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Abstract. This paper is concerned with cross-validation (CV) criteria for choice of
models, which can be regarded as approximately unbiased estimators for two types
of risk functions. One is AIC type of risk or equivalently the expected Kullback-
Leibler distance between the distributions of observations under a candidate model
and the true model. The other is based on the expected mean squared error of
prediction. In this paper we study asymptotic properties of CV criteria for selecting
multivariate regression models and growth curve models under the assumption that
a candidate model includes the true model. Based on the results, we propose their
corrected versions which are more nearly unbiased for their risks. Through numerical
experiments, some tendency of the CV criteria will be also pointed.

Key words and phrases: CV criterion, corrected versions, growth curve models,
model selection, multivariate regression models, risk.

1. Introduction

This paper is concerned with cross-validation (CV) criterion for choice of model (see,
e.g., Stone (1974)) which could be considered as an approximation for a risk. We consider
two types of risks for selecting multivariate regression and growth curve models. One is
(i) AIC type of risk or equivalently the expected Kullback-Leibler distance between the
distributions of observations under a candidate model and the true model. The other is
(ii) the expected mean squared error of prediction.

CV criteria for the risks (i) and (ii) have used as alternatives to AIC (Akaike (1973))
and C, (Mallows (1973)), respectively. It is known (Stone (1977)) that the AIC is
asymptotically equivalent to the CV criterion for the risk (i) in the i.i.d. case. Some
corrected versions of AIC and C,, have been proposed in multivariate regression models
by Sugiura (1978), Berdrick and Tsai (1994), Fujikoshi and Satoh (1997), and in the
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growth curve model by Satoh et al. (1997), etc. These corrections are intended to
reduce bias in the estimation of risks. The purpose of this paper is to study some
refinement on asymptotic behaviors of the CV criteria in the two important multivariate
models, i.e., multivariate regression models and growth curve model. More precisely,
we derive asymptotic expansions for the bias terms in the CV criteria for overspecified
model including the true model. The results reveal some tendency of the CV criteria.
Further, using the results we propose corrected versions of the CV criteria, which are
more nearly unbiased and which provided better model selections in small samples.
Through numerical experiments it is shown that our corrected versions are similar to
asymptotic behaviors of the corrected AIC and (). In general, CV criteria might be
used for more complicated models. The tendency of CV criteria pointed in this paper is
expected to be useful for such models.

The present paper is organized in the following way. In Section 2 we state two types
of risks and the corresponding CV criteria. In Section 3 we obtain corrections of CV
criteria for selecting multivariate regression models. In Section 4 we obtain corrections
of CV criteria for selecting growth curve models. Some numerical studies are also given
to see how well our corrections work.

2. Risk functions and CV criteria

Let y4,...,vy, be independent p-dimensional random variables, and let ¥ =
(Y1,---,¥,)- Suppose that under a candidate model M, (—2)log-likelihood can be
expressed as

n

£0) =Y (-2)log f(y;;m:, T)

i=1
n
=) (o),
i=1
where © is the set of unknown parameters under a candidate model M, and E[y; | M] =
1,, Varly, | M] = X. Consider
(2.1) AA(©) = E*[¢(0)),

where E* denotes the expectation with respect to the true distribution of Y. Let g(Y)
be the density function of ¥ under the true model M*. Then, note that 2 times the
Kullback-Leibler distance between the distributions of Y under the true model M* and
a candidate model M can be expressed as

A4(©) + 2E" [log{g(Y)}]-

The second term in the above expression is common for different candidate models, and
so we may ignore the second term when we are interesting in comparison with different
models. Let E*[y;] = n¥, Var*[y,] = £*. When M* is normal, we have

A4(0) = nlog|Z| + ntr(S71X%)

n
+ ) te{S7(n; — m,)(n} —m,)'} + nplog 2.
i=1
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A well known AIC type of risk is defined by
(2.2) Ra=E"[A4(O)),

where © is the maximum likelihood of © under a candidate M. Akaike (1973) proposed
AIC = £(©) +2m, where m is the dimension of © under a candidate M, as an estimation
for (2.2). Here, we are interesting in examining the corresponding CV criterion

CVa =) 4(Or)
i=1 )
where é[_i] is the maximum likelihood estimation of © under M, based on the observation

matrix ¥(_;) obtained from Y by deleting y,. Similarly we use the notations, i[> 2[_1-],
etc.
On the other hand, we may consider the risk Rp based on the standardized mean

squared error of prediction. Let

n

Ap(©) = E* [ > te{=* (g, - m)(y, — my)'}

i=1

= = (0] = m)(n} —m,)'} + np.
i=1

Then the expected mean squared error, Rp is defined by
(2.3) Rp = E*[Ap(0)].

