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Abstract. The class If;, B € (0,00], of f-divergences investigated in this paper is
defined in terms of a class of entropies introduced by Arimoto (1971, Information and
Control, 19, 181-194). It contains the squared Hellinger distance (for 8 = 1/2), the
sum I(Q1](Q1+Q2)/2)+1(Q2||(Q1+Q2)/2) of Kullback-Leibler divergences (for g =
1) and half of the variation distance (for 8 = co0) and continuously extends the class of
squared perimeter-type distances introduced by Osterreicher (1996, Kybernetika, 32,
389-393) (for B € (1,00]). It is shown that (Iy, (Q1,Q2))™nB1/2 are distances of
probability distributions Q1, Q2 for B € (0,00). The applicability of Iy,-divergences
in statistics is also considered. In particular, it is shown that the I;,-projections of
appropriate empirical distributions to regular families define distribution estimates
which are in the case of an i.i.d. sample of size n consistent. The order of consistency
is investigated as well.

Key words and phrases: Dissimilarities, metric divergences, minimum distance es-
timators. :

1. Introduction

In this paper we consider the intervals R = (—00,00], Ry = [0,00), IRy = (0,00)
and IRy = (0,00]. Let (X,.A) be a nondegenerate measurable space (i.e. |A| > 2 and
hence |X| > 1) and let Q(X, A) be the set of probability distributions on (X, A). Fur-

thermore, let F be the set of convex functions f : IR, ~ IR which are finite on IRy and
continuous on IR, . In addition, let the function f* € F be defined by

f*(u):u-f(;l;) for u € Ry.

Remark 1. By setting

v 0 for v=0
Of(a)z{v‘f*(O) for v>0
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for all f € F, it holds

z- f* (%):yf(%) forall z,y€ R,.

DEFINITION 1. (cf. Csiszdr (1963) and Ali and Silvey (1966)) Let Q1,Q2 €
Q(X,A). Then

I4(Q1,Qs) = / f (%) - qodpe

is called f-divergence of ¢; and Q2. (As usual, ¢; and ¢o denote the Radon-Nikodym-
derivatives of @J; and Q9 with respect to a dominating o-finite measure u.)

Let
m
H(py,...,pm) = »_ g(pi)
=1

be an entropy of a discrete probability distribution (py,...,pm). Then, according to
Morales et al. (1996), g(t), t € [0, 1], must be a concave function with g(0) = g(1) = 0.
In order to avoid trivial cases we assume 0 < g(t) < oo for t € (0,1). Then for m = 2
the entropy H is given by the function h(t) = H(t,1—t), t € [0,1], which is nonnegative,
concave, symmetric with respect to ¢t = i and satisfies A(0) = h(1) = 0 and h(}) €
(0,00). Consequently,

flu) = 1+ u)h(1/2) - h(u/(1+u))], ueRy,

is convex and satisfies f(1) = 0, f*(u) = f(u) and f(0) = h(1/2) € (0,00). Using this
representation, we obtain a class of f-divergences Iy,, 8 € (0, 00], from a class of entropies
due to Arimoto (1971), defined in terms of such concave functions h. Appropriate powers
of our f-divergences are shown to be distances on a given space of probability distribu-
tions. We also demonstrate that f-divergences, providing a metric, enable a comfortable
treatment of statistical applications such as distribution and parameter estimation.

The f-divergence Iy, was introduced by Osterreicher (1982), and applied by him and
by Reschenhofer and Bomze (1991) in different areas of hypotheses testing. Furthermore,
it was shown by Osterreicher (1996) that for every 8 € (1,00) the square root of the
I4,-divergence defines a distance on the set of probability distributions. This generalized
a result achieved for 8 = 2 by Kafka et al. (1991).

