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Abstract. In the present paper, we study the distribution of a statistic utilizing the
runs length of “reasonably long” series of alike elements (success runs) in a sequence
of binary trials. More specifically, we are looking at the sum of exact lengths of
subsequences (strings) consisting of k£ or more consecutive successes (k is a given
positive integer). The investigation of the statistic of interest is accomplished by
exploiting an appropriate generalization of the Markov chain embedding technique
introduced by Fu and Koutras (1994, J. Amer. Statist. Assoc., 89, 1050-1058) and
Koutras and Alexandrou (1995, Ann. Inst. Statist. Math., 47, 743-766). In addition,
we explore the conditional distribution of the same statistic, given the number of
successes and establish statistical tests for the detection of the null hypothesis of
randomness versus the alternative hypothesis of systematic clustering of successes in
a sequence of binary outcomes.

Key words and phrases: Success runs, run lengths, Markov chains, Markov chain
embeddable variable of polynomial type, randomness tests.

1. Introduction

In the analysis of experimental trials whose outcomes can be classified into two
exclusive categories, a question that comes in naturally is whether reasonable criteria
providing evidence of clustering of any of the two categories could be established. These
criteria could then be used to detect changes in the underlying process which gener-
ates the series of outcomes. Many commonly used criteria for the statistical analysis of
such phenomena involve the concept of runs i.e. uninterrupted sequences of alike ele-
ments bordered at each end by other types of elements or by the beginning or by the
end of the complete sequence. For example, many quality control plans base the accep-
tance/rejection of the sample lot on the occurrence of prolonged sequences of successive
working/failed components, Wolfowitz (1943), Balakrishnan et al. (1993). For a mechan-
ical engineer performing a start-up test for a new machine, it is reasonable to couch his
decision (accepting the machine or rejecting it) on the number of consecutive successful
or unsuccessful attempted start-ups, Hahn and Gage (1983), Viveros and Balakrishnan
(1993), Balakrishnan et al. (1995, 1997). The same model, in the context of reliability,
leads to the well known consecutive-k-out-of-n: F' system and its variations (for a review
refer to Chao et al. (1995)). Finally, an additional interesting application of the concept
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of runs comes from the area of non-parametric runs tests, Gibbons and Chakraborti
(1992), Agin and Godbole (1992). In this case, the interest is focused on the condi-
tional distribution of runs or equivalently, on runs defined in a sequence of outcomes of
prespecified composition.

In the traditional runs/patterns literature, the criteria used take into account the
number of runs/patterns observed in the experimental sequence or the number of runs of
specified length or the waiting time for the occurrence of a prespecified number of runs.
The distributions of the number of fixed size success runs and the associated waiting
time distributions have been termed in the statistical bibliography as distributions of
order k and have been extensively studied by Philippou and Makri (1986), Aki and
Hirano (1988), Godbole (1990, 1992), Hirano et al. (1991), Hirano and Aki (1993) etc.
For a detailed and systematic exposition of the distribution theory of runs the interested
reader may wish to consult the recent monograph by Balakrishnan and Koutras (2002).

None of the aforementioned criteria makes use of the exact length of runs appearing
in the outcome sequence. Agin and Godbole (1992), aiming at the development of
non-parametric randomness tests, suggested using run lengths of variable sizes (see also
Koutras and Alexandrou (1997)). Of a similar flavour can be considered the approach set
in O’Brien and Dyck (1985), where a test based on longest runs is investigated. Motivated
by those works, we proceed here to the investigation of a statistic utilizing the runs length
of “reasonably long” series of alike elements (successes) in a sequence of binary trials.
More specifically, we are looking at the sum of the lengths of subsequences (strings)
consisting of k or more consecutive successes (k is a given positive integer). It is clear that
theoretical results on the distribution of this statistic are of major practical importance
for establishing and investigating appropriate statistical tests which would detect the null
hypothesis of randomness in the sequence of outcomes versus the alternative hypothesis
of systematic clustering of successes. The investigation of the statistic of interest here is
derived by exploiting a proper Markov chain embedding technique.

In Section 2 we present in brief the general family of Markov chain embeddable
variables (c.f. Fu and Koutras (1994)) and introduce the wide subclass of Markov chain
embeddable variables of polynomial type (MVP) which may be efficiently used for the
evaluation of the exact distribution of enumerating random variables. This class gen-
eralizes the family of Markov chain embeddable variables of binomial type introduced
in Koutras and Alexandrou (1995) and offers a very functional “working environment”.
Next we establish compact and computationally tractable formulae for obtaining the
exact distribution (probability mass function and generating functions) of MVP’s. In
Section 3 we apply the MVP methodology to the problem of establishing the exact dis-
tribution of the sum of the lengths of success runs whose length exceed a prespecified
level. Finally in Section 4 we assume that the composition of the observed sequence is
known, that is to say, the number of successes and failures are fixed quantities, and pro-
ceed to the investigation of the conditional distribution of the aforementioned statistic.
The results are then used (in Section 5) to investigate the performance of a new test of
randomness.

