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Abstract. We apply nonparametric regression to current status data, which often
arises in survival analysis and reliability analysis. While no parametric assumption
on the distributions has been imposed, most authors have employed parametric mod-
els like linear models to measure the covariate effects on failure times in regression
analysis with current status data. We construct a nonparametric estimator of the re-
gression function by modifying the maximum rank correlation (MRC) estimator. Our
estimator can deal with the cases where the other estimators do not work. We present
the asymptotic bias and the asymptotic distribution of the estimator by adapting a
result on equicontinuity of degenerate U-processes to the setup of this paper.
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1. Introduction

Current status (or case 1 interval censored) data often arises in survival analysis
and reliability analysis where we sometimes cannot observe a failure time directly and
we only know whether or not it is in an interval given by an examination time.

Suppose that we observe (Y,C, X) and we are interested in g(-), where (Y, C, X) is
defined by

(1.1) Y =g(X)+e and Y =I{Y<C},

where Y is an unobserved failure time, C is a random examination time, X is a random
covariate, € is a random error, and I{} stands for an indicator function. We can also
deal with monotone-transformed failure times, for example,

(1.2) logY =g(X)+e and Y =I{logY <logC}.

No parametric assumption on the distributions is imposed on X, C, and e. However, we
assume that (C, X) and € are independent as in assumption Al below.

So far parametric forms have been assumed for g(-) in the literature of statistics,
for example, a linear function. In this paper we do not specify any parametric forms for
g(-) and estimate g(x) — g(zo) by assuming that the covariate X has a pivotal point or
standard point zg. Plotting the estimates of g(z) — g(x¢) for various values of x with
xo fixed will help us specify a parametric form of g(-) or inspect the goodness of fit of a
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parametric form of g(-). We state the reasons why we estimate g(x) — g(zo) later in this
section. Hereafter we write 0 for the assumed pivotal point or standard point xg.

Current status data can be thought of as binary response data in econometrics and
a lot of work has been done in econometrics and statistics because of the importance.

In econometrics, a lot of authors have studied semiparametric binary choice models.
They have considered parametric regression functions except for Horowitz (2001).

Han (1987) proposed the maximum rank correlation (MRC) estimator for linear
models and proved its consistency. Sherman (1993) showed the asymptotic normality of
the MRC estimator for linear models by using a result on equicontinuity of degenerate
U-processes. According to Sherman (1993), the MRC estimator for linear models is
not efficient. We construct our estimator from the MRC estimator. Cosslett (1987)
calculated efficiency bounds for linear models. He showed that when g(-) is a linear
function with a constant term, the information of the constant term vanishes under the
assumption of zero-median error. But he also showed the information is positive when
the error term is known to have a symmetric distribution. As for eflicient estimators,
Klein and Spady (1993) ingeniously constructed an efficient estimator for parametric
regression functions in a general setup. Their estimator requires auxiliary bandwidth
selection and trimming.

The estimator in Horowitz (2001) can be applied to the problem of estimating
g(z) — g(0) of this paper. The estimator is constructed by estimating the derivative of
g(-) and numerically integrating the estimated derivative. However, it is impossible to
apply the estimator if we have observed no covariate X on an interval between 0 and .

Recently Chen (2000a, 2000b) considered binary choice models, where g(-) is a linear
function with a constant term and the error is known to be symmetrically distributed.
The estimator of Chen (2000a) attains the efficiency bound, but it requires smoothing
parameter selection. The estimator of Chen (2000b) does not require smoothing pa-
rameter selection, but it does not attain the efficiency bound and needs a preliminary
estimator of the slope parameter.

In statistics, several authors have considered linear regression with no constant term
with current status data. For example, van der Laan et al. (1997) considered the case
of discrete covariates and suggested a nonparametric regression procedure in the case of
continuous covariates. Murphy et al. (1999) considered a penalized ML estimator and
proved that it is efficient. Their penalized ML estimator requires smoothing parameter
selection. Abrevaya (1999) studied the asymptotic properties of the estimator similar to
the MRC estimator. Li and Zhang (1998) constructed an efficient estimator based on
U-statistics. Their estimator also requires smoothing parameter selection. Shen (2000)
studied linear regression with a constant term by assuming that the error term has zero
mean. In Shen (2000) an efficient estimator is constructed based on the random sieve
likelihood and the asymptotic properties are derived by using the results of Shen (1997)
and so on. Andrews et al. (2001) also deals with linear regression with a constant term
by introducing generalized location parameters.

Some authors studied current status data in other setups. For example, Huang
(1996) studied the Cox model. Van der Laan and Robins (1998) considered the esti-
mation of smooth functionals of the distribution function of failure times. See Huang
and Wellner (1997) for other references. Some fundamental results on nonparametric
ML estimation for current status data with no covariate are given in Groeneboom and
Wellner (1992). They studied the estimation of the mean of the failure time Y in the
case of no covariate. They proved the y/n-consistency and derived the asymptotic dis-
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tribution under the compact support assumption in Section I11.5.5 of Groeneboom and
Wellner (1992). Note that the estimator of the mean is efficient. See also Section II.1.1
of Groeneboom and Wellner (1992), Example of 7.4.3 of van de Geer (2000), and Huang
and Wellner (1995).

Van der Laan et al. (1997) suggested the following nonparametric regression esti-
mator when the support of failure times is contained in that of examination times: We
carry out nonparametric ML: estimation of the distribution function of the failure time
from the observations whose covariate is around z and calculate the mean of the ML
estimate of the distribution function. However, they gave no theoretical analysis. Let-
ting h be the bandwidth, from the results of Huang and Wellner (1995), we conjecture
that this estimator has the variance of O((nh)~1). The bias will be O(h?). The same
kind of remarks will apply to the estimator in Andrews et al. (2001) when we apply it to
nonparametric regression. The estimating procedure in Shen (2000) is another promis-
ing candidate to apply to nonparametric regression. However, we do not know how to
analyze the procedure theoretically when it is applied to nonparametric regression.

In this paper we construct an estimator of g(z) — ¢g(0) by localizing Han’s MRC
estimator to the observations whose covariate is around 0 or z. By estimating g(z)— g(0),
we can alleviate the restriction that the support of failure times must be contained in
that of examination times. For example, let us consider the case of log-transformed
failure times. When assumption A4 below holds and the support of examination times
is (—oo,a)(a > 0), we are able to carry out nonparametric inference for any smooth
regression function and we do not have to care about the possible heavy tails of the
distribution of failure times. See assumption A5 below.

