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Abstract. The existing model for multivariate skew normal data does not cohere
with the joint distribution of a random sample from a univariate skew normal distri-
bution. This incoherence causes awkward interpretation for data analysis in practice,
especially in the development of the sampling distribution theory. In this paper, we
propose a refined model that is coherent with the joint distribution of the univari-
ate skew normal random sample, for multivariate skew normal data. The proposed
model extends and strengthens the multivariate skew model described in Azzalini
(1985, Scandinavian Journal of Statistics, 12, 171-178). We present a stochastic
representation for the newly proposed model, and discuss a bivariate setting, which
confirms that the newly proposed model is more plausible than the one given by
Azzalini and Dalla Valle (1996, Biometrika, 83, 715-726).
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1. Introduction

Let X and Y be two independent random variables following the standard normal
distribution. For any real number ), random variable Z = —2—|X| + —+=Y follows

. VI+A2 V1i+2Z
a distribution with density function

(1.1) f(z) =2¢(2)®(Nz), -oo0<z<o00

where ¢(-), and ®(-) are the pdf and cdf of the standard normal distribution, respectively.
The distribution family of Z with density (1.1), denoted as Z ~ SN()), is called the skew
normal distribution (see for example Azzalini (1985); Gupta et al. (2002)). The skew
normal distribution family extends the widely employed family of normal distributions
by introducing a skewness factor A. The advantage of this distribution family is that it
persists many statistical properties of the normal distribution family (Azzalini (1985),
Zack (1981)). The study of skew normal distributions explores an approach for statistical
analysis without the assumption of symmetry for the underlying population distribution.
Such an extension is necessary because in practice, the underlying distribution may be
well skew rather than being symmetric. Thus, the skew normal distribution family
emerges to take into account the skewness property. For example, the application of
skew normal distribution to time series and spatial statistics was discussed by Genton
et al. (2001), among others.

Although random variables with density function (1.1) fragmentarily appear in ear-
lier writings in econometrics and medical studies (see for example Aigner et al. (1977)
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and Roberts (1966)), the primary work of Azzalini (1985) defines the univariate skew
normal distribution family and systematically addresses its statistical properties.

When applying the skew normal distribution family in statistical inference, fre-
quently we need to discuss the joint distribution of a random sample from the popula-
tion. This consequently necessitates the study of multivariate skew normal distribution.
Toward this end, Azzalini (1985) mentioned the following multivariate extension of the
density in (1.1).

DEFINITION 1. (Azzalini (1985)) Random vector y follows a multivariate skew
normal distribution if the joint density of y has the following form:

k
(1.2) f(y) = coul(y; © H (B3v5)

where ¢ (-, Q) is the density of a multivariate normal distribution with & x &k correlation
matrix @ = (pi;), ¥ = (y1,..-,yx)’ € RF, B1,..., Bk are k real numbers. Note that
Q = (pi;) is generally not the correlation matrix of y, and ¢! is the orthant probability
of a standardized normal random variable. The off-diagonal elements of the correlation
matrix are of the form 6;6;p;; with &; = A;/+/1 + A?. We denote the set of random vectors
following a joint distribution in Definition 1 as SNy (k, €, 3), where 8 = (1, ..., Bt)"

Obviously, Definition 1 is just a direct and formal extension of the univariate skew
normal distribution. In 1996, Azzalini and Dalla Valle pointed out the disadvantage
of Definition 1, and put forward the following version for multivariate skew normal
distributions.

DEFINITION 2. (Azzalini and Dalla Valle (1996)) Random vector y follows a mul-
tivariate skew normal distribution if the joint density of y takes the following form:

(1.3) fy) =2¢k(y, 0)P(c’y) for yeR"

where ¢ is the vector of k real numbers. We denote the set of random vectors following
a distribution in Definition 2 as SN»(k, 2, a).

As delineated in Azzalini and Dalla Valle (1996), and also in Azzalini and Capitanio
(1999), Definition 2 is endowed with statistical properties such as the quadratic form
of a skew normal random vector is X%, along with a probabilistic interpretation on the
basis of the stochastic representation. However, in the definition, £ is not the correlation
matrix of y, and Q = I does not imply that all components of y are independent in
Definition 2.