From the former literature on the subject, the powers of f-divergences defining
distances are known for the subsequent classes. For the class of Hellinger divergences of
order s € (0,1) given by £ (u) = 14+u— (u®+u'~*), already Csiszér and Fischer (1962)
have shown that the corresponding maximal power is min(s, 1—s). For the following two
classes the maximal power coincides with their parameter. The class given in terms of
foy(w) = |1 —u%|V/®, a € (0,1], was introduced by Matusita (1964) and investigated by
Boekee (1977), Liese and Vajda (1987) and many other authors. The previous class and
this one have the special case s = a = % in common. This famous special case was already
investigated by Matusita (1955). The class given by @q(u) = |1 — u|V/o(1 4+ u)1~e,
a € (0,1)], and investigated in Kafka et al. (1991), Example 3, contains the special case
a = % introduced by Vincze (1981).
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2. Preliminaries

Let us restate some results from Kafka et al. (1991) which are basic for the statement
and proof of the main result of this paper. For further information on f-divergences we
refer to the monograph by Liese and Vajda (1987) and the paper of Osterreicher and
Vajda (1993).

Provided
(f1) f(1) =0 and f is strictly convex at 1 and
(2) f*(u) = f(u)
it holds for any @Q1,Q2 € Q(X, A)
(M1) I:(Q1,Q2) > 0 with equality iff Q1 = Qa,
(M2) I(Q1,Q2) = If(Q2, Q1)
respectively. If, in addition to (f1) and (f2), an o € IRy exists such that
(3,a) the function h(u) = %, u € [0, 1), is nonincreasing

then, according to Kafka et al. (1991), Theorems 1 and 2, the power

Pa(Q1,Q2) = [I£(Q1,Q2)]"
of the f-divergence satisfies for all Q1,Q2, Q3 € Q(X,.A) the triangle inequality

(M37a) Pa (Qla Q3) S Pa (Ql ) QQ) + Pa (Q2’ Q3)

Remark 2. Note that by virtue of Jensen’s inequality

J 2770 1y Y f(%)zf(l)-

1+u 1+u 1+u.

Therefore (f1) and (f2) imply f(u) > 0 for all u € IRy \{1}. The validity of (f3,a) for
any a € IRy implies f(0) < oo (cf. property (f3) in Lemma 1). (Provided that A is
infinite, this property is—together with (f1) and (f2)—a necessary condition so that the
associated f-divergence allows for the definition of a metric.) Moreover, it can be easily
seen that if 0 < 8 < « then (f3,8) follows from (f3,a).

The following remark is a consequence of Kafka et al. (1991), Propositions 5 and 6.

Remark 3. Let (fl1) and (f2) hold true and let ap € (0,1] be the maximal a for
which (f3,a) is satisfied. Then the following statement concerning g holds. If for some
ko, k1,co,c1 € IRy

fO)-(14+u)~ flu) ~co-u* for w0 and
fw)~ci-lu—1F  for w1l

then k‘() < 1, kl >1 and ag < min(ko,l/kl) <1.
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3. Definition of fz-divergences
Let us start with the following class of entropies due to Arimoto (1971)
1
T+ -V if o€ Ro\{1}

ha(t) = 9§ —[tint + (1 — £) In(1 — 1)] if a=1
min(t, 1 —t) if a=0,

where we make use of the convention 01n(0) = 0 and define the corresponding class of
convex functions fg by fg(u) = (1 +u)[h1/5(1/2) — hq1/p(u/(1 +u))], u € [0,00),

1 _11//3 [(1+ )18 25711 4 w)) if 5 & Ro\{1}
8 =9 1+ u)In@) +uln(@) - (1 +w)ln(1+u) if F=1
11— u|/2 if 8=cc.

