Ann. Inst. Statist. Math.
Vol. 55, No. 2, 331-357 (2003)
(©2003 The Institute of Statistical Mathematics

BOOTSTRAP FOR THE CONDITIONAL DISTRIBUTION FUNCTION
WITH TRUNCATED AND CENSORED DATA

M. C. IGLESIAS PEREZ! AND W. GONZALEZ MANTEIGA?

! Departamento de Estadistica e Investigacién Operativa, Escuela Universitaria de Ingenieria Técnica
Forestal, Universidad de Vigo, Campus de Pontevedra, Pontevedra 36005, Spain
2 Departamento de Estadistica e Investigacion Operative, Facultad de Matemdticas, Universidad de
Santiago de Compostela, Campus Sur, Santiago de Compostela 15706, Spain

(Received August 6, 2001; revised April 8, 2002)

Abstract. We propose a resampling method for left truncated and right censored
data with covariables to obtain a bootstrap version of the conditional distribution
function estimator. We derive an almost sure representation for this bootstrapped
estimator and, as a consequence, the consistency of the bootstrap is obtained. This
bootstrap approximation represents an alternative to the normal asymptotic distri-
bution and avoids the estimation of the complicated mean and variance parameters
of the latter.
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1. Introduction

In this paper we study lifetime data with covariables which are subject to both left
truncation and right censorship. Let (X,Y,T,S) be a random vector, where Y is the
lifetime, T is the random left truncation time, S denotes the random right censoring
time and X is a covariable related with Y. It is assumed that Y, T, .S are conditionally
independent at X = z and a(z) = P(T' < Z | X = z) > 0, where Z = min{Y,S}. In
this model, one observes (X, Z,T,6) if Z > T, where § = 1{y<s}. When Z < T nothing
is observed. (We will refer to this model as LTRC model.)

Let (X;, Z;,T;,6;), for i = 1,2,... ,n, be an i.i.d. random sample from (X, Z, T, §)
which one observes (then T; < Z;, for all ). If F(y | ) = P(Y <y | X = z) denotes
the conditional distribution function of ¥ when X = z, a nonparametric estimator of
F(- | z), called generalized product-limit estimator (GPLE), Fj,(- | z), is defined in
Iglesias Pérez and Gonzélez Manteiga (1999), as follows:

n

(L1) Bayla)=1-]] |1 -

i=1

1{2:<y}0iBri(z)
Y1 Yry<z.<2,1 Brj()

where {Bp(z)}, is a sequence of nonparametric weights (specifically, Nadaraya and
Watson weights) and h = h,, is the bandwidth parameter. Moreover, some important
properties about this estimator are provided: an almost sure asymptotic representation
of Fi,(- | ), the asymptotic normality of (nh)}/2(Fy(y | ) — F(y | z)) and the weak
convergence of the corresponding process.
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Note that the GPLE reduces to a GPLE with left truncation (see LaValley and
Akritas (1994)) when there is no right censoring (§ = 1,Z = Y) and to a GPLE with
right censorship when there is no left truncation (7" = 0). The GPLE with censored
data has been further studied by Beran (1981), Dabrowska (1989), Gonzilez-Manteiga
and Cadarso-Sudrez (1994), Akritas (1994) or Van Keilegom and Veraverbeke (1997),
among others. These latter authors, in addition with other results, define a bootstrap
procedure for approximating the distribution of (nh)}/2(Fy(y | ) — F(y | z)) and show
the validity of their proposed bootstrap procedure.

The aim of this paper is to study a bootstrap method for left truncated and right
censored data (LTRC data) with covariables to obtain a bootstrapped estimator of the
conditional distribution function.

