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Abstract. Let {X,,n > 1} be a sequence of standard Gaussian random vectors in
IR%, d > 2. In this paper we derive lower and upper bounds for the tail probability
P{X, > t,} with t, € R® some threshold. We improve for instance bounds on
Mills ratio obtained by Savage (1962, J. Res. Nat. Bur. Standards Sect. B, 66, 93—
96). Furthermore, we prove exact asymptotics under fairly general conditions on
both X,, and &, as ||t.|| — oo where the correlation matrix £, of X, may also
depend on n.
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1. Introduction

Let X be a Gaussian random vector in JR?%, d > 1 with underlying covariance matrix
¥ and t € IR? some threshold. Multivariate Mills ratio (see e.g. Tong (1989)) is defined
by

(11)  R(t,E):= P{X > t}/p(t) :/(

0,00)

exp(—(x + 2¢t, 7 z)/2)dz,

with @(t) := exp(—(t,£71¢)/2)(27)~¥?|2|71/2 the density function of X and (-,-) the
scalar product in IR%. In the univariate case the Laplace-Feller inequality reads (cf.
Barndorff-Nielsen and Cox (1989), p. 56)

o0 32
(1.2) R(t) := R(t,l)z/ exp (—5—5t> ds
0
1 1 1.3
e [ T I t>0
i-g e ] o

whereas from Stanislaw and Werner (1999), the following inequality holds for ¢t > —1

2 4

1.3 —_— — <Rt —— e ———.
(13) t+ (t2+4)1/2 ~ ()—3t+(t2+8)1/2

In the multivariate setup, the covariance matrix ¥ plays a crucial role. Clearly, we may
consider without loss of generality (w.l.0.g.) standard Gaussian random vectors, i.e. the
components of the random vector X are normally distributed with mean 0 and unit
standard deviation.
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By Savage (1962) (see also Tong (1989)) if
(1.4) > t>0
holds, then

1- (1/(2—1t)’2_1(1/(2_1t))> < R(t Z) <
T, he B Y

with 0 := (0,...,0) € R4, h; := (ei;, &~ 't) >0,i=1,...,d and e; the i-th unit vector
in IR?.

Knowing the Gaussian density function, upper and lower bounds for Mills ratio are
easily converted to bounds for the tail probability P{X > t}.

One of the merit of the above inequality is that when (1.4) holds and h; — oo for
all i =1,...,d then we obtain the exact rate of convergence to 0 of P{X > t}. This is
the case for example if ~! has all entries positive and ¢ € (0, 00)%.

Under further restrictions, assuming that ¢; — oo for some i and the matrix X!
has positive entries

(1.5) , teR*d>2,

1 B 1
H;‘i:l h; Hd pi+t/d

i=1""1

(1.6) R(t,%) > t € (0,00)¢

is obtained by Gjacjauskas (1973).

As pointed out by Steck (1979) condition (1.4) is rather restrictive. Several upper
and lower bounds are derived in Steck (1979) and Satish (1986). They are easy to
calculate numerically, however they do not give an explicit idea what happens for large
thresholds in the sense of the speed of convergence to 0 for the probability of interest.
Fang and Xu (1990) consider generalisation of Mills ratio for spherically symmetric
distribution functions.

Of course there exist numerous approaches including simulations to calculate the
probability of observing a Gaussian vector above a given boundary. However, if one is
interested in the speed of convergence to 0 letting (¢, t) tend to oo, such methods do not
provide the answer.

The main purpose of this paper is to establish new upper and lower bounds for
P{X > t}, (hence for the multivariate Mills ratio) that inherit the simplicity of (1.5)
and hold in general even if condition (1.4) is not satisfied. In a second attempt we treat
then the asymptotic behavior of P{X,, > t,} (for n — o0) where X,, has correlation
matrix X, varying with n. The upper bound given in the three dimensional case by
Proposition 4.2 of Raab (1999), Lemma D in Shao and Santosh (1999) as well as part
of Lemma 2.1 of Elnaggar and Mukherjea (1999) can be obtained as special cases of our
results.