2. General results

Recently, Fu and Koutras (1994) developed a unified method for capturing the
exact distribution of the number of runs of specified length by employing a Markov
chain embedding technique. Koutras and Alexandrou (1995) refined the method and
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expressed these distributions in terms of multidimensional binomial type probability
vectors. Fu (1996) extended the original method to cover the case of arbitrary patterns
(instead of runs) whereas Koutras (1997) treated several waiting time problems within
this framework. Finally Doi and Yamamoto (1998) and Han and Aki (1999) considered
the case of multivariate run related distributions and offered simple solutions to the
problem by exploiting proper extensions of the Markov chain embedding technique.

We shall first introduce the notion of a Markov chain embeddable variable, in a way
similar to the one used by Fu and Koutras (1994). Let X, (n a non-negative integer) be a
non-negative finite integer-valued random variable and denote by [,, = sup{z : Pr(X,, =
z) > 0} its upper end point.

DerINITION 2.1. The random variable X,, will be called a Markov Chain embed-
dable variable if

(a) there exists a Markov chain {Y; : ¢ > 0} defined on a state space Q =
{a1, ag,...} which can be partitioned as Q = |, Cz»

(b) the probability mass function of X,, can be captured by considering the pro-
jection of the probability space of Y, onto C_, i.e.

Pr(X,=2)=Pr(Y, €C;), z=0,1,...,1,.

If A; is the one-step transition probability matrix of the Markov chain ({Y; : t >
0}, ), then the exact distribution of X,, can be derived by the aid of the formula

(2.1) Pr(X, =2z)=mg (H At) Z e, z=01,..,1,

t=1 11 €Cy

where e; are unit (row) vectors and 7o = (Pr(Yo = a1),Pr(Yp = a3),Pr(Yo = a3),...)
is the vector of initial probabilities.

For typographical convenience we impose the convention Pr(Xy = 0) = 1 and set
Hi’:a Ay =1 for a > b.

Should it be possible to partition A; in the form of a bidiagonal blocked matrix with
non-zero blocks appearing only on the main diagonal and the diagonal next to it, the
investigation of X,,’s distribution could be easily carried out by considering appropriate
probability vectors describing the overall state formulation of the Markovian process at
time ¢. Motivated by this observation, Koutras and Alexandrou (1995) proceeded to the
introduction of a significant subclass of the family of Markov chain embeddable variables
which offered a computationally efficient framework for tackling problems of this nature.
Unfortunately, this class is not wide enough to accommodate the distributional problem
we are aiming at in this article. For this reason we proceed to the introduction of a
more general family of variables which will be called Markov chain embeddable variables
of polynomial type.

To start with, let us first observe that without loss of generality we may assume
that the state subspaces C,, ¢ = 0,1,... have the same finite cardinality s = |C,|.

DEeFINITION 2.2. The random variable X, will be called Markov chain embeddable
variable of polynomial type (MVP}) if
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(a) there exists a Markov chain {Y;,t > 0} defined on a discrete state space §
which can be partitioned as

Q = U Cz, C:,; = {CI’O,CE‘I, .. -,Cz,s—l}

x>0
{b) there exists a positive integer m such that for t > 1
Pr(Y;eCy|Y;1 €Cr)=0 forall y#z,z+1,...,2+m

(c) the probability mass function of X,, can be captured by considering the pro-
jection of the probability space of Y, onto C; i.e.

Pr(X, =z)=Pr(Y,€C,), n>0,z>0.

For m = 1, Definition 2.2 reduces to the definition of the Markov chain embeddable
variables of binomial type introduced by Koutras and Alexandrou (1995).

Roughly speaking, a MVP is characterized by the following property: the state
subclasses C, x > 0, can be ordered in such a way that once the chain enters C,, the
feasible one step transitions lead either to the same subclass C, or to one of the next m
(main state) subclasses Cyt1,...,Crim. For the m + 1 transition probability matrices

Api(x) = (Pr(Y: = cogigr | Yic1 = Cj))sxsy, 0<i<m, t>1, 2>0

it is clear (c.f. condition (b) of Definition 2.2) that the matrix )\, A ;(x) is stochastic.
Moreover, on introducing the probability (row) vectors

folx) = (Pr(Y; = cz0), Pr(Ye =cz1),. .., Pr(Ys =z 5-1)), t>0,2>0
it follows directly from condition (c) of Definition 2.2 that
Pr(X,=2)=f,()(1,1,...,1)Y = f, ()1, n>0, z>0.
Finally, convention Pr(Xo = 0) = 1 implies that

71’()1/ = fO(O)ll = (PI‘(YE) = CO,Q),PI(YE) = 60‘1), . .,PI‘(Y() = Co’s_l))ll =1
w1l =fo(z)1'=0, z>1.