Mallows’ C,, in the usual univariate regression model can be regarded as an estimation
for (2.3). Let Mp be the full model of Y, which uses all the explanatory variables in the
observed data set. Then we define the corresponding CV-criterion as follows:

CVp = Ztr{i];[l_i](yi - ﬁi[—i])(yi = 'f]i[—i]),}>
=1

where i‘p[_i] is the unbiased estimator for £*~! under the full model Mg based on

the observation matrix Y(_;). Note that we have used by F|—q Dot p) F[-i] Which is the
maximum likelihood estimation of X* under My based on the observation matrix Y{_;),

because if we use f);ll_ hE CVp is not asymptotically equivalent to Cl,.

One of our interests is to study unbiased properties of CV 4 and CVp as estimators
of R4 and Rp, respectively, in two important multivariate models.

3. Multivariate regression models

Suppose that a candidate model M is defined by multivariate normal regression
model with k explanatory variables, i.e.,

M:Y ~Npyp(XB, @ I,),
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where B is a k X p unknown parameter matrix and X = (21,...,Z,) is an n x k£ matrix
with rank k. Then, the maximum likelihood estimators of B and ¥ are defined by

B=(X'X)"'X'y, $£-= %Y’(In — Px)Y,

where Px = X(X’X)~!X’ denotes the projection matrix to the space spanned by the
columns of X. Let Y( —iyand X (—i) be the matrices obtained from Y and X by deleting

their i-th rows, and B[ _i and 2[_11 be the maximum likelihood estimators of B and X,
based on the observation matrices Y{_;) and X(_), i.e,,

. ) . 1
Bl = (XoX-0) 7 X(p ¥y D = 7Yy Fnm1 = Py )Y

Letting Qi[_i] = Bf_i] x;, we can write the CV criteria as

n

(3.1) CVy = Z[log|f][_i]| + tr{ﬁ]l__lz.] (Y — Ui—) (Wi — §i—q)'}H + nplog 2,
i=1

(32) CVp= Ztr{i;[l_i] (s = Vi—a) (W — i)' b

i=1
respectively. Here, % F[-i is defined by

1

n—Kkrp—p-— 2Y(I—i)(I"-1 — Px_))Y(-o)-

iF[-—i] =

In this case, we assume the full model which uses all the explanatory variables in the
observed data set is expressed as

MF' Y ~ Nnxp(XFBFaEF ® In)1

where, without loss of generality, Xr may be an n x kr matrix decomposed as Xr =
(X, Xg). Note that E* [2;[1 ]] = 2*7! (see Lemma 3.2) when the full model includes
the true model. Using relations X( N X (i) = X'X — x;x, XE_Z.)Y(_,-) = XY — z;y,
and a general formula of inverse matrlx (see, e.g. Siotani et al. (1985)), we can rewrite
Y; — Y;[—q as follows.

. 1 N
Yi =Y = m(yi - 9y),
where ¢, = Bx; and (Px)y is the i-th diagonal element of Px. Moreover, using the

same reductions, we can rewrite ¥|_; as

(3.3) Sy = ;—_1_—1 [nf) - U—_(lm(yz -9 - 9.)

Therefore,

(3.4) Z t1”{5:3[__1,] Wi = Ga—a) W — D)}

i=1
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- (n—1)(y; — ) (y; — 9:) .
i=1 {1 = (Px)is}[n{l — (Px)ii} = (y: — 927 (y; — 9,))
(3.5) Z tr{i;.,[l_i] (y; - gi[—i])(yi - gi[~i])/}

_ n—kp—p—2
_.Z (’I’Z—k‘F—p_l){l—(Px)ii}2

=1

-

x |(y; — gz’)li;l(yi - ¥;)

{(y; — ili)liz_rl (y; — @Fi)}2 _ )
(n—kp —p— {1~ (Px,)i} — (¥ — 9r:) 25 (s — Ur:)

Here, (Px,)i is the i-th diagonal element of Px,, and §p; = Bpxp; and Lp =
(Y ~ BrXp)' (Y — BrXp)/(n — kp —p — 1), where Bp = (XpXp) XY and Xp =
(xF1,...,2prn)’. Note that we can express (3.1) and (3.2) as the ones with less compu-
tation by substituting (3.3), (3.4) and (3.5) to (3.1) and (3.2), since it is not necessary
to calculate B|_j, ‘;J[_i], Br and Y. p[—i, Tepeatedly.

Now we examine biasedness properties of these criteria under the assumption that
the candidate model M includes the true model M*. From our assumption we can write

as
M* Y ~ Npyp(XB*, T ® I,).