2. Notations and preliminaries

Let in the sequel I C {1,...,d} with d > 2 denotes some non-empty index set.
Further put J := {1,...,d}\I. The number of elements for an index sets I is denoted by
|I| := card{I}. The symbol X will be reserved for positive definite correlation matrices.
Clearly its inverse matrix exists, denoted by B throughout.

Abusing slightly the notations we drop the transpose sign when writing vectors, and
also drop the subscripts for vectors in IR%. For a given vector = € IR? we write z; the
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vector obtained by deleting the components of z in J. Similar notations Ayr, Ary, Ay,
Ay are used for submatrices of a given matrix A € R%*¢. In our notation indexing is
performed first so for example the notation AI_I1 means (A7)~ !. The following standard
notations will be used frequently

1:=(,...,1) €R? oo0=(00,...,00) €RY,
>y, if z;>y, Vi=1,...,d,
x>y, if z;,>2y, Vi=1,...,d,
|2 := (z,2), = clR?,
cr = (cx1,...,cxq), c€R,
ax = diag(a)x = (a121, ..., a4zq), a €RY,

with diag(a) the diagonal matrix corresponding to a.

To this end, we provide a minor generalisation of Proposition 2.5 of Hashorva and

Hiisler (2002) which is a crucial tool for the rest of the paper. Its proof is omitted since
it follows easily by slightly modifying the proof of the aforementioned proposition.

PROPOSITION 2.1. Let ¥ € IR%*? be q positive definite correlation matriz and x*
the unique solution of the quadratic programming (Pp ). minimise (x, Bz) under x >t
with t ¢ (—o00,0]¢. Then there exists a unique index set I, C {1,...,d} so that

(2.1) 1<|Lj<d

(2.2) xf =t,#0;,, andif Jy#0 «j,=-B75 Bt > ts,
(2.3) Viel hi:={e,Xp;ts)>0

(2.4) o = I;l;rtl(w,Bm) ={(z*, 27 z*) = (tlt,EI_t}tth) >0,

with Jg .= {1,...,d}\ I, and €; the i-th unit vector in R'!.

Proor. The claim follows along the lines of the proof of Proposition 2.5 in
Hashorva and Hiisler (2002), therefore omitted here. O

The role of the index set I; is very crucial for our discussion. In terms of geometry,
|I¢] is the codimension of the intersection of the tangent hyperplane at * to the ellipsoid
o = (x, Bx) with the boundary of the set [t,00). For notation simplicity we drop the
subscript for all ¢ and write simply I, J instead of I;, J;. It is very important to
remember that the index set varies with £, and so does the unique solution of quadratic
problem z*. In our discussion, the following index set is also important

J* 2={jEJZ:IZ;=tj}.

From (2.2) we know that 2} > t; so it may happen that J* is empty. Clearly this is the
case when J is empty. The extreme case J* = J is also possible; it is shown in Example
1 in the next section. If ¢ = t1 with ¢ some positive constant we have by Proposition 2.5
of Hashorva and Hiisler (2002)

(2.5) 2< |11 <4,

hence for the bivariate case (d = 2) we simply have J = J* = 0 and &* = t(1,1) is the
unique solution of the quadratic programming problem (Pp 4(1,1))-
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3. Upper and lower bounds

As pointed out in the introduction, condition (1.4) is crucial to derive the Savage
upper and lower bounds. It is of interest to treat also the less common case when the
mentioned condition does not hold. Since the upper Savage bound becomes too large
for || close to 0, on the other side, it is asymptotically exact if ¢ — 0o, we construct an
upper bound which is accurate for both cases.

Let X be some standard Gaussian random vector on IR?, d > 2, with underlying
correlation matrix ¥. Define according to Proposition 2.1 a4, I, J, h;, X7, £* with
respect to some threshold ¢ ¢ (—oo,0]¢. Next, we have the obvious inequality

P{X >t} < P{X; > t1},

hence in light of (1.5)

| L _ew(-a?) o
(31) PX>1< (2m)1/2|8|1/2 z‘l;llhz
Note in passing that the right hand side above does not depend on t;.

The upper bound in (3.1) seems to be rather crude. Actually, if J* = 0 it is exact
asymptotically (for h; — 00) as will be shown in the next section. For t so that h; are
close to 0, clearly this upper bound is far beyond 1, therefore of no use. This case will
be dealt with, too.