We evaluate the asymptotic bias of the estimator in Section 2 and examine the
asymptotic distribution by following Sherman (1993) in Section 3. Then we need to
modify a result on equicontinuity of degenerate U-processes of de la Pefla and Giné
(1999) to apply it to the setup of this paper.

When the covariate X is discrete, our estimator will not reduce to an efficient
estimator since the MRC estimator is not efficient. However, the estimator does not
require any additional bandwidths. It requires only one bandwidth for the covariate
X. Most of the other semiparametric estimators will need auxiliary bandwidths and
parameters for trimming when they are applied to nonparametric regression.

Some other authors considered nonparametric regression in survival analysis, for
example, Fan and Gijbels (1994) considered nonparametric regression with censored
data.

We assume X is one-dimensional for simplicity of presentation. Before we define
the estimator of g(x) — g(0), we give some definitions and notations. We define Z; and
Z,‘ by

(1.3) Zi = (Ci,Xi,Ei) and ZZ = (Ci,Xi),

respectively. We assume that {Z;} are i.i.d. in this paper. See also Y; and Y; in (1.1).
We state assumptions A1-2. We do not allow € to depend on X.
Al. (C;, X;) and ¢; are mutually independent. We allow only C; to depend on X;.
A2. The unknown regression function g(-) is twice continuously differentiable around
0 and z.
Writing A for the bandwidth tending to 0 as the sample size n — oo, we have from
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the Taylor expansion that

. 2 , 2
and

_ 2 . )
9 o) = o) - B g 06— (B

where 39 = —hg'(0) and 8§ = —hg'(z). Putting

Bt = g(z) ~ g(0),

we write 8o for (89,89, 89)T € R3. Note that 8y — (5?,0,0)T as n — oo.
By using the local linear approximation to g(-) in (1.4) and (1.5) and modifying the
MRC estimator, we estimate Gy by maximizing

(1.6)  Tu(B) = n—(nl_—l)g%K (%) K (th_ ar)

X, X —
X [I{Y, >Y}}I{Ci+ﬁ1+52—h— >Cj+ B3 ]h -’E}

X X, -
+ I{Y; <YJ'}I{C¢+BI+52T <Cj+ps Jh x}}’

where 3 = (81,32, 83)T and K(-) is a kernel function satisfying assumption A3. We do
not care about = in the indicator functions in (1.6) since the probability of equality is
zero under technical assumptions.

A3. K(-) has compact support containing [—1, 1] and K(-) is non-negative, bounded,
and symmetric. In addition [ K(t)dt = 1.

Since I',,(+) in (1.6) usually has multiple maximum solutions, we should choose one
among them by some rule. We write B for the chosen maximum solution. The results of
this paper are independent of the rule for choosing B. For example, the sample median
is not uniquely determined when the sample size is even, and the asymptotic properties
are independent of the definition of the sample median.

Theorems 2.1 and 3.1 in this paper show the well-known trade-off between the bias
and the variance in nonparametric regression. We can define the asymptotically optimal
bandwidth theoretically and the order is O(n~1/5) when the covariate is one-dimensional.
However, it seems to difficult to estimate it from the observations or to give an automatic
selection rule like cross validation. Thus we give the result of a simulation study to see
the effect of the bandwidth and how the estimator works. In the simulation study I'n()
in (1.6) is maximized by using grid search.

Remark 1.1. We focus on local linear approximation in this paper. However, we
can construct an estimator based on local constant approximation by considering the
Taylor expansion of first order instead of (1.4) and (1.5). Then we do not have 82 and
B3 in (1.6) and I',,(8) is reduced to

1 1 Xi Xj—CL’
Tn(B) = n(n — 1) ;ﬁK (T)K< h )
x [I{Y; > Y;{Cs + 61 > C;} + {Y; < Y;H{C; + p1 < Cj}].
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The maximum solutions usually form an interval or intervals. The estimator is consistent
and has the bias of O(h?) and the asymptotic normality as in Theorem 3.1. The proofs
for the consistency and the asymptotic normality need no significant modification. As
for the bias, we describe the necessary modifications in Remark 2.1 below. The local
constant estimator may be better for computational purpose especially when we do not
have so many observations.

We investigate the bias of the estimator and prove the consistency of the estimator
in Section 2. The asymptotic normality is established in Section 3. The result of the
simulation study is given in Section 4. Technical proofs are confined to Section 5.

2. Bias and consistency of the estimator

Putting
I'(8) = E{I'(8)},
we define G, by
Pm = argmax I'(8),
BER3

where B, = (67,85, 85)F. T'(-) and B, depend on h. T,(:) usually has multiple
maximum solutions. However, 3,, is deterministic and uniquely determined. In Theorem
2.1 we prove the uniqueness of 3, and evaluate G, — By, which corresponds to the bias
term since we show the asymptotic normality of 3 — 3., later in Section 3 by using
theorems in Sherman (1993).

The consistency, .

|8 — Bo| — 0 in probability,

where | - | denotes the Euclidean norm, is established in Theorem 2.2. We write M;
for positive constants independent of A and n. The values of M; differ from section to
section. Note that arguments in this paper hold as n tends to oo.

We introduce several assumptions and notations. As for the bandwidth, we only
assume that h tends to 0. Suppose assumptions A1-7 hold throughout this paper.

A4. ¢ has the bounded density function f, on R. f. is positive on R and continuous.
F, stands for the distribution function.

A5. Cy — C; has the positive density function around 3 = g(x) — g(0), where
Ci~ fc(-10),Ca ~ fo(- | ), and fo(- | X) denotes the conditional density function of
ConX.

Remark 2.1. Y is usually nonnegative. When we deal with ¥, not with logV,
assumptions A4 and A5 should be replaced with A4’ below. These assumptions are
necessary for (5.2) in Section 5. We assume assumptions A4 and A5 for simplicity
of presentation. When assumption A4 holds and the support of Cy — C is (—00, 00),
assumption A5 holds automatically and we can deal with any smooth regression function.
Assumption A4’ below looks complicated. However, it just means that the intersection
of the support of Cy given X; = 0, that of Y] given X; = 0, that of Cy + ¢(0) — g(z)
given X, = z, and that of Y3 + ¢(0) — g(z) given X5 = z is not empty.

A4’. The following relation holds for the support for the conditional distribution of
C.

{elfele0) >0} n{c] fole—g(0) +g(x) | z) > 0} N {F | f(§ — 9(0)) > O} # ¢.
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A6. X, has the positive and continuous density function fx around 0 and z.