Bootstrap methods for LTRC data without covariables have been studied by Wang
(1991), Bilker and Wang (1997) and Gross and Lai (1996). Wang generalizes Efron’s
“obvious” bootstrap method for RC (Efron (1981)) to LTRC data under certain assump-
tions about the identifiability of F' (the distribution function of ¥) and assuming that
the variables Y and (7,S) are independent, S > T and D = S — T is independent
of T. Her “obvious” method starts by estimating the unknown distribution functions
of Y, T and D, denoted by F, L and @, respectively, through the corresponding non
parametric maximum likelihood estimators (NPMLE) F, L and Q Immediately after,
it generates independent random variables: Y;* from F, T} from L and D} from Q and
defines Z; = min{Y;*, S’} where S} = D} + T and §; = = lzr=yy}- The observation
(T, Z; 6*) is retained if and only if T} < Z¥, so the bootstrap sample consists of n

177

random vectors (Ty, Z1,67),...,(Tx, Z,’;,(S;) with T} < Z;. The validity of this “obvi-
ous” bootstrap method is proved by Bilker and Wang (1997). These authors also point
out that the previous “obvious” method is not equivalent to the “simple” bootstrap for
LTRC data, again using Efron’s (1981) term, which places equal weight, 1/n, at each
of the observed triplets {(T}, Z;, 6;)}?_,. Gross and Lai (1996) define the “simple” boot-
strap for LTRC data in a model with covariables, so that, the bootstrap sample consists
of n random vectors (X7, Ty, Z7,61), ... , (X, T, Z},65) obtained by sampling with re-
placement and placing equal mass at each of the observed vectors {(X,,T;, Z;,6:)}*,
They develop an asymptotic theory of the simple bootstrap method for this extended
model, showing that the simple bootstrap approximations to the sampling distributions
of various statistics from these data are accurate to the order of Op(n~!). It is worth
pointing out that between the mentioned statistics the only that have covariables is an
estimator of the parameter 3, where (3 is the minimizer of E{p(Y — 87X M{a<y<py} in
some region D, where [a, b] is an appropriate interval and p is a convex and differentiable
real function.

In Section 3 we propose a “conditional obvious” bootstrap method for LTRC data
with covariables in which the conditional independence of Y, T, S given X = =z is
assumed. This new assumption is a bit more stringent than that adopted by Wang in
one-sample case but is more convenient for the development of theory and methods (see
also Remark 1 in Section 3).

2. Notation and assumptions

To define and study our bootstrap procedure, which is done in Sections 3 and 4, we
need to introduce some notation and assumptions. The following curves are defined:
(i) M(z) = P(X < z), represents the distribution function of X.
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(i) Gy | z) = P(S <y | X = z), is the conditional distribution function of S at
X =z

(i) L(y | z) = P(T <y | X = x), is the conditional distribution function of T' at
X =z

(iv) Hly | z) = P(Z < y | X = x), is the conditional distribution function of Z at
X =z

(v) Hi(y | z) = P(Z < y,6 = 1| X = ), is the conditional subdistribution
function (when Z =Y) of Z at X = z.

(vi) The conditional cumulative hazard rate function of Y at X = x, which is

(2.1) Mylo = [ S
This function can be written as
y #
(22) Myl = [ RS

where C(y | z) = P(T <y < Z | X = z,T < Z), (see equation (5) in Iglesias Pérez
and Gonzilez Manteiga (1999)). The relations given in (2.1) and (2.2) are crucial in the
definition of the GPLE (1.1) as was shown in the above mentioned paper.

(vii) Remember F(y | z) = P(Y <y | X = z), the conditional distribution function
of Y when X = z, and

(vili) a(z) = P(T < Z | X = z), the conditional probability of absence of truncation
at X =uz.

Moreover, for any distribution function W(t) = P(n < t), we denote the left and
right support endpoints by aw = inf{¢t / W (¢) > 0} and by = inf{t / W(t) = 1}, respec-
tively. Specifically, we will use the notation: ar(.|s), @x(jz), bL(|z) and by(.|z) for the
support endpoints of functions L(y | z) and H(y | z), considering L and H as functions
of the variable y for a fixed x value.

Finally, for a distribution function W, we define W#(t) = P(n < t | T < Z). Then
we will consider: M#(z) = P(X <z |T<Z),L¥(y|z)=P(T<y|X =zT< Z),
H¥(y|z)=P(Z<y|X=z,T<Z)and Hf(y |2) =P(Z<y,6=1|X =2,T <
Z). We also define the function HY (y | z) = H#(y | z) — H (y | 2).