In the next proposition we derive another upper bound of the same asymptotic order
which depends on t;. Further, the case |t| close to 0 is also covered. To this end we put
P{X; > (t—a*);}|Zys|"/? =1 and [],,(---) =: 1 whenever J = 0.

PROPOSITION 3.1. Under the previous assumptions and notations we have

(3.2) P{X >t} < (e"p(_at/ 2) min(co(t), c1(t), ca(t)),

2m) 1172|5172

where

co(t) = [ [ o " VIDI/ 120,

c1(t) = [ RV AN T PLX: > (1 — 21)/ VAV,
el i€

ca(t) := [[hi ' P{Xs > (t — =*) s} IS0 "2,
iel

with Ay > 0 the mazimal eigenvalue of ¥ and t — z* < 0.

ProoOF. The first bound with ¢o(t) follows immediately from (3.1).

For sake of simplicity we assume that J # §; the case J = 0 is simpler and its proof
is therefore omitted. Now recall that both square matrices Byy, By are positive definite
and moreover

(3.3) El_ll :B[['—B]JB;}BJ[, E;} :BJJ—BJ[BI—IIBIJ.
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By Proposition 2.1 we have zf = tr,x; = —B;}Bjjt[ > tj, hence we obtain
(x +2*,B(z +a*)) = (z; +zJ + By ; Bz + t1),
Bys(2s + x5 + By Byr(ar + 1))
+{®r + t1,(B1r — BryBj By (@ + )
= (@ + (z] + By, Byrtr) + By Bz,
BJJ((I)J + ((B; + B;}BJItI) + B;}BJ]:BI)>
+ & St ar) + 2(zn, 5 ) + (8L S5t
= (x5 + By} Byix;, Byy(z; + By} Byimr)) + (1, S5 )
+2(zr, Tp tr) + o
(3.4) = (z, Bz) + 2(z1, 7} tr) + o4
Since the correlation matrix ¥ is positive definite, there exists an orthogonal matrix D

such that ¥ = DAD with A := diag(A1, A, ..., Ag) is the diagonal matrix of the positive
eigenvalues of ¥. So we may write

B = DA™'D = Ddiag(A\[!, A7 %,..., A7 1)D.

Let Ay, Ax be the largest and the smallest eigenvalue of ¥ respectively. Clearly d >
Av > A > 0 and moreover for all ¢ € IR?

1 1
(3.5) —(z,z) < (z,Bzx) < —(z, x),
)\\/ /\/\
hence (3.4) implies
1
(:1: + :1:*, B(:l: -+ :1,-*)) > X\—/—(a}, :l:) + 2(:1:1, EI—II t1> + oy.

In light of Proposition 2.1

(t—a:*)JSOJ, (t—w*)I:OI
hi = (e, L;}tr) >0, Viel,

with e; the unit vector in JR/! hence transforming the variables yields using (3.4) and
(3.5)

P{X >t} = / p(xz)dx

>t
= / o(x + z*)dx
r>t—a*
exp(—a 2 _
= W/Qlé% >(t-a*) /(0 il exp(—(z,z)/(2\) — (@1, 7 tr)de
zJ —x*)g ,00

- %{%L >(t-z*) exp(—(xs, x7)/(2Av))dz,

g /(0 1| exp(—(&r, 2r)/(2Av) — (a0, 7/ tr))daey
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_exp(—a; /2 /
CmY2Z T Jy s tmamys e

X H/Oo exp(—s2/2 — \/Avhis)ds

i€l

exp(—(:l:J, iL‘_])/2)d$J

exp(—as/2) [Le; ROWAR) [ a2 *
- CREEDTE (W [T P(x> - xiwm) .