For Definition 2, Gupta and Chen (2001, 2003) observed that if Y7, ..., Y} consti-
tute a random sample from skew normal population SN(}), the distribution of y =
(Y1, ...,Y:) is not included in SNy (k, 2, ). Consequently, the distribution of the mean
of a random sample does not belong to SN2(k, 2, @). This phenomenon casts a doubt
on the appropriateness of Definition 2 being a statistical model for multivariate skew
normal data.

In this paper, we propose a refined model for multivariate skew normal data. We
shall show that the newly defined model retains many useful statistical properties, and
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it coherently embraces the joint distribution of identically and independently distributed
skew normal random variables. To keep the paper concrete and directed, we focus on
the definition of the new multivariate skew normal family in Section 2, together with the
comparison between Definitions 1 and 3, as well as the comparison between Definitions 2
and 3. To provide a probability interpretation, we present a stochastic presentation for
the proposed model in Section 3, which is then followed by a discussion on bivariate skew
normal distributions in Section 4.

2. A new definition of multivariate skew normal distribution

Consider a random vector with skewness parameter (8,...,8;)" corresponding to
its k random elements. Note that the individual shape parameter §; may affect the
shape of the other random elements via the correlation coefficient matrix used in the
multivariate normal density. We propose

DEFINITION 3. Let Q be a k x k positive definitive matrix. A k x 1 random vector
y is called a multivariate skew normal random vector if the density of y is of the form

k
(2.1) f(y,Q, d) = 2%, (y, Q) [ 2(N;y)
j=1
where d = (61, ..., 6) for some real numbers 6y, ..., 6k, and Ay, ..., A, are k real vectors
satisfying
(2.2) A=, A) = QY2 diag(by, .. ., 6).

In the sequel, we consider the set of random vectors following a distribution in the
family defined in (2.1) as SN3(k,(, d).

Remark 1. Note that in Definition 3, setting §; = --- = 6 = 0 in (2.1) and (2.2)
yields the joint density of the multivariate normal distribution ¢ (y,). And from (2.2),
letting A = (Ay,..., ;) results in

A'QA = diag(6%,...,62).
Thus, skew vector d affects the shape of the distribution via eigenvectors A;, ..., Ag.

Remark 2. Note that Definition 1 and Definition 3 are two different distribution
families. Definition 1 is a special case of Definition 3. To see this, note that for any
z € SN1(k,€,8), if y = Az with |A] # 0, when A # I, y ¢ SN1(k,Q,0), but
y € SN3(k,Q, d). (We thank one of the referees for pointing out this connection). Thus
SN1(k, €, B) is not closed for linear transformations. However, for any € SN3(k,Q, d),
Az € SN3(k,Q, d) for any matrix A with |A| # 0.

To see the eligibility of Definition 3, we need to prove that the integral over the
whole space for the density function given in (2.1) equals 1.

LEMMA 2.1. With f(y,Q,d) defined in (2.1), [p. f(y,Q, d)dy = 1.
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ProOOF. Note that

/ (3,2, d)dy
Rk

k
=/ 28(2m) /2102 exp (—ly’ﬂ‘ly) 11 20jv)dy
Rk 2 j=1
1 k
_—_/ 2F (21)*/2 exp (——t’t) @(A;Ql/zt)dt
ak 2" ") 1

1

~

Since A'Q'/? = diag(éy, . .., 6), we have
k
— 1 ’
= ka 2"3(271') k/2 exp (-—-§t t) ]I;Il Q(&jtj)dt

=1. a

Lemma 2.1 guarantees that (2.1) is eligible for being a density function. Next, we
shall clarify the relation between Definition 2 and Definition 3. In this regard, we show
that Definition 3 includes Definition 2 as a special case. The following theorem also
describes the relation between Definition 3 and a random sample drawn from a skew
normal population.