Before proceeding to the development of general results facilitating the investigation
of the exact distribution of a MVP, let us discuss in brief some potential applications
where the approach taken here can be fruitfully used. Let £ be an event (single or
composite) associated with a sequence of binary (or multistate) trials and introduce a
score function f;(£) denoting the points earned if event £ occurs at the i-th trial. Then
a MVP offers an appropriate methodological tool for investigating the exact distribution
of the total score X, achieved in a series of n outcomes. This setup is wide enough to
accommodate the number of fixed length runs model (f;(£) = 1 if a run of prespecified
length has been registered at the ¢-th trial), the sum of run lengths model introduced
in Section 1 (f;(£) equals the exact length of a run completed at the i-th trial provided
that the length exceeds a prespecified level), or even more complex models pertaining
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to the occurrence of specific patterns. By way of example assume that we are trying to
investigate the efficacy of n questions. Each time we observe a cluster of correct responses
(e.g. a certain number of correct answers in a row, or segments containing a prespecified
percentage of correct answers) ¢ points are added to the subject’s score, i.e. f;(€) = ¢. For
each subsequent correct response d extra points are earned. Apparently, the total number
of points collected upon the completion of the test may be considered as an indication of
method’s efficacy. The same statistic, under a slightly different description may be used
for deciding whether a quality control process is out of control, whether a disease can
be declared as contagious based on patterns of infected among non-infected plants in a
transect through a field, etc. It is clear that in all these situations the knowledge of the
distribution of the test statistic will help the practitioner to setup reasonable statistical
procedures guarantying prespecified levels of type I error. The general results presented
in this section are quite useful for the investigation of the aforementioned models and
models of similar nature encountered in numerous areas of applied sciences.

Let us start our study with the next theorem which provides a method for the
evaluation of the probability mass function of a MVP.

THEOREM 2.1. The sequence of vectors f,(x) satisfies the recurrence relation

min(z,m)

fil@)= > Feal@-dAnu(z—i), t>1,z>0.

=0

Proor. Lett> 1,z > 0and 0 <j <s-—1. The total probability theorem yields

min(z,m) s—1

Pr(Vi=cej)= D, Y Pr(Yi=ca;|Yie1 =cooir)Pr(Yic1 = coiy)
=0 r=0

which can be equivalently written as

min(z,m) s—1

Pr(Y; =cz ;) = Z Z erp1Asi(r —i)el, Pr(Yioy = cpiy)
=0 =0

min(z,m)

= Z fi1(x —9)As iz — i)e;+1
=0

(e; denote the unit row vectors of R®), and the proof is complete. (]

Next, let ¢1(2) and ®(z,w) be the single and double generating functions
o0 o0
pi(z) = ZPr(Xt =2)2%  P(z,w) = Zgot(z)wt
=0 t=0

and denote by ¢,(z) and ®(z,w) the single (row) and double (row) vector generating
functions of f,(z), respectively, that is

(Pt(Z) = Z_ft(.’L')Zw, t>0, (I)(sz) :‘Zsot(z)wt'
=0 t=0
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It is clear that ¢ (z) = 7o, ¥i(2) = p,(2)1, t > 1 and (2, w) = (2, w)1".

We mention that, it is the rule rather than the exception that matrices A ;(z) do
not depend on z, that is A;;(z) = As; for all t > 1 and = > 0. In this case the vector
generating function ¢,(z) can be expressed in the form of a product as stated in the
following theorem.

THEOREM 2.2. If A;;(x) = Ay, for allt > 1 and > 0 then the (single) vector
generating function of X, is given by

t m
(pt(z) =Ty H (Z Ar,izi> ) t>1.
=1 \i=0

Proor. For t > 1 and upon using Theorem 2.1 we may write

er(z) = Y @)z =) Y feam—DAn2®+ D D Fii(@—i)A
=0

=0 1=0 z=m+1 i=0
m m m oo
= Z 2t (th_l(z - i)zz_’) A+ Z 2t ( Z feoq1(z— i)z”"’) A
=0 =1 =0 Tz=m+1
= Zzi (th—l(y)zy) Agi = ¢ 41(2) (Z At,izi> :
i=0 y=0 i=0

The proof may easily be completed by repeated application of the last formula. OJ

It is well known that the probability generating function ¢(z) of the (generalized)
binomial distribution is the product of the binomial terms p,o + zp,1, where p,; denotes
the probability of occurrence of outcome “/”, ¢ = 0,1 at the r-th trial (two possible
outcomes). Replacing the binomial terms by the polynomial terms 7", pri2, where
pri denotes the probability of occurrence of outcome “i”, 4 =0,1,..., m at the r-th trial
(m+1 possible outcomes), we obtain the probability generating function of the univariate
maultinomial distribution introduced by Steyn (1956) (see also Panaretos and Xekalaki
(1986) and Philippou et al. (1990)). In Theorem 2.2, 37" ; pr;2* has been replaced by the
polynomial term » ;" A, ;2" a fact justifying the nomenclature polynomial type used
for the random variables studied here.

In the case of an homogeneous MVP, we have the next theorem.