Remark 4. As for the corresponding entropies, § = 1 and 8 = oo are limiting
cases, i.e. it holds limg_,1 fg(u) = f1(u) and limg_,o f3(v) = foo(u). Furthermore, it
holds f1/2(u) = (1 — y/u)?. Therefore

I, (@1, @2) = / (VT — V@) du = HX(@Q1,Q2)

is the squared Hellinger distance. In addition,
@ ;Q2) I <Q2 H & ;’Q2)

Iy (Q—lg—Q—%) _(H(@Q) + H(Q)]

I, (Q1,Q@2) = 1 (Ql

where I and H are the classical information divergence (f-divergence for f(u) = ulnu),
respectively Shannon’s entropy and

11.(Q1,Q2) = 3V(Q1,Q2)

where V is the total variation ( f-divergence for f(u) = |1 —wul). The appeal of the special

case
I4(Q1, Q) = 2 [ [ e+ ddan- ﬁ] ,

given by fo(u) = 2[v1+ u2—(14+u)/v/?2], is its geometric interpretation (cf. Osterreicher
(1992)).

Finally note that the limiting case Iy, (Q1,Q2), which is a symmetric form of the
f-divergence I{Q1 || (@1 + Q2)/2) considered by Lin (1991), is part of the identity

I(Q1 || @) + I(Q1 || Q3) = 2I((Q1 + Q2)/2 || @3) + I£,(Q1 || Q2)
exploited by Csiszar (1975).
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The introductory properties of the following lemma enable the class fg to define f-
divergences. With (f1)—(f3) it provides basic properties for the corresponding distances.
The limiting case 3 = oo will be excluded from the rest of this section.

LEMMA 1. The class of functions fz, B € (0,00) satisfies fg € F, (f1) and (2).
Furthermore
(3) f8(0) € (0,00),

in particular,

1 _ .
£5(0) = —1~1/ﬁ[1_21/ﬂ 1] if B#1
In(2) if B=1

; B8\1/8-1, B—1 _ 51/8-1 .
(f4) fow) = { eyl A Sk B AR o
In(2) + In(u) — In(1 + w) if B=1
and hence fl’,(l) =0

(15)

fi(u) = B(1 +uP)/P~2uP=2 > 0 and hence fa) = p21/8-2,

PRrROOF. The properties fz € F, (f1) and (f2) hold according to the basic properties
of entropies. The properties (f3)-(f5) are also obvious. O

The following remark is a consequence of Kafka et al. (1991), Propositions 5 and 6.

Remark 5. (f3) and the application of Newton’s Binomial formula (1 + z)* =
>o (9)a? for |z| <1 and a € IR yield

= u— (1P uP i
Fa(0)(1+ ) — f(u) = 1—1/ﬁ[ 2:«() ] Loz
(I+uw)In(1 + u) — uln(u) if g=1,

and hence, for u | 0 the asymptotic equality

l_l_ﬂuﬁ if B8<1
£3(0)A +u) — fa(u) ~ ﬁu i B>1

—uln(u) if g=1.

Since, owing to (f1), (f4) and (f5),

(f6) fo(u) ~ 621/ ~3(u - 1)
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for u — 1, the maximal « € (0, 00) satisfying (f3,a) with f(u) replaced by fg(u)—if
there is any—must be ap < min(8,1/2) (cf. Remark 3).

LEMMA 2. The function

— u4B\1/8
% if B€(0,1/2)
fﬁ(u) = (1 _ﬂ\/a)z
—W Zf ,6 € [1/2, OO)
defined for all u € [0,1) satisfies
0 if B€(0,1/2)

lim €5() = { 22y senpo)

Y
and & p(u) = 1. For B € (0,1/2)U(1/2, 00) this function is strictly monotone decreasing.

PRrROOF. The first statement is a consequence of (f1), (f4) and (f5). The second
one is obvious. Now for the proof of the monotony of £z for 8 € (0,1/2): Owing to
1-1/8 < 0 it holds

1 — uf)1/B-1y8-1
€50 = =75 g <O

for all u € (0,1) since

o) = —(1 = 1/B)fa(u) + (&' — ) f3(u)]
=22V/A-4(1 + ! P) — (1 +uP)V/B-1] > 0.

