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Abstract. In this paper, we consider M-estimators of the regression parameter
in a spatial multiple linear regression model. We establish consistency and asymp-
totic normality of the M-estimators when the data-sites are generated by a class of
deterministic as well as a class of stochastic spatial sampling schemes. Under the
deterministic sampling schemes, the data-sites are located on a regular grid but may
have an infill component. On the other hand, under the stochastic sampling schemes,
locations of the data-sites are given by the realizations of a collection of independent
random vectors and thus, are irregularly spaced. It is shown that scaling constants of
different orders are needed for asymptotic normality under different spatial sampling
schemes considered here. Further, in the stochastic case, the asymptotic covari-
ance matrix is shown to depend on the spatial sampling density associated with the
stochastic design. Results are established for M-estimators corresponding to cer-
tain non-smooth score functions including Huber’s y-function and the sign functions
(corresponding to the sample quantiles).

Key words and phrases: Central limit theorem, infill sampling, increasing-domain
asymptotics, long range dependence, random field, strong mixing, stochastic design,
spatial sampling design.

1. Introduction

Consider the multiple linear regression model
(1.1) Y(s;) = B'wn(s;) + Z(si);

where 3 € IRP is the unknown parameter, w,,(-) is a known non-random JRP-valued func-
tion on IR?, Z(-) is a stationary strong mixing random field (r.f) with marginal cdf and
pdf Go and gg, respectively, and {Y (s1),Y(s2),...} are observed at the sampling sites
{81, 82,...}. Let ¢ : IR — IR be a nondecreasing, right continuous function satisfying

(12) E[p{Z(s)}] = 0.
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Define 3, as a solution (in t € IRP) of the equation M, (t) = 0, where
(13) Mn(t) = Z wn(sz)w{y(sz) - w:z(si)t}a

and the sum is over the total number of sampling sites {s1,2,...}. (The sample size
depends on the spatial sampling design generating the sampling sites {s1, 82, ...} and will
be denoted by different symbols in the sequel. As a result, the range of summation in (1.3)
is not indicated explicitly). In this paper, we derive the asymptotic distribution of ,Zin
corresponding to both smooth (absolutely continuous) and nonsmooth (bounded) score
function % under certain fixed and stochastic spatial sampling designs. In particular,
in the smooth i case, the results of the paper yield asymptotic distributions of robust-
estimators of 3, including the ones obtained through Huber's ¢¢-function

k if z>k
(1.4) Yplz) =X = if |z|<k
-k if z<-k,

k € (0,00) under both random and nonrandom sampling designs. In the nonsmooth
case, it covers the score functions that yield estimates of quantiles of Z(-).

Asymptotic properties of estimators based on spatial data can be carried out under
more than one asymptotic framework, primarily due to the fact that points in space
do not admit a natural ordering as does the (time-) points in one dimension. Indeed,
there are two basic types of asymptotic frameworks that are commonly used in the
context of a continuous parameter random field. When the minimum distance between
the neighboring data-sites remain bounded away from zero as the sample size increases,
one obtains the pure increasing domain asymptotic structure (cf. Cressie (1993)). In this
case, the sampling region at the n-th stage R, (say) necessarily becomes unbounded as
n — o0. On the other end, if the sampling region R, remains confined in a bounded
subset of IR? and an increasing number of data-sites are selected from it, then one obtains
what is known as the infill asymptotic structure. In this case, the minimum distance
among the data-sites goes down to zero as n — oc. In most studies on large sample
properties of estimators based on spatial data, the pure increasing domain asymptotic
structure with a grid based sampling design is used. However, a combination of the two
asymptotic structures is also relevant for some applications (cf. Lahiri et al. (1999)). This
is called a mixed asymptotic structure which has both an increasing domain component
and an infill component. The increasing domain component is specified by the structure
of the sampling region R, which becomes unbounded as n — oco. The infill component
(defined in Section 2) allows one to fill in any given subregion of R, with an increasing
number of data-sites using a scaled down integer grid on IR%. See Section 2 for more
details.

For the nonrandom or fixed design case, we derive asymptotic distribution of the M-
estimator 3,, of (1.3) under the mixed asymptotic structure which has both an increasing
domain component and an infill component. For the sake of completeness, here we also
obtain the limit distribution of (3, — ) under the pure increasing domain case. For
both asymptotic structures, we denote the sample size by N,, (cf. Subsection 2.1). It is
observed that for a nondegenerate limit distribution of (,@n — ) under the fixed design
with either of the two asymptotic structures, the right choice of the scaling constant is
given by D,, (defined in Section 3) which is comparable to the square root of the volume
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of R,,. For the pure increasing domain asymptotics, this volume is of the order of the
total number of sampling sites N,, and the rate of convergence of 3, to 3 is the usual
rate for strongly mixing observations. However, for the mixed asymptotic structure, the
order of the volume of R, is strictly less than the common choice N,,, reflecting the fact
that neighbouring observations are strongly dependent and hence the rate of convergence

of the estimators is slower than the usual N, /2 rate.

For the stochastic design case, we denote the sample size by n and suppose that
the sampling sites s1, ..., 8, are given by the realization of a set of independent random
vectors taking values in R,. This provides a more flexible framework for modelling
irregularly spaced data-locations than the standard approach that uses a homogeneous
Poisson process. As in the fixed design case, here also we assume that the sampling
region R, becomes unbounded as n — oc. As explained in Section 2 below, in the
stochastic design case, the distinction between a pure increasing domain structure and a
mixed asymptotic structure lies in the relative growth rates of the sample size n vis-a-vis
the volume of the sampling region. Infill sampling occurs when the sample size n grows
at a faster rate than the volume of R,,. For a nondegenerate limit distribution of (3,, —3)
under the stochastic design with both pure increasing domain and the mixed increasing
domain sampling paradigm, the scaling factor is D,, (defined in Section 3) which depends
on both the volume inflating factor A,, (defined in Section 2) and the density generating
the stochastic design. For the pure increasing domain asymptotics, this volume is of
the order of the total number of sampling sites n; however, under strict infilling, the
order of volume is strictly less than n. Under appropriate regularity conditions, (3, —
() is asymptotically p-variate normal under both asymptotic paradigms. The limiting
normal distributions have zero mean but distinct convariance matrices that, among other
things, depend on the spatial sampling density generating the points 81, ..., 8,. Further,
the results also show that the mixed increasing domain structure, with its partial infill
component, leads to a “smaller” asymptotic covariance matrix than the pure increasing
domain case under the stochastic design considered here. The results also allow us to
determine the optimal spatial sampling design for estimating the parameter B3. See
Section 4 for more details.

The rest of the paper is organized as follows. In Section 2, we describe the spatial
asymptotic framework and the spatial sampling designs. We state the main results of the
paper under the nonrandom designs in Section 3 and those under the stochastic designs
in Section 4. The proofs of the results are separately presented in Sections 5 and 6,
respectively for the nonrandom and the stochastic design cases.

2. The spatial asymptotic framework

Let Ry be a subset of (—1/2,1/2]? containing the origin and let R be an open set
satisfying Ry C Ry C R}, where for any set A C IR%, A denotes its closure. We regard
Ry as a ‘prototype’ of the sampling region R,,. Let {\,} be a sequence of positive real
numbers such that A, — oo as n — co. We assume that at the n-th stage, the sampling
region R, is obtained by ‘inflating’ the set Ry by a scaling factor A, i.e.

(21) R, = A\, Ryg.