THEOREM 2.3. If Ayi(z) = A; for allt > 1 and = > 0 then the double vector
generating function of X, can be expressed as

®(z,w) = m <I —w ZAizi>

1=0

where I is the identity s X s matriz.

Proor. Follows readily from Theorem 2.2 on observing that

(¢S] 00 m i m -1
®(z,w) = Zcpt(z)wt =Ty Z (wZAm’) = Ty (I - wz Aizi)
t=0 =0 i= i=0
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the last equality being valid in an appropriate neighborhood of zero for w. [J
For an homogeneous MVP X; let uy = E(X,), t > 1, denote the mean of X; and
M(w) = 377, uewt, its generating function. The next theorem provides two compact
formulae for the evaluation of g and M(w) through the transition probability matrices

Ai,iZO,l,...,m.

THEOREM 2.4. If A;;(z) = A, for allt > 1 and x > 0 then

= E(X;) = (i:l (ZA ))M (i iAi) 1

o0 -1 m
M(w) =Y pw' = (I w ZA ) (Z iA,-) 1.
t=1 i=1
ProoF. Exploiting the formula

r=1 =1
we deduce, by virtue of Theorem 2.2

~5|E) (G &) |

=1 2

p= (]

z=1

The first result follows readily by recalling that matrix .-, A; is stochastic.
The generating function M (w) may be written as

woizt: (iA@)H (im) w1’

t=1 T‘=1 i=1

M(w)

r—1

= ﬂ'owi (Zm: Al> 'wr_l iwt—r (i ’I,Az> 1/
r=1 \i=0

t=r =1

and the desired formula is effortlessly established by virtue of

(2.2) Z (ZA) —lw’"—l = (I—ngZ) _1. 0

r=1

It goes without saying that for m = 1 the outcomes of Theorems 2.1-2.4 produce
the respective results which have been developed by Koutras and Alexandrou (1997) for
the Markov chain embeddable variables of binomial type.
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3. The distribution of the sum of the exact lengths of runs of length at least &

Consider a sequence of Bernoulli trials Z;, Z,,... with success probabilities p; =
Pr(Z; = 1), and failure probabilities ¢ = Pr(Z; = 0) =1 —py, t > 1 and let n, k be any
positive integers with n > k. For k <t < n we define

U, = { k+4, o Zy key1=2Z4-kvyo="=2Zy=1and Zy_y_y=2s4y1 =0
0, otherwise
(convention: Zy = Zp41 = 0). Then the sum of the exact lengths of substrings of the
sequence Zq, Zg, . .., Zy containing k or more consecutive successes, can be expressed as
X, =31 U, n> 1. It is clear that the support of X, is {0,k,k+1,...,n}. Forn <k
we set X, = 0 and the support of X,, reduces to {0}.

In order to view the random variable X, as a MVP, we set Cy = {¢z,0,Cz,1,---,Cx,k}

where ¢;; = (2,4), 0 < i < k, z > 0 and define a Markov chain {Y¥;,t > 0} on Q =

Ua:ZO C, as follows: Y; = ¢, ; (or equivalently Y; = (z,4)) if in the first ¢ outcomes, say
1001---011-- .1, the observed sum of the exact lengths of runs of & or more consecutive

-
successes is £ and
P if r=0,1,...,k—1
)k, i r>k.

It is apparent that, once the chain enters C,, the one step transitions may lead only
to the subclasses Cy, Czy1 or Crqk. Hence the random variable X, belongs to the class
of MVP. The transition probability matrices A;;, i =0,1,...,k, can be easily identified
by observing that if Y; = c;  the feasible one step transitions of the chain lead either
to substate cg4q,x (if Zi41 = 1) or to substate ¢, ¢ (if Z;41 = 0). Therefore, A; o will be
given by
(g:p 0 - 00 0]
g 0p 000

At,o—— ’
g¢ 00 ---0p 0
g 00---000
L‘h 00 - 000], )k

while A;9,..., Az k-1 will be (kK + 1) x (k+ 1) matrices with all their entries 0. Matrix
A¢ 1 will have all its entries 0 except for the entry (k+ 1, k+ 1) which equals p;. Finally,
A will have all its entries 0 except for the entry (k,k + 1) which equals p;. The
appropriate initial probability vector of the Markov chain established here is given by
7 = (1,0,0,...,0).

Recalling now Theorem 2.1 we may readily evaluate the probability mass function of
Xn. Moreover exploiting Theorem 2.2 we may derive its probability generating function

as
n

pn(2) =Y P(Xn =2)2" =m0 [ [(Aro + 241 + 2°Ari)1'.
=0

r=1
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In the case of iid trials with success probabilities p (p; = p, ¢ = ¢), Theorem 2.3
yields, after some routine calculations,

00 14, Pi(z,w
(3.1) O(z,w) = nz_(:)gon(z)w" =mwo(I —w(Ag + zA; + 2FAp)) 11" = —PLEZ, w;

where

P (z,w) =1—wpz — (wp)k(l — zk) — (wp)’“‘Irl (zk —2)
Py(z,w) = 1 —w(l + pz) + w’pz + w*HgpF(1 — 2%) + wht2gp*H1(2F - 2).

