one, this function has two local
(which are also global) maxima at (6y,62) = (1.0,0.33) and (0.33,1.0).

4.2 Theoretical behaviour of the EM

To evaluate the typical sequence of EM steps for different starting strategies, we shall
replace in the spirit of Subsection 4.1 the sample by the whole population. Consider the
EM iteration defined by egs. (2.9), (2.10) and suppose again that z1,...,z, is an i.i.d.
sample from some population G. Define

o f(x,0"

. pk _ J T
T(]:'P | G) - o f(iE, Pk)dG( )
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Fig. 3. A “typical” log likelihood under a homogeneous population.
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Fig. 4. Log likelihood of a two-component mixture with parameter (1.0,0.33,0.7).

and

* zf(z,65)
f(z P’“)

Then it follows similarly to Subsection 4.1 that the EM iterations can be written ap-
proximately for large n as 0;““ =m(j, P* | G)/7(j, P* | G) and p*+! = pFr(j, P* | G).
We refer to these iterations as the population version of the EM. For evaluation of the
integrals, see again Seidel and Sevéikové (2002b).
4.2.1 Ezxzamples

If the EM is started from different initial values, it moves into different directions
which are specific for the particular starting value. This behaviour can be studied very
clearly by considering the population version of the EM.

In a particular example, we consider the strategies minmaz and mean for a homo-
geneous population with parameter § = 1. Here, the expected value of 7 is E(Z) = 1.0,

m(j, P* | G) = [ = dG(z).
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Fig. 5. Coordinates (8%,0%) of 1000 EM-iterations for different starting strategies.

so we represent the strategy mean by the starting value Ppean = (0.5,1.5,0.5).

The expected values of x(;y and z(,) for the considered population depend on the
sample size n, they are given by E(z(1)) = 1/n and E(x(y)) = 14+(1/2)+---+(1/n). We
consider two sample sizes: n = 200 and n = 1000. The strategy minmaz is represented
by Puinmax (E(:r(l)), E(:I:(n)), 0.5).

Figure 5 shows for each starting strategy the coordinates (6%,0%) of the sequence
P* k=1,...,1000, of the first 1000 EM-iterations of the population version. The points
of each sequence are connected by lines.

In the left panel, the curves representing the versions of the minmaz-strategy for
the two different sample sizes are shown; this is only a zoomed part of the whole plot.
Obviously, minmaz always starts in a point (69, 03) with 69 ~ 0 and 69 “large”. Then 6}
increases very slowly, whereas 85 rapidly decreases to 1 ( = Z). Thus, (6%, 6%) approaches
10, 00[x {1} ( =]0,00[x{Z}) very rapidly, where the speed of convergence increases with
increasing n.

In the right panel of Fig. 5, EM iterations for the strategy mean are presented in
comparison to the strategy minmaz for n = 200. Apparently, mean starts at (0.5, 1.5)
and approaches (1,1) ( = (Z,Z) in finite samples) almost along the diagonal.

If there is a spurious maximum with coordinates near (0, Z), this is found by minmaz,
but usually not by mean.

We observed that in small samples, the EM typically behaves according to this
scenario, especially in its first steps. However, there are cases, where the direction is
suddenly changed. Then the convergence becomes very slow for a while, before the
EM may move faster towards some maximum. For most of the stopping rules used in
practice, in such cases the EM may terminate before a maximum is reached.

5. Diagnostic instruments

To investigate the properties of likelihood functions of two-component mixture mod-
els in a large number of replications, we use a number of automatic diagnostic instru-
ments.

5.1 Properties of the likelihood function
5.1.1 Criteria for local mazima A

To test if the log likelihood has a local maximum at some point P, we use two
types of criteria: an analytic criterion based on first and second order derivatives, and
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a criterion based on function values only. Within certain tolerances, both are sufficient
criteria for the existence of a strict local maximum near P.

In particular, the analytic criterion gives us the information if Pisa stationary
point or not, and if there is a local maximum, minimum or a saddle point at P or if no
decision about a local maximum at P can be made on basis of the second order criterion.