Under this assumption, the risks (2.2) and {2.3) can be calculated as

Ry =E*[nlog |ﬁ3|] + nnp(n + k) + nplog 2w,

-p—k-—1
Rp =p(n+k).
We use the following lemma:

LEMMA 3.1. Suppose that Y is distributed as Npxp(XB*,X* ® I,). Then
(1) Bioij ~ Nixp(B*, 2% @ (X{_yy X () 71),
(ii) (n— 1Ty ~Wp(n—k-1,5%),
(iii) B[_i], f)[_i] and y; are mutually independent, and similarly B[_i], f]F[“i] and
y; are mutually independent.
(iv) E*[log || —log|%(_gl] = 7z {pk + 3p(p + 1)} + O(n®).

ProOOF. The first three results (i)~(iii) follows for a general result in multivariate
normal regression model, see, e.g., Anderson (1984). As for the result (iv), it can be
obtained in the following way. Let S be distributed as Wp(m, I,), and let

S =mlI, + /mV.
Then we have

oelsl = -2 e - L (LY oy
Eflog S E[ﬁtm Q(m) w(v?)
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= (%)Z),tr(Vg) -3 (71?5‘)4“(‘/4)

p(2p® +3p — 1) + O(m™3).

+ O(m‘s)

1
- 1) —
o PP+ = 5

Using the above results, we obtain (iv).

Moreover, we use the following lemma (see, e.g., Siotani et al. (1985)) in this and
next sections.

LEMMA 3.2. Suppose that U is distributed as Wp(m,X). Then the ezpectation of
U~! can be expressed as follow.
L

E(U) = ——

(m>p+2).

By using Lemmas 3.1 and 3.2, we can obtain the following expressions for two biases.
Ba = Rs — E*[CV 4]
1
= —{2k 1
5, (2kp +p(p+1)}

np(n + k) (n—1)p
n-p—k—-1 n—p-—Fk— QZ{I—UDX)”

Bp = Rp — E*[CVp]

+0(n7?%),

- 1

where (A);; denote the i-th diagonal element of a matrix A. In general, 0 < (Px);; < 1.
Here it is assumed that 0 < (Px);; < 1. Therefore, we propose new corrections of CV 4
and CV p in multivariate linear model defined by

(3.6) CCV,4 =CVu+ %{2’6‘]) +p(p+ 1)}
np(n + k) (n—1)p
+ n—d; n— dl—lz{l—(PX)u}

(3.7) CCVp =CVp +p(n+k) - pz —{—I—T;ﬁ(ﬁ

where dy = k + p+ 1. From our construction it holds that if a candidate model M is an
overspecified model, then

E*[CCV4] = R4 +0(n™%), E*[CCV4]=R

Next, we consider the properties of biases of CV4 and CVp. Noting that >, 1/
{1 — (Px)“} Z Z:ll:l{l + (PX)“‘} =n-+ k, we have

1 np(n+k) (n-1)p
5 (P pp+ D} + == - o dl—lz{l—(PX
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Table 1. Risks and average biases by eight criteria in 1,000 repetitions; n = 30, p = 6, the true
model = {1, 2,3}.

AIC type Criteria

Risks Biases & Frequencies (%)
Model R4 CV4 CCV4 AIC CAIC
{1} 594.41 817 -523 1478 -4.86
(18.6)  (9.5)  (0.0)  (4.8)
{1, 2} 605.04 —12.49 —7.46 21.03 —-7.26
0.0y  (00)  (0.0)  (0.0)
{1,2,3}* 582.23 —9.97 -1.14 37.38 —1.62
(81.1)  (89.3)  (82.3)  (95.0)
{1,2,3,4}* 599.72 —1389 —064 5078 —1.33

(0.3) 12y Q7.7) (0.2)

Cp type Criteria

Risks Biases & Frequencies (%)
Model Rp CVp CCVp Cp cCy

{1} 279.90 —-11.03 -1059 —42.71 -36.08
(0.0)  (0.0)  (0.0)  (0.0)

{1,2} 281.35 —18.94 1755 —-38.78 —34.35
(0.0)  (0.0)  (0.0)  (0.0)

{1,2,3}* 198.03 ~321 001 -224  —0.03
(90.5)  (87.6)  (79.8)  (86.9)

{1,2,3,4}* 204.01 —5.03 0.05 0.01 0.01

(9.5) (12.4) (20.2) (13.1)

*denotes models including the true model.

p(n+k)— pz (PX SO.

From these results, we can see that CV 4 overestimates asymptotically for R4 and CVp
overestimates exactly for Rp under overspecified models.