(I denotes the identity (k + 1) x (k+ 1) matrix). It is not difficult to verify that ®(z, w)
may be written in the form

i war(e) - wre) — )
O(z,w) = T;)(Pn(z)w T 1 — [wby (2) + w2by(2) + wFtlbs(2) + wE2by(2)]

where a;(z), i = 1,2,3 and b;(z), ¢ = 1,2, 3, 4, are appropriate functions of z.
Following the methodology employed by Antzoulakos and Chadjiconstantinidis
(2001), we may express p,(z) as

on(2) = €o(2) — a1(2)61(2) — a2(2)&k(2) — a3(2)éx+1(2)
where

, - TR
&i(z) = > n 255 i=0Lkk+1
1 =1 7

ni+2ne+(k+1)ns+(k+2)ng=n—i \j=

Since the generating function of ¢, (z), n > 0, is a rational function of the form
(3.1) a recursive scheme may be readily established by the aid of standard combinatorial
techniques (see e.g. Chapter 4.1 in Stanley (1997)). More specifically we have the next
result.

THEOREM 3.1. IfZy,Z,,...,Z, is a sequence of tid Bernoulli trials the probability
generating function @,(z) of the random variable X, satisfies the recursive scheme

on(z) = (14 p2)pn-1(2) — p2pn-2(2)
— @ (1 = 2*)pnk-1(2) — ¢ (ZF - 2)pn_k-2(2), n>k+2

with initial conditions
1, if 0<n<k
pn(z) = { 1 -9 + (p2)F, if n=k
1—p*(1 + q) +2gp*F2F + (p2)**!, if n=k+1.

PrOOF. The desired result follows by writing (3.1) in the form

Py(z,w) Z on(z)w"™ = Py (z,w),
n=0
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performing the multiplication in the LHS and considering the coefficients of w™, n =
0,1,2,... in the resulting power series equality. [J

As far as the probability mass function g, (z) = Pr(X,, = z), z > 0 is concerned, its
numerical computation can be easily achieved by launching the vector recursive scheme
given in Theorem 2.1 (with matrices A;;, i = 0,1, ...,k being replaced by the special
forms described earlier in this paragraph) and using the expression

Pr(X,=z)=f,(2)1', n>0 2=0,1,2,...,n

note that, for x = 1,2,...,k — 1 no calculations are necessary since in this range we
always have f,(z) = 0.

In the special case of iid Bernoulli trials one could avoid working with vector re-
currences. Instead he may exploit the following effective recursive scheme which ensues
easily from the result established in Theorem 3.1.

THEOREM 3.2. IfZy,Zs,...,Zy, is a sequence of iid Bernoulls trials, the probabil-
ity mass function g,(z) = Pr(X, = z) of the random variable X, satisfies the recursive
scheme

9n(2) = gn-1(2) + pgn—1(z — 1) — Pgn_2(z — 1)
— qp*(gn-k-1(%) = Gn-k-1(z — k))
— gp"  (gn-k-2( — k) — gnk—2(x—1)), n>k+2, >0

with initial conditions

gn(z) =0, if z<0orz>n

1 ) =
Qn(fﬂ):{ ==0 for 0<n<k

0, ¢ x>0
1—-p* if z=0
ge(z) = { p*, if z=k
0, if 1<z<k-1
1-p*(1+¢q), if =0
2qpk, if z=k
) =
gk+1() pk+1’ lf $:k+1
0, if 1<z<k-L

ProoF. It suffices to replace ¢n(z), » > 0 in the recursive formula given in Theo-
rem 3.1 by the power series

0
pn(z) = Zgn(fﬂ)zﬂc
z=0
and then consider the coefficients of 2* on both sides of the resulting identity. [

Although one can always resort to Theorem 2.2 to evaluate the exact distribution of
X,, when n and k become large the calculations might get time consuming. In this case
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Fig. 1. Probability mass function of X,, for various n, k.

the investigation of the asymptotic distribution of X,,, will be quite valuable. Results of
this flavour can be developed by appealing to the celebrated Chen-Stein method to settle
an adequate Poisson convergence. Barbour et al. (1992) have provided a total variation
distance bound for the joint distribution of runs of several lengths (see p. 244). Since
applying a functional on the multivariate random variables involved does not increase the
total variation distance, the upper bound offered there can be exploited for deriving an
(asymptotic) estimate of the distribution of X,,. However we are not going to pursue this
issue in the present article. The interested reader can urged to consult the monograph
of Barbour et al. (1992) and work out the details of the aforementioned approach.

In Fig. 1 the probability mass function of X,, has been pictured for several values
of n, k.

Theorem 3.1 can also be used for the derivation of a recursive formula for the raw
moments of X,. To this end, we observe first that the moment generating function
Elexp(2X,)] of X,, can be expressed as Elexp(2X,,)] = ¢n(e?). Accordingly, replacing z
by e? in the recursive formula provided by Theorem 3.1 we may easily derive a recursive
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scheme for it. Recalling next that

if r>1

-
pnr = B(X7) = dz" =0
1, if r=20

Elexp(2Xy,)]

and making use of the well known formula

(M Blexp(= X))

z=0  4=0

we may readily verify the following theorem.