The other criterion evaluates I[(P) on a grid defined on a small cube around P.
If I(P) is larger than I(P) for all P on the surface of the cube, then according to the
criterion there is a strict local maximum in the interior of the cube (not necessarily at
P). If there is a grid point P with I(P) > I(P) + 10719, then according to the criterion,
there is no local maximum at P. Detailed information about the implementation of both
criteria can be found in Seidel and Sevéikova (20025).

As neither criteria is reliable in all situations, we state that there is a strict local
maximum only if it is indicated by both criteria. Moreover, there are local maxima which
cannot be strict ones. For example, if §; = 65 = Z, then each value of p yields the same
likelihood. If there is a local maximum in such a point, it cannot be strict.

5.1.2 Clustering the results of multistart

The multistart strategy defined in Subsection 2.2.1 uses 64 starting values which
converge to 64 points P; = (8,83, p"). Some of these may be approximately equal.
These form a cluster, where it is taken into account, that for §; = 65, the parameter p
is irrelevant. Such clusters may be used as an indicator for possible local maxima of the
likelihood function.

Note that P = (7,7, 0.5) is one of the starting points. As this is a fixed point of the
EM, there is always a cluster that contains P, even if it does not correspond to a local
maximum.

5.2 Properties of the sample
5.2.1 NPMLE

To get an idea of the nature of possible groups in the data, we calculate for each
sample the nonparametric maximum likelihood estimator (NPMLE, cf., Bohning (2000)
or Lindsay (1995)). The NPMLE maximizes the log likelihood in the space of all mixing
distributions. There is always a version with finite support, denoted here by PupmLE.
To calculate PnpMmig for mixtures of exponentials, we use the Intra-Simplex Direction
Method (ISDM, Lesperance and Kalbfleisch (1992)) in combination with an improved
method to maximize the gradient function (Seidel and Sevéikova (2002a)).
5.2.2 Clustering of sample points

According to the heuristic arguments in Section 3, spurious components should occur
if for a small value of p, the first p elements in the ordered sample form a cluster that is
well separated from the other points. As an indicator for such samples, we cluster the
sample points according to the Bayes criterion (McLachlan and Peel (2000), Subsection
1.15.2) with respect to Pinmax = (91, 92,[3). This induces an allocation of the sample
points to groups g¢; corresponding to ét, t = 1,2, as follows: z(; is allocated to g,
if p1f (x(i),él) > paof (m(i),ég), otherwise to ¢g2. If Puinmax corresponds to a spurious
maximum, g; should consist of the first p elements for small p.

6. Simulation study, overview

We simulated 10 000 samples of size n = 100, 200 and 1000, respectively, from a ho-
mogeneous population with parameter = 1, a mixture with parameter P = (1,0.33,0.7)
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Fig. 6. - Quantiles of 2d, as function of = under homogeneity, n = 200, on the set of all
replications (last values are shown in the table).

and a mixture with parameter P = (1, 30,0.1). For each sample, the estimators Prinmax
f’mean, ﬁNpMLE and their likelihoods were calculated; for n = 100 and n = 200 also
Pmultistart. For strategy = minmaxz, ..., we shall write d,(strategy) for the correspond-
ing log likelihood difference.

In the following, we show the most important results for n = 200. For n = 1000,
the same phenomena can be observed (exceptions will be stated explicitly), cf., Seidel

and Sevéikovd (2003). Here also more detailed results for » = 200 can be found.

6.1 Null hypothesis, quantiles

Figure 6 shows the simulated quantile functions of 2d,,, i.e. the functions that assign
to each 7 € (0, 1) the w-quantile, for the strategies minmaz, mean and multistart on the
set of all replications under homogeneity. Here, 2d,(minmaxz) is in fact stochastically
larger than 2d,(mean); 2d,(multistart) is still somewhat larger than 2d,(minmax).