To formulate our results, we will use some of the hypotheses listed below:

o The model assumptions:

(H1) X,Y, T and S are absolutely continuous random variables.

(H2) a) The variable X takes values in an interval I = [z;,z3] contained in the
support of m# (density of M# (see Remark 1 in Iglesias Pérez and Gonzélez Manteiga
(1999))), such that

0<vy=inffm*(z):z € L] <supm#*(z):z € I.] =T < o0

for some I, = [z7 —€,22 + €] withe > 0 and 0 < e’ < 1.
And for all z € I, ther.v. Y, T, S are conditionally independent at X = z.
b) Moreover, as regards the Y, T and S variables, we consider:
i) arie) < am(|e) brclz) < br(.|z), for all z € I.. (Compare with Woodroofe’s
results (Woodroofe (1985)) about identifiability of F' for truncated data without covari-
ables.)
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ii) The variable Y moves in an interval [a, b] such that inf[a~!(z)(1-H (b | z))L(a |
z):x € I.] > 6> 0 (note that, if ar(|z) <y < ba(|s) then C(y | z) = o (z)(1 - H(y |
z)) x L(y | £) > 0, therefore condition ii) say that C(y | z) > 6 > 0 in [a,b] x ).

(H3) a < ap(|z) and byr(.iz) < by(|s), for all z € L.

(H4) The corresponding (improper) densities of the distribution (subdistribution)
functions L({y), H(y) and H;(y) are bounded away from 0 in {a, b].

e The smoothness hypotheses:

(H5) The first derivatives with respect to = of functions m(z) and «(z) exist and are
continuous in x € I, and the first derivatives with respect to z of functions L(y | z),
H(y | z) and H;(y | z) exist and are continuous and bounded in (y,z) € [0,00) x I,.

(H6) The second derivatives with respect to z of functions m(z) and a(zx) exist and
are continuous in x € I, and the second derivatives with respect to z of functions L(y | ),
H(y|z) and Hi(y | z) exist and are continuous and bounded in (y,z) € [0,00) x I,.

(H7) The first derivatives with respect to y of functions L(y | z), H(y | z) and
H,(y | z) exist and are continuous in (y,z) € [a,b] X .

(H8) The second derivatives with respect to y of functions L(y | ), H(y | =) and
Hi(y | ) exist and are continuous in (y,z) € [a,b] x .

(H9) The derivatives first with respect to « and second with respect to y of functions
L(y | z), H(y | ) and Hy(y | ) exist and are continuous in (y,z) € {a,b] x I.

(H10) The third derivatives with respect to z of functions m(z) and a(z) exist and
are continuous in € I, and the third derivatives with respect to z of functions L(y | z),
H(y| z) and H;(y | z) exist and are continuous and bounded in (y, z) € [0,00) x I,.

(H11) The fourth derivatives with respect to x of functions m(z) and a(x) exist and
are continuous in z € I, and the fourth derivatives with respect to z of functions L(y | z),
H(y| z) and H;(y | r) exist and are continuous and bounded in (y,z) € [0,00) x I.

e The kernel function assumptions:

(H12) The kernel function, K, is a symmetrical density vanishing outside (—1,1) and
the total variation of K is less than some A < +4o00.

(H13) The kernel function, K, is twice continuously differentiable and with bounded
first derivative.

e The bandwidth parameter hypothesis:

(H14) The bandwidth parameter h = (h,) verifies: h — 0, Inn/(nh) — 0 and

nh®/Inn = O(1).

Finally, we work with nonnegative variables as is usual in survival analysis.
3. The bootstrap procedure

In this section we develop a bootstrap procedure for approximating the distribution
of the statistic (nh)/2[Fy,(y | =) — F(y | x)], which will be called conditional obvious
bootstrap method for LTRC data. In order to do so, we need to dispose of appropriate
estimators for the conditional distributions of T' and S. Hence, we discuss this question
previously.