THEOREM 3.3. The raw moments (i, r, 7 > 1, of the random variable X,, satisfy
the recursive scheme

r
r
Unr = Hn-1,r +Pz (’l) (Nn—l,'i - /J'n-—2,i) - qpkoun—k—l,r
=0

,
'd .
+ap* Z (z) (K" (Bn—k-1,i — Phn—k—2,i) + Pln-k-2,4); TN >k+2
i=0

with initial conditions

0, if 0<n<k
finr = q k7D, if n=k
2k"qp* + (K + 1)"pFt,  if n=k+ L

For r = 1, the aforementioned recursive scheme leads to the following second order
difference equation for the sequence ps — ps—1 = E(X;) — E(Xs-1):

fs — ps—1 = p(pis—1 — ps—2) + qp"(kq+p), s=k+2.

Applying this formula for s = £+ 2,k + 3,... ,n and summing up all the resulting
equations we get

pin = i1 = Pltin-1 — ) + (0 —k = )gp*(kg +p), n>k+2.

If we replace next pg, prs+1 (see Theorem 3.3) we may easily obtain the following first
order difference equation for the means pu, = E(X,):

fin = Dhn-1+ kqp® + (kg + p)p*(p + (n — kq)), n>k+1.

For numerical calculation of p,,, n > 0 by the aid of the last formula it suffices to recall
the initial conditions
pn =0, 0<n<k, p=kpt

Moreover, one could easily derive the solution of the above difference equation as

pn = B(Xy) =p*(k + (n — k) (kg +p)), n>k.
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Needless to say, the same expression can be established by expanding the means
generating function

- w k —w —
M(w) = Z E(X,)u" = (wp) (Zfl = uil))gk 1))
=0

which is effortlessly deduced by a direct application of Theorem 2.4.
It is noteworthy that Theorem 3.1 can also be used for the derivation of a recursive
scheme for the factorial moments

T
B0 (X = 1)+ (Xn — 7 4 1)) = &)
z=1
The details are left to the reader.

Closing this section we mention that the approach used here for the study of the
random variable X,, can be easily modified to cover the more general case where the
sequence of trials exhibits a first order Markov dependence. To this goal, let us assume
that Z1, 2, ..., Z, is a sequence of Markov dependent trials, with transition probabilities
defined by

pij =Pr(Zey1=j|Z:=14), t>1,0<i,j<1

and initial probabilities Pr(Z; = j) = p;, 7 = 0,1. Using exactly the same state
definition as in the iid case it can be readily verified that the transition probability
matrix A; o = Ao takes on the form

Popnn 0 ---0 0 0
pie 0 p1pr---0 0 O

Ay = :
po 0 0 --- 0p;; O
Pio 0 0 ---000
[pro 00 == 0 0 0] 0y erny

while A;; = A, i =1,2,...,k—1, will be (k+1) x (k+1) matrices with all their entries
0. Matrix A;; = A, will have all its entries 0 except for the entry (k + 1,k + 1) which
equals p11. Finally, A;r = Ay will have all its entries 0 except for the entry (k,k + 1)
which equals p;;.

Now making use of the formula

O(z,w) =14+ wep,(2) (I - wiAizi) 1

with ¢, (2) = (po, 1,0, .. .,0)1x(k+1) We get
Ql(zaw)

O(z,w) = Z——"—=

QQ(Z,UJ)
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where
Q1(z;w) =1 — w(a + p112) + wlapyz — whpph (A - 2F)
— W p o1 (2F - 2) + (1 = 2F)] = w* 2l (2R - 2),
Q2(z;w) =1 — w(l + a+ p112) + wla + pr12(1 + )]
—wiapyiz + w1 — 2F) + w2 Bp1, (2F - 2)
and

a=pi1—po, B=pwoparisl, v =po—pi.

These expressions can be exploited to establish recurrence relations for the probabil-
ity generating functions, probability mass functions and means of the random variable
X, under the Markovian set up. The interested reader may carry out the respective
calculations in exactly the same way as in the iid case.

4. Conditional distribution

In this section it is assumed that the composition of the observed sequence is known,
that is to say, the number of successes and failures are fixed quantities. The probabilities
of our interest, therefore, become conditional ones. As elucidated in the next section
outcomes of this nature are of primary interest in the development of tests of randomness
in sequences of independent binary trials.