Since the origin is assumed to lie in Ry, the shape of R,, remains the same for different
values of n. Furthermore, this formulation allows the sampling region to have a wide
range of shapes, encompassing common convex subsets of IR, such as spheres, ellipsoids,
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polyhedrons, as well as certain nonconvex regions (in IR?), such as star-shaped sets.
(Recall that a set A C IR? is called star-shaped if for any z € A, the line segment
joining z to the origin lies in A.) The latter class of sets may have fairly irregular
boundaries. To avoid pathological cases, we shall always assume that for any sequence
of real numbers {a,} with a, — 0 as n — oo, the number of cubes of the lattice
anZ?® that intersect both Ry and RS is O((a,) 1)) as n — oo. This assumption
would ensure that the number of “boundary” sampling sites in the sampling region R,
is negligible compared to the total number of sampling sites. This condition holds for
all regions R, of practical interest. For example, if the boundary of Ry is delineated by
a smooth function § : [0,1}¥ — IR? for some k < d, then this condition holds. Sherman
and Carlstein (1994) consider a simiar class of regions in the plane (i.e. d = 2), with
boundaries given by closed rectifiable curves of finite lengths.

2.1 Fized designs

Let 61,...,64 be a given set of d positive real numbers and let A be the d x d
diagonal matrix with diagonal elements &y, ...,84. The fixed designs we consider in this
paper are based on the transformed integer lattice Z¢, given by

24={Ai:iczZ?.

Thus, the lattice Z¢ has an increment §; in the i-th direction, 1 < i < d. For the
fized sampling design under the pure-increasing-domain structure, we assume that the

random process Z(s) is observed at N,, number of sampling sites {s1,...,sn, } defined
by

(2.2) {s1,...,sn.}={s € 2.5 R,}.

In this case, the points s1,..., SN, are separated by a distance § = min{é,,...,84} for

all n and the sampling region R, grows to IR? eventually. Note that the sample size N,
under this case satisfies the relation

(2.3) N, ~ vol.(A71Ry)Ae

where vol.(A) denotes the volume (i.e. the Lebesgue measure) of a set A in IR% and for
any two sequences {r,} and {¢, } of positive real numbers, we write r,, ~ t,, if rp/t, — 1
as n — 0o.

For the fixed sampling design under the ‘mixed’ paradigm, any given subregion of
the sampling region R, is filled in with an increasing density of sampling sites. To
that end, let {n,} be a sequence of positive real numbers such that 7, | 0 as n — oo.
We assume that the sampling sites {si,...,sy, } under the fixzed sampling design in
the mixed-increasing-domain-structure case are given by the points on the scaled lattice
nnZ% that lie in the sampling region R, i.e.

(2.4) {s1,...,8n,} = {s €n2%: 5 € R,}
= R, N (1, 29).
The scaled lattice 1, 2% becomes finer for larger values of n and thus fills in any

given region of IR% (and hence, of R, ) with an increasing density. Indeed, the maximum
distance between any two adjacent sampling sites is bounded by max{é,...,84}7n,
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which goes to zero as n -~ oco. The sample size N, in this case satisfies the growth
condition

(2.5) N, ~ vol. (A7 Rg)Aen, ¢,

which is of a larger order of magnitude than the volume of R, given by vol.(A~1Rg)Ad.
This type of sampling designs may be useful for analysis of high resolution image data,
e.g. remotely sensed satellite data on a fine scale.

2.2 Stochastic designs

For the stochastic design, let f(z) be a continuous, everywhere positive probability
density function on Ry, and let X1, X o, ... be iid random vectors with probability density
f(z), that are independent of the r.f. {Z(s) : s € IR?}. We assume that the sampling
sites 81,..., 8y lying in the sampling region R,, are obtained from a realization @y, ..., T,
of the random vectors X1,..., X,,, by the relation

8; = Anxy, 1<i<n,

Since x1,...,x, take values in Ry, 81,..., s, are distributed over the entire sampling
region R,, = A\, Rp. In analogy to nonparametric regression under stochastic designs, the
results proved in this paper under stochastic designs are to be interpreted as valid with
probability one under the joint probability distribution, say, Px of the X ;s (i.e. almost
surely, Px).

In the stochastic design case, the distinction between the pure-increasing domain
structure and the mixed-increasing domain structures is determined by the relative
growth rates of the sample size n and the volume of the sampling region R,,. When
n ~ K¢ for some 0 < K < oo, the sample size is of the same order as in the pure-
increasing-domain-fixed design case (cf. (2.2)), and it should be regarded as the pure-
increasing-domain analog under the stochastic design. On the other hand, if n/A% — oo
as n — oo (as in (2.5)), it corresponds to the ‘mixed-increasing domain’ case under the
stochastic design.

3. Results under fixed designs

3.1 Notation and conditions

We begin by introducing some notations. Denote the transpose of a matrix B by B'.
Forz = (x1,...,zx) € R*, k > 1,let [&|{ = 21|+ +|zk| and [[2] = (2F+- - -+x})1/?
respectively denote the ¢! and ¢2 norms on IR¥. For any set A C IR¥, let vol.(A) denote
the volume (i.e. the Lebesgue measure) of A and let |A| denote the total number of
elements in A. Let 1(-) denote the indicator function. For y € IR, write y4 = max{y,0}.
Let Fz(T) = 0(Z(s) : s € T') be the o-field generated by the variables {Z(s) : s € T},
T ¢ IR®. For any two subsets Ty and T of IR, let

d(Tl,TQ) = 1nf{”:1: — 8”1 cx €Ty, s € Tg}.
Also, let R(b) = {UF_,D; - Zle vol.(D;) < b,k > 1} be the collection of all finite
disjoint unions of cubes Dy,..., Dy in IR%, b > 0. Then, the strong-mixing coefficient

for the r.f. Z(-) is defined as

(3.1) a(a;b) = sup{a(T,T) : d(T1,T2) > a,T1, Tz € R(b)},



230 S. N. LAHIRI AND KANCHAN MUKHERJEE

a>0,b> 0, where a(T},T») = sup{|P(ANB) - P(A)P(B)| : A € Fz(Th), B € Fz(T2)},
Ty, Ty C IR®. Note that the supremum in the definition of a(a;b) is taken over sets T, T»
that are bounded. For d > 1, this is very important; some interesting results of Bradley
(1989, 1993) (cf. Doukhan (1994)) show that a r.f. on IR%, d > 2 that satisfies a mixing
condition of the form

(3.2) lim sup{&(T,Ts) : Ty, T» C IR%,d(Th,Tz) > a} = 0,

with the supremum taken over possibly unbounded sets, necessarily belongs to the more
restricted class of p-mixing r.f.s. As a result, to ensure that the main results of the paper
are applicable to a larger class of r.f.s, we do not allow unbounded sets in the definition
of the strong mixing condition here.

For clarity of exposition, as in Lahiri (2003), we shall make the assumption that there
exist a nonincreasing left continuous function a;(-) and a nondecreasing function g; (-)
such that lim, . @1(a) = 0 and lim;_,, 91(b) = 0o, and the strong-mixing coefficient
afa,b) in (3.1) satisfies the inequality

(3.3) afa,b) < ay(a)gi(b) a>0, b>0.

Next, denote the autocovariance function of the transformed process ¥(Z(-)) by o(-),
ie., o(s) = Ev(Z(z))¢Y(Z(x + 8)) for all s,z € R Let xo = E¢'(Z(0)) (whenever
¥’ is defined) and x1 = [ go(z)1(dzx), where recall that go denotes the density function
(with respect to the Lebesgue measure) of Z(0). Let D1, be a p x p matrix satisfying

Ny
DlnDlln = Z wn(si)wn(si)’.
i=1

Next define D,, = ngﬂDln, Cn = 1;%D,, and v; = D;'w,(s;). Here, D, would
serve as the scaling matrix for (8,, — 8) and C,; ! as the scaling matrix for M ,(3). Also,
let my, = sup{||D;'w,(s)|| : 8 € R,}, n > 1. In addition to the assumption that v
is monotone nondecreasing, right continuous with E[¢{Z(s)}] = 0, we shall make the
following assumptions for the ‘smooth’ and the ‘nonsmooth’ cases.