A7. The conditional density function of C', fo(- | X), and the derivative with respect
to C, f&(- | X), are uniformly bounded from above around 0 and z. [fc(- | X)| and
[f&(- | X)| are uniformly bounded by an integrable function around 0 and z. f&(- | X)
is uniformly Lipschitz continuous with respect to C around 0 and z. In addition we have
that

= fc(c]0) and fole| x)

lim fo(c| %) lim fo(c| &) = for any c.

We state Theorems 2.1 and 2.2. Then we prove Theorem 2.1, give a remark on the
local constant estimator defined in Remark 1.1, and present an explicit expression of
Bm — Bo. Theorem 2.2 is verified at the end of this section.

THEOREM 2.1.

If h — 0, B, is unique and the bias B, — Po is written as

(2.1) Bm = Bo = —A” 1—(ﬁo)JrO(h?)

where A is a negative definite matriz and

ar ,
%(/@0) = O(h%).

THEOREM 2.2. If h — 0 and nh — oo, we have

|B—Bol = 0 in probability.

PRrOOF OF THEOREM 2.1.

We define two auxiliary random variables Y;* and ij.

X;
(2.2) yr_J3 b 9(0) + B2 — e >0
' 0, otherwise
X;—x
_ 04j o
(2.3) ij L 9(z) + B3 3 € >0
0, otherwise.

By replacing Y; and Y; in I',(8) with Y;* and YjT, we define T',,(8) and ().

o0 Fa= gy ()1 (352)
[I{Y*>Y*‘}I{c +,@l+ﬂ2 L0t e L x}
+ I{Y? <Y*}I{c +ﬂ1+ﬁ2 L <y +53X’h }]
(25)  I(8) = E{Tn(8)}.
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We prove Theorem 2.1 by comparing I'(-) and ['(-). (1.1) and assumption A4 imply

(2.6) I{K (%) > O} P(Y #Yi| Z;) = O(h?)  uniformly in Z; = (C;, X;)

and
(2.7) I{K <th— 3”) > 0} P(Y] #Y;|2;)=0(h?  uniformly in Z; = (Cj, X;).

By considering the conditional expectations of ', (8) and T'(3) on {Z;} and using
(2.6) and (2.7), we can easily show that

(2.8) r'(B) =1(8) + O(h?)  uniformly in 3.

The remainder of the proof consists of three steps, to prove that r (+) is uniquely
maximized at B, to verify (2.14) below, and to establish (2.23) below which leads to the
expression of 8,, — Bo in the theorem.

Step 1. We prove that I'(-) is uniquely maximized at By by noting that

(2.9) PO, > Y] 2, 2) PO <Y) | 2,2)

0X> XJ'—CII

& Ci+ 89 + 69 C~+,8§

We define F(Z1, Zs; B) by
- 1 Xi Xy —xz
(2.10) F(Z1,2%0) = 5K (7) K( h )

x lP(Yl* >Y) | 2y, Zs)

Jr{orem et crgXe=t]

X _
_I{Cl+ﬁ1+ﬁ2~h—1>02+ﬂ3 2h x}}

+P(Y7" < YT | 21722)
0 0X2
Cr+ 67 +ﬂ2 5 <Cz+ﬁ h

_I{Cl+ﬁl+6271 < Cy+ B3 2h‘x}}].

Then we can represent I'(Go) — I'(8) as

(2.11) L(Bo) = T(6) = B{F(Z1, Z; B)}-
(2.9) implies

(2.12) F(Z1,Z9;8) <0 ae.
when

X Xy — 1z X Xo—zx
I{Cl+ﬂ?+ﬂ8f>02+ﬂ§ 2h }#I{Cl+ﬁl+ﬁ2’#>c2+,33 2h }



56 TOSHIO HONDA

Combining assumptions A5 and A6 and (2.11) and (2.12), we have

(2.13) T(Bo) >T(8) forany B # o

We have established that T'(3) is uniquely maximized at So.
Step 2. We show that

(2.14) |Bo — Bm| < M1h  for some M.

(2.14) is proved if we show that for any Ms, there exists a positive number M3 such
that

(2.15) T(B) < T(6o) — Mah?  for |B— Bo| > Msh.
Indeed (2.8) and (2.15) imply that
P(Bo) > T(B) + (Mg — O(1))h?  for |8 — Bo| > M3h.

We should choose a sufficiently large M. We postpone the proof of (2.15) to Section 5.
Step 3. We evaluate 3, — fo more accurately by considering the Taylor expansion
of T'(8) at By and the derivatives of f‘(ﬁ) at (Bp. Besides we prove the uniqueness of 3,,
and give an expression of 3,, — Bo.
We rewrite ['(3) and T'(8) by writing T} and T for X;/h and (X — z)/h, respec-
tively.

(216)  T(8) = / K(T)K(Ty) fx (Tuh) fx (o + Toh)

x E{F(C1 — g(0) + B5T1)(1 — Fe(C2 — g(z) + 83T3))
x I{Cy + B1 + BTy > C3 + B3T»}
+ (1 = Fe(C1 — g(0) + B3T1)) Fe(C2 — g(z) + B3T3)
x I{C1 + B1 + B2Th < Cy + BsTa} | Ty, To}dT1d Ty

(217)  T(f) = / K(T0)K (Ty) fx (Tih) fx(z + Toh)

x E{F.(C1 — g(T1h))(1 - F.(C; — g(z + T2h)))
x I{C1 + B1 + B2T1 > Co + 3132}
+ (1 = Fe(Cy — g(Thh))) Fe(C2 — g(z + Toh))
x I{C1 + B1 + 2Ty < Cy + 3To} | Ty, To }dThdT.
['(3) and T(B) are twice continuously differentiable from the above expressions and

assumption A7. In addition, (2.6), (2.7), assumption A7, and these expressions imply as
n (2.8) that

o°r
BOBT

218) LB = FO 1002 and  SEi(@) = 5o (6)+0m)

uniformly in g.
We have from (2.13) and (2.18) that

(2.19) G5 =0 and  2(8) = O(A?).
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We have from (2.16) and assumption A7 that

32
(2.20) A S saaT a7 (Bo) =

where A is a 3 X 3 matrix and we give an expression of it later in this section. Besides
(2.15) means
(2.21) A is negative definite

and (2.16), (2.18), and assumption A7 imply that

(2.22) A+o(l) a |[8—fB/—0 and h—O.