Let us assume again that we have a fixed number of Bernoulli trials Zy, 75, ..., Z,
with success probability p = P(X; = 1) and failure probability ¢ = P(X; =0) =1 —p,
it =1,2,...,n. Our intention is to investigate the conditional distribution of the run
statistic X, given the number S, = n —y (0 < y < n) of successes in the n iid trials.
Since S,, is a sufficient statistic for p, the conditional distribution we are looking at does
not depend on p. In this section we shall use the notation ®(z, w;p) and ¢, (z; p) instead
of ®(z,w) and p,(z), respectively, that is

(4.1) on(zip) = 3 Pr(X, =2)2%,  (z,wip) = Y @n(z;p)w™
=0 n=0
Let also
(4'2) wn(Z;y) = ZPr(Xn =T I Sp=n— y)zm
=0

denote the probability generating function of the conditional distribution of X, given
that S, = n—y. The next theorem provides a formula for the double generating function
of the quantity

an(zy) = (Z) Vn(2;y)-

THEOREM 4.1. The double generating function of an(z;y), y = 0,1,..., n = y,
y+1,..., is given by

i ( °°y an(z;y)wn) v <Z’ e TJIZ> |

y=0 n=—
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Proor. Replacing Pr(X, = z) in (4.1) by the sum

Z Pr(X,=2z|S,=n—y)Pr(S, =n—1y)

é( ) (€> Pr(X,=2|S,=n—y)

and making use of the expression (4.2) we deduce

e =5 (2 e

y=0

Pr(X, =

or equivalently

2ewin) = 3> o) (£) o

Setting t = ¢/p in the last expression we obtain

® (z’w 1it) ZZ“" #YY (1+t>n

n=0y=0

and the required result follows immediately on replacing w by (1 + ¢)w. O

The outcome of Theorem 4.1 can be exploited to derive an explicit formula for the
conditional distribution of X, given the number of successes S,. Specifically we have
the following interesting result.

THEOREM 4.2. The conditional probability Pr(X, =x | S, = n —y) is given by

n —1y+l r r—i 1 S
PI‘(Xn =z [ Sn :n—y) = ( > ZZ Z Z(_I)T+l+]1—32

Y 7=0 §=0 j1 =0 j2=0
y y+ W\ (r\({r—i\[i\({r+a—-1\[y+b
T ] jl j2 a b
wherea =z —i+jo —k{j1 +jo) andb=n—y—kr —i—a.
ProoOF. Making use of (3.1) we deduce

o <z’ (4 + %t ) _ i": <1 —wz— u(ﬂlc(i ;)Z(’;)—~1Z’“)+l(zk _ z)>y+1 (wt);/

y=0

which can be written in the form

o~ k k k+1(,k y+1
1- — 1-—- — —

E an(z;9)w"™ = w? ( wz —wi(l - 27) w2 z))

n=y

(1 - w)(1l - wz)
cur (k) (1w ay

1-—-w 1-wz
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Expanding the RHS in a power series with respect to w and employing the conven-
tions (;’;) =0if m < 0 and (_01) = 1, we may easily arrive at the expression

an(zy) = ;gg(‘”r(yjs> (y:«r 1)

1 m

where s=n—y—kr—i—m.
The desired result follows immediately by a further expansion, by the aid of the
binomial formula, of the powers appearing in the summand; c.f. (4.1), (4.2). [J

5. Non-parametric tests of randomness

One of the widely known, oldest and easiest method of testing for random versus
non-random ordering in a sequence of two types of symbols, is the classical runs test
which has become a necessary addition in all contemporary non-parametric statistics
textbooks, Bradley (1968), Gibbons and Chakraborti (1992). This test is based on the
total number of runs, a run being any string of identical symbols which are followed
and preceded by a different symbol or no symbol at all. An alternative test can be
established by working with the length of the longest run in the observed sequence.
Since an unusually long run indicates a tendency for like objects to cluster and, hence,
the presence of a trend, Mosteller (1941) suggested a test for randomness based on the
length of the longest run. The computation of the critical values of this test calls for
the evaluation of the conditional distribution of the length of the longest run in n trials,
given the number S,, = n — y of the successes. We are now going to investigate a new
test of randomness based on the statistic X,, introduced in the previous section (with k
being a fixed pre-determined integer). Using an upper tailed test, the null distribution
will be directly related to the conditional event

Xpn>c¢|Sp=n-—y,

where c is specified in terms of the significance level of the test. It is therefore apparent
why an outcome like the one established in Theorem 4.2 is of special importance.

As mentioned earlier, in the 1940s, when the interest in the theory of runs was
quite high, two different randomness tests were proposed: The classical runs test which
was based on the total number R, of runs of either type and the longest-run test which
utilizes the length L,, of the longest success run. Recently, Agin and Godbole (1992) using
the classical runs test as a model, developed a new exact test based on (a conditional
version of) the total number N, ; of non-overlapping success runs of length k. This new
test was found to be significantly more powerful in detecting certain types of clustering
(non-randomness), than the classical runs test. Motivated by this result, Koutras and
Alexandrou (1997), explored the performance of tests based on the total number G, x
of success runs of length at least k, and on the total number M,, ;, of overlapping success
runs of length k. The test based on M, ; was found to be more powerful than the tests
based on G, and Ny, 4.