To explain the differences between the distributions of the test statistics, we consider
certain subsets of the set Q of all replications. Let mean0 (minmaz0) denote the set of
all replications where 2d,, =~ 0 for mean (minmaz). Moreover, we define

e A = mean0 N minmaz0,

e B = mean0 \ minmaz0 and

o C =0\ mean0.

For an overview of all sets defined here and in the following, see Fig. 15 in Appendix B.
For n = 200, set A has 2003 elements, minmaz0 has 2231 elements and B has 3656
elements. In particular, this means that although minmaz0 is not a subset of mean0,
most elements of minmaz0 also belong to mean0.

Figure 7 shows the quantile functions on set B (left panel) and on set C (right panel).
On the set B (2d, (mean) approximately zero), 2d,(minmaz) and 2d,(multistart) can
be very large. In fact, for @ = 0.1, 0.05 and 0.01, over 30% of the replications for which
2d,,(minmaz) exceeds its (1 — a)-quantile come from the set B. On the other hand, on
the set C the distributions of 2d,,(minmaz) and 2d,(mean) are almost equal.

We modified the strategy minmaz by assigning the value zero to 2d,(minmaz) on
the set mean0. After this modification, minmaz had on Q for all considered sample sizes
nearly the same quantiles as mean. Consequently, the set B seems to be in a certain
sense the source of the differences between the quantiles of mean and minmaz, therefore
it should be investigated more closely.



TYPES OF LIKELIHOOD MAXIMA IN. MIXTURES 645

20 T T

T 10 T T

N T N T
minmax ——— minmax
multistart -------- mean ------- ]
8t multistart -

r-quantile of 2d,
3 &
T

n-quantile of 2d,

wn
T
L

b n

Fig. 7. Quantiles of 2d, as function of 7, n = 200, under homogeneity. Left panel: set B.
Right panel: set C.

However, the set C is of interest, too. Whereas the distributions of the test statistics
corresponding to mean and minmaz are almost identical here, the estimators themselves
and even their likelihoods may be completely different. For a closer analysis, we split
the set C' into subsets C'1-C3 according to the following criteria.;

C1l: pnlinmax ~ Pmeag and l(}sminmax) ~ Z(Pmea.n)a

C2: Z(Eminma.x) > l(]?mean)y

C3: l(Pminmax) < l(Pmean)7

see Fig. 15 in Appendix B. For defining C2 and C3, only elements of C \ C1 are
considered. The set C'1 consists of 1651 elements, whereas |C2| = 1204 and |C3| = 1486.

On each of these sets, the likelihood differences can be large. For oo = 0.1, 0.05 and
0.01, 50% of the replications for which 2d,,(mean) exceeds its (1 — a)-quantile come from
the set C1, 10% from C2 and 40% from C3. For 2d,(minmaz), more than 30% come
from C1, about 30% from C2 and also a few replications come from C3.

In particular, the set C2 U C3 is of interest, as the test statistics 2d,(minmaxz)
and 2d,(mean) are different here. In fact, they are almost independent, see Seidel and
Sevéikova (2003). The correlation coefficient between both on this set is 0.26.

A closer analysis of the samples, the likelihood functions and the estimators in the
considered sets are given in Section 7.

6.2 Alternative hypotheses

The quantile functions of 2d,, for mean, minmaz and mazimum (representing global
optimization) for n = 200 are shown in Fig. 8 for a mixture with parameter P =
(1,0.33,0.7) (left panel) and with P = (1,30,0.1) (right panel).

For P = (1,0.33,0.7), mean is in contrast to homogeneity now stochastically larger
than minmaz and mazimum has nearly identical distribution as mean. On the other
hand, the quantiles of mean under the null hypothesis are smaller than these of minmaz.
These two facts explain the larger power of mean. In fact, mean exceeds the minmaz-
quantiles even (much) more often than minmaz exceeds the minmazr-quantiles. On the
other hand, the quantiles of maximum are larger than those of mean, and as mazimum
is stochastically almost equivalent to mean, it has smaller power. This explains the
“typical behaviour”.