Next, using now (3.3) and the fact that the square matrix By is positive definite

(3.4) = (xj,(Bys — Bj1Bj} Brs)zs) + (zr + By} Bryzg, Bri(zr + By} Bryzy))
+ 2(xr, S tr) + o
= (:BJ, 2;}:1:]} -+ (:BI -+ Bl_llB[JwJ,B[](l'] + Bl—llBIJmJ)) -+ 2(:131, Zl_lltj) + oy
(3.6) > (x;,S75as) + 2{zr, 517 tr) + oy

Proceeding similarly we may write

exp(—ay/2)
@m)Y2HEIV2 Jo s (t-a),s

exp(—o¢/2) -1 =
= exp(—(xzy, X7 ;25)/2)dxy exp(—his)ds
(2m)d/2|z[1/2 zy>(t—z*); o zIel 0

- eXP(—at/2)Hiezh{1/ exp(= (21, 27;27)/2)
(27T)II|/2IZ|1/2|ZJJ|_1/2 2> (t—a*) s (27‘-),‘]'/2'2]]'1/2

f

P{X >t} /(O  EPe B 10) 2~ (ar, By ) dm

da:J,

hence the proof. O
Let us briefly consider the role of ¢o(t), ¢1(t), ca(t) for the upper bound above. Since

P{X;>(t-z)/VAN}>1/2 Vied

and recalling that h;, ¢ € I are positive we get applying (1.3)

1
0 < AY/29l11-1J] < et
v g hiv v + (h2Ay +4)1/2 = ()
1
< /\d/24|1| ,
= g 3hivAv + (R2Ay + 8)1/2

and since t —x* <0

P{X; >0 }Z0s|? ] ! < ea®) < IZ0a P [ 17
iel iel

holds. It is obvious that for h; close to 0, co(t), c2(t) become large, whereas ¢; (t) remains
unaffected, implying min(co(t), c1(t), ca(t)) = ¢1(t). On the other side, if h; — oo then
all three constants co(t), c1(t), c2(t) capture the speed of convergence to 0 of the tail
probability, see discussion in the next section. The merit of both co(t), ca(t) is that they
do not depend on the maximal eigenvalue of X.
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Let in the following h; = h; /v/bii and B the matrix B with main diagonal entries 0;
recall that also the minimal eigenvalue Ax of the correlation matrix ¥ is positive. Now
we formulate the result concerning the lower bound:

PROPOSITION 3.2. With the same conditions and notations as in Proposition 3.1
we have

(3.7) P{X>t} > %ﬁ;ig—ﬁ% max(cs(t), ca(t))
where
es(t) = [ [ RV AN T] P{X: > (t: — 27)/V/AN}
el ieJ
> [T R(av/ AN/ 2271 > 0,
i€l
. B _ R(h;) v4 P{X; > (t — v1)vVbis}
ca(t) := exp( (V,BV>/2)g NP g im
> exp(=(v,BV)/2 V[T AG) TT —=>0
with
/R - R, for iel,
| R( - e)WVED) LY, for ie .

PROOF. As in the proof of the previous proposition we assume for simplicity again
J # 0. In light of (3.4) and (3.5) we get

1
(x+ ", B(x+ z*)) < N (x, ) +2(a:1,2;11t1) +a, xeRY
A

thus analogously to the proof above

PUX > 1> et T RGN T] PG > (- 20/
el ied

Since further =} > t;, i € J the bound for ¢3(¢t) follows easily.
The other bound is obtained based on Jensen’s inequality following closely the proof
of Steck (1979). By (3.3) we have as in the proof of Proposition 3.1

P{X >t} = (—‘;’;52—72‘!’5/'—12)3 L . exp(=tz, Ba)/2 - (xr, S50 ) )de
exp(—ay/2)

COEEPRE
/ . exp(=(@, Ba)/2— (aVb,2Vb)/2 - (a1, T1 tr)de,
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with & = (b11,.-.,b4q)’, the main diagonal of the matrix B. Clearly by the positive
definiteness of B we have b > 0. Further h; are positive for all i € I implying R(h;) > 0.
Next, since

/ . _exp(—(zvb, 2Vb) /2 — (1, 1 t1))dz
:/ (t-a*) exp(—((@Vb)s, (@Vb)s)/2)dzs
< el l@ VB (V)2 (o S )

(@2 _
[T Pixi > (¢~ «)vou} [ R(R)