Tables 1 and 2 give simulation results of risks, average biases and frequencies of
model selected in two cases. Let X = (z(y),..., ®x)). A candidate model {j} means the
model when we use x(;) as the regressors. Similarly, the candidate model {i, j} means
when we use (€(;), Z(;)). The first case in Table 1 considers only the hierarchical models.
In this case, the true model is {1,2,3}. The next case in Table 2 is a normal multivariate
model whose true model is {1, 2}. In both cases n = 30 and p = 6. In order to compare
with the four well known criteria: AIC, CAIC, C, and CC,,. These criteria are defined
by

N 1
AIC = nlog |¥] + np(log 27 + 1) + 2 {pk + §p(p+ 1)} ,

n{n+k)p

CAIC = nlog 3| + nplog 27 + ,
n—k—-p-1

Cp = (n—kp)tr(S5!3) + 2kp,
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Table 2. Risks and average biases by eight criteria in 1,000 repetitions; n = 30, p = 6, the true
model = {1,2}.

AIC type Criteria

Risks Biases & Frequencies (%)

Model Ry CVy CCV4 AlIC CAIC
{1} 620.17 —5.74 —2.98 15.20 —4.43
(00)  (0.0)  (0.0)  (0.0)

{2} 588.07 599 -3.14 1535 —4.29
a7 @1 (00  (0.1)

{3} 623.84 —5.22 —-2.39 15.61 —4.02
(0.0)  (0.0)  (00)  (0.0)

{1,2}* 567.59 -~5.81 —~1.02 26.97 —1.31
(97.6)  (97.4)  (86.1)  (99.1)

{1,3} 631.65 -10.18 —5.43 21.82 —6.47
(0.0)  (0.0)  (0.0)  (0.0)

{2,3} 599.36 —-9.69 —4.72 22.36 -5.93
(0.0)  (0.0)  (0.0)  (0.0)

{1,2,3}* 583.11 826 —009 3820 —0.80

(0.7) (1.5)  (13.9) (0.8)

Cp type Criteria

Risks Biases & Frequencies (%)

Model Rp CVp COVp G cec,
{1} 445.68 -12.53 —12.22 —85.23 -—81.03
(0.0) (0.0) (0.0)  (0.0)
{2} 254.51 —5.20 -4.81 -27.97 —23.77
(0.0) (0.0) (0.0) (0.0)
{3} 479.85 -10.45 —-10.09 —97.05 —-92.85
(00)  (0.0) (00)  (0.0)
{1,2}* 191.88 —1.50 —0.28 —2.42 —0.32
(91.4)  (87.1) (81.7)  (88.1)
{1,3} 445.42 —37.70 -36.51 —80.85 —78.75
(00 (00  (00)  (0.0)
{2,3} 257.17 —11.05 —-9.70 —24.37 —22.27
(0.0) (0.0) (0.0) (0.0)
{1,2,3}* 197.97 —2.66 014 —0.03 —0.03

(86) (12.9) (183)  (11.9)

*denotes models including the true model.

n—kr)k - (p+ 1)(kr + k)}
n—kp—p—l

CCp = (n~kp) tr(X515) + {2(

)

where 35 = Y'(I, — Px.)Y/n. From these tables, we can see that CCV 4 and CCVp are
better estimators to their risks than CV 4 and CV p when a candidate model includes the
true model, respectively. Furthermore, CCV 4 improves the biases even if a candidate
model does not include the true model. On the other hand, it notes that CV4 and
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CVp become overestimations for their risks. From our simulation results, it can be also
understood that our assertion is right. Making an additional remark, we can see that
CCV 4 and CAIC, CCVp and CC,, have similar performances, respectively.

4. Growth curve models

Suppose that a candidate model M is defined by the growth curve model, which was
proposed Potthoff and Roy (1964), with ¢ within-individual explanatory variables, i.e.,

M:Y ~ N, (AEB, £ @ I,),

where Z is a k X ¢ unknown parameter matrix and B is a ¢ X p within-individual design
matrix with rank ¢. Here, A = (a1,...,a,) is an a x k between-individual matrix
with rank k indicating whether each of individuals belongs to the j-th (j = 1,2,...,k)
population. Namely, if ¢, belongs to the j-th population, then the j-th element of a; is
1 and the others are 0. Therefore, without loss of generality, let n; denote the sample
size of the j-th population, A is given by

1, 0 0

0 1, 0
A= .