CONDITIONS.

(S.1) Let ¢ be absolutely continuous with its almost everywhere derivative v’ sat-
isfying

(a) limy—o E|y'(Z(0) —v) — ¢'(Z(0))| = 0.

(b) EY'(Z(0))| < oo and xo = EY'(Z(0)) # 0.

(S.2) For some 6 € (0,00) and 7 > d(2 + 6)/6,

(a) E[$(Z(0)))**? < oo

(b) ai(y) < Ky~ for all y > 1, for some constant K € (0, 00);

(©) 91(y) = o(y"~H/4) as y — oo;

(d) m2 = sup{|| D ' wa(8)|2: s € Bp} = oAT D4 as n 5 00,

(S.3) (a) The p x p matrix vaz"l wy(8;)w,(s;)" is nonsingular for all large n.

(b) There exists a p X p matrix valued function @ such that for any h,, — h in IR,

Tm Dt | Y wals)walsi+ k) | (D)) = Q(R).
1:8;,8;+hn€ER,
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In the nonsmooth case, we shall assume the following;:
(N.1) ¢ is bounded and the error distribution Go(-) has a continuous density go
such that

xi= [ soleyuids) 20
(N.2) For some 7 > 3d(4d — 1)/(4d — 3) and K € (0, 00),
a1(y) < Ky™™  forall y>1.

Some discussion about the conditions are in order. Note that the smoothness con-
dition on % in (S.1) is stronger than assuming continuity but weaker than assuming that
1 is differentiabile everywhere on IR. This weaker condition allows us to apply the main
results of the paper to M-estimators corresponding to Huber’s ¢ function. Part (a) of
(5.1) holds if the almost everywhere derivative 1)’ is bounded and continuous on a set Z
for which Go{Z} = 1, where Gy is the error distribution. In particular, this holds auto-
matically for Huber’s function ¢ function for which ¢;.(z) = 1(—k < z < k). Part (b) of
(S.1) is a necessary condition, as the reciprocal of the quantity Ev’(Z(0)) appears in the
asymptotic covariance matrix of the M-estimator ﬁn Condition (S.2) specifies a set of
moment and mixing conditions. For deriving the asymptotic distribution of fin, we make
use of a Central Limit Theorem (CLT) result of Lahiri (2003), applied to a weighted sum
of the variables ¥(Z(s;)), ¢ = 1,...,n. As a result, the moment condition is assumed
on the transformed variables 1(Z(s))’s rather than on the Z(s)’s directly. Asymptotic
normality of the M-estimator may hold even when Z(s) does not have enough moments
but 1(Z(s)) does. The mixing condition in part (b) is almost minimal as follows from
the discussion in Lahiri (2003). Indeed, for d = 1, the requirement a;(y) = O(y™") as
y — oo for some 7 > (2 + §)/6 is only slightly stronger than the more familiar condition

0o
Zal(n)é/(2+6) < 00

n=1

used for proving the Central Limit Theorem for sums of stationary random variables in
the time series case. Part (c) of (S.2) allows the function g;(-) to be unbounded. As
explained earlier, this is important for spatial processes in dimensions d > 2. And part
(d) of (S.2) specifies the rate of decay for the scaled weight function w,(-). Note that
wltlien wy(-) = w(-) for all n > 1 and the function [|w(-)||? is Lebesgue integrable over
IR* with

(3.4) WE/w(s)'w(s)’ds nonsingular

then it is easy to show that A 4D, D), converges to a scaler multiple of W, and hence,
condition (S.2)(d) holds if sup{|lw(s)|| : s € R} = o(AT /%) as n — 00. Condition
(8.3) is a version of the well-known Grenader condition (cf. Grenander (1954)) for the
spatial stochastic design case. We refer the reader to Grenander (1954), Anderson (1971)
and Lahiri (2003) for examples and further discussion of Condition (S.3).

In the nonsmooth case, a different line of argument is needed to establish asymptotic
normality of 3,,. Here the score function % need not even be continuous and may have
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jump discontinuity. Note that Condition (N.1) is satisfied by the ‘sign’-score function

1 if x>0
Y(x)=<0 if >0
-1 if z<0,

if x1 # 0. Further, to establish the CLT in the nonsmooth case, we need a different
condition on the rate of decay of the function ay(-), which is specified in Condition
(N.2).

3.2 Main results
Now we are ready to state the main result of this section for the smooth score
function case.

THEOREM 3.1. Under Conditions (S.1)-(S.3),

N

Dn(B, = B) = xo ' Cr ' Mo (B) + 0p(1),
and hence

d -1
(3.5) D.(B,-B)—*N [0, (H&) / o(8)Q(s)ds /x5

Thus, under the mixed increasing domain asymptotic structure, ,én is asymptotically
normal for sampling regions of a wide variety of shapes and for rectangular grids with
different spacings along different directions. When wy,(-), n 2 1 are given by a single
Lebesgue integrable function w(-) satisfying the nonsingularity condition (S.3), || Dy || =
oy %) as n — oo, and thus, the M-estimator 3, converges to 3 at the rate Op(An 4/ %)
as n — 00.

Note that under the mixed increasing domain asymptotic structure, the infilling
factor n,, — 0 as n — oo and therefore, by (3.5), the sample size N,, grows at a faster
rate than the volume of the sampling region R,,, given by vol.(Rg)A2. As a consequence,
the convergence rate Op(A, ¢/ ?) of B under the mixed asymptotic structure is much

slower than the usual rate Op(Ny 1 3.
A similar conclusion holds for the case of nonsmooth score functions.

THEOREM 3.2.  Suppose that Conditions (N.1), (N.2), (S.2) and (S.3) hold. Then

D”(Bn - 13) = _X;lcgan(ﬁ) + Op(l)v

and hence (3.5) holds with x2 replaced by x?.

For the sake of completeness, we also note down the asymptotic distribution of Bn
in the pure increasing domain case. In this case 7, = 1 for all n > 1 and the sample size
N, grows at the same rate as the volume of the sampling region R,,. In this case, ﬁn is
a N/2_consistent estimator of B, ie. ,fin —B=0,(Nn 1 2), as follows from the following
result.
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THEOREM 3.3. (a) Suppose that conditions (S.1)—(S.3) hold with n, = 1 for all
n > 1. Then,

(3.6) Dn(B, - B) =4 N [ 0,x52 Y o(Ai)Q(Ad)
i€Z?
(b) Suppose that (N.1), (N.2), (S.2) and (S.3) hold. Then (3.6) holds with xo
replaced by x1.

In the time series context, Koul (1977) obtained the asymptotic behavior of M-
estimators in a regression model with stationary strongly mixing errors (weak depen-
dence) whereas Yajima (1991), Beran (1991) and Koul (1992) discussed least squares and
M-estimation in linear models with long range dependent errors (strong dependence).
Under weak dependence, M-estimators are asymptotically normal with normalizing con-
stant of the order of square-root of the sample size which can be viewed as a spacial
case of our results in Theorem 3.3 under the pure increasing domain case on IR!. How-
ever, under strong dependence, the rate of convergence of the estimators may typically
be slower than square-root of the sample size. This shows that the mixed asymptotic
structure leads to strong dependence in the observations and our result gives asymp-
totic distribution of the M-estimator ,Bn for a class of strongly dependent (time series as
well as) spatial data. In the context of a spatial regression model with Gaussian errors,
asymptotics of the maximum likelihood estimators of the regression and covariance pa-
rameters was discussed by Mardia and Marshall (1984) under the pure increasing domain
framework. In contrast, here we are concerned with the estimation of the regression pa-
rameters only, but under a wide variety of asymptotic frameworks and for a large class
of (possibly nonsmooth) score functions.