Hz =1 ” ied i€l
or)W1/22-11 -
> B2 [ &*) >0
H'L 1V i el

Jensen’s inequality implies

(2m) %252 exp(ae /2) P{X > t} = pE{exp(—(U, BU)/2)}
> prexp(—(E{U}, BE{U})/2),

with U = (Uy,...,Us) a random vector in IR with independent components and density
function
“Lexp(—(zVb, 2Vb)/2 — (zr, ST )1
by €Xp T y & (:1:1, II 1)) {zr>07,z;>(t—x*) s}

For ¢ € I partial integration yields
- o -— — —_
Vi R(hi) E{U;} = / sexp(—s>/2 — hys)ds = 1 — h;R(hi),
0
and for ¢ € J (recall P{X; > (t —z})} > 1/2,i € J)

Josanymmsexp(=5%/2)ds  exp(—by(t; — 27)%/2)
V2rP{X; > (t—at)Vbi}  V2rP{X; > (t — x})Vbu}
1

T R((t—a)Vha)

hence the proof is complete. O

Vbi B{U;} =

Remarks. a) In light of Proposition 2.1 if |J*| > 0 then t; = z} for all i € J* hence
P{X;>t,—x}=1/2, Vi=1/R(0)=2r/2.
Further
=

b) Clearly V; tends to oo if h; — oo for ¢ € I, making the term c¢4(¢) much smaller
than cs(t).



ON MULTIVARIATE GAUSSIAN TAILS 515

¢) For the asymptotic theory it is of great interest (cf. Bischoff et al. (2000, 2001)) to
investigate the rate of convergence to 0 of P{X > t} if one of the components ¢; — co.
Both upper and lower bounds derived above capture very well the rate of convergence
to 0 if all h; — 0o. We note that

P{X >t}
exp(—as/2) [[,e; R(R:)

is bounded away from 0 and co when ¢ ¢ (—o0, 0]%.

(3.8)

Next, we demonstrate the implications of the obtained upper and lower bounds by
two examples.

Ezxample 1. Let £,1 be two Gaussian random variables with mean zero and unit
standard deviation with correlation Corr{{,n} = p € (—1,1). Further fix threshold
t = t(by, ba) with constants by > by > 0, ¢ > 0. In view of (1.5) three cases have two be
dealt with separately.

i) Case p < by/by. Simple calculations show that [ = {1,2}, J = J* = 0 and

by — pb _ by — pby
1— p2 ) 2 1_ p2 »
M=1-—p, Ae=1+p, by =byp=(1-p")"",
ap = ((b1,b2), 57 (b1, b2)) = (b7 + b3 — 2pb1ba) /(1 — p*) > (b — b1)?/(1 = p?) > 0

where ¥ is the underlying correlation matrix of (£,7). Hence by the previous results we
obtain

IS=1-p% h=

(1 = p*)%/% exp(—t>(b2 + b3 — 2pb1ba) /(1 — p)/2)
27T(b1 - pr)(bQ - pbl)

P{£ > thy,n > thy} <

and
P{& > thy,n > the} > max(ry (b1, by)ry (bg,b1) max(1l — p, 1 + p), (1 — p?)
X (b, ba)ra(be, by)
x exp(p/(2(1 — p?))(ra(br, b2) + 3(b2,b1)))),
with
Tl(m7y) :R<(z_py)\/r]l_1a_xf(;—p,1+p))7 z,y eR

1-p? 1—p?

T — T —
ra{z,y) =R (—ﬂ> , o ra(z,y) =1 — p? [rz(av,y)‘1 - —@] , =T,y€R.

ii) Case p = by/b;. Solving the quadratic programming problem PB,(tby,tbs) We
obtain
I={1}, J=J"={2}, Ziu=1 oa =t hy =th.

Since p > 0 we get further

/\/\Zl—p, )\\/:1+p



516 ENKELEJD HASHORVA AND JURG HUSLER

So we have

P{¢>th n>tb2}<Mmin(\/1‘P2 (14 p)R(thivT+p) 1 )

V27 (1 = p?) thy 2 ' 2th,
P{£ > thy,n > tbg}

S ep(-t*8/2) ((1 — PRt V(1 —p) (1= p?)R(th V1 - p?)
= Ve ) 2 | 2

x exp(p/(2v/1 — p?)

x [V27/2 + 1/R(thy /1 — p?) — thy4/1 — p2])).

iii) Case p € (ba/b1,1). The only difference with the previous case is that J* = §.
It can be easily seen that x* = t(b1, pb1), and further ay,hy,I,J are the same as in
the previous case. To obtain an explicit expression for the upper and lower bounds
instead of 1/2 corresponding to P{X; > 0} we should put now in the above inequalities
P{X; > t(by — pb1)} > 1/2 if t > 0. Observe that in the above example we have
0 < co(t) < co(t) for t large.