0 0 -1,

Then the maximum likelihood estimators of = and ¥ are defined by
E= (WA 'AYS'B(BS'B),

A~

5= %(Y _ AEBY(Y - AZB),

respectively, where S = Y'(I,, — P4)Y/(n — k). Let é[—i] and ﬁ[_i] be the maximum
likelihood estimators of = and X, based on the observation matrices Y(_;; and A(_;), i.e.,

Bl = (AlenA0) T ALy Y- ST B (BSZy B 7,

By = A-Z-aB) (Y- — A-5Z-4 B),
respectively, where S_;; = (In-1—Pa_,)Y(—i/(n—k—-1). Let §,_, = B'E -—,[_,]az
In this model, CV-criteria can f)e written as

n

(41) CVu= 2[108 IE[—i]l + tr{ﬁ:[__li] i = Hi—) (s — Yij—yg)'}] + nplog 2,

i=1
n

(4.2) CVp = Ztr{S[__li] (Y — '.f/i[—z'])(yi - @i[—i])'},
i=1

respectively, where

1 n—k—1

S[_z] = ___.__n - - 21/{*7:) (In—-l — PA(—i))if(—i) = ——n —p= T — 28[_11.
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By using the relations YY) = Y'Y — yy;, A_ Ay = A'A - a;a; and
Az_i Y_iy = A’Y — a,y; in the former sections, we can rewrite S_;}, Z_; and X|_; as
in the following forms.

n—k 1 A N
S[—i] = m_k_1 [S - (n—k){l— (PA)“}(.%‘ -9y -9,
El-q = (AA - a;a) N (A'Y - aiy})SyB'(BS}B) 7Y,
1
n—1

™

{(Y — AE[_yB)'(Y —~ AE|_yB)

- (¥ — B’éf—i]ai)(yi - Béf—z‘]ai)l}-

S

Now we examine biasedness properties of these criteria under the assumption that
candidate model M includes the true model M*. Since M includes M*, we can write as

M* 1Y ~ Npxp(AZ*B,5* ® I,).
Then the risk functions (2.2) and (2.3) can be calculated as

R4 = E*[nlog|3|] + nplog 2

n’(p - q) ng(n — k —1)(n + k)
n—-p+q—-1 (n-k—-p-(n-k-p+q-1)
kqg(n —k —1)

Rp = .
P np+n—k—p+q—1

For the derivation, see, e.g., Satoh et al. (1997).
We use the following lemma (see, e.g., Siotani et al. (1985)):

LEMMA 4.1. Suppose that W is distributed as Wp(n,X) and W and ¥ are decom-
posed as
q b—g q P—q
W:Q <W11 W12) E:q (211 Y12 )
p—qg \Wa Wy )’ P—q\Zn X2
Then it holds that:
(i) Wire = Wiy — WiaWg'Way ~ Wo(n—p+4q,11.2), Zi1.2 = Z11 — 212555 Zai,
(ii) Wag ~ Wp—q(”a222);
(iii) If X0 = Ogx(p-q) then W12W2_2l Wa1, Wii.e and Wag are mutually independent
and WiaW5'Way ~ Wo(p — ¢, Z11),
(iv) When Wag is given, WiaWsy'/? ~ Nip_ oy xq (Z12552 Wog 2 E112 © I_y).-

Using the canonical form as in Gleser and Olkin (1970), results of Satoh et al. (1997)
and Lemmas 3.1, 3.2 and 4.1, we obtain the following results.

(4.3) Z E*(log [£(—y[] = E*[nlog|2[] - %{p(p +1) + 2kq} + O(n™?),
i sy - =D 9)
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n(n —1)(n—k —2)q

T k-p-n-k-p+q-2)’
(4.5) ZE*[tr{ﬁ[‘_li]B’(é[_i] - E*)’aiag(é{_i] - Z*)B}]
=1
(n—1)(n—k—2)q 1
= k + ,
m—k—-p-2)n—-k-p+q—2) ;nj—l
(4.6) > Eer{STy B (Bl — E7)'aial(Ey — E7)B}]
i=1
k
___(n—k-2) 1
" (n-k-p+g-2) k+;nj—1 '

Outlines of evaluations are shown in the Appendix. Suppose that n/n; = O0(1) (1 <j <
k). Then the biases B4 and Bp can be evaluated as

By = R4 —E*[CV4]

1 ____nlp-glp-g+1)
= g Pl D)+ 2kat - o e T

2n
(n=1)(n-k-2)
_(n+k)q{(n"k—17—2)(n—k—p+q_2)
_ n(n -k —1) }
(n—k-p-1)(n—k—p+q-1)
(n—1)(n—k-2)q £ o
- (n—k—p—2)(n—k~p+q_2)j§nj_1+O(" ),

Bp = Rp — E*[CVp]

_ kq(p - q)  (n—k-2)q i 1
m—k—-p+qg-1l)n—k—-p+qg-2) (n—k—p+q—2)j=1nj—1'

Therefore, we propose new corrections of CV 4 and CVp in growth curve model defined
by

n(p — q)ds
(n—dg)(n—da—1)

(n—1)(n—-k-2)q |
T —d-Dn-ds—1) (”+k+znj—1)
n(n+k)(n—k—1)q
(n—di)(n—ds) ’

(48) CCVp=CVp— — 12 Kp-a) —k—2)zk: !
' P P T i da =)\ (n—dg) " -1’

1
(47)  CCVA=CVa+5-{p(p+1) + 2kq} -

where di =k+p+1,do=p—qg+1andds =k +p— g+ 1. In order to obtain more
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Table 3. Risks and average biases by eight criteria in 1,000 repetitions; n = 30, p =6, k =1,
the true model = {1, 2,3}.