The latter holds because of ¢g(1) = 0 and since for 8 € {(0,1/2)

1/8-2
wPol(u)/2 = (1 - B) [21/5—2 —~ (1 + u%) } <0.

The proof of the monotony of §g for 3 € (1/2, 00)\{1} can be taken almost literally
from that of Lemma 2 in Osterreicher (1996). O

THEOREM 1. Let B € (0,00). Then ps(Q1,Q2) = I1,(Q1, Q)P /2 defines a
metric on the space Q(X,A).

ProoOF. This assertion is clear from Lemma 2 and from what is said after property
(f3,a). O

Remark 6. As already mentioned in Remark 4, the f-divergence for the case 8 =
00 equals half of the variation distance, i.e.

Iy (Q1,Q2) = %/f@h — qo|du
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and therefore is a metric. Owing to |q1 — ¢2| = q1 + ¢2 — 2min(g1, ¢2) and [qidp =
J q2dp =1 it equals

I;, (Q1,Q2) = 1 —2by/5(Q1,Q2)

where by 2(Q1,Q2) = 31Q1(g2 > ¢1)+Q2(q1 > ¢2)] is the minimal Bayes risk with respect
to the prior distribution (%, —;—), i.e. the weighted probability of error when testing the
hypothesis @); against the alternative Q5.

4. Properties of fs-divergences

All divergences Iy, (Q1,Q2), B € (0, 00}, satisfy (M1)-(M3,a) with a = min(3,1/2)
for 8 < 00 and @ = 1 for 8 = oo. In addition to the triangle inequality considered
in (M3,«), all these divergences satisfy the following weaker triangle inequality: For
arbitrary Ql, QQ, Qg S Q(X,A)

I5,(Q1,Qs) < 2% I, (Q1,Q2) + I, (Q2, Q3)].

This is trivial for 8 = oco. For 8 < oo Theorem 1 and the application of Jensen’s
inequality to the concave function x — z yields

S13,(Q1,Qs) < 313 (Q1,@2) + 17,(Q2,Qs)]  (cf. Theorem 1)

L15 (@1, Qo) + 1, (Q2,@s)]*
2

IN

which already implies the desired result.

Other properties of the divergences under consideration can be derived from the
properties of general f-divergences presented in Liese and Vajda (1987). In particular,
for arbitrary Q1,Q2 € Q(X,.A) and f3(0) given by (f3)

I1,(Q1,Q2) < 2f5(0),

where the equality holds if and only if Q; 1 Q5.

We sharpen the last inequality in terms of V(Q1,Q2)/2. The following theorem
thus enables estimating the Bayes risk b,/5(Q1, Q2) by means of the fz-divergences for
suitable large 8 € IRy arbitrarily closely.

THEOREM 2. Let 8 € (0,00]. Then for all @Q1,Q2 € Q(X, A)

wﬂ(V(Ql)Q2)/2) S Ifﬁ (Qla QQ) S ¢ﬁ(1) ’ V(QlaQ2)/27
where the function 1p/3 :[0,1] — IR defined by

. / ([(1+w)"+(1—x)"]””—f/") if Be€ Ro\{1}
¥6(2) =\ (1+2)In(1+2)+ (1 — ) In(l - z) if B=1,
T if B=o0

is conver, strictly monotone increasing and satisfies ¥5(0) = 0 and ¢¥3(1) = 2f3(0). The
mazximal difference between the above upper and lower bound

d(B) = sup [Yg(1)z — Pp(z)]
z€[0,1]
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satisfies the relation

lim d(8) = d(o0) = 0.

B—o00

ProoF. In order to achieve the first assertion of the theorem we use terminol-
ogy and results of Corollary 1 and Theorem 2 from Feldman and Osterreicher (1989)
which we refer to below. Note, however, that the result follows equally well from (8.26)
and Proposition 8.28 in Liese and Vajda (1987). Lower and upper bound follow from
Corollary 1 applied to the function

9o(e) = es,(@) = (1+-2)fo (152 )

where the latter follows, by virtue of Theorem 2 (d), from the validity of (f2) for the
functions fg. The properties of the function 3 follows from Theorem 2 (a)-(c), and the
properties (f1) and (£2).

