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Abstract. We propose numerical and graphical methods for outlier detection in
hierarchical Bayes modeling and analyses of repeated measures regression data from
multiple subjects; data from a single subject are generically called a “curve.” The
first-stage of our model has curve-specific regression coeflicients with possibly autore-
gressive errors of a prespecified order. The first-stage regression vectors for different
curves are linked in a second-stage modeling step, possibly involving additional regres-
sion variables. Detection of the stage at which the curve appears to be an outlier and
the magnitude and specific component of the violation at that stage is accomplished
by embedding the null model into a larger parametric model that can accommodate
such unusual observations. We give two examples to illustrate the diagnostics, de-
velop a BUGS program to compute them using MCMC techniques, and examine the
sensitivity of the conclusions to the prior modeling assumptions.

Key words and phrases: Autoregressive errors, BUGS, graphical diagnostics, model-
based diagnostics, outlier accommodation models, diagnostics for multi-stage models.

1. Introduction

This paper proposes outlier detection methods for a class of hierarchical Bayesian
linear models that are widely used to analyze data consisting of repeated measurements
on each of a set of subjects. In data from designed experiments, the measurements are
usually taken at ordered time points or locations although in observational studies this
need not be the case. In any event, each subject’s data is referred to as a curve. The
goal of our diagnostics is to determine, for each curve, that either there is no evidence
of model violations at any of the hierarchical stages or to identify the stage(s) where
model assumptions are violated and specific details of the model violation(s).

The analysis of repeated measures data occurs frequently in medicine, epidemiology,
psychology, and many other disciplines. One popular frequentist method of analysis
of such data is based on the specification of a two-stage random effects model (Laird
and Ware (1982)). Several variations on this basic theme are presented in Crowder
and Hand (1990), Lindstrom and Bates (1990), and Lindsey (1993); a tutorial review
is given in Cnaan et al. (1997). The Bayesian analysis of repeated measures data is
typically based on hierarchical generalizations of mixed effects models. Early references
are Berger and Hui (1983) and Wakefield et al. (1994). In recent years such models
have found increasingly fruitful application in both medicine and epidemiology (see for
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example Palmer and Miiller (1998); Joseph et al. (1999); Tan et al. (1999); Pauler and
Laird (2000, 2002); Lambert et al. (2001); Berlin et al. (2002)).

There are several Bayesian approaches to outlier detection with respect to a given
model. One approach identifies as outliers those observations whose realized errors with
respect to that model have high posterior probabilities of being “large.” The fundamental
idea is contained in Zellner {1975) and is applied to the linear model and more general
hierarchical models in Chaloner and Brant (1988) and Chaloner (1994), respectively.
Weiss (1995) extends this approach to repeated measures data. Hodges (1998) exploits
the geometric properties of a linear model representation of hierarchical Bayes models
to derive analogues of classical diagnostics (see also Langford and Lewis (1998) for an
exposition of frequentist ideas regarding outlier analysis in multilevel data).

Another approach is to embed the null model into a larger parametric model that
can accommodate unusual observations. Outlier detection then consists of parametric
inference based on the extended model. For example, using variance inflation and/or
location-shift extensions of normal linear models, this approach is applied in Pettit and
Smith (1985), Sharples (1990), and Verdinelli and Wasserman (1991). Carota et al.
(1996) provide a comprehensive account of related model elaboration methodology.

The model extension techniques of the previous paragraph follow Principle D2 of
Weisberg (1983) by turning a problem of null model criticism into one of parametric
inference. However, because they use more complex models, Bayesian outlier diagnos-
tics are, in general, more computationally intensive than their frequentist counterparts.
Thus Bayesian diagnostics need not display the computational simplicity of Weisberg’s
Principle D3.

This paper uses the approach of extending a null model to analyze a widely-used,
three-stage hierarchical Bayesian linear model for repeated measures data. Stage I of the
model (the likelihood) specifies a regression with curve-specific coefficients and allows
autoregressive measurement errors of a known order to account for dependencies among
the residuals on the same curve. Stage II of the model describes the variability in the
(random) curve-specific regression coefficients using a second set of (Stage II) regressors
and unexplained random variation. Lastly, Stage III of the model specifies priors for the
hyperparameters in Stage II.

For each curve, our goal is to determine whether or not that curve shows evidence
of a measurement error outlier (a Stage I violation) and whether or not the regression
coefficient vector for that curve is, after possibly accounting for covariates, inconsistent
with the regression vectors of the remaining curves (a Stage II violation). We provide
numerical and graphical tools to identify specific sources of Stage I and II violations.
This is accomplished by introducing two location-shift outlier indicators for each curve,
one at each stage. The Stage I outlier indicator equals unity when a measurement error
is present while the Stage II outlier indicator equals unity when a regression coefficient
error is present; both indicators are equal to zero when the null model is adequate.
The extended model also includes curve-specific vectors to measure the magnitude of
model violations at each stage. Then, as an example, posterior values of these quantities,
calculated for each curve, can be used as null model diagnostics. An initial version of this
approach, based on a much simpler model, is given in Ho et al. (1995) where it is applied
to an artificial example similar to the example of Section 4. The more complicated
model of this paper is required to analyze the data presented in the substantive example
of Section 5.