5o (8) =

['(-) is strictly concave around (B from (2.21) and (2.22) and we can represent I'(3)
on {|8 — Bo| < M1h} as

(2.23) T(8) = T(Bo) + (B - 50>T (/5’0) + 3 (6 Bo)™ (A +o(1))(8 — Bo)-
(2.23) is uniquely maximized by (2.1) on {|3— 3| < M1h}. Hence the proof is complete. O

Remark 2.2. We can prove that the estimator based on the local constant approx-
imation has the bias of O(h?) by assuming that f. has the bounded continuous derivative
and that fx is continuously differentiable around 0 and z. We can show that the bias
is O(h) as in the proof of Theorem 2.1. Then we use (2.23) on {|8 — fo| < Mh} for
sufﬁmently large M. If & (ﬂo) = O(h?), the bias is also O(h2). We can verify that

d,6‘1 L (8o) = O(h?) by reﬁmng the evaluation in (2.26) and (2.27) below and using the
symmetry of the kernel function.

We give an expression of the right-hand side of (2.1). We omit tedious calculations.
At first we deal with A. A can be written as

T o 0 0)7)

(2.24) A= W((IBI,

where

o(B) = fx(0)fx(z)
Eco[Fe(C1 — 9(0))(1 — Fe(C2 — g(2)))I{C1 + B1 + BTy > Ca + BT}
+ (1 = F(C1 = g(0))) Fe(Co — g(z))I{C1 + B1 + B2Ty < Cz + BT}

and Eo{G(C1,C3,T1,T»)} in the above expression is defined by
E{G(C1,Cy,T1,T»)}
- / G(C1,C, Th, Ta) fe(Ch | 0)fo(Ca | 2)K(Ty) K (T5)dCydCdT, dTs.

Next we deal with %Q—B(ﬂg) by exploiting the fact that

16r (r Iy A1)

(225) 53500 = iz
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To evaluate the difference between (2.16) and (2.17), we use the following expressions.

(2.26) F.(C1 — g(T1h))(1 — F(Cz — g(z + T1h)))
— F(Cy — g(0) + BT1)(1 ~ F.(C2 — g(z) + B3T))

~ 101 ~ g(O)(1 ~ Fo(Cs — g(x))) 5TEH4"(0)

+1(Ca = g@)F(Cr — g(0) 5T (2) + olh?)
(2.27) (1 — F.(C1 — g(Tyh)))F.(Ca — g{z + Tsh))
— (1= F(C1 = g(0) + B3T1))F.(Ca — g(x) + 3T3)
= £(C1 — gO)F(Ca — 9(2))5T3?9"(0)
— fe(Ca = g(2))(1 = Fe(C1 — 9(0)))%T~§h2g”(x) +o(h?).
Then from (2.16), (2.17), (2.25), (2.26), and (2.27), we obtain the following expres-
sion of %g—g(ﬂo),

1 0r

h2 o8 35 Po) = ((51 ,0,0)T) +o(1),

(2.28)

where

Q(3) = fX(O)QfX(-T)

Eo[{—fe(C1 — g(0))(1 — F(Cy — g()))TTg"(0)
+ fe(Ca — g(x))Fe(C1 — g(0))T5g" (x)}
X I{C + B + BTy > Co + B3T3}
+ {fe(C1 = 9(0))F.(Cy — g(2))T{g"(0)
— fe(C2 — g(2))(1 = F.(C1 — (0)))T3¢" ()}
x I{C + B1 + BoT1 < Cy + B3T3}
and Eq.{-} is defined just below (2.24).

Finally we prove Theorem 2.2 which deals with the consistency of 8.

ProOOF OF THEOREM 2.2. We can establish in the same way as in Lemma 5.1
below that if nh — oo,

(2.29) sup [Tn(B) = T'(B)| — 0  in probability as n — oo.
BER?

Combining (2.8) and (2.29), we have
(2.30) sup |Tn(8) = T(B8)] — 0  in probability.
BER?

We can prove in the same way as (2.15) that for any & > 0, there exists a positive
number 85 such that

(2.31) T(Bo) — 6 >T(8) for |B— Bol > 6.
Theorem 2.2 follows from (2.30) and (2.31). O
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3. Asymptotic normality of the estimator

We establish the asymptotic normality of v/ nh(ﬁ — Bm) by applying Theorems 1
and 2 in Sherman (1993). Suppose that nh — co and h — 0 and that assumptions A1-7
hold in this section, too. Then

THEOREM 3.1.

\/n—h(lé - ﬂ’m) g N(O»A_IEA_l)a

D ) . o
where = means convergence in law. The 3 X 3 matriz X is given by

% = fx(0)fx(z)
[K*t 0 0

x E 0 [t?K2%dt 0 | fx(z)f2(C1 + 62| 2)
0 0 0
x {1{g(0) + e1 < C1}(1 = F(C1 — 9(0)))* + I{g(0) + &1 > C1 }FZ(Cy — g(0))}
[K%dt0 0
+ 0o 0o o0 Fx(0)f&(Ca — 57 1 0)
0 0 [t2K2dt

x {I{g(x) + €2 > C2}F2(Cy — g(x)) + I{g(z) + e2 < C2}(1 — F.(C2 — g()))?}

where Cy ~ fo(-10) and Cy ~ fo(- | z).

Theorems 2.1 and 3.1 imply that when X is one-dimensional, we can estimate g(x) —
g(0) in the order of n=2/5 by taking h = cn~1/5. The optimal ¢, which is denoted by
o, depends on the unknown parameters in the theorems. It is possible to theoretically
calculate co. However, it may be difficult to estimate the parameters at present. A
simulation study is presented in Section 4 to see the effect of the bandwidth.

PrOOF OF THEOREM 3.1. Theorem 3.1 follows from Theorems 1 and 2 in Sherman
(1993) with n replaced with nh if all the conditions for the two theorems are satisfied.
We will check all the conditions. In Section 3 we proved that A is negative definite and
that |8 — 8| — O in probability. All we have to do is to establish (3.1), (3.8), and
(3.9) below. (3.1) corresponds to (i) in Theorem 1, (3.8) corresponds to the asymptotic
normality of W, in Theorem 2, and (3.9) corresponds to (ii) in Theorem 1 and (4) in
Theorem 2.