4. Results under stochastic designs

4.1 Notation and conditions

We introduce some notation and conditions, in addition to those of Section 3. Recall
that X1, X,... are iid random vectors with common density f (with respect to the
Lebesgue measure on IR%). As in the nonstochastic case, define the p x p scaling matrices

DlnyDnaén by

DD, = / W) wn(Ans) f(8)ds,
Dn=A¥2Dy,, and
Co=0A;YD,, n>1.

Also, let My, = sup{||D;,lwn(s)] : s € Ry} and m,, = An M, = sup{||D;tw,(s)]| :
sE€R,}.

CONDITIONS.
(C.1) There exists a px p matrix valued function @1 on IR? such that for all A € IR?,

Dl_nl [/ wn(AnZ + h)wn(’\nw)lf(w)zdm (Dfnl)' —Q1(h) as n— oo

(C.2) There exist 6§ € (0,00) and 7 > d(2 + §)/6 such that
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(2) Elp(Z(0))*° < oo

(b) an(t) =0 ") ast — o0

(c) g1(t) = o(tT=N/4) a5t — 0.

(C.3) M2, = o(min{(logn)"2AY "9/ 1n3}) for some a € [0,1/8), where 7 is as in
(C.2). )

(C.4) The pdf f(-) of X; is continuous and everywhere positive on Rj.

Condition (C.1) is the analog of Condition (S.3), used in the nonrandom design case.
Condition (C.2) is identical to conditional (S.2), except for the last part. Condition
(C.3) specifies the growth rate of the “scaled” weight function w,(s), as in (S.2)(d).
Condition (C.4) says that every part of the sampling region R,, is “sampled” with positive
probability under the given stochastic sampling scheme. This condition can be somewhat
weakened at the expense of some additional regularity conditions on the weight function
wn(-). See the discussion in Section 3 of Lahiri (2003) for more details. For 0 < ¢ < 00,
let xo = Ev'(Z(0)) and with I, denoting the identity matrix of order p, let

e lo(0) I, + / o(2)Q1(z)de, if co € (0,00)
(4.1) Sy =
/ o(2)Q1 () de, i co = oo.

Then, we have the following result.

THEOREM 4.1. Suppose that conditions (C.1)-(C.4) and (S.1) hold.
(i) IfnA;¢ — co € (0,00), then

Dﬁl(ﬁn - :3) _‘)d N<07X(;2Eoo,co)-

(ii) If nA;¢ — 0o as n — oo, then

D;I(:Bn - ﬁ) _—)d N(Oa X62Ew,m)-

Thus, the M-estimators are asymptotically normal for both the pure increasing
domain case (¢p < o0) and the mixed increasing domain case (cp = 00). Note that
the limiting covariance matrix differ in the two cases depending on whether ¢y = oo or
not. Thus, if the sample size n grows at the rate n ~ vol.(R,), then the asymptotic
covariance has an additional variance term vol.(Ro) !¢ (0)X, compared to the ¢y = 0o
case. Since this additional term is a nonnegative definite matrix, it follows that the
¢o = oo case allows for the most accurate estimation of B and its linear functions by
,Bn and the corresponding linear combinations of Bn, respectively. Thus, the mixed
asymptotic structure leads to a more accurate estimation of the parameter 8 compared
to the pure increasing domain case. Intuitively this may be explained by noting that
in the mixed case, one has many more observations (n 3> A2) than the pure increasing
domain case where n = O(A%). Although the additional data values do not improve the
rate of convergence of Bn to 3, it does reduce the asymptotic variability.

A second notable feature of the results is that the scaling matrix D, grows at a
different rate than the square root of the sample size n under the mixed increasing domain
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asymptotics, due to the effect of infill sampling! Thus, under the present framework,
the volume of the sampling region, not the sample size n serves as a common scaling
constant that produces a nondegenerate limit distribution under both types of asymptotic
structures.

The following result shows that a similar conclusion holds for the nonsmooth case.

THEOREM 4.2. Suppose that Conditions (C.1)-(C.4) and (N.1)-(N.2) hold. Let
Yoo,co be as in (4.1) and let x1 = [ go(z)(dz).
() If nA\;?¢ — co € (0,00), then

Du(Br ~ B) = N(0, X7 Zoo.co)-

(ii) If n);¢ — oo as n — oo, then

Do(B,, — B) =% N(0, X7 *eo,00)-

5. Proofs for the fixed design case

Let C = (0,1}%. For a o-field A on a nonempty set  and a function T : @ — R*
(1 € k < 00), we write T € A if T is (A, B(IRF))-measureable, where B(IR*) denotes
the Borel o-field on R*. For a function h : A — IR, defined on a nonempty set A,
let ||h|lo = sup{|h(a)| : a € A}. In particular, |z|lc = max{|z;| : 1 < i < k} for
= (21,...,2%) € R*, 1 < k < oo. Let A(t;a,b) = 1+ EE:]:l k“‘la(k50;36*d)1/b,
a,b>1,t € R!, where [t] is the largest integer less than or equal to ¢ and recall that
6o = min{éy,...,64} and 6* = max{éy,...,64}. Let K, K;, K(-) denote generic constants
in (0,00) that may depend on their arguments (if any) but not on the variable n and
on the probability element w of the underlying probability space (2, F, P). Also, unless
otherwise specified, limits in order symbols will be taken by letting » — oo, where the
qualification ‘as n — oo’ will be dropped for brevity.

LEMMA 5.1. Let en(t) € 0(Z(t)), t € R, be a collection of centered Bernoulli
variables with Ple,(8) = —7n(8)] =1 — Pley(s) = 1 — m,(8)] =1 — m,(8) for some real
number 7n(s) € [0,mop] for all s € Ry, where 0 < mo, < 1. Let won(8) : R, — IR be
a nonrandom real-valued weight function and let Mon = sup{|wo.(8)| : s € Ry} < o0,
n > 1. Also, let {np}n>1 C (0,1]. Then, for any real numbers r > 1, s > 2 with

4

$:in, ER,
< K({d,A, ?‘)/\in;“dMén?rg,/fA(ton; 3d,r)
+ K(d, A, r)X2n 4 ME 765 Alton; d, )
for all n > 1, where to, = dA,/bo.