For P = (1,30,0.1) and n = 200, 2d,,(mean) is zero with probability 0.087, whereas
2d,,(minmaz) is larger than zero almost everywhere. Therefore, the quantile function
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Fig. 8. Quantiles of 2d,, as function of 7, n = 200, for P = (1,0.33,0.7) (left panel) and
P =(1,30,0.1) (right panel).

of 2d,(mean) is smaller than that of 2d,,(minmax) for small values of 7. For increasing
7, however, it increases faster than the latter, crosses it and then remains larger. For
o = 0.1 and 0.05, the critical values are so small that they are exceeded more often by
minmaz than by mean, whereas for o = 0.01, mean has again the larger power.

In the following sections, we present a detailed study of the reasons for the observed
behaviour of the considered strategies for n = 200.

7. Analysis of particular sets of samples

7.1 Additional sets
7.1.1 Set B
Consider the intervals I(1),...,1(5) = [0,2[,[2,4], [4, 6], [6,8[,[8,00[. We split the
set B into subsets B1,..., B5, where Bi is defined as the set of replications for which
2d,, (minmaz) € I(i), see Fig. 15 in Appendix B. The sets Bl,..., B5 consist of 2872,
516, 169, 64 and 35 replications.
7.1.2 Alternative hypotheses
For each of the parameters P = (1,0.33,0.7) and P = (1,30,0.1), we split the set
of all replications into three subsets: X
E: Prinmax = Prpean and l(Pminmax) ~ l(Pmean)-
E has 4990 elements for P = (1,0.33,0.7) and 6747 elements for P = (1, 30,0.1).
D: The complement of E, with the subsets
D1: l(Pminmax) > l(Pmean)
(1302 elements for P = (1,0.33,0.7) and 1553 elements for P = (1,30,0.1)),
D2: l(Pminmax) < l(Pmean)

(3708 elements for P = (1,0.33,0.7) and 1700 elements for P = (1, 30,0.1)),
see Fig. 15 in Appendix B. The quantile functions of 2d, for mean, minmaz on the
different sets are shown in Fig. 9 for the mixture with parameter P = (1,0.33,0.7) and
in Fig. 10 for P = (1, 30,0.1).

7.2 Classification of sets X X
A first group is constituted by the sets of replications where Pinmaz = Pmean OT

at least l(ﬁmmmw) S l(fDmean). Consequently this group consists of the sets A, C1 and
E. The sets B1,...,B5, C2, C3, D1 and D2 form a second group.
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An important feature that characterizes the members of the groups is the presence
of spurious maximizers: these are almost completely missing in the first group, whereas
they play a large role in the second group. According to Section 3, spurious maximizers
are caused by the occurence of very small sample points. In fact, the quantile functions
of x(y) are in the first group much larger than in the second. The theoretical quantile
function of z(;y in a sample of size n from a homogeneous exponentially distributed
population with parameter § = 1 is given by Q)(m) = —(1/n)log(l — 7). As an
example, this is compared in Fig. 11 with the empirical quantile function of z(;) on
the set A and on the sets Bl,...,B5. On A, the empirical quantile function is much
larger than @)1y, whereas on the sets Bl,..., B5, the quantiles are smaller, tending to
extremely small values on Bi with increasing i.

Another indicator of the presence of spurious maximizers is the location of the
estimators Pminmax and Pmean. In a set of a samples from a homogeneous population,
it is advantageous to visualize the distribution of an estimator as a scatter plot of the
standardized first coordinates (61 /T, 62/Z). This is done in Fig. 12 for the set C2. The
parameter (él, 92) of P inmas i3 located close to the axis 10,Z] x {z}. There are essentially
two clusters, a first cluster with small values of 1, and a second one with large values.
With the exception of a few points, the second cluster lies on the axis. In the first
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Fig. 12. Distribution of (6, /%, 62/T) for Prinmax (left panel) and Pean (right panel) on set C2.

cluster, {6;,0;) lies slightly above the axis. This coincides with the characterization of
spurious maximizers in Subsection 3.1, and in fact, the first cluster consists of spurious
maximizers, whereas the second does not.