In the sequel, we conduct a systematic numerical experimentation in order to assess
the performance of the randomness test based on the conditional distribution of the
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Table 1. Empirical power/first-order Markov dependence model.

Parameters a=0.10 a = 0.05 a=0.01
P n Xn Mn,k Xn Mn,lc Xn Mn.k
0.99 50 098 0.99 0.99 1.00 096 0.88
099 100 098 0.98 0.98 0.97 098 0.85
0.99 150 0.94 1.00 0.97 1.00 093 081
0.95 50 092 092 091 0.92 0.90 0.76
095 100 0.86 0.99 0.80 0.95 0.87 0.87
095 150 0.82 0.98 0.74 097 0.69 0091
0.65 50 0.74 0.59 0.46 0.25 039 0.14
0.65 100 062 0.65 048 0.54 0.39 0.14
0.65 150 0.63 (.66 0.49 0.54 0.41 0.15

Table 2. Empirical power/cyclical clustering model (with cycle length equal to 10).

Parameters a=0.10 a=0.05 a = 0.01
p n Xn Mpk Xn  Mux Xn My
0.99 50 0.65 0.32 0.68 0.35 066 0.04
0.99 100 0.78 0.38 0.51 0.26 0.50 0.11
0.90 50 0.68  0.27 069 0.14 0.65 0.02
0.90 100 0.49 0.29 047  0.18 048 0.29
0.80 50 0.62 0.16 0.55 0.10 0.46  0.09
0.80 100 0.51 0.17 045 0.11 0.38 0.02
0.65 50 0.77 0.16 0.59  0.08 0.56 0.02
0.65 100 0.51 0.13 0.43 0.07 042 0.01
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X, (sum of the exact lengths of runs of length at least k). As already indicated, our
tests are upper tailed and the critical values for rejection are determined by the aid of

Theorem 4.2.

The empirical power of the new randomness test was compared to the empirical
power of the randomness test based on M, ;. The evaluation of the operational char-
acteristics curves of the test, was achieved by the aid of Monte Carlo techniques. Thus,
using specific alternatives 100 non random sequences were generated, and the probability

(proportion) of rejecting the null hypothesis was computed.

The parametric configurations upon which the comparisons were performed are the

following:

A. First-order Markov dependence: p; = 0.5 and

bi =

fori=2,3,....

if the (¢ — 1)-th trial is a success
if the (i — 1)-th trial is a failure

B. Cyclical clustering (with cycle length equal to 10): The success probabilities
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Empirical Power Against k
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Fig. 2. Empirical power for various n, k.
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Fig. 3. Empirical power for various n, k.

p;, 1=1,2,... are given by

- if 10r+1<i<10r+¢, r=0,1,2,3,...
b= 0.5, otherwise

where ¢ < 10 is a fixed integer.

It is worth mentioning that these sequences are indicative of real situations and
have appeared before in certain practical applications (c.f. discussion in Koutras and
Alexandrou (1997)).

The results of the simulation study, in the case where the sequence of outcomes
exhibits a first-order Markov dependence, are displayed in Table 1. The empirical power
recorded there was obtained by applying each test for all £k = 2,3,...,9 and choosing
the largest power attained. Apparently the randomness tests based on X,,, are proved to
be significantly more powerful than the ones based on M, , when the type I error must
be kept low (a = 0.01). For higher values of the significance level (a = 0.05 or a = 0.10)
the performance of the two tests is comparable.

Shifting to the cyclical clustering model (Table 2) we observe that the X,-based
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Table 3. Empirical power against k/first-order Markov dependence model.

Parameters k
p a n Statistic 2 3 5 6 7 9 max — min
0.90 .10 50 Xn 079 077 073 067 0.67 0.70 0.12
0.90 .10 50 M, i 0.82 082 074 078 061 0.62 0.21
0.90 .05 50 Xn 071 0.69 068 058 060 0.66 0.13
0.90 .05 50 M, 086 0.82 067 063 048 0.54 0.38
095 .05 100 Xn 064 067 063 067 0.60 0.70 0.07
0.95 .05 100 M, 0.88 0.82 071 065 0.59 0.50 0.38
0.65 .10 100 Xn 0.52 052 046 037 056 062 0.16
0.65 .10 100 My, k 065 060 041 026 032 0.28 0.39

test is always superior. In this case, there are instances where the M, ;-based test leads
to extremely low empirical values, while the new one attains significantly higher levels.

Closing we mention, that another interesting feature of the X,,-based test is that it
is not very sensitive in changes on k, a property that is not present in the M, ;-based
test. This is clearly elucidated in Figs. 2 and 3 where the empirical powers (W stands for
the X, -based test and O for the M, x-based test) have been plotted against k (see also
the results presented in Table 3). A direct consequence of this observation is that one
has not to worry about the choice of k if he is going to use the X,,-based test. This is the
main reason why we do not consider here the problem of developing empirical rules for
the identification of reasonable values of k; such rules, when randomness tests based on
fixed length runs are in use, have been given by Agin and Godbole (1992) and Koutras
and Alexandrou (1997).
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