We can consider the model with variables: X, Z and T, in which we observe
(X,Z2,T)if Z > T and if Z < T nothing is observed. This model is a truncation
model with covariables and, under the hypothesis H2, we have that:

1) Y, T, S are conditionally (mutually) independent at X = « (for all z € I;) which
implies that T and Z = min{Y, S} are conditionally independent at X = z.

2) ar(-|z) < QH(z), bL('Iz) < bH(-|m)a for all x € I.
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These two conditions are the identifiability conditions for the conditional distribu-
tions of T and Z at X = z, and the mentioned distributions are uniquely determined by
the following equalities (see Woodroofe (1985) for the unconditional case):

/y dH(t|z)  [YdH#(t]«z)

o 1-H(t|lz) Jo C(t|z)

and /+°° dL(t|z) /+°° dL#(t| z)
y  Ltlz) Ct|z)

Therefore, it is possible to define and study both GPLE of H(y | ), H(y | z), and of
L{y | z), Lp(y | z) (in the same way as Fj,(y | ) was derived). These estimators are

n

(3.1) ﬁh(ylx)=1—H[1—Z

i=1

1{z: <y} Bri(z)
i1 Yt <z.<2,) Bnj(2)

and
n

(3.2) Laylz) =]] [1 >

i=1

Lir,>y} Bhi(z)
1 Liry<ri<2;) Bhj(T)

?

respectively. As before, { Bpi(z)}?, is a sequence of nonparametric weights and h = h,
is the bandwidth parameter. Specifically, we use Nadaraya and Watson weights, which
are given by Bpi(z) = K(&5%4)/ Z?=1 K(””—_h&), i = 1,2,...,n, where K denotes a
kernel function.

Note that the GPL estimators given by (3.1) and (3.2) equals to PL estimators:of
the distributions functions of Z and T, respectively, studied by Woodroofe (1985) when
one is in absence of a covariables situation (By;(z) = 1/n, for all 7). Consistency of the
both PLE is proved in Woodroofe’s paper (1985), among other properties.

On the other hand, the hypothesis that ¥, T and S are conditionally (mutually)
independent given X = z, allows us to define the GPLE of G(y | z), Gr(y | =), by taking
into account that the variable S plays a similar role to Y but with an indicator variable
(1 —&;) instead of &; in the LTRC model (defined in p. 1). So, G1(y | z) is obtained by
substituting in formula (1.1) §; by (1 — é;), that is:

(3.3) Cnly |7) =1 ﬁ L Lz (1 = 8) Brile)

i=1 > ier Ymy<zi<z;3 Brj(@) |

The consistency of Gp,(y | x) is a consequence of the consistency of Fy(y | z) and the
relationship Ho(y | ) = H(y | *) — Hi(y | =). Moreover, note that: (1 — Grly |
z)) x (1= Fp(y | )) = (1 — Hp(y | x)), which is the empirical version of the equality:
(-Gl m)( - Fly | ) = (1 - H(y) 2)).

A very interesting property of all GPLE’s is the fact that the jumps of these functions
are easy to be calculated (see p. 218 in Iglesias Pérez and Gonzdlez Manteiga (1999)).
Particularly, the jump of ﬁ‘h(y | £) at y = Z; is given by

1— Fu(Z;7 | 2)

(3-4) Bhi(x)b; onZ: | 2)
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where

(3.5) Crly | z) = Z Ly, <y<z,} Bri(x),

=1

the jump of Ly (y | z) at y = T} is given by

~

(3.6) Bhi(@%},

and the jump of Hy(y | z) at y = Z; is equal to

(3.7) Bhl(l‘)l—;}I—h(gz—’i)
Ch(Zi | x)

Remark 1. As can be read in Part 3.2 of Gross and Lai (1996), when the Y] are
subject to right censoring in addition to left truncation, difficulties in estimating the joint
censoring-truncation distribution increase substantially, although the distribution func-
tion of ¥ can be consistently estimated by the PLE under certain assumptions. Some
additional hypothesis will be necessary for consistent estimation of the mentioned joint
distribution. In that sense, we would like to emphasize that the assumption of condition-
ally independence between Y, T and S given X is crucial for consistent estimation of the
conditional joint censoring-truncation distribution in the present work. This assumption
generalizes the hypothesis of independence between Y, T and S when no covariables are
present (assumed by Zhou (1996), among other authors), and, of course, it is not the
only proposal to do that. Another one, for example, would be to generalize the model
proposed by Wang (1991) and Bilker and Wang (1997) in absence of covariables to a
conditional context with covariables.