721 SetA

In all replications, (91, f5) ~ (Z,Z) for the estimator Prean. The parameter (91, 92)
of Pinmax is located on the axis 10,z] x {Z}, but Prinmax IS In no case a spurious
maximizer. Rather it represents a homogeneous population with parameter Z in the
sense of equation (2.3).

Usually the starting points of multistart result according to the criterion of Sub-
section 5.1.2 in one single estimator, represented by (Z,%,0.5), and the NPMLE always
results in a homogeneous population with parameter Z. There are no small outliers, and
it seems that the samples that constitute set A follow the pattern of a homogeneous
population.

722 SetsCl, E

Let P = Prinmax (= ﬁmean). Usually there is a strict local maximum in P, and
very often the likelihood function is unimodal in the sense that all starting points of
multistart (with the exception of the saddle point (Z,Z,0.5)) converge to P. On set C1,
P never contains a spurious component, and in most cases PnpmLE is equal to P. There
it seems that the samples correspond to mixtures with two clearly distinct components
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and genuinely positive mixing weights.

On set E, the NPMLE usually has between two and four components, and its like-
lihood can be considerably larger than the likelihood of P.AOften prMLE has spurious
components. For P = (1,0.33,0.7) there are cases where P is a spurious solution with
one component similar to a spurious component of PNPMLE, although two other com-
ponents of PNPMLE are reasonable estimators of the population parameters. The latter
are not found by minmaz or mean. Here one can also find few examples where multi-
start results in two different estimators, one spurious maximizer, which is found by both
minmax and mean, and a reasonable one, which is found by some other starting point.
7.2.3 Set B

The estimators Poi,max are located near the axis 10,Z] x {Z}, and for increasing
values of ¢, the estimators in Bi are more and more concentrated at small values of 6y
with 8, slightly larger than T at least for ¢ > 2. In all but a very few cases, there is a
strict local maximum at Pml,,max according to both criteria in Subsection 5.1.1.

The parameter (81, 8;) of Ppean is again located near the axis ]0,Z] x {Z}, very close
to (T, ), and for B3-B5 it is practically identical to (T, T).

The diagnostic instruments in Section 5 indicate that the samples might be of the
type “homogeneous population with small outliers”, where the latter result in a spurious
maximizer which is found by minmaz. The starting values of multistart result almost
always in two clusters of estimators; one corresponds to Pminmax, the other to Prean-
In fact, fjminmax usually exhibits the properties of a spurious maximizer discussed in
Subsection 3.1. Whereas not all samples in the set B1 precisely follow this pattern, it
is very pronounced for Bi with larger index ¢ and also for samples with very small z(y).
For example, the samples described in Examples 3.1 and A.l belong to set B5.

The estimator PypmLE always has at least two components. In cases with exact two
(which are the most ones) it is identical to Prinmax-

Finally, let us describe the effect of removing the first e elements of the ordered
sample (not shown here). Removing z(;y drastically cuts down the quantile functions
of 2d,(minmaz) on Bl,...,B5; for e = 5 they are close to and for e = 10 practically
identical to zero. This observation strongly supports the hypothesis that small data
points in the samples on set B create spurious maximizers which are found by minmaz,
whereas mean estimates a homogeneous population.

7.2.4 Sets C2, C3, D1, D2

With the exception of set D1 for parameter P = (1,30,0.1), which will be discussed
separately, Prinmax usually has all properties of a spurious maximizer, whereas Pmean
is very often a mixture with two clearly distinct components and genuinely positive
mixing weights. Under the alternative hypothesis, this may be a good estimator of the
population parameter. Although spurious maximizers can have a large likelihood, now
the likelihood of the true two-component mixture represented by Pmean is often still
(much) larger, especially under the alternative hypothesis.