THEOREM 2.1. Let SN3(k,Q, d) and SNa(k, 2, a) denote the two distribution fam-
ilies defined in Definition 3 and Definition 2, respectively. For any univariate skew
normal random sample y, y = (Y1,...,Ys) € SN3(k,Q,d) but y ¢ SN2(k,Q, a).

To prove Theorem 2.1, we need the following lemma, which was given by Azzalini
and Capitanio (1999).

LEMMA 2.2. (Proposition 6 of Azzalini and Capitanio (1999)) If z -~
SNy(n,Q,a), and A'QA is a positive definite correlation matriz, A = (a1,..., 8y),
then the elements of random vector y = A’z are independent if and only if the following
conditions hold simultaneously:

(a) aiQa; =0 fori# j, withi,j=1,...,n and

(b) alQa # 0 for at most one i, with ¢ =1,...,n.

PRrROOF OF THEOREM 2.1. First, we notice that for any skew normal random sam-
ple, since Y7,..., Y} are i.i.d. SN(A) (the univariate skew normal distribution with skew
parameter A), the joint distribution of y is

k
[126020w,)

which can be written as

k
2k (y, 1) [ 2(Ny)).

=1
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Thus y is in SN3(k,Q,d), with Q@ =1I, and d = (A,...,\)".

Next let us examine whether y is in SNy(k,Q,a). If y ~ SNa(k,Q,a), for some
correlation matrix 2 and skewness vector & = (¢, ..., a,)’, according to Azzalini and
Capitanio (1999), € is not necessarily equal to the correlation matrix of y. Now, let
A =TI in Lemma 2.2, a; is the vector with the i-th element (taking value 1) as the only
non-zero element. And A’Q2A is still a positive definite correlation matrix. By Lemma
2.2 with Q = I, o can only have one non-zero element. Without loss of generality,
we assume that oy # 0 and o; = 0 for j = 2,...,n. Thus if Y1,...,Y;, constitute a
random sample from a skew normal population, and if we assume that y = (Y3,...,Y,)’
follows the multivariate skew normal distribution SNs(k,Q, a), from the independence
we conclude that Q = I and the skewness vector @ = (03,0,...,0), a3 #0.

Now, by Proposition 5 of Azzalini and Capitanio (1999) in the case where A = I,
the marginal distribution of y reads

Yy ~SN(o1,n), and Y;~SN(0;,0) for j=2,...,n,

where SN(o;,;) is the skew normal distribution with density function,
2¢(z,0)®(a;2,0), with ¢(z,0) as the density of normal distribution with standard devi-
ation 0;, and ®(z,0) as the cdf corresponding to ¢(z, ). In another words, o is the scale
parameter and «; becomes the skew parameter. The marginal distributions obtained
here are in contradiction with the fact that Y3, ...,Y,, constitute a random sample, which
means that Y7,...,Y, follow an identical distribution. Therefore y ¢ SNy(k,Q,a), this
completes the proof of Theorem 2.1. O

From Theorem 2.1, we know that given a set of skew normal random sample y, it
can not be in SNy (k,Q, @), but y € SN3(k,Q, d), thus SN3(k,Q, d) is not the same as
SNy (k,Q,q).

3. Stochastic representation for distribution family SN3(k, 2, d)

For Definition 3 proposed in Section 2, we shall illustrate the distribution family
with a probability interpretation. To give a probabilistic interpretation of SN3(k, 2, d),
we present a stochastic representation for the newly defined distribution family,
SN3(k,Q,d). We first prove a theorem in the case where Q = I, and then, on the
basis of this theorem, we show in Corollary 3.1 that any member in SN3(k,$2,d) can
have a stochastic representation.