Example 2. Proposition 4.2 of Raab (1999) estimate the tail probability of Gaus-
sian random vectors needed for a compound Poisson approximation problem related
to m-dependent stationary Gaussian random sequences. Our example gives a stronger
result: let £,, n > 1 be such that

t, = 1b, + 0(1) /by,

with b, defined as the solution of b, = ny(b,) where ¢ denotes the standard normal
density function and o(1) a sequence of vectors in JR® vanishing to 0 as n — oco. It is
well known (see e.g. Reiss (1989) or Falk et al. (1994)) that we may define for large n

In(4m Inn)
bp :=vV2lnn — ——=—=.
" 2v2Inn

Further it follows I, = I for n large and oy, = b2(17,%7;'11) 4 o(1) as n — oo, hence
we obtain by the previous results

P{X >1bn +0(U)/bn} g o for no oo
b exp(—b2 (11, 57 2) |

0< K, <

with K1, Ky two constants depending on ¥ but not on n.
4. Asymptotic results

Let {X,,n > 1} be a sequence of d-dimensional standard Gaussian random vectors
with positive definite correlation matrix £,,. In this short section we treat the asymptotic
behaviour of P{X,, > t,}, with ¢, so that at least one of its components tends to co.
Again we rely on Proposition 2.1 considering now the quadratic programming problem
(Pg, t.), with B,, the inverse matrix of £,, and let ag,, In, Jn, J, ; as in the afore-
mentioned proposition. In the following we use a simplified notation; for example we



ON MULTIVARIATE GAUSSIAN TAILS 517

write t,, 7, instead of ()7, and similarly for other cases. It does not lead to ambiguous
interpretations. We may state now the main result of this section.

THEOREM 4.1. Under the above setup suppose that for all large n we have I, =1
and

(4.1) lim (t, —z;);=1t;, and Viel: nlir&(ei, E;’lutn,l) = o00.

n—oo
Suppose further that the sequence of matrices B,,n € IN, is bounded for all n and

(42) lim Bn,JJ = BJJ’ nll-rnolo E;iIJ = Z;}’

n—oo
with By, Y55 positive definite matrices. Then as n — 00

(14 o(1)) exp(—a, /2)P{ Xy 7 > t; | X1 =01}
(27T)II|/2|En,II|1/2 HieI<6i>E;,111tn,l)

(4.3) P{X, > t,} =

with t3 < 0y and

oy, = min{x, B,z) > 00, n — 0.
z>t,

PrOOF. Assume in the following w.l.o.g. that I, = I holds for all n € IN. Define
&, for given = by (Z,); := (e, E;’lnth)_lxi, i € I and (&,); := z;. Using (3.4) we get

P+ 27) = e D exp(— (i, B2 (211},

and changing the variables yields (recall (e;, E_’II stag) >0foralliel)

n

. -1 1 exp(_atn/Q)
P{X, > t,} = (iGHI(euZn’[Itn,I> ) ij

with
T ::/ exp(— (&, Buin)/2 — (%, 11))dz.
>t —T)
Since B, is bounded and by (4.1) and (4.2), for every x
Jim (2, Bp&,) = (x;, Byszs) >0

and similarly to (3.6) by condition (4.2)

exp(—(&n, Brn)/2 — (2, 11)) < exp(—(zs, 5% ,27)/2) — exp(—(xs,T;)2s)/2)
for n — oo. Applying Lebesgue dominated convergence theorem (cf. Theorem 1.21 in

Kallenberg (1997)) implies

n—00

lim ._7n = / exp(—(:EJ,BJJ:I:J)/Q)d:BJ,
Ty >t}
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hence as n — oo using (4.2)

d:lZJ

_ 171/ ~1/ exp(—(zs,Bssxs)/2)
‘7" - (1+0(1))(2ﬂ.) 2‘BJJl 2v/1112t; (27T)IJ|/2IBJJ’“1/2