Our proposed diagnostics follow Principle D4 of Weisberg (1983), emphasizing the
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use of graphical summaries. These summaries are a contribution to the difficult problem
of determining and describing what does or does not constitute a representative curve
from a set of longitudinal data (Jones and Rice (1992); Segal (1994)).

The remainder of this paper is organized as follows. Section 2 states the hierar-
chical null model while Section 3 introduces the extended model and uses it to define
diagnostics. Section 4 provides a simple example illustrating the diagnostic in an ide-
alized set-up. Section 5 applies the technique to a set of bone data that was analyzed
in Peruggia et al. (1994). Some extensions are discussed in Section 6. The proposed
diagnostics can be evaluated using the output from a BUGS program (Spiegelhalter et
al. (1996)) which is available from the first author.

2. The hierarchical Bayes null model

We use a hierarchical regression model with random coefficients to describe data in
which each of a collection of subjects contributes a curve, typically in time or space. We
allow for the random coefficients of the different curves to be related by their regression
on curve-specific and coeflicient-specific covariates.

To describe the model formally, let I denote the number of subjects, 0,, the vector
of zeroes of length n, 1,, the vector of ones of length n, I,, the identity matrix of order n,
and diag(v) the m x m diagonal matrix with elements on the main diagonal given by the
vector v = (v1,...,VUm). Also, let N,(-,-) denote the multivariate normal distribution of
dimension n, and /G(a, b) denote the inverse gamma distribution with shape parameter a
and scale parameter b whose density is given by p(w | a,b) = (I'(a)w®*1)~1b% exp(—b/w),
for w > 0. In the model specified below we assume conditional independence unless
otherwise stated, i.e., the random variables at any level of the model are independent,
given the hyperparameters at the next level.

Stage 1. Fori=1,...,1,
(2.1) Y= X8, +n,

where Y; = (Y;1,...,Y; ;)" is the vector of measurements for the i-th curve, X is a
Ji X L design matrix, B; is an L x 1 vector of parameters, and 7, is a J; x 1 vector of
measurement errors having the autoregressive structure

Mij = $1Mij—1 + - + Pmin(j,P),j—min(,p) T+ €ij,  for j=1,...,J;,

where the £; ; are N(O,af) innovations for ¢ = 1,...,] and j = P+ 1,...,J;, while
€;1,--.,€; p are zero-mean normal innovations with arbitrary variances 031, et ,0’€2P for
i =1,...,1 (this is done because we do not require conditional stationarity of the ) ;

given the autoregressive parameters).

Stage II. Let v = (v{,...,vL)7, o = (aé[l],...,aﬁ[L])T, and ¢ =
(#1,...,6p)7. Then
(2.2) Bi| v, 05~ N(zjv,05ll]), for i=1,....,] and 1=1,...,L,

where z;; is a K x 1 vector of covariates specific to the [-th component of the Stage I
regression vector for curve %, -y, is the corresponding K x 1 hierarchical regression coef-
ficient vector,

¢ ~ Np(0p, 4 = diag(c3[1],...,05[P])),
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02 ~ IG(a,be),
(2.3) 062], ~ IG(ae;,be;), for j=1,...,P.
The hyperparameters Xy, a, b, a.;, and b, j = 1,..., P, are assumed to be known.

Stage 111

¥, ~ N, (p,[l], diag(02[1,1),. .., a2[lK}))), for 1=1,...,L,
(2.4) ogll] ~ IG(as,by), for 1=1,...,L.

The hyperparameters u,[l] (a K; x 1 vector), as[l,k], a;, and by, for I = 1,...,L and
k=1,..., K, are assumed to be known.

This model assumes that the regression coefficients (3;;, while curve-specific, are
nevertheless related to one another. This is reflected in two aspects of the model. First,
the means of the normal prior distributions for the 3;; depend on curve-specific covariates,
z;, through a Stage II regression structure; the vector of regression parameters used
to model (Byy,...,01n) is ;. Second, for a fixed regressor !, additional dependence is
introduced among the parameters By, . .., 81 (across curves) by assuming that they are
conditionally independent given a common variance, 0[23 (], drawn from an inverse gamma
distribution.

An important special case of model (2.1)-(2.4) occurs when there is no other curve-
specific covariate information. This case corresponds to setting K; = 1 and z;g'yl =y
in Stage II, as we do in the example of Section 4. In addition, setting the order of the
autoregressive filter, P, to zero in Stage I yields a model with independent measurement
eIrors,

3. Location-shift outlier detection

Our proposed diagnostics for detecting location-shift outliers are based on an ex-
tended version of model (2.1)—(2.4) that contains two outlier indicators for each curve,
one indicator at each of Stages I and II, and two corresponding location shifts. The di-
agnostics use the posterior distributions of the outlier indicators and the location shifts.
After presenting the extended model, we describe its features. As in the case of the null
model, we always assume conditional independence.