THEOREM 3.1. Let z, y be two independent random vectors following Ni (0, I).
Let

(3.1)

. 6 bk ) 1 1
z = dia yenns x| + dia; ey ,
g<\/1+6f \/1+6§>\ | g<\/1+6% \/1+5k5)y
where |z = (| X1|,...,|Xk|)’. Then z ~ SN3(k,I,d) for any d = (64,...,6;) € RF.
PROOF. Let

U = dia _61_ _5’“_
& VIF & 118

and
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V = diag 1 1
VI+& 148 )
then we have z = Ulz|+ Vy and
(3.2) Vy ~ N, (0, V' V).
For any real vector w € R*, we have
P(z < w) = Eig{P(z < w ||z|)}
:/ P(z < w)2%¢y(z, Idz
B
(where R* = (0, +00)¥)

= P(Vy <w— Ux)2*¢i(z, I)dz
R}

:/ Op(w— Uz, V' V)25¢(x, Idx
R

k
+
where & (z, %) = fR(m) éx(y,X)dy. Thus, the joint density of z is
Flwn,. . we) = d(P(z < w))/dw
- / {d(®(w — Uz, V' V))/dw}2kéy(, I)dx
R

Li
{3}
X exp —§xm dx

(note that V is a diagonal matrix and (3.2))

(2m) 7F| V| 712% exp {ﬂ%((w —Uz) (VY V Hw- Ua:))}

1
= / (2m) k| v |12k exp{-—[w’ V2w -w'V iUz
Rk 2
+
2’ UV 2w+’ UV 32Uz + z'w]}da:.
Since U and V are diagonal matrices, they are exchangeable. Also
UV iUz + 2’z =2’V 22,
thus we have

f(wl,.. .,wk)

1
:/ (27r)_k|V|‘12kexp{—§[a:'V—2:c-a:’U'V_2'w*w’V_2U:l:
R

+w'U’V‘2Uw—w’U'V‘2Uw+'w’V_2w]}da:



A CLASS OF MULTIVARIATE SKEW-NORMAL MODELS 311

).

1
(2m) k| V|~12k exp{—i[(a: —Uw)V 3z - Uw)
k
+
+w'(Vi-U'v? U)w]}dm.
Note that V™2 — U'V~2U = I, we have
f(wl,...,wk)

:/ (2m) k12| V|~ 1gk exp{~1(z C Uw) V(e - Uw)}(ﬁk(w,l)da:
R% 2

= 26¢ (w, I) /Rk (27r)"k/2lV|'12kexp{—%(z —Uw) V7 2x - U'w)}d:l:

k
1 1
= 28¢, (w, I / —=ex {——tz}dt
¢k2( )]=I11 R* /_27'( p 2 7 2
(letting t = V™~ '(z - Uw))

k
= 26y (w, T) H(l - &(-8;w;))

j:].

k
= 2 (w, I) [ @(850),

=1

.

where R* = (—6;w;,o0). Therefore z € SN;3(k,Q, d). O

From Theorem 3.1, one can construct a stochastic representation for any member
in SN3(k, ), d) as follows.

COROLLARY 3.1. Foranyy € SN3(k, ), d) with parameter matriz Q and skewness
factor d = (61,...,6), w = QY22 has the same distribution as y, where z is the
random vector defined in (3.1).

ProOF. First, let the 6;’s in Theorem 3.1 the same as the skewness factors §;’s for
random vector y. By Theorem 3.1, we know that the density of z in (3.1) reads

k
2k¢k(Z7 I) H (I)((SJZ])
i=1
Thus the distribution of random vector w = Q'/2z is
k
2k¢k(w’ Q) H @((O’ R 6.7’ s 70)9—1/211]).
Jj=1

Letting A} = Q-1/2(0, ... ,85,...,0), we know that w has the same distribution as y
(since A = (A})' = Q~'/2 diag(6y,...,6)). O
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4. The bivariate skew-normal distribution

After describing the model and its probability interpretation, in this section, we
shall discuss a special case where k = 2, namely the bivariate distribution of the newly
defined distribution family. First the density function in (2.1) reads

(4.1) f(y,Q,d) = 22(27r)‘1 det(Q)_1/26(_1/2)”/9_1”@(611)'1y)@(égp'gy),

g:@ ‘;).