AIC type Criteria

Risks Biases & Frequencies (%)
Model Ry CVy CCVy AIC CAIC
{1} 594.78 —2.58 —0.55 12.82 —-2.14
©0)  (00)  (00)  (0.0)
{1,2} 597.07 —2.57 —0.36 14.70 -1.94
00)  (00)  (0.0)  (0.0)
{1,2,3}* 549.73 —2.82 —0.46 17.64 —0.24
(88.4) (87.7)  (81.5)  (89.8)
{1,2,3,4}* 551.44 —2.99 -0.53 18.46 —-0.31

(11.6) (12.3) (185)  (10.2)

Cp type Criteria

Risks Biases & Frequencies (%)
Model Rp CVp CCVp G, CCy

{1} 319.99 11.56 1161 -29.91 —28.83
(0.0) (0.0 (0.0) (0.0)

{1,2} 324.29 21.84 21.93 -17.00 —16.50
(0.0)  (00)  (0.0)- (0.0

{1,2,3}* 183.35 —-0.42 —0.29 —0.06 0.06
(85.1)  (84.8) (79.9) (81.9)

{1,2,3,4}* 184.27 —0.50 —-0.34 0.07 —-0.01

(14.9) (152) (20.1)  (18.1)

*denotes models including the true model.

simple expressions for CCV 4 and CCVp, we can omit the n™2 terms in the expressions,
since they may be considered to be small in comparison with the corrections of the order
O(n~1). So,

1 “\ 1

COV)y =CVa~ op(p+1) - q;l e
CCVp=CVp—q>_ Ly
j=14

Next, we consider the properties of biases of CV 4 and CVp. From (4.8), it can see
that the bias of CV p is a negative valued. Noting that Y _;- , 1/(n;—1) > k/n, we can see
that the bias of CV 4 is a negative valued. Therefore, we can see that CV 4 overestimates
asymptotically for R4 and CV p overestimates exactly for Rp under overspecified models.

Tables 3 and 4 give simulation results of risks, average biases and frequencies of
model selected in the cases of nested models. The first case is £ = 1 and the second case
is k = 3. Let B = (bp),...,by)). The candidate model {1} means the model when
we use bzl) as the regressors. Similarly, the candidate model {1,2} means when we use
(b(1),b(2))’. In both cases n = 30, p = 6, ¢ = 4 and the true model = {1,2,3}. In order
to compare with other standard criteria, we prepared the four ones : AIC and C,, and
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Table 4. Risks and average biases by eight criteria in 1,000 repetitions; n = 30, p =6, k = 3,
the true model = {1, 2, 3}.

AIC type Criteria

Risks Biases & Frequencies (%)
Model Ry CVy CCVy4 AlC CAIC
{1} 589.23 —3.25 -0.11 19.24 —1.54
(34) (21)  (0.0) (0.3)
{1,2} 595.92 —-4.20 0.03 25.71 —1.29
(00)  (0.0)  (0.0)  (0.0)
{1,2,3}* 567.69 -5.51 —0.38 31.20 —0.52
(91.9) (91.4)  (8L.2)  (95.1)
{1,2,3,4}* 574.02 —5.53 0.33 35.29 0.12

(4.7) (6.5)  (18.8) (4.6)

Cp type Criteria

Risks Biases & Frequencies (%)
Model Rp CVp CCVp G, cc,

{1} 262.65 7.66 812 —-20.14 -16.57
(00)  (0.0)  (00) (0.0

{1,2} 262.31 12.64 13.48 -9.84 —8.20
(00) (00)  (00)  (0.0)

{1,2,3}* 190.23 132 —013 -038 0.01
(88.7) (87.3) (78.8)  (82.4)

{1,2,3,4}* 193.25 122 028 0.71 0.46

(11.3) (27  (21.2)  (17.6)

*denotes models including the true model.

corrected criteria CAIC and CC), which were proposed by Satoh et al. (1997). These
criteria are defined by

- 1
AIC = nlog|%| + np(log 27 + 1) +2{kq+ ip(p—i— 1)} ,

CAIC = nlog || + nplog 27

n’(p—q) ngn—k-1)(n+k)
n—d (n—-dy)(n—ds) ’

Cp = ntr(S7E) + 2kq,

+

k(p—q)(n—k—q)
(n— d3) ’

From these tables, we can see that CCV 4 and CCVp are better estimators to their
risk functions than CV4 and CVp when a candidate model includes the true model,
respectively. Furthermore, CCV 4 improves the biases even if a candidate model does
not include the true model. On the other hand, it may be noted that CV4 and CVp
become overestimations for their risks. From our simulation results, it can be also
understood that our assertion is right. Making an additional remark, we can see that
CCV4 and CAIC, CCVp and CCy, have similar performances, respectively.