From the fact that |3, — o] — 0 and (2.22), we have

(3.1) T(B) — T(Bm) < —M;|B = Brm?

when |8 — B,,| is sufficiently small.
We need two lemmas to establish (3.8) and (3.9). We introduce some notations and
definitions for the lemmas.
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Defining T'(%, 7; 3) by

(32)  T(,5:8) = lK (XT> K (th— w)

[I{Y>Y}I{C+51+B2 > C; + B hx}
+I{Y<Y}I{C+51+ﬁ2 <C+ﬂ3X’h }],

we represent I',(3) as .
1. .
I'n(B) = Y — > 7T 3;0)-
i#]
We define I1,,(8) and U(3, j; 8) by
(33)  IIn(B) = A(Tn(B) = Ta(Bm)) and  U(,j;8) = T(i,5;8) — T(i, j; Bm),

respectively. Then the Hoeffding decomposition of II,(3) is written as

. (8) = E{Hn(ﬁ)}

(3.4 - Z[E{U(z 581 2:} - BT (B)]
- il[E{U(z 5012} - BT @)}
(3.5) e = E[Uu 33 8) - B{UG,5; 8) | Z:}
~ B{U(,3:8) | Z;} + E{IL(8)}]
Putting (3.4) = Q(B), i.e.,
(36) Q) = %i{E{U(z’,yxm | 2} - E{IL(5)}]

4 % S [BUG.5:8) | 2}~ E{TL.(A)},

we present Lemma 3.1.
LemMMmA 3.1. Ifnh — oo, h — 0, and |5 — S| — 0, we have

(37) QB) = (8~ )T

and

(3.8) \/% 28 (6m) 2 N, 3.

(,Bm) + Op(hw /Bml ) uniformly in (3
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We prove Lemma 3.1 later in this section. Lemma 3.2 deals with (3.5).

LEMMA 3.2. Ifnh — oo, h — 0, and |3 — Bn] — 0, we have

D) U 5:8) - BUG538) | 2}~ E{UG.3:6) | Z3) + BTG} = oy (l)
1#]

n

uniformly in (.

We prove Lemma 3.2 in Section 5 by adapting the argument in the proof of Theorem
5.3.7 of de la Pefia and Giné (1999) to the setup of this paper. Lemma 3.2 corresponds to
Theorem 3 of Sherman (1993) and is related to equicontinuity of degenerate U-processes.
What is crucial to the proof of Lemma 3.2 is that

T
} |8 € R"’}

X X9 — X X
{K (71) K( . ””) v > Y2}1{01 + B+ o > Ot Ba ™
“’} FE RF"}
are VC-subgraph classes and the VC-indices are independent of h.
Combining the Hoeffding decomposition of II,,(3), (2.22), (3.3), Lemimas 3.1 and

3.2, we have established that if nh — 0o, h — 0, and |3 — Bn| — 0,

(3.9) T (B8) — T'n(Bm)
= (,6 ~ Bm) T (A + Op(l))(ﬁ ~ Bm)

(ﬂ ﬁm)T (ﬂm)+op(|ﬁ ﬁm1)+op<;‘%)

and
X X9 — X X
() (22 oo oa v

uniformly in 3. Hence the proof is complete. O
We prove Lemma 3.1.

Proor or LEMMA 3.1. Consider the Taylor expansion of Q(8) at B,

TBQ r 0°Q .
(B10)  QUB) = (B~ ) 55 (Br) + 58— Bm) 5552 (8")(6 - )
We should show that
(3.11) 2226 % N0, 3)
and that
(3.12) L o°Q (8*) =0(1) uniformlyin 8 as |3— Bn|— 0.

h 8B4

We consider (3.12) and then we go on to (3.11).
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One of the conditional expectations in Q(3) is written as

(3.13) E{T(,5;8) | Z:}

(3

Hy; =1}
Ci+B1+B2X;/h—B3(X;-x)/h
y / / (1 - F.(Cj - 9(X;)))

X fC(Cj I Xj)dcj}fx(XJ)%K (th” iL‘) dXJ

+I{Y; = 0}

00
<[ { / F.(Cj - 9(X;)
Ci+B1+P2X; /h—B3(X;—z)/h

X fC(Cj I X])dcj}fx(X])%K (th_ l‘) dXJ:l .

We deal with only (3.13) since the other term can be treated in the same way.
Assumptions A4 and A7, the definition of U(4, j;5) in (3.3), and (3.13) imply

<Tex () -l

1 02

» 550 G338 | 2}~ B{I G,

(3.14) J

[e 0]

where | - |, denotes the sup norm in R3*3.
Noting that there is no term related to E{T'(3, j; 8m)} in (3.12), we have from (3.14)
that

(3.15) [E{U(,4;6) | Z:} — E{IL.(8")}]

nhzaﬁc‘)ﬂT
< 18" - (87,0,0)"|— ZK( )

m Z o BT,55(61,0,0)7) | )

o<

- E{Hn((ﬁ?7 0’ O)T)}] ' .

The first term on the right-hand side tends to 0 in probability uniformly in 3 since
[B* — (8?,0,0)T| tends to 0 in probability uniformly as |3 — 3] — 0. As for the
second term, we can prove that it tends to 0 in probability by evaluating the second
moment. The details are omitted since the calculation is standard one in the literature
on nonparametric regression. Hence (3.12) is proved.
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Next we deal with (3.11). Since

o 7]
55 E e (Bm)} = gz BT (Bn)} =0,

we can represent %g—g(ﬂm) as

(3.16)

=)

Q. _ 1 |2 LN D .
%(ﬁm) - % ;%E{T(Z,j,ﬁm) | Zz} +j; aﬁE{T('L7-7’ﬂm) I ZJ} .

We examine only the first term closely since the second term can be treated in the
same way. The summand of the first term can be written as

(3.17) (%E{T(i,j;ﬂm) | Zz-})T
()
x [I{Yi - 1}/ (1{——&%)

i X; —
X (1—F€ (cwﬁ{%ﬁ;”%—ﬁé" Jh z —Q(Xj)>)

Xi mX‘—.’II
x fc (Ci+ﬂ{n+5§n7*53 ]h ]Xj>

<K (B0 ) ax,

Xz' mX‘—l'
x F, (C’i-l-ﬂin"‘%nf_ﬂ:; ]T_Q(Xj))

Xi mX‘—ZE
Xfc(0i+5in+ﬂ5n7*ﬂ3 Jh ‘Xj>

x fx(Xj)%K (th_ l’) dxj}.