Thus the inverse matrix of ) reads
1 1 —w
-1 —
=TT, (—w 1 )
and

42) Q72 =1 -u?)1/2 ((\/1 ~w+Vitw)/2 V1-w- \/1+w)/2).

where the parameter matrix

(Vi-w—-vV14w)/2 (VI-w++/1+w)/2
From (4.2), Equation (4.1) becomes

(43)  f(y1,y2,w,61,82)
= 22(2m) T1(1 — w?) M2~ 2 ) 209" (5, p )@ (5,9 y)

with

A (VT-w+ 1+ w)/2
= ((\/l—w—\/l +w)/2>’

_((ﬂ—w—ww)/z)

P2 = (V1-w+V1+w)/2
of
1.5+
1k
05
ol
-0.5F
ab
15}
2t N ‘ . ‘
-2 -1 0 1 2

Fig. 1. Bivariate skew normal with w = 0.3.
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1.5

-0.5+

-1.51

-2 -1 0 1 2

Fig. 3. Bivariate skew normal with w = 0.

The contour plot of density (4.3) when §; = 4, 82 = 0.4 and w = 0.3 is given
in Fig. 1. Comparing Fig. 1 with Fig. 2 that outlines a contour plot of the standard
bivariate normal density, we can see the symmetry of the standard bivariate normal
density is changed by the shape parameters w, §; and 62. These parameters make the
density skew and distorted. In Fig. 3, we provide a contour plot of density (4.3) with
61 = 63 = 3.0 and w = 0. The plot in Fig. 3 suggests that in bivariate case, random
variables y; and y2 are independent if and only if w = 0. While this property holds for
the bivariate normal distribution family, in the bivariate skew normal family defined by
Azzalini and Dalla Valle (1996), this property is invalid, which causes the interpretation
of w somewhat awkward. In the following theorem, we prove that in the definition of
SN3(k,Q, d), the property between independence and w = 0 remains valid. This makes
the definition of SN3(k, 2, d) more plausible.

THEOREM 4.1. Let y be a bivariate random vector in SN3(k,Q,d). Then Y; and
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Y are independent if and only if w = 0.
Proor. The moment generating function of y = (‘;‘) can be obtained as
2

M(t) = 4exp{(t] + 2wtits + t3)/2}@(R1p11ts + haprata)B(hoparts + hopasts)

where
hy = _51_._’
. V1462
b2
hy = — e,
V14 83
1 =pa2 = (V1—-w+vV1+w)/2,
and
po1 =pi2 = (V1-w—v1+w)/2
Thus
OM(t1,t T
(4.4) —(—3%(1—5722_) t1=t2=0: w -+ §(h1h21?11p22 + hihapaipi2).

By the fact that

2 2
EW) = \/;hlpll + \/;thm

2 2
E(Y2) = \/;hlpm + \/;h2pz2,

(4.5) COV(Y1,Y2) = EM1Y:2) — EM)E(Y?) = (1 + %(hf + hZ ) w.

and

we have, from (4.4), that

Therefore, if Y and Y, are independent, by (4.5) we know immediately that w = 0; on
the other hand, if w = 0, by the density in (4.3), one can see that the joint density is
the product of two individual skew normal densities, which means that Y; and Y, are
independent.

5. Concluding remarks

We present a distribution family of multivariate skew normal distributions that
embraces the joint distribution of a random sample from a univariate skew normal dis-
tribution. The newly defined distribution family, SN3(k, 2, d), is endowed with many
statistical properties, including the coherency between a multivariate distribution family
and the corresponding univariate skew normal samples. The persistence of statistical
properties enriches the theory of skew normal distribution which can be employed when
the symmetry of the underlying population cannot be plausibly assumed. Compared
with existing multivariate models for populations with skew distributions, SN3(k, 2, d)
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extends and strengthens the multivariate model proposed by Azzalini (1985), and it
has greater flexibility with respect to the model proposed by Azzalini and Dalla Valle
(1996). However, using the link between SN3(k, 2, d) and SN;(k, Q, B), statistical prop-
erties such as conditional and marginal distributions, moments of SN3(k,Q, d) may be
derived indirectly from the properties of SNy (k, (2, B).
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