Stage 1. Fori=1,...,1,
(3.1) Y, = X8, +6/ci+mn,,

where 67 takes value 0 or 1, ¢; is a J; x 1 measurement-shift vector, and the distribution
of the n, is the same as in the null model (see equation (2.1)).

Stage 1I. Let d = (dlla ceydip, .o, dp, ... ,dIL)T, where d;; is a shift in the
Stage I regression coefficient 8, v = (7?,...,7Z)T, and 6° = (6?,...,6,’3), where
6;?3 takes value 0 or 1. Then

(32) ﬁil |7ad76ﬂ:a§ NN(Z;IZ_’YI+6iﬂdilyag[l])7
for i=1,..., ] andl=1,...,L,
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¢i ~ Ny (pcls,02Iy), for i=1,...,1I,
8¢ | p, ~ Ber(p,) for i=1,...,1,

¢~ Np(0p, Xy = diag(ai[l], . ,ag[P])),
Ug ~ IG(ae,be),

(3.3) 062], ~ IG(a.,;,b;;), for j=1,...,P.
The hyperparameters u., 02, 34, e, be, ac;, and be;, j = 1,..., P, are assumed to be
known.

Stage 111.

¥ ~ N, (o, diag(02[1,1], ... 02[l, Ki])), for 1=1,...,L,
dit ~ N(uall],03l})) for i=1,...,] and I=1,...,L,
6f|pg~Ber(pg) for i=1,...,I,

o5l] ~ IG(ai,by), for 1=1,...,L,

where the hyperparameters p., [I] and pg[l], for I =1,..., L, and 02 L, k], ai, by, and o2]l],
forl=1,...,Land k =1,..., K, are assumed to be known.

Stage IV.
(3.4) py ~ Beta(uy,vy), pg~ Beta(ug,vg)
where the hyperparameters u,, v,, ug, vs are assumed to be known.

The interpretation of model (3.1)—(3.4) is the following.

a. Each curve is allowed to have or not have a Stage I deviation (for 6Y =1 or 0,
respectively) and have or not have a Stage II deviation (for 5? = 1 or 0, respectively).

b. A Stage I mean shift occurs for each curve independently with an unknown
probability py; 6Y = 1 indicates that one or more components of the i-th curve exhibit
an anomaly. The magnitude of the shift, ¢;, can vary from curve to curve and its
components identify the anomalies within each curve.

c. In Stage II, a shift occurs independently in the mean of each Stage I regression
coefficient with an unknown probability pg; 6{3 = 1 indicates that one or more of the
Stage I regression coeflicients of the ¢-th curve exhibit an anomaly after accounting for
their Stage II regression structure. The magnitude of the shift, d;;, is specific to both
the curve and regression component.

d. The prior means for the proportions of Stage I and Stage II outliers are u,,/(u, +
vy) and ug/(ug + vg), respectively, and the prior precision of these means increases in
uy + vy and ug + vg, respectively.

The prior means of the two shift vectors, defined by p. and pg4(l], would ordinarily be
taken to be zero although our BUGS program allows for nonzero choices should specific
subject matter considerations suggest this be the case.

As a first diagnostic, we propose the examination of the posterior probabilities

(3.5) p/=P{f=1|y} and pf=P{f=1|y}
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for each curve i. These probabilities can be conveniently displayed in [0,1]? or simply
tabulated. They convey a global assessment of the presence of outliers relative to model
(2.1)—(2.4) in the light of the data. Curve ¢ is judged to contain one or more Stage I
(measurement) outlying components when p? is high; curve ¢ is judged to contain one
or more Stage II (regression) outlying coefficients when piﬁ is high.

When there is evidence that the i-th curve is a Stage I outlier, our second diagnostic
seeks to determine the component(s) of Y; where the model violation(s) occur. We do
this by examining the posterior distributions of the shift vector

Similarly, when there is evidence that the i-th curve is a Stage II outlier, the posterior
distribution of the shift vector

(3.7) 87 x d;,

where d; = (d;1, - ..,d;z) ", can be examined to gain insight about the specific regressors
exhibiting deviations. Examples will be given in Sections 4 and 5.

Given M independent draws from the posterior distributions of the parameters in
model (3.1)—(3.4), i.e., {{ﬁgm) , cgm) , dgm) , 5?("‘) , 6f(m) . '™ g2 y(m) ag(m)},",{=1,
estimators of the posterior probabilities (3.5) and of the means of the shift vectors (3.6)
and (3.7) can be derived either by averaging the appropriate elements of the draws or
by the Rao-Blackwellized method suggested by Gelfand and Smith (1990).

The next two sections illustrate the use of the proposed diagnostics in two examples.
The first example is constructed to evaluate the performance of the diagnostics in a case
that can be easily understood visually. We show how the sensitivity of the diagnostics to
the prior can be assessed. The second example considers a set of thicknesses of cortical
bone that was previously analyzed in Peruggia et al. (1994) and illustrates the use of
the diagnostics in a situation in which it is not obvious which observations are outliers.
Several static graphical methods are introduced to help interpret the estimated posterior
quantities.