In order to prove the limiting property of d(3) note that 15(1) = 2f3(0) = ﬁ@—
21/8) and furthermore, that, owing to Remark 5,

00 for 0,1
Dyt = iy OO = ot0) _ { 1 fe0]]

u 1—_——1/—,3 for e (1,00) -

Now let 8 € (1,00). Since, in addition, 1g is nonnegative, convex and satisfies 15(0) = 0
it holds ¥3(x) > max{0, (1) + D_1p3(1)(x — 1)}. Consequently

d(B) < (1) (1 - D‘f’f;(;()l)) =7 _11/5(2 —2/By(21/F 1),

From this the assertion follows since the derived upper bound decreases to 0 as 8 T co. OO

THEOREM 3. Let 8 € (0,00). Then

Ya(z) ~ B2/ .22 for |0 and
Yp(z) > B2Y/P-1. 22 vre(0,1] e B €(0,3/2].

ProoF. The first assertion can be easily seen from (f6) and the definition of ¢5 in
the proof of Theorem 2. Now, let us extend the definition of g to [—1,1] and let

wp(@) = [Wp(z) — p2/°71 -2/ (82'/7),  z e (-1,1)
and ag(z) = [(1 +2)® + (1 — 2)P]/2. Then

o (z) = a;/ﬂ'l(q;)[(l + .’E)ﬂ—l ~(1- l‘)ﬁ_l]/(Q(ﬂ ~1) -2z for B#1
fé] In(l+z)—-In(l-=x)]/2-z for 8=

Ph(@) = af P (x)(1 - 2?)P 2~ 1
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and hence ¢}3(0) = ¢j5(0) = 0.

In order to prove or disprove pg(z) > 0 for all z € [0,1] it suffices, owing to (0) =
0, to show that (g is convex on [0, 1] and strictly concave on a suitable subinterval [0, 6]
of [0,1] respectively.

At first let 3 € [1/2,1]. Then the application of Jensen’s inequality to the concave
function u — u?, u € [0,00), yields ag(z) < 1 and since—owing to 1/8 — 2 < 0—the
function u +— u!/#=? is decreasing, consequently az/ A _2(:1:) > 1. Owing to # —2 < 0 this
implies

wi(x) > (1 - 222 _-1>0 forall ze(0,1).
Now let
3 1/8-3 -
o (2) = af " (@)(1 — 2 "gp(2) 2
be the third derivative of @z where
gs(2) = (1 =28)((1 +2)° = (1 - 2)") + 3z((L + 2)’ + (1 - 2)P).

In the sequel we will show ng’) (z) > 0 for all z € [0,1) or <p§33) (z) < 0 for all
z € (0,6) for a suitable 6 € (0,1) since, owing to ;(0) = 0, consequently g is either
convex on [0, 1] or strictly concave on [0, §], respectively.

Next let 8 € (0,1/2). Then since 1 — 23 > 0 and since the function u — uP is

increasing, every factor of gg and hence of <p§33) is nonnegative on [0,1). Consequently

pg is convex.
For the remaining case 8 € (1,00) we have to investigate the crucial term gg in
more detail. Note that the value of the first derivative

gs(x) = BL-28)(1+2)° 1 + (1 - 2)’ ) +3((L +2)° + (1 - 2))
+38z((1+ )P —(1—2)f Y
at the point 0 equals g5(0) = 4(3 — B)(B+1).
For the case 8 € (1,3/2] this value is g5(0) > 0. Since, in addition, gg will turn
out to be strictly convex and satisfies g,(0) = 0 it holds therefore gs(z) > 0 and thus