PROOF. We proceed as in the proof of Lemma 6.1 of Lahiri (2003). Note that
Ainy, € R, if and only if in, € A\,A"!Ry. Set A~1Ry = R! and A\, R! = R!. Note that
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the boundary of the set R! satisfy the same regularity property as that of Rg. Hence,
instead of working with the data-sites Ain, € R,, we work with the indices in, € R}
which lie on the square grid Z¢. Recall that C denotes the unit cube in IR?. Define

L={icZ*: [i+C]NR. # ¢}

Jn(i)={j € Z*:n.j €[i+C]NR,}, and

Y(’L) = Z wOn(A":'r/n)en(Ainn)a 1€,
JE€In (1)

Then, {i +C : i € I,,} is a covering of the set R. by unit cubes in ]R% and Y (i) denotes
the summation of wo,(8)en(8) over all sampling sites s (lying on the grid Z¢) that lie
in the rectangle A[i +C] N R,. Hence, the left side of (5.1) is equal to E(>_,.; Y (i))*.
Expanding the fourth power, we get

(52) E <Z Y(i))

iel,

iel,

< K(d) {Z E(Y(@)*+ ) _E(Y(E)’Y()+ Y EY (i)Y (5)’

i€l, i#£j i35

+ > EY(GWPY(G)Y(k)+ Y. EY(§)Y(G)Y (k)Y (m)
i#i#k i#jFkAm
= Qin+ Q2n + Qan + Qan + Usn,  say.
Note that for any 4,5 € I,,, the maximum value of |i — j| is bounded above by An (67! +
.- ~+6d'1) < dXn /6o = ton, and for any 1,7 € I, with 1 # j, the minimum distance (in the
¢'-norm) between the points of the rectangles A[i +C] and A[j +C] is 8o(||i — j|[1 —d)+-
Also, note that for any real number a > 1, Ele,(8)|® = m,(8)%(1 — 7(s8)) + (1 —
T (8))%7n(8), so that by Jensen’s inequality,

(5.3) EY (D) < [JJaG)°E | 3 win(Anmd)en(Bmnj)
RAGIE-N

lJn(i)I“MSn{D;%ﬂ > Elen(AnnJ')I“}

JeTn (1)

IA

IN

27on|Jn (4)|* Mgy,

for all i € I,. Hence, by (5.3) and the strong mixing property of {Z(s) : s € IR}, we
have

(5~4) an + Q?n + Q3n
2
< K(d,r) |2mon 3 |Jn(8)| Mg, + (E EY(i)2>

iel, iel,

ton

+ > H(5,7) € In x In : [li — jlh = k}e(((k — d)4]60; 6™/
k=1
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x {(BlY (§)[**)** + (EIY(i)ISS)l/S(EIY(i)|s)1/s}]
< K(d) r)lInl I:T"Onnn MOn + 7rOnnn 4dM0n

tOn
+ {Z K La((k — d) 4 &o; 6*“’)1”} {'ri;“dMomfgés}}

k=1
< K(d, r, 60) M e ME 7215 A(ton: d, 7).

Now, using the combinatorial arguments in the proof of Lemma 4.1 of Lahiri (1999)

and the arguments leading to (6.4) and (6.5) of Lahiri (2003), we get

(5.5)

ton

Qun < K(@)) [{(5,5,k) €Iy i #j # k,di(i,4,k) = k}|

k=1
x a(k — d) 4.60; 36*H) /"
x {(ElY ()Y (§)[*)/*(E(Y (k)|*)"/*
+ (ElY (4)°Y (K)1°)2(EY (5)1°)/°}

ton

< K(d,p)lIn] | > K* a((k — d).60;36*) /7| {n7 MG, mol%},
k=1

and writing >_" and }_.** for summations over I C I} with da(I) > d3(I) and do(I) <
d3(I) respectively, we get

(5.6)

Qsn = )+ Z{EY(i)Y(J')Y(k)Y(m)}

< K(d) ZZ {I c I?: do(I) = k,ds(I) = s}

k=1 s=1
a((k — d) 460; 36" )/ {7 ML 2%}

2
+ K(d) {ZlEY(z‘)Y(jn}
i#j
ton k—1

J,_zZi{I C Iy do(I) = s,d3(I) = k}|

k=1 s=1
x a((k ~ d)4.60; 36"V {n7 44 MG, mel*}
t()n
— 2/s _ * T
< K(dyn; @ ME w2 [2(2@3‘1 Y lo((k — d) 4 80; 36"/ }
k=1

ton 2
+ K(d) [lfnl >k a((k ~ d)4.6; 6*d>“rn;“M0nvr§¢] -
k=1
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Hence, the lemma follows from (5.2), (5.4), (5.5) and (5.6).

LEMMA 5.2. Let ¢ : IR — IR be a Borel measurable function satisfying
E|g(Z(0))| < oo and Eg(Z(0)) = 0. Let ayn,...,an,n € IR be constants satisfying
Zév:"l lain] = OQ) and n;¢ Zf]:"l a2, = o(1) asn — oo. If [t?tay(t)dt < oo, then
Zﬁi"l aing(Z(8;)) — 0 in probability.

ProoF. For 1 <i < N,, define
Wi =g(Z(s:)), Wiu=WL(|W;|<t1,) and Wy =W,;-Wy,

where t;, - oo as n — 00 at a suitable rate, to be specified later. Since
EI YN aimWas| < 2N |ain] EIWL|L([W1| > t1,) = o(1), it remains to show that
qu;inl ainwli = Op(l). Using E(le) = —E(ng),

N,
E [Z ainWi;

i=1

Ny
< Z |ain| E|WL|L(|W1] > t1n) = o(1).

=1

(5.7)

To calculate the variance, let J, = {8; —s; : 1 < ¢,j < N,} and for h € Jy, let
Jo(h) ={(4,7) : 1 <4,j < Ny, 8; — 8; = h}. Then,

Nn
(5.8)  Var (Zaqu) =Y D> ainajn Cov(Wi;, Why)
i=1

hedn | (i,§)ETn(h)

-
<Y (Z a?n) 4a(||hl|1;1)(2t1n)2]
hed, L \i=1
N’"‘ o0
<K [n;dzafn] (t2n) [/0 yd‘lal(y)dy-gl(l)]

= o(1),
if we set t1, = [, ¢ 1-1" a?,]7'/%. Now, Lemma 5.2 follows from (5.7) and (5.8).
n i=1""in

ProorF oF THEOREM 3.1. For clarity of exposition, we explicitly indicate and
separate out the main steps in the proof of Theorem 3.1.

Step (I):  Uniform one-step asymptotic approzimation for M ,(u). First in (5.12)
below we obtain a one-step Taylor-type expansion of the M-score M ,,{(«) uniformly over
every compact intervals {||u|l < b}, b > 0. Towards that, for u € RP let I = I,(u) =
{t:1<4%< Ny,viu>0}and J = J,(u) ={1,..., Ny} \I. Then, using the smoothness
of ¢, we have

C,'{M,(B+ D; " u) — M,(8)}

N,
= C71 Y wa(s)[W(Z(s:) — viu) - ¥(Z(sy))]

=1
Z(8:) Z(s:)-viu
= -Gy wa(si) / $ ()t + Ot S wals:) / W ()dt
iel Z(s:)—viu icd Z(s:)
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e Y s [ @B+t

’

7/61 —viu
o lz'wn(sl)/ U (Z(si) + t)dt.
ieJ

Fix any b € (0,00) arbitrarily. Writing ¢; = sup{|v}u/| : ||u|| < b}, bounding the limits
of the integral by ~t; and ¢; and then taking expectation, we get

N,
(59) E S, C,H{M.(B+ D, 'u) - M,(8)}+ C,*! Z wn(8:)(viu)y' (Z(s:)) ‘
< S (0w ()] / EW/(Z(0) + 1) — /(2(0))|dt
el
+ 371G wa(s) / E|y/(2(0) +t) — ¢/(2(0))\dt
e

=0 (Z uc,:lwn(si)llllviI!) :
i=1

However,
N., N,
(5.10) DolICT wn(s)vill < D ICT  wa(s)lllve]
i=1 i=1
n
=nd tr (Z 'vivg) =tr(f,) =p.
i=1
Hence right hand side of (5.9) is 0o(1). Next we use Lemma 5.2 to show that
Cit D" wa(s)vi{d (Z(s:)) — EY'(Z(0))} = 0,(1).
i=1
Note that
(5.11) D lC wa(si)vill* < ﬂndz lvill* < pugim
i=1
Hence, using (5.10) and (5.11) and applying Lemma 5.2 componentwise, we have

sup
uf <b

c.! Z wn(s:)(v;u){v'(Z(s:)) — EY/(Z(0))}

1an Yo {¥(2(s) - E¥(2(0)) }”_o,,

and consequently for any given b € (0, 00),

(5.12) S, ICH{M (B + D u) — M,(B)} + EY' (Z(0)ull = op(L).
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Step (I1): D;'-consistency of ,3” Now we show the existence of a tight sequence
of solutions of (1.3). Towards that, for any M,n > 0,