= (1 + 0(1))(2%)'J’/2|Bn’ﬁ]][—1/2P{Xny.] > t; , Xn,l = 0[}
= (1 +0(1))(27")“'/2'2%11'_1/212nl1/2P{Xn,J > t} l Xn,l = OI},

and the fact that
IEnl = |2n,11”2n,JJ - En,le;lnzn,IJl = ’En,II”B;j]J|> 0
completes the proof. O

Remarks. a) In the above theorem for J* not empty we have tj. = 0, and
t5\ e €[00, 0] /AL,
b) For the term in the asymptotic result above we may write further for n > 2

exp(~as,/2)  _ exp(—{tn1, Zp 1 tn1)/2)
CrI2E, 1172~ oIS, 172

= w1(ar) = i1(tr),
with ¢y the density function of X, ;.
Simple thresholds are treated in the next corollary.

COROLLARY 4.1. Let X be a standard Gaussian random vector onIR®, d > 2, with

correlation matriz ¥ and t, = tye, tn > 0, ¢ € (—00,0]%. Then as n —

(14 o(1)) exp(=t2(er, S5/ e1)/2) P{X s> > 04- | X; = 0}

(4.4) P{X > t,} =
@m)1V2| 1 1260 Ty b

holds as n — oo, with I, J* h; := (e, ZI_II cr) > 0, i € I defined with respect to solution
of quadratic programming problem Pp ..

ProoF. LetI,, J; and I, J* be the index set related to the quadratic programming
problems Pg ;. and Pp . respectively. It follows that I,, = I, J: = J* and the unique
solution of Pg s, is £* = t,¢* with ¢* the unique solution of Pg .. Further for all ¢ € I
we have as n — 00

(€:, 577 tn,1) = ta{e:, 77 €1) — 0.

Next, by Proposition 2.1
C}* = cJj~, c}\J* > CJ\J*

(whenever the index sets above are not empty), hence as n — oo
T, g =talC— € )ng = (-00,...,~00), and x ;. =0y

Since for all n € IV
ay, =t (c;, T e*) = taer, Tifer) > 0

the proof follows immediately from the previous theorem. O
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Finally, we discuss a particular situation, where the asymptotic expression does not
depend on the solution of the quadratic programming problem (Ppg, ¢, ).
Consider X,, as above and threshold

(4.5) t, = anx +b,1, x €IRY,
with a,, b, positive constants. Assuming that

2B, =al2' - 571 n— oo,
with ¥, some positive definite matrix, and for alli =1,...,d

lim apb,(e;, B,1) = h;
n—od
we get

4 exp(—(tn, Bntn)/2
P{X, >t} = = e}(cgi)d%r[lgnp/zw )/y>m exp(—ap(y, Bny)/2 — anbn(y, Ba1))dy

(1 +o0(1))al exp(—(tn, Bnta)/2)
B @m)¥2[5, /2

d
X / €xp (_<y)zgly>/2_zhzyz>dy7
y>z

=1

which leads to another proof of Theorem 2 of Hiisler and Reiss (1989).
5. Comments and examples

The asymptotic results obtained in the previous section open the way for treatment
of more difficult situations when Gaussian random processes are involved. These ideas
are successfully developed in Bischoff et al. (2000, 2001).

Our results are of certain important for the extreme value theory and rare events
for Gaussian triangular arrays. In extreme value theory usually threshold of the form
a,x + b, are considered.

Our last comment is in connection with the speed of convergence in (4.3). Clearly
when a;, goes to infinity, the speed of convergence to 0 is exponential fast. Now if
h; = (ei,E;’lutn,I) — oo then at least for one i we have t,; — oco. It is easy to see
(splitting the scalar product as in (3.5)) that

2

at, = min{z, Byz) > A7 max t2,,
Tt i=1,.,d

with A;! the maximal eigenvalue of B;;'. So under conditions of the Theorem 4.1 the
speed of convergence is exponentially fast since

lim o, = o0

n—oo
follows easily by the above arguments.