4. Worked example—Simple linear regression with repeated measures

This first example is constructed to illustrate the performance of the diagnostics in
a case that can be explained graphically. The data set consists of 20 curves, each having

10 measurements. For 7 = 1,...,10, the i-th curve, Y;, was generated to have j-th
component
(4.1) Yij = b +biz X j + &ij,

where, within a curve, the §;; follow a first-order autoregressive model with parameter
0.5 and have unit-variance innovations while the &;; from different curves are mutually
independent. The intercepts, {b;;}, were generated independently as N(0,0.04) and the
slopes, {b;2}, were generated independently as N(0.4,0.01). We introduced Stage I errors
in Y and Y9 by adding 3.0 to the 3rd component of Y'; and the same amount to the
4th component of Y. In addition, two Stage I errors were created; the intercept for
curve Y19, big,1, was modified by adding 3.0 to its original value and the slope of curve
Y 20, boo,2, was increased by 1.0. These modifications are clearly visible in Fig. 1 which
shows a time series plot of the data.
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Fig. 1. Plotof {(,Y;;):1=1,...,20;5 = 1,...,10}. The third component of Y7 is unusually
large relative to the majority of the curves; Yoo has a large slope and one component (the 4th)
is large relative to the others; Yg has a large intercept but no components have measurement
outliers.

We based our analysis on model (2.1)—(2.4), with equation (2.1) specified as
Yi; =08a+ B2 xj+mni;.

The {1} were independent and identically normally distributed as were the {3;2}. The
{ni;}, followed a first-order AR model. The shape and scale hyperparameters of the
inverse gamma distributions for the variances of the intercepts G;; and slopes 59, call
them o3 and o3, in this example, were taken to be the informative choices ag, = 3.0 =
ag, and bg, = 1.0 = bg, which have mean 0.5 and variance 0.25.

The prior variance for the autoregressive coeflicient ¢ was set equal to 4.0 which
allows both stationary and non-stationary models. The shape and scale hyperparameters
of the inverse gamma distributions for the innovations of the 7; were set equal to ac = 3.0
and b, = 1.0, except for the first innovation that was assumed to follow an IG(1.0,1.0)
distribution. The components of the measurement error shifts ¢; were taken to have the
common mean value zero and variance 4.0.

The prior means of the intercepts §;; and slopes B;2, 71 and 73, were set equal
to zero and 0.5, respectively. Their variances were both set equal to 4.0. The vector
d; = (d;1,d;2) " corresponds to the 2 x 1 shift, for the intercept and slope of curve i. Each
component of d; was given prior mean zero, a null value representing no shift. The prior
variances of both shift components were set equal to 4.0. These variances are eight times
larger than the means of the prior variances of §8;; and B;2 and allow for substantial
deviations should the data suggest that they are needed.

The values of the hyperparameters in the expanded version of the model were set as
follows. In Stage IV, the prior mean probabilities of a Stage I error, p,, and a Stage II
error, ps, were both set equal to 0.15 and the prior probability that either of these values
exceeds 0.30 was set equal to 0.10; this yields u, = 1.5 = ug and v, = 8.5 = vg.

Using our BUGS program, we obtained draws from the posterior distribution of
the model parameters. We discarded the first 2,000 warm-up cycles and computed
diagnostics based on the next 5,000 iterations. Table 1 lists the Bayes estimates of the
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Table 1. Estimates of p’i’ and pf for the example of Section 4. Overlapping batch mean
estimates of standard error are shown in parentheses.

i 1 2-18 19 20
p! 1.00 (0.00) min=0.00 max=0.00 0.00(0.00) 1.00 (0.00)
p?  0.01(0.00) min=0.01 max=002 0.80(0.03) 0.54 (0.04)
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Fig. 2. Index plot of estimated posterior expected Stage I shifts, E{&f x G|y}, fori=1,...,20.
The lines connecting the 10 expected shifts for Y7 and Y39 are labeled “1” and “20,” respec-
tively. The lines connecting the expected shifts for curves Y2-Y7g are indistinguishable and
essentially lie on the horizontal line through zero.

posterior probabilities p?! and pf for each curve, along with overlapping batch mean
estimates of standard error for curves Y, Y9, and Y29 (Chen and Schmeiser (1993)).
Curves Y; and Yo are strongly indicated to contain one or more components with
measurement errors. Curve Yig is singled out as a regression coefficient outlier with
curve Y oo having the second largest estimated pi’s which is 0.54. No other curve shows
evidence of either type of model inadequacy.

To provide more detailed information about the nature of the violations identified
in Table 1, we estimated the means of the posterior distributions of the Stage I and
Stage II shifts, E{6¢ x ¢; | y} and E{&f x d; | y}. Figure 2 is an index plot in which the
ten estimated components of E{6Y x ¢; | y} are connected. Clearly, Y is designated
as a Stage I outlier because of its third component, Yoo is designated as a Stage I
outlier because of its fourth component, while Y5, ..., Y 19 show no evidence of Stage I
outlyingness.