(5.13)  P[|Dn(B, - B)I| > M]
< P|Du(B, — B)|| = M, ||IC M (B + D' Do (B,, — B))I| < 7
+ Pl|C M (B + D' Do (B, — B))|| > n]

<P inf lCy "M (B+ D v)| < n| + P(ICy M (B, > 7]

=(I)+{II), say.
Using the polar representation of v = rf and the Cauchy-Schwarz inequality we have,

IC7 M 4(B+ Do)

llv I|>M

= oy 06, G M (8 + D 6r)|

= Jiel LI —0'C. Mn(B+ Dy 0r)

:“;ﬁf —0'C;'M (B + D;10M)

= inf {- 0'[C Ma(B+ D 'OM) — C, ' M,(B) + E{y'(Z(0))}9M]

~§'C M 1(B)}
+ E{y’(2(0))} M,

where the second equality follows since using (1.3),

—0'C Mo (8 + Dy 'r0) =t > (~0'v:)9{Y (1) — (6'vi)r}

is monotonically nondecreasing in . The first term in the last equality is 0,(1) by (5.12)
and the second term is Op(1) by Theorem 4.2 of Lahiri (2003). Therefore (I) can be
made very small by choosing sufficiently large M. Also, (II) can be made small by the
definition of the M-estimator in (1.3) and thus D, (8, — 8) = Op(1).

Step (III): Asymptotic distribution of Dy, (8, —B3). Now substituting u = Dp,(83,,—
$3) in (5.12) (which is possible because of uniform convergence on compact sets and

Dn(B, - B) = Op(1)), we obtain
Dn(,én -B) = Xglcgan(:@) + 0p(1).

Hence using the Cramer-Wold device and Theorem 4.2 and Proposition 4.2(ii) of Lahiri
(2003) with L(-) = K and a;{y) = y~7, one can show that for any a € R? with a # 0,

-1
(5.14) a'C; 1M ,(B) ( [HéJ /a(s)[a'Q(s)a]ds

Hence, Theorem 3.1 now follows from (5.14).

PrOOF OF THEOREM 3.2. Note that Steps (II) and (III) in the proof of Theorem
3.1 are valid even for a nonsmooth . Hence, it is enough to establish an analog of Step
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(I), i.e., the uniform one-step asymptotic approximation for M,(8). Fori=1,..., N,
let ¢;(z;v) = L(Z(s;) <z + wl,(8:)D;'v) — 1(Z(s;) < x), z € R, v € IRP. Then, it is
easy to check that for any u € IRP,

Ny
w [ 3 viilaioilds) = ~C; {M (8 + Do) - Ma(B)}

Nn
G15) i [ Y viBGm ) = v [ go(@)pds) + o).

Therefore, in analogy to (5.12), it is enough to show that for any b € IN,

(5.16) A, (b) sup

ve[—b,b]P

N.
ﬂff/ [Z vi{Gi(z;v) — ECi(l";v)}} Y (dz)

=0p(l) as n— co.

To that end, we proceed in two steps. In the first step, we obtain a bound on A, (b)
on a discretized version of the supremum (leading to (5.19) below) and in the second
step, we use Lemma 5.1 to show that each of the three terms in the resulting bound is
negligible. Let {€;,} C (0,1) be a sequence of real numbers such that ¢;, — 0 as n — oo
and el_nl € IN for all n > 1. The exact rate at which {€;,} goes to zero will be specified
later. Next, let 7,, = {i€1n, : © € 2P, %€y, € [-),b]P}. Then |T,| = the size of 7T, is equal
to {(2b+ 1)/€1,}P. Write any v € [—b,b]P as v = t + u where ¢ is the nearest member
of v which is in 7,,. The supremum in (5.16) will be taken in two stages; at the first
stage, the maximum over the members {t} of 7, is taken and at the second stage the
supremum over the members {u} in the balls of radius €1, with center at members of
7, is taken. Write €2, = sup{|lul| : u € [0,€1,]P} = (/Pe1n. At the second stage, we
will invoke the monotonicity of the indicator functions involving (;(z;t + u) and their
expectations to replace the supremum over {u} in the balls of radius €1, by €3,. Then

Ny,
(5.17) An(b) < max n;f/ [; v {¢(z; t) — E¢(z; t)}J Y(dx)

+max sup Asn(t;u)nd,
teTnue[O,fln]p " "

where

N,
Aszn(t;u) = “/ [Z vi{G(z;t + u) — E¢(z;t + u)}

Nn
- Z v:{Gi(z; t) — E¢i(a; t)}j, ¥(dz)

Note that for any u,t € IRP, with I = I(u) = {1 < i < N, : viu > 0} and J = I¢, we
have

N,
H/ [Z v {G(z;u + t) — i(x; t)}} ¥(dz)
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- ”/ [Z v;1(z + vit < Z(s;) < z+ vi(t +u))

el

P (dx)

+/ {Z vl (z + vi(t +u) < Z(s;) < =+ vit)

i€d

¥(dz)

i=1
= Aa(t; lull),  say.

Similarly, for any t,u € IRP,

Nn
H/ [Z v {EG(z; t + u) — E¢(x; t)}} ¥(dz)

N,
< Z [|v]] /P(-’E +vit — |lvi||lul| < Z(0) < x + vit + ||v;|||u]])(dx)
= Aon(t;||ul), say.

Ny
< Z Hvill/ll(x +oit — villllull < Z(s:) < 2+ vit + [|vi[||ul)¥(dz)

Therefore, by the monotonicity of Ag,(t;-), k = 1,2 in the second argument,

(5.18)

sup  Asn(t,u) < Ain(t;€2n) + Aon(t;€20)
u€[0,61n]’°

< lAln(t§ 62n) - A2n(t; 62n)| + 2A2n(t; 62n)
for all t € IRP.

Combining (5.17) and (5.18) we have

N,
nd / {Z vi{Gi(z; t) — EGi(z; t)}} P(dzx)

+ max |A1n(t; €2n) — Aan(t; €an) |02

<
(5.19) A, (b) < max

+2 ?é?]_i( A2n(t§ 62n)77g

= Iip + Iop + I3,  say

Since G has a bounded continuous density go, for any € > 0,
(5.20) su% |Gola + €) — Go(a ~ €)] < 2¢||go]|oo-
a€

Hence, by (5.11) and (5.20), from (5.19) we have

62 L <nd Y Judl [ @Ivillen) loollew(do) < K, po)ern

where 1o = [ ¢(dz).
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Note that by applying Lemma 5.1 with r = (4d — 1)/(4d — 3) > 1, for any collection
of Borel sets {B;; : 1 <14 < n,z € IR} and for any nonrandom weights w1, ..., Wns € R,
we get
4

(522) E

w5l / Y Gin{1(Z(s:) € Bia) ~ P(Z(0) € Bi)}p(d2)
4

> @i {1(Z(s;) € Biz) — P(2(0) € Biz)}| ¥(dz)

STPOA/E‘

< Ky / larn Mimy 4205, 72° + o, Moty 4w, mal * | (dx)

< Koy “iigy Mam/® + Aitr/e),

where Won, = max{|W,|: 1 <i < n}, 7, = max{P(Z(0) € B; ;) :i=1,...,n,2 € R},
oqn = Y10 k34 1a(kbp; 3641/ and ., = S0 k4 a(kbo; 6*4)1/ 7. Here, the factor
s is defined by the equation 1/r +2/s = 1 and, by our choice of r and the condition on
T, G1p + a2 = O(1) as n — oo.