It is clear that there is an intrinsic relation between the asymptotic behaviour of

the components of ¢, and the index set I,,. If one of the components say for instance
the first dominates all the others, i.e.

lim tni/tnl = O,
n— oo
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with t,; — oo, it follows that I, = {1} for all n large, so a;, = t2; + o(1) and h; =
tn1, hence the contribution of the other components is negligible for the asymptotic
expansion.

Finally we consider three examples illustrating the results for the asymptotic anal-

ysis.

Ezxample 3. Let (§&1,m),-..,(&n,Mn) iid random vectors with standard Gaussian
random components. Assume that

Corr{&k,mk}=px — p € (-1,1), k— o0

and take ¢, = t,(b1,b2) as in Example 1. By the above results if p < min(b;/be, ba/b1),
we have as n — oo

1 - p?)32 exp(~t2a/2
P{én > tnblvnn > tnb2} = (1 + 0(1))§7r(b1p_) pbz)(bz(— pblth)

with
a = [b} — 2pb1ba + b3]/(1 — p°).

If pn, = by /by for all n large, we get J, = J;; = {2}, hence in view of Theorem 4.1

exp(—tab1/2)
2t,b1V2r

It is easy to see that if limsup,,_,, pn > b2/by > 0 we get J, = {2}, |J%| = 0, thus we
obtain by the same theorem

P{&, > tabi,nn > thba} = (1 4 0(1))

exp(—t7b3)

tnbl A% 27 ’

Note that in both last cases the asymptotic does not depend on p,,.
Alternatively, since

P{&, > tpybr,mn > taba} = (1 4 0(1)) n — 00.

P{gn > tnb1777n > tnb2}
- \/%/0 @(x + bitn) (1 — B(([b2 — pubiltn — zpn)/V/1 — p2))dz

Watson Lemma establishes the asymptotics if p, = p, n € IN, which is also given in
Lemma 2.1 of Elnaggar and Mukherjea (1999). For the case p = by/b; the asymptotic
expression is obtained therein up to some constant.

Ezample 4. Let us consider the case ¥, € IR¥*¢, d > 2, is permutation symmetric,
le.

(5.1) Sy = (1 — pn)Ta + pall’,
with —1/(d—1) < p, < 1, n € IN and Z; the identity matrix. The inverse matrix is then

1 Pn
= Ty— 1
1=pn ¢ (L= p)A + (A= Dpn)

B, 1,
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hence as n —

1 1

i,Bnl = >
e ) 1+ (d—Dpn 1+ (d-1p

0,

iff
lim pn = p € (~1/(d—1),1].
n—o0
In order to make sure that the inverse matrix B,, remains bounded for all n large (required

in Theorem 4.1) we need to exclude p = 1.
If t, = (14 o(1))t,1 then |I,,| = d, hence we have

(5.2) P{X, > ta} = p(ta)[(1 + (d - 1)p)/ta]%, as n— oo,

which reduces for p = 0 to Lemma D in Shao and Santosh (1999), whereas for ¢, =
b, + o(1/b,) and b, as in Example 2 the above results is stronger than the claim of
Proposition 4.2 of Raab (1999) dealing only with the case d = 3.

Ezample 5. Consider now the correlation matrix similar to the example of Gnedin
(1998)

1 pn pn L 1 —Pn —Pn
Yn=\|pn 1 0 ’ B, = 1_ 2P2 —pn 1- p?z p?z
pn 0 1 "\-pn Ph 1-p%

so that

Jim pp, =pe (~1/v2,1/V2).

Take threshold ¢, = t,(1,1,1)" with lim,, . t, = oo. The interesting cases when our
results can be applied are p, = 1/2 for large n or limsup,_, ., pn € (1/2,1/V/2), since
the first row of the matrix B, sums to some nonpositive constant, implying that (1.4)
does not hold.

It is easily seen that J, = {1} and ¥;; is the identity matrix in JR?. In the first case
Jy = Jn hence

P{X, >t,(1,1,1)} = (1 + o(1)) exp(—t2/2) /(4nt2), as n— o0
and for the second case

P{X,>t,(1,1,1)} = (1 + o(1)) exp(—t2/2) /(2nt2), as n — oo,
since we have further J} = 0.
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