Assuming that nh — oo and h — 0, we can verify (3.11) by evaluating the second
and third moments of (3.17) and appealing to the Lyapounov CLT, for example, on
p. 362 of Billingsley (1994). We omit the details since this kind of argument is standard
one in the literature on nonparametric regression. The covariance matrix X is defined in
Theorem 3.1. O

4. Simulation study

We present the result of a simulation study to see the effect of the bandwidth and
how the proposed procedure works. We have no automatic bandwidth selection rule like
cross validation at present.
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The data is generated by

X ~ Unif(-1.5,1.5),
C ~ N(0,4),

€ ~N(0,0.3), and
Y=x+a22+e

We estimate g(1) — g(0) = 2 and g(—1) — g(0) = 0 by the local constant estimator
in Remark 1.1 and the local linear estimator defined by (1.6). The kernel is the uniform
kernel on [—1,1]. The sample size is 500 and the tables are based on 200 repetitions for
each entry.

In the above setup the covariate X, the censoring time C, and the error term e
are mutually independent. The censoring time C has a large variance compared to the
error term. The censoring time and the error term take the values in (—00,00). This
means that we are considering cases like that of log-transformed failure times. Note that
assumption A5 hold for any g(-). All the other assumptions are satisfied, too.

We maximize the objective functions by grid search. For the local constant esti-
mator, the grid width is 0.05. For I',,(-) in (1.6), the grid search is carried out in two
steps. At first the gird width is 0.1 for every 3;. Then we do the second step around the
maximum solution of the first step. The gird width is 0.05 for every ;.

As we mentioned in Section 1, the maximum solutions are not unique. We choose
the average of the maximum solutions as the estimate of g(z) — g(0).

We try 0.2, 0.25, and 0.3 for the bandwidth. SPLUS is used for the study on a
personal computer. Tables 1 and 2 present the means and MSEs for the local constant
estimator and the local linear estimator, respectively.

There is no significant difference between the local constant estimator and the local
linear estimator. The maximization is complicated for the local linear estimator than
for the local constant estimator. If the maximization and the choice of the estimate do
not work for the local linear estimator, the performances of the local linear estimator

Table 1. Means and MSEs of the local constant estimator.

h 0.20 0.25 0.30
z=1.0 Mean 1.99 1.98 1.93
MSE 0.094 0.097 0.073

z=-10 Mean -0.04 0.01 —0.02
MSE 0.065 0.054 0.044

Table 2. Means and MSEs of the local linear estimator.

h 0.20 0.25 0.30
z=1.0 Mean 2.00 2.02 2.00
MSE 0.085 0.078 0.064

z=-1.0 Mean -0.04 0.00 -0.02
MSE 0.063 0.048 0.040
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will be worse. Since there is no significant difference, maximization by grid search and
the choice of the estimate seems to work well.

The effect of the variance is much more serious than that of the bias. Larger
bandwidths may be recommended.

5. Technical proofs

In this section we prove (2.15) and Lemma 3.2.

PROOF OF (2.15). We establish that for any M, there exists a positive number
M, such that 5 ~
T(B) < T(Bo) — Myh?®  for |8 — Bo| > Mah.

We need to evaluate the difference between P(Yy* > Y | Z1, Z,) and P(Yy < Y] |
Z1, Zg) From the definition of the conditional probability, we have

(5.1) Py >Yy |21, 2%) -P(Y <Y | 21, 2)

=F. (cl - g(0) +ﬂ§%> {1 ~F. (02 —g(z) + 6§X2h" x)}
{1 (e -a0+ 3R (00 g0+ 22 25)).

By the Taylor expansion, we have

(5.2) F(2)Q1—-F(2+6))— (1 - F.(2))F(2 +6) =~ —f(2)6 for small 6.

Then (5.1), (5.2), and assumption A4 imply that there exist M3, My, and My which
are independent of n, X;/h, and (X3 — z)/h and satisfy

(5.3) P(YY > Y, | Z1,22) — P(Y} < Y] | 21, 2)]
X Xo—1x
o~ B

X Xo—x
Ch - C2+/31+ﬁ0 ! SQ—h—

> Ms

on |

(5.3) is crucial to the proof of (2.15).
We deal with two cases where |3 — 8Y| > M3h/9 and where |8 — 89| < Mh/9

separately.
When 81 — 89 > Myh/9, we have that

(_ﬂl‘ﬂ2ﬁ+ﬂ3 ; x) - <*51 ﬁoXl +ﬁgX2h—w> 2 Mh

C1—Cy+ B9 4+ 85—

< My and |Cll < M5}

(5.4)

h )
on ({62>p9, X1 >0}uU{B <p9, X <0})
N({Bs > B3, X2 <z} U{Bs < B, X2 > x}).

Combining (5.3) and (5.4), we obtain

(5.5) T(B) <T(Bo) — MyMgh®  for some Ms
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by integrating F(Z1, Zo; 8) in (2.10) on

X Xo—1z X X
{C1~C'2|—51—ﬁ2—h—1+53 <C;-Cy< —f) - 50 L83 2 }

The case where 81 — 89 < —M>h/9 can be treated in the same way.
When |8y — 82| < M3h/9 and B2 — 59 > 6Moh/9, we have that

) (o

on {):;1 2 ;}ﬁ({53>ﬂ3,X2 <z}U{Bs < B2, Xz > 1}).

2
> —Moh
_9 2

(5.6) ' (-51 - ﬂz% + 063 Az

Combining (5.3) and (5.6), we obtain
(5.7) [(8) < T(Bo) — MaM7h?  for some M;
by integrating F(Zy, Zo; 8) in (2.10) on

X Xo—2z X X
{01—02|~51—ﬂ271+ﬂ32T<01~02<—ﬁ1 ﬂ”l e }

The other cases can be treated in the same way.
The proof is finished by taking a sufficiently large M3 in (5.5), (5.7) and so on. O

Next we prove Lemma 3.2.

PrROOF OF LEMMA 3.2. We should prove what is similar to (5.3.11)’ in the proof
of Theorem 5.3.7 of de la Pefia and Giné (1999) with k = 2 (see (5.16) below) and that

(5.8) lim limsup sup E{(T(1,2;8) — T(1,2;8m))?} = 0.

6—0 nooo 1B—Bm|<8

(5.8) is established from the definition of T'(4, j; 8) in (3.2) and assumption A7 by con-
sidering the conditional expectations on {X;} of

(5.9) 'I{Cl + 6 +ﬂ2£ >C2+ﬁ3X2h_x}

X
—I{Cl-l-,ﬁl +ﬂQT>CQ+,BO_2h—"}

and the other analogous terms. We omit the calculation.
Now we go on to the proof of (5.16) below. Recalling the definition of U(3, j; 8) in
(3.3), we define V (i, j; 8) for symmetry with respect to Z; and Z; by

(5.10) V(i,5:6) = 5{U(,3:8) + UG, iB)).