302-,3) () > 0 for all z € (0,1). In fact, since 1 — 28 < 0, § > 1 and since the functions
u > uP~2 4 uP~! are decreasing resp. increasing, the second derivative of g

g5(x) = 1=26)B(8 — (A +2)"7? = (1= 2)%) +66((1 + 2)° ' - (1 - 2)"7")
+38(8 - Dz((L+2)P 2 + (1 -2)°7?),
is positive on (0,1).
Finally let 8 € (3/2,00). Then g5(0) < 0. Since, in addition, gj is continuous,
there is a 6 € (0,1) such that gz(x) < 0 and hence cp(;’)(a:) < 0 for all z € [0,6). This
completes the proof. O

Remark 7. Let kg = max{k > 0: kx? < yg(z) Vz € [0,1]} and apply Remark 3 in
Feldman and Osterreicher (1989) to the present class of f-divergences. Then, by virtue
of the discriminant

ROk
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and owing to kg < 2f5(1) & D(fz) < 0 and 2f5(1) = B21/8=1 it holds

3

kg < B2/t o B3> 5

This is equivalent to the second statement of Theorem 3. According to D(fz) =

95 (0)321/8=5 this reestablishes the associated result achieved in terms of 953(0) in the
course of the preceding proof.

5. Minimum fs-divergence estimates

In this section we consider a subfamily P C Q(X, A) of probability distributions
and a random sample (Xj,..., X,) with independent X-valued components distributed
according to a fixed element Py € P. By a distribution estimate of Py we mean a
mapping Q, : X" — Q(X, A) such that all probabilities Q,(A), A € A, are measurable
functions of the sample (X;,...,X,). Of course, we are mainly interested in estimates
P,: X" > P.

We suppose that the o-algebra A is countably generated. Then, by Theorem 1.30
in Liese and Vajda (1987), each f-divergence satisfies the relation

= su Qi(A4) .
@@ = g 31 (1) @)

where the supremum extends over all finite partitions D C A of the observation space
X. This implies that for any Q@ € Q(X, A) and any distribution estimate Q,, the f-
divergence If(Q, Q) is a random variable (measurable function of the sample).

Barron et al. (1992) introduced a consistent distribution estimate P, of P, in total
variation and in information divergence, i.e. satisfying the conditions

V(Po,Pp) =0,(1) or I(Py,Pn)=0p(1)

respectively, under certain weak assumptions about P (see Remark 4; the symbols o, (1)
and O,(c,;!) denote in this paper random variables satisfying the well known asymp-
totic relations for nondecreasing sequences ¢, of positive real numbers). These authors
also presented several statistical and information-theoretic arguments leading to these
rather strong types of consistency. In fact, their arguments can be extended to motivate
estimates consistent in f-divergences also for f € F different from f(u) = |1 — u| and
f(u) = ulnu (see Berlinet et al. (1997)).

For dominated families P the distribution estimates @Q,, consistent in total variation
reduce to the density estimates consistent in the L;-norm (cf. Definition 1 with f(u) =
|1 —uf). As well known (cf. e.g. Devroye and Gyérfi (1985)), typical density estimates
consistent in the L;-norm, such as the histogram estimates or kernel estimates with
kernels of bounded support, are discontinuous. Densities of the estimates considered
by Barron et al. (1992) are also discontinuous. This is an obvious drawback in cases
where P consists of continuous densities. One approach of modern density estimation to
cope with this problem is the wavelet smoothing of the density of Q,, (see e.g. Hall and
Patil (1995)). Another possibility presented already by Beran (1977, 1978) and Tamura
and Boos (1986), and developed in Gyérfi et al. (1994, 1996), Cutler and Codero-Brana
(1996) and Pak (1996), is the projection of @, onto P in an appropriately metrized
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space Q(X,.A). The result is a smooth estimate P, € P. Gydrfi et al. (1996) used the
Kolmogorov distance on Q(X, A), the remaining papers used the Hellinger distance.
These facts motivate the following definitions.