Similarly, we estimated the means of the posterior distributions of the Stage II
shifts for the intercept, £;1, and the slope, 5;5, which are E{6;8 x di1 | y} and E{6fi X
dia | y}, respectively. The expected (intercept, slope) shifts are: (0.01,—0.002) for Y,
(1.95,-0.02) for Y19 and (0.02,0.60) for Y. For Y3-Y ;5 the intercept estimates
range between —0.01 and 0.01 and the slope estimates range between —0.02 and 0.02.
These values show clear evidence that Y ;9 has a non-conforming intercept and moderate
evidence that Ys¢ has a non-conforming slope.
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The extent to which the model allows the curves and the individual measurements
to vary has a significant impact in determining what the model regards as an outlier.
The impact for our Bayesian model can be quantified by conducting a sensitivity analysis
of the model conclusions to the prior assumptions by studying how the variances o2, ‘7[2:71 ,
and 0[232 affect the posterior probabilities of declaring individual curves to be outliers at

each stage (p! and pf ) and the posterior mean shifts at each stage (E{6Y x ¢; | y} and
E{8 x d; | y}).

For this purpose, we decided to vary the prior parameters b, bg,, and bg, which
control the scale of the prior distributions for o2, a?,l , and 022, respectively, while holding
all other parameters fixed. The rationale for this choice begins by recalling that our
model took a2 ~ IG(ac, b;), 05, ~ IG(ag,,bg, ), and 03, ~ IG(agp,,bg,) where (ac,be) =
(ag,,bs,) = ((Lﬁz,bﬂz) = (3.0,1.0). This inverse gamma distribution has mean 0.5 and
variance 0.25, so that its coefficient of variation (CV) is equal to 1.0. If an alternative
IG(ac,b.) prior for o2 leads to a model favoring larger measurement errors than the
IG(3.0,1.0) prior, then it should be more difficult to declare individual components of
Y, to be Stage I outliers (and vice versa).

We decided to investigate alternative inverse gamma prior distributions all having
CV equal to 1.0, with means ranging from a minimum of 0.25 to a maximum of 1.0.
An easy calculation shows that this is equivalent to keeping a. = 3.0 and studying
b. € [0.5,2.0] (with the parameterization of the inverse gamma distribution that we
use, the mean increases with b.). In a similar way, if an alternative IG(ag,,bg,) prior
for 0[2_,1 leads to a model favoring larger departures of 8; from its prior mean than the
IG(3.0,1.0) prior, then it should be more difficult to declare individual intercepts to
be outliers (and vice versa). An analogous statement holds for the slopes. For the
same reason as described above we keep ag, = ag, = 3.0 and vary bg, € [0.5,2.0] and
bg, € [0.5,2.0].

Having decided which prior parameters to vary and the ranges over which each is to
be studied, one must determine the four diagnostics identified above as functions of the
prior parameters. When only the single MCMC run at the original prior parameters is
available, the most frequently used method for assessing the impact of alternative values
of these parameters on the inferential conclusions is Importance Sampling (Robert and

Table 2. Bayes estimates of the posterior probabilities p’fg for the sensitivity study of Section 4.

be  bs  bg, | ply se
0.575 0.875 1.175 | 0.76 0.04
1.025 0.575 1.475 | 0.81 0.06
0.725 1.775 1.775 | 0.51 0.03
1.325 1.925 1.025 | 0.33 0.03
1925 1.325 1.625 | 0.39 0.04
1.775 0.725 0.725 | 0.65 0.07
1475 1.025 1.925 { 0.53 0.06
0875 1.175 0.875 | 0.69 0.05
1175 1475 0.575 | 041 0.04
1.625 1.625 1325 | 0.38 0.03
1.0 1.0 1.0 0.80 0.03
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Casella (1999)); we use Importance Sampling for this purpose in the bone strength
analysis of Section 5.

In the present application, as well as others of moderate computational expense, it
is feasible to make a few additional MCMC runs using alternative be, bg, , and bg, values
and to interpolate the output to obtain estimates of the posterior quantities of interest
over a dense grid of (be, bg, , b, )-values in [0.5,2.0]3. The remainder of this section shows
how we used this method to assess the sensitivity of pfg to (be, ba,, b, ).

We selected ten vectors (b, &g, ,bg,) in [0.5,2.0}* (in addition to the original values).
We then used our BUGS program to estimate the corresponding p?g This provided
n = 11 points to be used for interpolation which are listed in Table 2. We chose the ten
additional (b, bg,,bs,) input sites to be “space filling” over [0.5,2.0]3, in the sense that
these 10 points maximize the minimum Euclidean interpoint distance among all possible
ten-point Latin hypercube designs on [0.5,2.0]% (Johnson et al. (1990) and McKay et al.
(1979)). Latin hypercube designs allocate the (b, bg,, bg,) points in such a way that the
projection of the 10 design points onto any of the b,, bg, and bg, axes gives a uniformly
distributed point spread over [0.5,2.0]. We used the ACED software of Welch (1985) to
compute the required input design.

Our pfg interpolator was an empirical kriging predictor based on a stationary
Gaussian stochastic process with product power exponential correlation (Sacks et al.