Hence, by (5.19), (5.21) and (5.22), for any € > 0, there exists n, € IN such that for
all n > n,,

Agn = P(An(b) > 3¢)
P(Iln > 6) + P(Ign > 6)

< Tl - K *mAMEntl® + XN2nil*) 4 | T, | - Kae *mA XEnal® + A29mple],

IN

where 71, = sup{|EG(z;t)} : i = 1,...,n,z € R,t € T,.}, w2, = sup{P(z + vit -
lvillean < Z(0) < z+vit+||villean) 2= 1,...,n,z € R, t € T,}. Note that by (5.20),
min < 2max{llog - It 1 i =1,...,n,t € Tn}igolloo < 2llg0lloo(by/D)my, and similarly,
Tan < 2||gollco€on - My. Hence, by the condition on m.,,

Agn < Kse™*{(20 + 1)/€1n}”[(mi)\‘fl)mflmf/s + (m224)2md/s)
< K66-4 . EI—T{)[O(A%T—d)/ZT{)\gl-r—d)/4-r—d}2/s)]
= 0(1)’

if we choose €1, ~ [)\%T_d)/h(?“/s)—m/s]1/27’, say. Note that by our choice of r, the

exponent %;Q(Q +2) -2 < 2(3-1)—d(1-1)=0. This completes the proof of

(5.16). The rest follows as in the proof of Theorem 3.1 with the analogous use of (5.13)
and (5.14).

Note. A less stringent condition on 7 obtains if we choose r and s to ensure %(2%-
%) - % = 0. It is easy to check that this leads to the requirement that 7 > 3dr; for
71 = [47d — (T — d)]/[47d - 3(T7 — d)], in place of T > 3d(4d —1)/(4d — 3). The new bound
is better when 7 is close to d, i.e., when 6 is large.

Also, condition (N.1) can be slightly weakened by assuming that t — [ F(z+t)y(dz)
is Lipschitz continuous.

Proor orF THEOREM 3.3. Follows by straight forward modification of the steps
in the proofs of Theorems 3.1 and 3.2. We omit the details.
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6. Proofs for the stochastic design case

Suppose that {Z(s) : s € IR} and {X,}.> are defined on a probability space
(Q,F,P). Let X denote the o-field generated by X, Xo,.... Also, let P x, E,x
and Var,x denote the conditional probability, expectation and variance, given X'. The
(marginal) joint distribution of X, X3, ... on (IR%)oco is denoted by Px, and the corre-
sponding expectation by Ex. Let G be the o-field generated by X and {Z(s) : s € R%}.
For G-measurable random vectors T and {T,},>1, we shall say that

T, — To in P x probability as. (Px)
if for every € > 0,
Pix(|Tp — Tol| >¢) -0 as n—oo as. (Px).
Also, write 71, = max{logn,n\;4}~Y/4 n > 2.

LEMMA 6.1. Let A be a Borel subsets of Ry and let p= [, f(z)dz.
(i) For every 0 < € < 1, there exists a constant C(e) > 1, depending only on e,
such that for any n > 1 and B > 0 satisfying np < C(€)B,

Px (i I(X; € A)>np+ ﬁ) < exp(—(1 — €)Blog[B/(np)))-

i=1

(ii) Forany0<e<1, >0, n>1 with 8 < nplog(1l +¢),

Px (Z I(X; € A)>np+ 6) < exp(—(1 - €)8%/[2np)).

i=1

Proor oF LEMMA 6.1. This is Lemma 5.1 of Lahiri (2003).

LEMMA 6.2. Let ¢ : R — IR be a Borel measurable function satisfying
Elg(Z(0))] < oo and Eg(Z(0)) = 0. Also, let ain = ain(X), i = 1,...,n be X-
measurable random variables satisfying

(6.1) me(xnzou) a.s. (Px)
and - "
(6.2) max{logn,m;d}-zafn()c)50(1) a.s. (Px).

Then, 31 1 ain(X)g(Z(8:)) — 0 in Px-probability, a.s. (Px).

PrOOF. Define the variables W;, Wy;, Wy;, 1 <7 < n as in the proof of Lemma 5.2,
where t1, — 00 as n — 0 is to be specified. Then as in (5.7),

n
E a1nWo;

i=1

<2 (Z [ain|> Elg(Z(0)|1(lg(2(0))| > t1n) = o(1), as. Px.

n

Z ainEx (W1;)

i=1

(6.3) + Ex

i=1
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Next, let Ji, = {i € Z* : i +CN R, # @}. Then, by Lemma 6.1, with 3, =
K\ max{logn,nA %} for some suitable K7 € (0, 00),

n

ZPX ZIL()\an € [¢ +C]) > By, for some 1 € J,
n=1 j=1

oo
< K» Z M exp(—3logn) < oco.
n=1

Hence, there exists a set A with P(A) = 1 such that for every w € A, there is a
ng = no(w) > 1 such that

(6.4) ?é%fz_; 1A, X; €[i+C]) < B, foral n>mngo(w).

Next, for j € Jiy,, let Y,,(7) denote the sum of all a,,(X)Wy; such that s; € [§ +C],
e, Yo(j) = 2o ain(X)Wy;1(s; € [§ +C]). Then for w € A and for all n > no(w),
Y., () is the sum of atmost 8, variables. W.L.g, suppose that Y_.- ; |ain(X)| = O(1) and
Br Yo la?,(X)| = o(1) on A. Hence, as in the proof of Lemma 5.2, for w € A and for
n > np(w),

Var.lx (Zn: ain(X)Wli>

i=1

= Var,x (Z Yn(j))
jeJln
= Z Z Cov.ix (Yn(4), Ya(k))

jeJl'n ke']ln

<Y ¥ 4a(|u—kul;n{;lam(xnn(sie{j+c1>}

jEJln keJln

X {Z la1n(X)|1(s; € [k + C])} (2t1,,)?

<16 3 allkli;1) ( ) {Znammm(sé e <j+c1>} )t%n

hez? jedin Li=1
< K3 [/ y*len(y)dy '91(1)] {Zn: ain(X)2:’ 2,
i=1
by the Cauchy-Schwarz inequality. Hence, by (6.2), setting ¢, =
{Bnlr | ain(X)?]}~1/4, the lemma is proved.
LEMMA 6.3. For eachn > 1, let e,(s) € (Z(s)), s € R, be a collection of centered

Bernoulli variables with P(en(s) = —mn(s)) =1 — Plen(s) = 1 — mn(8)) = 1 — mn(8),
where m,(8) € [0,mg,] for all s € Ry, for some mo, € (0,1]. Let {won(s) : s € Ry} be
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nonrandom weights with sup,c g, |won(8)| = Mon < 00 for alln > 1. Then, there erists
a random variable N € X such that for almost all realizations of X1, Xo,...,

(6.5) E\x (Z wOn(si)en(si)>

d\n
< K(d, s)Xinpid Mg, mol® [Z(k +1)34= 1o (k; 3)Y/ ]
k=0

dAn 2
+ K(d, $)\24n; 24\ nd/s lZ(k +1)4 1a(k; 1)1/'"]
k=0

for allm > N, where s; = A\ X;, 1 < i < n, 7]1_nd = max{logn,nA;%}, and where
r € (1,00) and s € (2,00) are real numbers satisfying L + 2 =1.