We adopt the notations of de la Pefia and Giné (1999) since we follow and adapt the proof
of (5.3.11)" of de la Pefia and Giné (1999), which addresses equicontinuity of degenerate
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U-processes. In the proof of (5.3.11)" the class of kernels is fixed and the envelope

function H satisfies
lim E[H*I{H > M}] =0.
M—oo

However, neither of them holds in the setup of this paper. Thus we must modify the
arguments of de la Pena and Giné (1999). The proof of (5.23) below is different from
that of de la Pefna and Giné (1999). The other parts of the proof of (5.16) below are
essentially the same as on pp. 244-246 of de la Peha and Giné (1999). However, it is
very important to make sure that the varying kernel classes do not affect the arguments.

We define g, 71, and U7(l2) for W(-,-) by

(511) 7I'2W(Zl, Z2) == W(Zl,ZQ) - E{W(Zl, Zg) | Zl}
— E{W(Zl, ZQ) I Z2} + E{W(Zl, ZQ)}
(5.12) 7I'1W(Z1) = E{W(Zl, Z2) ’ Zl} — E{W(Zl, Zg)}
and
9 _ 1
(5.13) UPwW = m;mzﬁzj)

and UV W for W(-) by
1 n
(5.14) UMW = - 2; W(Z:).
=

By using the above notations, the left-hand side of the expression of Lemma 3.2 is
written as

(5.15) UP7yV(n)  with 3 replaced by 7.

We sometimes use 1, 11, and 7 instead of 8 to avoid confusion. Then we have to prove

(5.16) lim limsupE | sup n|UP (ma(V(m) — Vm))|| =0,
8=0 n—oo d(m,m2)<é

where
d*(n1,m) = B{(V(Z1, Za;m) — V(Z1, Z2;m2))?}.

If (5.16) is established, (5.8) implies the lemma since V(Z1, Zo; 3,,) = 0. What is
essential to the proof is that the covering number of

{V(21,25;8)| B € R*}

has an upper bound independent of A. The bound is due to the following two facts.

1) {I{Cy + B1 + B2t > C2 + B3 %272} | B € R®} is a VC-subgraph class with the
VC-index no more than 6 from Example 3.7.4¢ of Geer (2000).

2) The proof of Lemma 2.6.18 (vi) of Vaart and Wellner (1996) implies that mul-
tiplying the class in 1) by K(31)K (£2=2)I1{Y; > Y»} increases the VC-index of the
function class in 1) by at the most only one. It is because no subset of two points can
be shattered on the set where all the functions vanish.

Refer to Vaart and Wellner (1996) for the definitions of covering number, enve-
lope function, VC-subgraph class, and VC-index. The other three classes of functions
appearing in the definition of V(Z;, Z5; 3) can be treated in the same way.
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We put
(5.17) Gn ={V(Z:, Z2;8) | B € R%}

and the envelope function is given by

1 X1 Xg B 1 X1 — T X2
. = — — K - Kl—=—]).
(5.18) m%@)hx@J ( h)*ﬁ% h) (h)
By Applying Theorem 2.6.7 of Vaart and Wellner (1996) to the classes of func-
tions appearing in the definition of V(Z;, Z3; 8) and combining the upper bounds from

Theorem 2.6.7, we obtain the following upper bound of the covering number of G,
N(Gr, dp, €l Hp),

(5.19) N (G, dy, €l Hllp) < Ms(e™™ v 1),

where P is an arbitrary probability measure and for p > 1,

1/p 1/p
dy(f1, f2) = (/ Ifi— fzfde) and ||H|, = (/H"dP) .

Equivalently we have

[P
(5.20) N(Gh,dp,€) < Mg (Tp> v 1.
We just give the necessary modifications and do not reproduce the arguments of de
la Pefia and Giné (1999) in this paper.
Defining €2 , o(V, W) and Dy 2(6) for V(-,-) and W(-,) as in de la Pefia and Giné
(1999) by

621 Vi) =n2(3)  Srlv - )2 7))
and ’
(5.22) Dno(8) = {sugz e 22(V(m),V(n))

2 (g‘) _1E{(7r2(V(771) —V(n2)))?}

> 22252} ,

we prove in Lemma 5.1 below that

(5.23) lim P(D,2(6)) =0 forany &> 0.

The proof of (5.23), which corresponds to Lemma 5.3.6 of de la Pefia and Giné (1999),
is different from that of the lemma.

We also need to show that
(5.24) UPH? -E{H?} -0 in probability

and
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1 n
(5.25) ~ > B{H*(Zi, Zn41) | Zi} —E{H?} -0 in probability.
i=1

These can be proved by appealing to Hoeffding’s inequality on p. 165 of de la Peiia and
Giné (1999) if nh — oo and h — 0. Besides we have

(5.26) Jim E{Hz} =2fx(0 ( / K¥( t)dt)

Since the arguments on pp. 244-246 of de la Pefa and Giné (1999) are valid with
(5.19), (5.20), (5.23)-(5.26), and minor modifications, the proof is complete. O

Lemma 5.1 corresponds to Lemma 5.3.6 of de la Pena and Giné (1999). We cannot
apply the proof of the lemma to the setup of this paper since we do not have

Jim E(H?I{H > M}] =0,

where H is the envelope function of G,. We have to go back to Theorem 5.2.2 and modify
the proof of the theorem.

LEMMA 5.1. For any § > 0, we have

(5.27) P(Dp2(6)) -0 as mh—o0 and h—0.

Proor. We prove that

(5.28) sup (U2 (ma(V(m) = V(12)))* = E{(m2(V(m) = V(n2)))*}|
- — 0 in probability.

This is equivalent to Lemma 5.1. We define H;, by

(5.29) M = {(m2(V(21, Zosm) — V(Z1, Z2;m2)))? | m,m2 € R},

Letting {¢;} be independent Rademacher variables, we have from the argument on
pp. 226-227 of de la Pefia and Giné (1999) that

(n —2)!

5.30 lim E< sup eW(Z;,Z; =0
G0 g e (BCES ez, z)
(’n 2)
(5.31) & lim E{ sup > &(W(Zi,Z;) —E{W})| 3 =0
n—oo WeH, 25
(5.32) & lim E{ sup |UPW — E{W}|} =0
n—o0 WeH I3
(5.33) = sup [UPW —E{W} =0 in probability.