05 10 15 20 0s 1.0 15 20

Prior Scale lor Intercept = 100 |

Prior Scale for Intercepte 1.6 |

Prior Scale for Error

Prior Scale for Slope

Fig. 3. Sensitivity analysis for the simple linear regression example. Estimated posterior
probabilities pfg as a function of the scale parameters of the prior distributions for the variances
of the innovation error (be) and of the regression coefficients (bg, and bg,).
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(1989); Koehler and Owen (1996)). We interpolated p'fg at an equispaced grid of 4096
(= 163) (be, bg,, bg,) values; several tools can be used to study the results. Because there
are only three parameters that are varied in this example, we used trellis plots (Becker
et al. (1996)) to provide detailed information about the effects of each parameter on the
diagnostic. Figure 3 shows the interpolated pfg as a function of (b., bg,, bg,).

The primary conclusion is that pfg is more sensitive to the choice of bg, than to

the choice of either bg, or b.. Consistent with our intuition, larger o3 values make

deviations in the individual intercepts appear less like outliers, thus making pfg decrease.
A secondary conclusion is that, for fixed bg,, the posterior probability that Y ;9 contains
a Stage II outlier is relatively constant in bg, and b, although large values of both bg,
and b, generally yield lower posterior values for pfg than other choices. This is also
intuitive because, if larger measurement errors and larger variation in slopes are possible
under the model, then an aberration in the curve’s intercept may simply be due to a
“wild” slope that causes the curve to intersect the vertical axis at a point distant from
the intercepts of the remaining curves making the intercept look less like an outlier.
We conclude by noting that the values plotted in Fig. 3 are affected by two sources
of uncertainty. The first is uncertainty in the 11 estimates listed in Table 2 as quantified
by the corresponding standard errors. The second source of uncertainty is introduced by
the stochastic process prior that is at the heart of the kriging interpolator (see Sacks et
al. (1989)); in our case the interquartile range of the standard errors due to interpolator
uncertainty is [0.04,0.07] over the 4,096 grid values used to construct Fig. 3.

5. Worked example—Measuring bone strength

The data for this example come from an observational study of patients admitted
for evaluation and possible hip replacement surgery at the Hospital for Special Surgery
in New York City. As part of the evaluation process, a series of CAT scans were made of
the cross section of each patient’s femur in the area near the lesser trochanter (a section
of the femur close to the hip joint). Figure 4 displays a typical bone cross-section with
two clearly delineated regions: a central area of honeycomb-like trabecular bone and a
surrounding area of denser cortical bone.

These data consist of 41 scans, which are a subset of those analyzed by Peruggia et
al. (1994) to identify the factors associated with the distribution of bone strength. We
illustrate the identification of outliers for one of the models of cortical bone thickness
discussed by Peruggia et al. (1994).

The thickness was measured counterclockwise starting from an anatomical landmark
along a series of 72 equally spaced rays emanating from the centroid of each section.
Figure 4 shows, for a typical section, the landmark (denoted by a small circle), the
centroid, and the rays. A set of risk factors was available to explain differences in the
subject’s cross-sectional thicknesses. The risk factors were the subject’s age (AGE),
gender (G), and diagnosis (DX). The variable AGE was the subject’s age centered so
that AGE = 0 corresponded to a 45 year-old subject and was scaled to range over (-1, 1);
the latter facilitated the prior modeling of the AGE-related regression coefficients. There
were three DX categories: osteoarthritis (OA), juvenile rheumatoid arthritis (JRA), and
other (OTH). OA is the most common cause of hip replacement surgery in older patients;
its etiology is the breakdown of cartilage in the joint, typically due to injury or wear.
JRA is a congenital disease which manifests itself early in life and affects the growth of
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Fig. 4. A digitized image of the cross section of human bone through a slice taken at the lesser
trochanter.

the hip bones and connective tissue. Patients in the OTH category tend to have acute
problems, such as injuries or bone cancer; prior to their evaluation they can be regarded
as nearly normal.

The roughly circular character of the cortical shell thickness suggested the follow-
ing form for the Stage I model. The i-th curve was summarized by the curve-specific
coeflicients (u;, a1, 42, i3, Bi1, Bi2, Biz) from the Fourier fit

3
(5.1) Yij=pi+ Z[aif cos(2nf x j/72) + Bigsin(2nw f x j/72)] + ny;
f=1

fori =1,...,41 and j = 1,...,72. Independence of the deviations from the Fourier
series model was not tenable and we based the within-curve errors on the autoregressive
model

(5.2) Mij = Q1M j—1 + P2mi j—2 + €45,
subject to the initialization conditions described in Section 2.
In Stage II, the vector of the 41 Fourier intercepts (u1,- .., #41) Was regressed on
(5.3) Va1 + Yu,2l|G = MALE] + «, 3sI[DX = OA] + 7, 4I[DX = JRA]
+ Yu,5AGE + 7, 6AGE?

where the Stage II regression coefficients v, = (V,1,74,2) Yu.3) Yu,4) V.55 Vu,6) 2re un-
known and I[E] is the 0/1 indicator function of the event E. Equation (5.3) describes
each subject’s Stage I intercept y; by a quadratic equation in that subject’s AGE with
an intercept that is additive in the subject’s gender and diagnostic-group. For example,
Yu,1 is the intercept for a 45 year-old female in the OTH diagnosis group while v, ;1 +7,.3
is the intercept for a 45 year-old female with OA. The same regression variables (with
harmonic-specific regression coefficients) were used to summarize the variability in each
of the 41 x 1 vectors corresponding to the six remaining harmonic coefficients. Peruggia
et al. (1994) contains additional detail.