In a large majority of replications, there is a strict local maximum in Pmmma.x and
Pmean according to both criteria in Subsection 5.1.1. Very often, Pmmmax and Pmean
seem to be the only local maximizers of the log likelihood according to the clustering of
the results of multistart (Subsection 5.1.2).

The NPMLE usually has more than two components. Frequently it has three: a
very small component 0} with a very small mixing weight p} (having all features of a
spurious component) and two additional components 65 and 635 with genuinely positive
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mixing weights. Often then Ppinmax is a spurious maximizer with @1, p) very similar
to (67,p7) and second component slightly larger than T, whereas Prean is similar to
the remaining two components of PNPMLE In these cases, multistart also results in
the two essentially different maxima PmmmaLx and Pmean Here the sample represents a
two-component mixture with an additional spurious component caused by small outliers,
where the spurious solution is found by minmaz and the genuine solution by mean. Even
in these cases, the log likelihood of the NPMLE can be considerably larger than the log
likelihood of both mean and minmaz.

In other cases, the NPMLE has more than three components. Especially under the
alternative hypothesis, it may have two or more spurious components. In particular,
spurious components with large values of 6§ have been observed. The components of
Pmmmax and Pmean need not correspond to any component of PNPMLE, even if the latter
has only three. Often then, multistart results in more than two different maximizers.
There may also be samples without small outliers, where none of the components of the
NPMLE is a spurious component in the technical sense of Section 3. Pminmax is then
apparently not a spurious maximizer, although it may have a component with a small
parameter and a small mixing weight. In these and also in other cases, mean may result
in an estimator with first and second component equal to Z.
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Fig. 13. Quantiles of 2d,, (minmaz and mean) on set C2 as function of 7 after removing the
first e elements of the ordered sample. Left panel: e = 0 and 1; right panel: e = 0 and 5.
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Fig. 14. Quantiles of 2d, (minmaz and mean) on set C3 as function of 7 after removing the
first e elements of the ordered sample. Left panel: e = 0 and 1; right panel: e =0 and 5.
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Set D1, parameter P = (1,30,0.1): Here again, f’minmax is often a spurious max-
imizer, and then Pp.,, may correspond to a homogeneous population with parameter
T and 2d,, = 0 or to a mixture with distinct components. However, now there are also
many cases where one component of I:’minmax has a small parameter and a small mixing
weight, but both are too large for representing a spurious component. These can be con-
sidered as estimators of the lower contamination which is represented in the population
by 0; = 1 and p = 0.1. In these cases, Pyean usually corresponds again to a homogeneous
population with parameter T and 2d,, = 0.

Removing low order statistics: The influence of small outliers can be observed in
Figs. 13-14, which shows the effect of removing the first ¢ elements of the ordered sample
(e =1 and 5) on 2d,(minmaz) and 2d,(mean) for the sets C2 and C3. Removing only
the smallest element of the sample drastically affects 2d,,(minmaz); on the set C2, it
decreases, whereas it increases on the set C3. In the end, all curves are decreasing
for increasing values of e. However, the large differences between the strategies are
considerably reduced already for e = 1 and vanish almost completely for e = 5.

The same behaviour has also been observed for D2, both parameters, and for D1,
parameter P = (1,0.33,0.7). This means that here, the difference between 2d,, (minmaxz)
and 2d,,(mean) is mainly caused by small outliers leading to spurious solutions. On the
other hand, for the parameter P = (1, 30,0.1), the difference between the distributions of
2d, (minmaz) and 2d,(mean) on the set D1 remains large. This is due to the fact that
here, the difference between both estimators is not a consequence of spurious solutions
alone.

8. Conclusion

The likelihood function in two-component exponential mixture models tends to be
very flat especially if the data come from a homogeneous population, and it seems to
have with a large probability not more than two essentially different local maxima. Very
often it has only one.

If it has at least two, one of these is in most cases a spurious local maximum.
The latter occur very often; under the null hypothesis with probability much larger
than 50% (depending on the sample size), whereas under the alternative hypotheses
the probability is somewhat smaller than under the null hypothesis, depending on the
parameter. Spurious maximizers can have large likelihood, and they are typically found
by minmaz. On the other hand, mean usually results in reasonable parameter estimates.
However, under the null hypothesis, these have in many cases smaller likelihood than
the spurious. Therefore minmaz results in larger quantiles.