PROOF. As in the proof of Lemma 5.1, we define the sets

I,={icZ*: i +CNR, # 0},
and 5 .
Jn(@)={j:1<j<n,s; € (i+C)NR,}, i¢€l,

Also, let Y (i) = 2 jedn (i) wWon(8j)en(s;) denote the sum over all won(s;)en(s;) such
that the sampling site s; € (i + C) N Ry, i € I,,. Then, it follows that the left side
of (6.5) is equal to E.x(};c;. Y())*. Note that ¥, (i) is measurable with respect to
o{{Z(s): s € i +C}), i € I,, and the minimum distance (in the £'-norm) between the
points in 4 +C and j +C, 4,5 € I, ¢ Z% is (||i — j||1 — d)+. Although the number
of e, (s)-variables entering in the sum Y;,(i) may be different, by (6.4), it follows that
there exists a random X-measurable variable N such that for almost all realizations of
X1, Xo, ...,

n
(6.6) max E 1(AX;€(i+C)NR,)< B, forall n>N,
i€ -

where 3, = K ml”nd for some nonrandom K € (0, 00).
Hence, as in the derivation of (5.3), for almost all realizations of X, X, ...,

(6.7) Ex[Y (9)|* < 270n|Jn (3)|* Mf,, < ko * MY, on

uniformly in 4 € I,,, whenever n > N. Now the proof of the lemma may be completed
by retracing the arguments in the proof of Lemma 5.1. We omit the routine details.

PrROOF OF THEOREM 4.1. The main steps in the proof of Theorem 4.1 is similar
to those of Theorem 3.1, and hence we only point out the necessary modifications. Using
the arguments in the proof of (5.9), for any given b € (0, 00), we have

S, Co {M (B + D;'u) — M,(B)}

(6.8) E,|x { sup
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}

E x|¢'(Z(0) +y) — ¢'(2(0))ldy

-C; lzwn )(Bupp(Z(5))

tos

< Z IC  wn(s:)

!lt

n
Z 83) [l 9:llym,

where to; = sup{|9ju| : [|u|| < b} and v, = sup{E|¢’(Z(0)+y)—4'(Z(0))| : ly| < b-hon}
and 7o, = max{|9;]| : 1 <i < n}.
Note that with probability 1,

(6.9) 1911 < A;%2 sup | Ditwa(s)ll = Ay > My,

3€R,,
Hence, by (C.3), there exists a (nonrandom) ny € IN such that for all n > ny,
(6.10) Px((n' AD)[|o1])* <n~¥%) = 1.

By (6.10) and Hoeffding’s inequality (cf. Theorem 2, Hoeffding (1963)), for any

€>0,
X ( n‘IAiZ{IIfHII2 — Ex||o*}| > 6)

< 2exp(—2¢*/[n(n=%/*)?))
= 2exp(—2e2nt/?)  for all n > ny.

Hence, by the Borel-Cantelli Lemma,

n

nAL S (1812 - Exl|ail?) = o(1) .

i=1

Note that
n
nTIN S Ex||v]? = M tr(Ex 919))

= tr(Dy, [Exwn (A X 1)wn (A X 1) [(DT)))
= tr(dp) =p

Hence, it follows that
(6.11) n~1xd Z |92 —p as. (Px).
Next, using (C.3) and (6.9)-(6.11), we have

(612)  (ognvnd;®) [ n2d)?

i=1
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O(logn) - n=3/4 Z l9:7(n7IA%) if nAz¢ = O(logn)
i=1

IA

OQ) - A;eM2, § oilP(n7AL)if logn = O(nA;9)
=1
=o(l) as. (Px).

Hence using (6.11), (6.12) and Lemma 6.2 as in the proof of (5.11), one can show
that for any b € (0, c0),

(6.13) sup
lul<b

Cot > wn(si)bu{y (Z(si)) — E¢'(Z<s)>}“
i=1
— 0 in P x-probability, as. (Px).

Now using steps analogous to (5.12)-(5.14) as in the proof of Theorem 3.1 above and
using Theorem 3.2 and Proposition 3.1 of Lahiri (2003), one can show that for almost
all realizations of X1, X4,...,

alé’l;an(ﬂ) — N(07 alzoo,co a)
for every a € IRP with [la|| = 1 and hence the result follows.

PrROOF OF THEOREM 4.2. Like the proof of Theorem 4.1, here we outline the
necessary modifications to the proof of Theorem 3.2 for the stochastic design case. For
i=1,...,n,z € R, a € (0,00) and ¢, u € IRP, define

iy u) = 1(Z(s:) < z+ Biu) — 1(Z(s:) < z);

Agn(tia) =D ||wil] / I(z + ¥;t — ||Villa < Z(si) < z+ Dit + || 9:]la)y(dz);
i=1

Agn(t;a) = E xA1n(t; a).

Then, as in (5.15), it is easy to check that
Cil ML (B+ Dy'u) - Mo(B)] = —(n"'20) > #; / (i(z; u)y(ds), we R
i=1

Let {€1n}n>1 be a sequence of positive real numbers such that e¢;, | 0 as n — o0
and el'nl € IN. The exact rate at which €, decays will be specified later. Next, set
€2n = /P€1n and define 7, as in the proof of Theorem 3.2. Then, repeating the arguments

used in (5.16)—(5.19), one can show that for any given b € (0,00),

(6.14)  Ap(b) = sup
u€[—b,blP

C’;l{Mn(ﬁ+D;1u) - Mn(/B)}

- (n”/\i)/ [Z v B x(i(z; u)} ¥ (dz)




M-ESTIMATION IN SPATIAL REGRESSION 249

() [ 13- 06w t) - Bixdito t)}} ¥(da)

+(n7'AY) max |A1n(t; €2n) — Agn(t; €2n)]

IA

max
teT,

+2(n~1A9) ?éaﬁ( Agn(t; €9n)
= jln + j2n + j3n1 say.
By (5.20) and (6.11), it follows that

(6.15) L < 2007100 S 154 / (21181l e2n)llg0lloo(d2)
i=1
.= Ol(e1n) as. (Px).

Next, for any collection of Borel sets {B; ; : 1 <i < n,z € IR} and any nonrandom
weight function wo,(-) : R, — IR, by Lemma 6.3 and arguments in the proof of (5.22),
there exist a constant Ky € (0,00) and a X-measurable random variable N such that

a.s. (Px), foralln> N,
4
o)

(6.16) E.x ( / IZZ won(8:){1(Z(s;) € B z) — P\x(Z(0) € Biz)}

< Kond Mg, [M2ndl? + X2475le),

where 7, = sup{P,x(Z(0) € B,;) : 1 < i < n,z € IR} and s is determined by the
relation 1 + 2 =1 with r = (4d — 1)/(4d — 3).
Next note that by (5.20), sup{P(Z(0) € [z — |l&:||}t]], = + ||%:|||t]]]) : = € R, t €
Tp,i = 1,...,n} < K(b,pllgolleo) max{||o;]| : 1 < i < n} = #g,, say. Now setting
12, = A\, ¢M}, and using (C.3), (6.16) and arguments leading to (5.23), one can show
that a.s. (Px),

Pix(An(b) > 3¢) < KalJnle™ max{(n~ A [|0:]| : 1 < i < n}*ALx2le 4 A2958/2)

Ky _ §
— € (ogm) i, NIl + A

| /\

| /\

K
65 —PO(/\(T d)/2f[)\(1— d)/4r— d]?/s)
= o(1),

if we set €1m ~ (/\gr-—d)/2‘r [/\gr—d)/47'—d]2/s)1/(217)7 say.
The rest follows as in the proof of Theorem 3.1 with the anologous use of (5.13) and
(5.14).
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