We determined outliers relative to the null model (5.1)-(5.3). The extended model
was specified as follows. In Stage II, the components of the thickness location shift, ¢;,
were assigned the common mean . = 0 with fairly large variance, 02 = 4.0. The prior
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variances of the autoregressive parameters were set to be o ¢[1] =4=g9 4,[ |- The shape
and scale parameters of the inverse gamma distribution of the first and second innovations
€;1 and g;2 were set equal to 1. As was done in Section 4, the shape parameters and the
scale parameters of all remaining inverse gamma distributions were set equal to 3.0 and
to 1.0, respectively.

In Stage III, the prior means of the six Stage II regression coefficients v, for the
parameters ({1, ...,uq1) of equation (5.3) were all set to zero and their prior variances
were set to be (ag[u, 1,..., ag[u, 6]) = (25.0,1.0,1.0,1.0,1.0,1.0). The fairly large vari-
ance for the intercept of the regression equation of (u1,. .., p41) which is 7, 1, the mean
thickness for a 45 year old female with OTH, allowed adequate support for values far
from zero; the bulk of the prior support for the other regression coefficients was restricted
to smaller values. Each vector of regression coeflicients of the six sine and cosine har-
monics was given zero prior mean and the prior variances (02[l,1], ..., 02[l,6]) were set
equal to (4.0,1.0,1.0,1.0,1.0,1.0), for [ = 2,...,7. The variances of the intercept terms
were set differently than the variances of the coefficients of the remaining regressors for
the same reasons that suggested a similar assumption about the 03 [, k]. The means of
all Stage II deviation magnitudes, d;;, were set equal to zero (i.e., u4[l] = 0) and their
prior variances were set equal to 4.0, i.e., 02[l] = 4.0, for all {.

In Stage IV, for the reasons explalned in Section 4, the parameters of the beta
distributions for the probabilities p, and pg of a Stage I and Stage II deviation were set
equal to uy = 1.5 = ug and v, = 8.5 = vg.

Draws from the posterior distribution of the model parameters given the data were
generated using our BUGS program. The first 2,000 iterations were used as a warm-up
for the algorithm. The estimates stated below were based on subsequent cycles of the
MCMC sampler spaced 10 apart, for a total of 2,500 samples.

The estimated posterior probabilities p! are all zero, indicating that there are no
bone sections containing measurement error outliers. Thus, the 7-term Fourier series
expansion in equation (5.1) appears to approximate the thickness curve well for all
41 bone sections. The largest estlmated posterlor probabilities of a Stage IT outlier
(standard errors) are p5 = pff = p? = 1.00(0.00), pay = 0.92(0.03), and PP = 0.41(0.08).
The standard errors were also computed using the overlapping batch means estimator
of Chen and Schmeiser (1993). All other estimated posterior probabilities pf are less
than 0.07. Thus, our diagnostic identifies four bone sections (2, 6, 8, and 39) as Stage 11
outliers, and suggests that bone section 17 might also have Stage II anomalies. We
expect these bone sections to have one or more Fourier coefficients that differ from the
pattern of the corresponding coefficients for sections having similar covariates.

There are several methods that can be used to provide more detailed information
about the bone sections identified as Stage II outliers. First, we assess how Stage II
violations are reflected in the Stage I coefﬁments of the individual curves. We do this

by examining the size of the estimated shifts 6ﬁ,dm = 250071 22500 6(m)d(m), where
{6(m) d(m)}2590 fori=1,...,41, are the 2,500 draws from the Gibbs sampler for those

. m=17
coefﬁmezrll‘ts (based on the expanded model). Similar estimates can be constructed for
each harmonic coefficient o,y and §;¢. Figure 5 displays an index plot, over the 41 bone
sections, of the estimated shifts for each of the seven Stage I Fourier coefficients. These
estimated shifts should be large in the presence of a Stage II violation. For example,
Fig. 5 shows that the Fourier intercepts are ill-fit by the Stage II regression for bone

sections 2, 6 and 39. Similarly all but one of the harmonic coefficients are poorly fit for
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Fig. 5. Index plots of the estimated posterior mean shifts for the intercept and the six harmonic
coefficients in the Fourier expansion of equation (5.1).

bone sections 8 and 39.