DEFINITION 2. Let us consider f € F and P C Q(X,.A). An arbitrary esti-
mate @, : X™ — Q(X,.A) is said to be consistent in the f-divergence if the relation
I+ (Py, Qrn) = 0p(1) is satisfied for all possible distributions Py € P. If, in addition, ¢, is
a nondecreasing sequence of positive, real numbers tending to infinity as n — oo, then
the estimate @, is said to be consistent of the order of ¢! in the f-divergence if the
previous relation holds with O,(c,;!) instead of 0p(1).

DEFINITION 3. Let us consider an arbitrary estimate @, : X™ — Q(X,.A), the
same function f € F and the same family P. Then the estimate Py, : X™ — P is said
to be an asymptotically minimum f-divergence estimate for Q,, if

(5~1) If(Pf,an) < Iijrelf;)If(P»Qn) + Op(l)-

If, in addition, ¢, is a sequence of real numbers with the same properties as in Defini-
tion 2, then Py, is said to be an asymptotically minimum f-divergence estimate for @,
of the order of ;' if (5.1) holds with O,(¢,') instead of o,(1).

We are interested in estimates Pg,, = Py, 5, 8 € (0,00], which are asymptotically
minimum fg-divergence estimates for a given distribution estimate Q.. If Pf, 5 is the
fs-projection of @), onto the subfamily P in the sense of Chapter 8 in Liese and Vajda
(1987), then it is an asymptotically minimum fz-divergence estimator for @, of any
order.

Ezample 1. Let (X, A) be the Borel line, A the Lebesgue measure, and

A{(Xn1, Xnn) NA)
/\((an 3 Xnn))

for all A € A, where (Xn1,...,X,n) is the ordered sample corresponding to (Xi,...,
X,). Let P be the class of all shifts of the distribution ). Then the estimate

Paon(4) = A ((X"l  Xon =1 X+ Xon + 1) nA)

Q(A) = )‘((07 1) n A)v Qn(A) =

2 ’ 2
minimizes 5, (P, Q) on P, ie. Py p satisfies Iy (Poo,n,Qn) = infpep I5,_ (P, Qn)-

THEOREM 4. Let P C Q(X,.A) be arbitrary, Py € P and let B € Ry. If Q, is a
consistent estimate of Py in the fg-divergence, then every corresponding asymptotically
minimum fp-divergence estimate Py, is also a consistent estimate in the fg-divergence.
Let, in addition, Q, be consistent of the order of c;' and let Ps, satisy (5.1) with
0p(1) replaced by O,(¢;') and &;1 = Op(c;;'). Then the previous statement holds with
“consistent” replaced by “consistent of the order of c;1”.

PrOOF. Put a =min(3,1/2) and pg(Q1,Q2) = I (Q1,Q2). By Theorem 1, pg is
a distance on Q(X, A). Thus the triangle inequality implies
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By the definition of Ps, (cf. (5.1))
P3(Pan; Qn) = If,(Pan, Qn) < [I1,(Po, Qn) + 0,(1)]%,
so that
I15(Po, Pan) < (I3, (Po, Qn) + (L7, (Po, Qn) + 0p(1)]%)/.

The consistency statement is clear from this fact. Under the additional assumptions we
similarly obtain

CnIfﬂ (P07 Pﬂ,n) < ([cn‘[fﬁ (P07 Qn)]a + [cnIfﬁ (PO’ Qn) + cnOP(E;l)]a)l/a'

Thus the statement concerning the rate of consistency is clear, too. O

Unfortunately, there are no estimators (),, satisfying the consistency assumption of
Theorem 4 when P = Q(X,.A). In this respect we can formulate the following negative
result.

THEOREM 5. For every sequence of estimates Q,, and every 3 € (0,00]| there exists
a Qo € Q(X,A) and an € > 0 such that

infI5,(Qo,Qn) > €  a.s. (almost surely).