CCp=ntx(S7IE) + k(p+q) -
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Through the simulating experiments in Sections 3 and 4, we can see that the correc-
tions are necessary for CV criteria when the sample size n is small. The bias of C,, under
overspecified model is small as tr(i);lﬁl) = p, but, the bias of CVp is not so. Under
overspecified model, the correction CVp is more important than one of Cy,. Further, CV
criteria have a tendency to overestimate their risks, even if it is in case of risk based on
the Kullback-Leibler distance. This property is different from the one of AIC which is
based on the Kullback-Leibler distance, because AIC has a tendency to underestimate
for a risk. Moreover, the corrected versions of CV criteria have the same performances
as the ones of other standard adjusted criteria, i.e., CAIC and CC,. Our conclusions are
limited in the multivariate regression and growth curve models. However, we can expect
that there are such tendencies for other models. Making an additional remark, we can
see that CVp is asymptotically equivalent to C), by using Y7 not Xp. Therefore, we
must be careful when CVp is used, because it has the possibility that the constant bias
term is left.
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Appendix

The aim of this section is to state outlines of calculations of (4.3), (4.4), (4.5) and
(4.6).

A1 Derivation of (4.3)
Using the canonical reductions as in Gleser and Olkin (1970), we can write

Y=T, < NET, Ogx(pg) ) Ty + &,
O(n—k)xg On-k)x(p—q)
under model M, where T; : k X k and T3 : ¢ X q are certain non-singular matrices and
I’y :n xnand I's : p x p are certain orthogonal matrices. Let Z = I'{ YT, then
B[Z] = ( ©  Okxe-o ) | Var[vee(Z)] = A® I,
On-k)xq On—k)x(p~0)
where © = T1ET) and A =T'2¥T%. Let us decompose Z and A as

9 pP—4q 9 DP—gq

7 = k Z11 Z12 ) A= q A11 A12
n—k Zg] Z22 ’ pP—q A21 A22 ’

Z, Vi W
V=22 (Za Zoa) = [ * 2.
<Z§2> (Z21 Z22) <V21 Vao
From Gleser and Olkin (1970), the maximum likelihood estimators of © and A are
© = Z11 — Z1aVi3 ' Vau,
A 7 ‘/12‘/251 ! -1
niA=V+ Z12Z12 (Vg Va1 Lp—gq).

and let

r—q
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Further,
. . 1
|X] = [T2ATy| = ﬁ'VHQHVH + Z19Z12],

where Vi1.0 = Vi1 — V12V251V21. Note that V is distributed as Wy(n — k, A). Then, from
Lemma 4.1 (i) and (ii),

‘711~2 NWq(n_k“p‘i'QJIq)’ ‘722 NWP—II(n’IP—Q)’

where Vi1p = A1_11.42V114A2A1_11.42, A1z = Aiyp — AiaAz Aoy and Vo = A7Y2(Vay +
Z!,715)A"1/2. Further, |3| can be rewritten as

~ (m—k—p+q)? 1 ~ 1~
Y| = Vital | =Vas! |X].
12 na Y S 112 2| |2
Therefore
log || = log [Z] + log | ————V41.
g |X] g |Z] gn—-k—p+q 11-2
1~ — k-
n n
From Lemma 3.1 (iv),
E* |lo 1 V;
g n—k—p+tq 11-2
1
=—— 1
5-a(a+1)
1 -
~ 132 {9(20" +3g=1) + 6g(q+ 1)(k+p - @)} + O(n ™),
1~
E* [log —‘/22]
n

= —51;(17—@(1)— g+1)
- #(p - ‘I){2(p - Q)2 + 3(p — q) — 1} 4 O(n—3)‘

These imply that
c

* & % 1
E™{log %] = log [Z*] — o—{p(p + 1) + 2kq} —
where

¢ =q(2¢° +3q—1)+6g(qg+1)(k+p—q)
+(-a{2(p-9)*+3(p—q) — 1} +12q(k +p - ¢)%

Replacing n by n — 1 in the above result yields
* 3 * 1
E{log [X(-q[] = log [=7| — o—{p(p+ 1) + 2kq}

1
- W{c + 6p(p + 1) + 12kq} + O(n™3),
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and hence

B* g [Sy_f] = E"llog 8] - 55 {p(p+ 1) + 2ka} + O(n™).
This implies (4.3).