A second diagnostic gives an overall view of how the presence of deviations in the
Stage II regression model affects the fit of the data. This diagnostic compares the pre-
dicted thicknesses based on the null and expanded models. Each of the seven coefficients
in the Fourier model for each subject is estimated in two ways based on the MCMC

~null __ ~null

draws from the corresponding model. The first estimate of y; is g™ = z;';ﬁ . s Where

ﬁﬁ“” is the estimated posterior mean of the Stage II regression coefficients based on the

null model. The second estimate of p; is ™ = 2377 + 6;;d\iu, where 55 is the

estimated posterior mean of the Stage II regression coefficients based on the expanded

SN

model and 6g,d;,, is defined in the previous paragraph. Similar pairs of estimates can be

0
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Fig. 6. Plots of the raw thickness Y; (solid curve) and the two estimates given by equa-
tion (5.4). The dashed and dotted curves are based on the null and expanded model, respec-
tively. Plots are provided for the four bone sections strongly indicated as outliers (2, 6, 8,
and 39), the bone section marginally indicated as an outlier (17), and, for comparison, a bone
section showing no indication of being an outlier (18).

constructed for the other six Fourier coefficients.

This second diagnostic is presented in Fig. 6. For each bone section identified as an
outlier, we display index plots of the raw thickness curve (solid line) overlaid with two
estimates of the mean curve

3
(5.4) A+ 3 (6 cos(@nf x 5/72) + Bl sin(2nf x j/72)],
f=1

for k € {null,exp}.

The lack of fit of the null Fourier model without shift adjustment (dashed line) is most
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pronounced for bone section 6. Lack of fit is also very clear for bone sections 2, 8, and
39 (in the region of maximum thickness).

Sensitivity analyses can be conducted in a way similar to that described in Section 4.
In this more highly computational setting, we used importance sampling to investigate

the effect of the inverse gamma prior distributions for the variance parameters ag, oi,

02, 02%,, 0%, 05,, 05,, and o, . For example, by varying the scale parameters of the

above prior distributions over the lattice {0.67,1.0,1.33}8, the estimated value of pgg

ranged from 0.86 to 0.96. Qualitatively, the dependence of pgg on the scale parameters
is similar to the one described for the 19-th observation in the example of Section 4. In
particular larger values of the scale parameters lead to smaller estimated values of pgg.

6. Discussion

We mention but a few of the many methods to extend the basic model (2.1)—(2.4).
If the within-curve measurements are not equally spaced, then an autoregressive error
structure could still be specified as in Jones and Boadi-Boateng (1991). The case of
innovation outliers can be modeled using shift indicators at the innovation level, in
which case the impact of the deviations would be filtered through the AR structure.

Given the relevant prior information, one could assume a more complicated (and
possibly random) covariance structure for the regression parameters 3;;. A discussion of
various possible specifications that would also apply to our setting is given in Section 2.3
of George and McCulloch (1993). The basic model can also be expanded to allow outlier
detection in n-stage hierarchical Bayesian models with n > 3. To check for assumption
violations at Stage III or higher, deviation indicators and deviation magnitudes can be
added to appropriate parameters of the prior distributions for which it is desired to
detect deviations. Of course, this extension would introduce a tremendous amount of
complexity to the problem.

As mentioned in Section 3, Rao-Blackwellized estimates can be computed for any of
the posterior diagnostics that we recommend (Gelfand and Smith (1990)). We initially
calculated Rao-Blackwellized estimates for p! and pf but found that, in our examples,
they differed little from the tabulation estimates reported by our BUGS program. For
this reason, we used the more automatic BUGS estimates of all posterior quantities in
the examples of Sections 4 and 5.

The diagnostics proposed in this paper are model-based—they assume a multi-
stage, null model for repeated measures data; location shift extensions are added to
the null model at various levels of the hierarchy. Alternative model elaboration steps
to accommodate outliers (e.g., replacement of the normal priors by t-like priors) could
also be entertained as in Wakefield et al. (1994) and, more recently, in Spiegelhalter and
Marshall (1999).

For data sets where the distinction between usual and unusual observations is clear-
cut (as judged by the modeling assumptions and prior specifications) the Gibbs sampler
for our extended model converges rapidly and the estimated probabilities that individ-
ual observations are outliers are highly reliable. However, for data sets where either
the number of “outliers” is large relative to the prior assumption or other anomalies
occur, it is possible for the posterior distribution to assign large probability to several
nearly disjoint regions of the parameter space. In such instances, the Gibbs sampler
does not mix well over these regions, successive draws exhibit strong dependencies, and
longer runs are required to obtain reliable estimates. A situation of this sort occurs in
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the example of Section 5, where the estimate of p'f7 is only accurate to within +0.08
despite being based on 2,500 subsamples from a total of 25,000 iterations of our BUGS
code. A similar difficulty occurs in problems of Bayesian variable selection (George and
McCulloch (1993)). Called by another name, such situations are related to the masking
phenomenon described in Justel and Penia (1996).

Appropriate Metropolis-Hastings steps can be introduced to facilitate communica-
tion between multiple regions (see, for example, George and McCulloch (1997)). The
effectiveness of such a strategy, however, is highly dependent on having some knowledge
of the structure of the posterior distribution. We are developing such algorithms for
outlier detection models.
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