PRrROOF. According to Remark 6 and the Theorem of Devroye and Gyérfi (1990),
this assertion holds for # = o0, i.e. for every sequence of estimates @), there exists a Qg
and an g > 0 such that

inf Ir_(Qo,Qrn) =inf V(Qo,Qrn)/2>¢e0 as.
7n n
This fact and Theorem 2 imply inf,, I5,(Qo, Qn) > ¥a(€o) > 0 a.s. O

In spite of the negative result of Theorem 5, there exist estimates @,,, as assumed
in Theorem 4, i.e. consistent for all Py from a wide variety of families P C Q(X, A), and
even consistent of the order of ¢;! = n~* for appropriate a € (0, 1].

Ezample 2. Let (X, A) be the Borel line and let @, be the histogram estimate
of Berlinet et al. (1995) for partitions of IR into intervals of size h,, = const - n=1/2. If
P C Q(X, A) is the family of all distributions with continuously differentiable densities
then these authors showed that Py € P implies V(Py,@n) = Op(n1/3), ie. @Qn is
consistent of the order of c;! = n~1/3 in the f-divergence. Let 8 € IRy. Then by the
upper bound in Theorem 2 @, is consistent of the same order in the fs-divergence.

Ezample 3. Let Q(X,.A) be as in the previous example. Gyérfi et al. (1996) proved

that, under relatively mild restrictions on P C Q(X, A), the Kolmogorov distance pro-
jection P, of the classical empirical distribution

(5.2) Qn = % > 6x,
i=1
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onto P is a consistent estimate of the order of ¢;1 = n™/2 in the f-divergence. As
in Example 2, we obtain the same order of consistency of P, in every fg-divergence,
B € IRy.

Example 4. Let Q(X, A) be arbitrary and let S be a finite measurable subset
of X. Furthermore, let P be the family of all distributions with support S then the
empirical distribution @, given by (5.2) satisfies @,, € P and is a consistent estimate of
the order of c;;! = n~1/2 in the foo-divergence. This fact is a consequence of the central
limit theorem. By Corollary 1 of Morales et al. (1995) Q,, is consistent of the order of
¢;? = n~' in any fs-divergence, 8 € IRy. Since Q, € P it holds P, = Q, for all
6 € IRy.

Concluding Remark. Let us briefly mention the applications of fg-divergences,
B € IRy, in the model of Example 4 with P containing only some of the distributions
with support S. This is typically satisfied if P = { Py : § € O} is a parametrized family
of distributions supported by S. In this case the estimates Pp , = Py, .. depend on 3 and
in general differ from the relative frequency estimate Q,, given by (5.2). If the parameter
is identifiable in P (i.e. if Py, # Py, for all 6, # 6;) then these distribution estimates
Py, . define in a one-to-one manner point estimates 83 ,,, 3 € Ro.

Estimates minimizing the f-divergences I, (P, Qn), & € IR, for the functions f =
@o € F defined by

u—-1—Inu if a=0
ou+1—o—~u* .
Yalu) = o —a) if a€ IR\{0,1}

l-u+ulnu if a=1

(cf. Section 2 in Liese and Vajda (1987) or Read and Cressie (1988)) were studied by
Lindsay (1994). This class yields only for o = 1/2 a metric divergence, namely the
squared Hellinger distance (cf. e.g. Basu and Lindsay (1994)). The family of estimates
85 n» @ € IR, obtained by replacing the functions fg € F by ¢, € F obviously differs
from the family 65,,,,' B € IRy, of estimates given above.

Lindsay (1994) introduced in the model under consideration the robustness of esti-

mators against outliers (and inliers). Members f3 of our class satisfy, owing to
lim, o0 20 = f5(0), (f2) and (£3)

u

€ (0,00)

and therefore Assumption 10 in Lindsay (1994). (Note that Lindsay’s functions G corre-
sponds to our functions f via G(6) = f(6+ 1).) Consequently his Proposition 12 yields
that our class Iy, (Q, P), B € IRy, of metric divergences fulfils Lindsay’s outlier stability

property (21).
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