WeH:n
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Therefore we prove (5.30). As in de la Penia and Giné (1999), we define €, and
en,1 for V(-,-) and W(-,-) by

5 1| 1 i
(5.34) Ent (VW) =~ Z pell Z '(V - W)(Zi, Z;)
i=1 j=1,7#1
and
(5.35) en1(V, W) =UP(V — W)

Taking a 7-dense set Hp » in Hj, with respect to €, 1, we have

|{Zi}}
I {Zi}} :

(n—2)!
n!

> &W(Z,,7;)

i#g

(5.36) E { sup

WeH,

(n

- 2)! .

it
| {Zi}}

—2)!
< Mo — ) [log 2 + log N(Mp,&n,1,7)]'/

2
X  sup Z( Z W(Zi,Zj))

WeHnn | =1 \j=1,j%i

WeHR

ST—I—E{ sup

Then (5.2.8) of de la Pefia and Giné (1999) implies

(n

- 2)! .
’I’Z' ) ZEiW(Zi;Zj)
’ 1#£]

(5.37) E { sup

WEHh,n

1/2

Replacing W in the last term in (5.37) with the envelope function H, we obtain

(5.38) E{ sup i( Zn: W(Zi,Zj)>

<mf{3{ 3 (e (3)x (5
(A e ()
(e (5) rx (375)
e () e (52) )

M12 i 2,2 'I'L2 n3
< =Y h(nh+n?h?) < My mt )
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(5.30) follows from (5.36)—(5.38) if we establish that for any 7 >0,

(5.39) (E{log N (Hp,én1,7)})V? = 0.

lim _ L

n—oo (nh)l/2
Since €, 1(-,-) < ena(:,-), we have

(5.40) N(Hp,€n1,7) < N(Hh,€n1,7).

(5.40) implies that (5.39) follows if (5.41) below is verified.

(5.41) limsup E{log N(Hp,en1,7)} <oo forany 7>0.

n—oo

We evaluate e, ; to prove (5.41). Since

(642)  enn((maVm) — V) (ma(V () - V(8:)))?)
< ST (o V() — V() — w2V (01) ~ V(62))
< B ena TV 1), T2V (01)) + e (12 () w2V (62),
we have
(5.43) N(Hp,en,1,7) < N? <Gh, €n,1, -2;%) ,
where

Gn = {m2V(n) | n € R}
(5.20) implies that

Th
(5.44) log N2 (gh, en1; 5 M14)

)

2M
< 8log Mg + 2M; log (1 + —hﬁUff)H) + 2M, log (1 +

+4My log ( 2M14 1 Z {H(Z:, Zni1) | 24 })

We have from Jensen’s inequality that

2Mi4

(5.45) E {log N? (gh, ent, ﬁlh—) } < 8log Mg + 8My log (1 E{H})
14

Since h~'E{H} is bounded from above, (5.41) follows from (5.43)-(5.45). Hence the
lemma is proved. O

Acknowledgements

The author appreciates helpful comments of two referees very much.



72 TOSHIO HONDA

REFERENCES

Abrevaya, J. (1999). Rank regression for current status data: asymptotic normality, Statistics & Prob-
ability Letters, 48, 275-287.

Andrews, C., van der Laan, M. and Robins, J. (2001). Locally efficient estimation of regression param-
eters using current status data, Tech. Report, Department of Statistics, University of California,
Berkeley (available at www.stat.berkeley.edu/"laan/).

Billingsley, P. (1994). Probability and Measure, 3rd ed., Wiley, New York.

Chen, S. (2000a). Efficient estimation of binary choice models under symmetry, Journal of Economet-
rics, 96, 183-199.

Chen, S. (2000b). Rank estimation of a location parameter in the binary choice model, Journal of
Econometrics, 98, 317-334.

Cosslett, S. R. (1987). Efficiency bounds for distribution-free estimation of the binary choice and the
censored regression models, Econometrica, 55, 559-585.

de la Pefia, V. H. and Giné, E. (1999). Decoupling: From Dependence to Independence, Springer, New
York.

Fan, J. and Gijbels, I. (1994). Censored regression: Local linear approximations and their applications,
Journal of the American Statistical Association, 89, 560-570.

Groeneboom, P. and Wellner, J. A. (1992). Information Bounds and Nonparametric Mazimum Likeli-
hood Estimation, Birkhauser, Basel.

Han, A. K. (1987). Non-parametric analysis of a generalized regression model: The maximum rank
correlation estimation, Journal of Econometrics, 35, 303-316.

Horowitz, J. L. (2001). Nonparametric estimation of a generalized additive model with an unknown link
function, Econometrica, 69, 499-513.

Huang, J. (1996). Efficient estimation for the Cox model with interval censoring, The Annals of Statis-
tics, 24, 540-568.

Huang, J. and Wellner, J. A. (1995). Asymptotic normality of the NPMLE of linear functionals for
interval censored data, casel, Statistica Neerlandica, 49, 153-163.

Huang, J. and Wellner, J. A. (1997). Interval censoring survival data: A review of recent progress,
Proceedings of the First Seattle Symposium in Biostatistics: Survival Analysis (eds. D. Y. Lin and
T. R. Flemming), Lecture Notes in Statistics, No. 123, 123-170, Springer, New York.

Klein, R. W. and Spady, R. H. (1993). An efficient semiparametric estimator for binary response models,
Econometrica, 61, 387-421.

Li, G. and Zhang, C.-H. (1998). Linear regression with interval censored data, The Annals of Statistics,
26, 1306-1327.

Murphy, S. A., van der Vaart, A. W. and Wellner, J. A. (1999). Current status regression, Mathematical
Methods of Statistics, 8, 407-425.

Shen, X. (1997). On methods of sieves and penalization, The Annals of Statistics, 25, 2555-2591.

Shen, X. (2000). Linear regression with current status data, Journal of the American Statistical Asso-
ciation, 95, 842-852.

Sherman, R. P. (1993). The limiting distribution of the maximum rank correlation estimator, Econo-
metrica, 61, 123-137.

van de Geer, S. (2000). Empirical Processes in M-FEstimation, Cambridge University Press, Cambridge.

van der Laan, M. and Robins, J. (1998). Locally efficient estimation with current status data and
time-dependent covariates, Journal of the American Statistical Association, 93, 693-701.

van der Laan, M., Bickel, P. J. and Jewell, N. P. (1997). Singly and doubly censored current status
data: Estimation, asymptotics and regression, Scandinavian Journal of Statistics, 24, 289-307.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical Processes: With
Applications to Statistics, Springer, New York.