Under the alternative hypothesis, the likelihood of the spurious can be still large, but
now the regular estimates often have larger likelihoods. Since mean usually finds regular
estimates and since the quantiles of mean are smaller than the quantiles of minmaz,
mean usually has larger power. Global optimization has in these cases smaller power
than mean, as its quantiles are larger.

In situations where the distribution of the test statistic under the null hypothesis
depends on the model parameter, quantiles have to be bootstrapped under the estimated
parameter and computation time may be critical. Here it would be advantageous if one
could start the EM from only one carefully chosen initial value, as for example mean.
Our results indicate that over a wide range of parameter values, this strategy yields good
estimators and powerful tests.
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On the other hand, in lower contamination models, mean is for small sample sizes
inferior to minmaz. If one has no prior information, for which parameter set the statis-
tical procedure should be designed, we would not recommend to use only one starting
point. It seems that global optimization with elimination of spurious maximizers might
be a good strategy for parameter estimation and testing.

Acknowledgements

The authors would like to thank a referee for his constructive suggestions that led
to significant improvement of the presentation of the paper.

Appendix
A. Numerical example for spurious estimates

Ezample A.1. (One small outlier) As in Example 3.1, we consider a particular
sample of size n = 200 from a homogeneous population (§ = 1), now with z(;) =
0.000012975 and T = 1.0784. Compared to E(z()) = 1/n = 0.005, z(;) is very small.

The estimators are Prinmax = (0.0000130, 1.0838, 0.0049676) with likelihood differ-
ence 2d,, = 8.0823 and Puean = (1.0784,1.0784,0.45) with likelihood difference 2d,, = 0.
Table 3 shows for the first indices i the order statistic z(;), the quantities wi(él,éz),
T,;(é], f’) and 7; (92, 15) for P = P, inmax as well as the contributions [; (13) = log f(x@), P)
of z(;) to the log likelihood I(P) for P = Prinmax and P = Ppean.

_ Clustering the sample points according to the Bayes criterion with respect to
Prinmax (see Subsection 5.2.2) results in a cluster z(1) allocated to the first component,
whereas the remainder of the sample is allocated to the second component. According to
the criterion in Subsection 5.1.2, the starting values of multistart result as in Example 3.1
in two clusters of estimators represented by Prinmax and Pmean.

Table 3. Contribution of sample points to likelihood equation at Prinmax and to the log likelihood.

P= Pminmax P = Pmean
T(;) wi(61,02) 761, P) Ti(fa2, P) Li(P) Li(P)

1 0.000013 0.000033 200.0 0.006509 4.954145 —0.075520
X, 4.954145 —0.075520
2 0.002775 9.1 x 1087 0.0 1.004992 —0.088028 —0.078081
0.003657 2.9 x 10117 0.0 1.004992 —0.088841 —0.078898
200  5.331832 00 0.0 1.004992 —5.004969 —5.019569
Z rem —216.014555 —215.026040
b —211.060410 —215.101560

tot
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B. Owverview of sets defined in Sections 6 and 7

Q

A mean =10 Bl minmaz € [0,

2)
minmaz = 0 B2 minmaz € [2,4)
)

B mean =10

minmaz > 0 B3 minmaz € [4,6
C mean >0 B4 minmaz € [6,8)
B5 minmaz € [8,00)
i
(Dl I(Pminmax) > I(Pmeem)) (CQ l(lsminma.x) > l(}smean) )
E 1E)rAninma.x = Pme@p Cl lsrpinmax = 1smeaﬁn
1(pminmax) = I(Pmean) l(Pminmax) = I(Pmean)
(D2 1(Puinmnas) < 1Prmeso) ) (C3_ UPrminmar) < 1(Pmean) )

Fig. 15. Subsets overview.
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