A.2 Derivation of (4.4)
From Satoh et al. ((1997), pp. 283), we have

n(p —q) (n+k)(n—1)gq

* Sv—1ywey)
Brfer(> >:)]_n—p+q—1 m—k-p-1n—-k—-p+qg-—-1)

Therefore, replacing n by » — 1 and summing from 1 to » yield the result (4.4).

A3 Derivation of (4.5)
In the computation of (4.5), we use notations in Satoh et al. (1997) as

9 p—4q
W, W,
W= (n—KHS1/2gy+1/2p7 _ 4 ( 11 12
(n = k) p—g\Wn Wy )’

Z = (AA)VIA(Y - AZ*B)T* V2 = (2, Zv),
where H = (H, Hg) is a p x p orthogonal matrix and H, is defined by
H, = E*—1/2B/(B2*-1BI)—1/2.
Then W and Z are independent each other and distributed as
WNWp(n’kyIp)’ Z NNkXp(kapaIkp)-
We can express ! and (A'A)V/?(Z — E*)BL*~1/2 g5
S = ot VPHU T HI SR,

(A’AV2(E-2")By 12 =7 f"l H],
_sz Wi

respectively, where
. ( Wity ~Wis Wi Wy, )
W' WaWiily  (Wae + 2525) 71 + W W Wi, Wi Wy
On the other hand, note that
E*[tr{E, B'(E - ") a:a)(E - 2) B}
=E" [tr{g[__qul(E -E7( E_i)A(—i))lin(—i)
x (A_pA(~i) *(E-E")BY},

where

Qi(-i) = (A2~¢)A(—i))_l/zaia§(AE_,-)A(—i))_1/2-
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Let W(_;) and Z(_;) be the ones defined from W and Z by replacing n, A and Y to
n—1, A~s and Y_;y. Then the previous expression can be computed as

* L — -1
X Zf_i)Qi(—i)Z<—i)H-
If y, belongs to the j-th population, then

Qi(—i) = diag{0,...,0,(n; —1)71,0,...,0}.
Using this result and Lemma 4.1 and yields the result (4.5).

A4 Derivation of (4.6)
Using the same notations as in Subsection A.3, we can get

E*[tr{S,B'(E - ") a:a(E - ")B}|
= PP S BB - 2 (A A) Qi
x (A{_yAri)P(E-E)BY.
Therefore, we can obtain the result (4.6).

REFERENCES

Akaike, H. (1973). Information theory and an extension of the maximum likelihood principle, 2nd Inter-
national Symposium on Information Theory (eds. B. N. Petrov and F. Cséki), 267-281, Akadémia
Kiado, Budapest.

Anderson, T. W. (1984). An Introduction to Multivariate Analysis, 2nd ed., John Wiley & Sons, New
York.

Bedrick, E. J. and Tsai, C. L. (1994). Model selection for multivariate regression in small samples,
Biometrics, 76, 226-231.

Fujikoshi, Y. and Satoh, K. (1997). Modified AIC and Cp in multivariate linear regression, Biometrika,
84, T07-716.

Gleser, L. J. and Olkin, I. (1970). Linear models in multivariate analysis, Essays in Probability and
Statistics (eds. R. C. Bose, I. M. Chakravarti, P. C. Mahalanobis, C. R. Rao and K. J. C. Smith),
University of North Carolina Press, Chapel Hill, North Carolina.

Mallows, C. L. (1973). Some comments on Cp, Technometrics, 15, 661-675.

Potthoff, R. F. and Roy, S. N. (1964). A generalized multivariate analysis of variance model useful
especially for growth curve problems, Biometrika, 51, 313-325.

Satoh, K., Kobayashi, M. and Fujikoshi, Y. (1997). Variable selection for the growth curve model, J.
Multivariate Anal., 60, 277-292.

Siotani, M., Hayakawa, T. and Fujikoshi, Y. (1985). Modern Multivariate Statistical Analysis: A
Graduate Course and Handbook, American Sciences Press, Columbus, Ohio.

Stone, M. (1974). Cross-validation and multinomial prediction, Biometrika, 61, 509-515.

Stone, M. (1977). An asymptotic equivalence of choice of model by cross-validation and Akaike’s crite-
rion, J. Roy. Statist. Soc. Ser. B, 39, 44-47.

Sugiura, N. (1978). Further analysis of the data by Akaike’s information criterion and the finite correc-
tions, Comm. Statist. Theory Methods, 7, 13-26.