In order to illustrate how our bootstrap method is based on consistent estimators,
we present a simple simulation study to show graphically the consistence of the PLE’s
of the distribution functions L, F' and G without covariables. The three mentioned dis-
-tributions are simulated independently from exponential distributions with means 0.1,
1 and 4, for L, F and G, respectively. (This produces a 11% of truncation and a 20%
of censorship.) The triplets (T,Y,S) were drawn independently until = of them satis-
fied the condition T < Z = min{Y,S}. In this way, censored and truncated samples
(Th, Z1,61),- .., (Tny Zn, 8,) of size n were obtained for n = 5, n = 50 and n = 500, and
PLE’s of L, F and G were calculated using these samples. Moreover, 1000 replications
of the three PLE’s were obtained for each n. Finally, we present the averages of the
replicated PLE’s (APLE’s) in Figs. 1, 2 and 3. Note the good performance of APLE’s
of L and F (that’s why n = 500 is not displayed because graphical differences are im-
perceptible) and the strong influence of censorship on S (80%) in the estimation of G.

We are now able to enumerate the conditional obvious bootstrap method for LTRC
data: Let {(X;,T;, Z;, 6;)}"_, be the observed sample,

1. For X;, independently obtain: Y* from ﬁ‘g(y | Xi), Sf from ég(y | X;) and
Ty from Ly(y | X;) where Fy(y | X)), G,y | X;) and Ly(y | X;) are the estimators
defined in (1.1), (3.3) and (3.2) respectively, but with a bandwidth sequence g = (g,)
(see Remark 2 below).
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Fig. 1. Average PLE’s of L. Fig. 2. Average PLE’s of F.
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Fig. 3. Average PLE’s of G.

Define Z7 = min{Y;*, S/} and &} = l{y.<g+). f T} < Z7 then keep the observation
(X, T, Z;,6F), otherwise discard due to truncation and repeat the process.

Continue until the bootstrap sample (X1,T7,Z7,6}),... ,(X,, T, Z%,8%) is com-
pleted.

2. Based on the bootstrap sample, obtain the bootstrap analogue of the GPLE of

F(y | z) in (1.1), which is given by:

n

(3.8) Eiylay=1-]] |1~

=1

L{z; <y} 8] Bhi(2)
251 Lry<zr<z;)y Bri(e) |

3. Approximating the distribution of (nh)!/ 2(fy(y | ) — F(y | z)] by the bootstrap
distribution of (nh)!/2[Fy(y | z) — F,(y | 7)].

Remark 2. The bandwidth sequence g = (g,), defined in the first step of the
resampling scheme, is typically asymptotically larger than h = (h,). This oversmoothing
in an initial pilot bandwidth aims to the bootstrap bias and the bootstrap variance are
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asymptotically good estimators for the bias and variance terms. Due to this, we consider
the following hypothesis:
5
(H15) g = (gn) verifies that g — 0 and Inn/(ng) — 0. Moreover g/h — oo, L — o0

and ]—ng;;'g’ = 0(1).

Remark 3. Note that the above defined conditional obvious bootstrap lets us ob-
tain the bootstrap version of different estimators for conditional functions of interest, in
addition to F(y | z). Some important estimators which will be used in the next section
are the kernel nonparametric estimators of the functions H¥(y | ) and C(y | ) with
bandwidth g, given by

(3.9) Hf (y| ) =) 1{z,<y6.=1)Byi(2)
=1
and n
(3.10) Coy | @) = 1{z<y<z.,) Byi(2)
i=1

respectively, and the corresponding estimators, with bandwidth A, made with the boot-
strap sample, defined as

(3.11) I:Iff:(y |z) = Z 1¢z: <y,5: =1} Bri()
i=1
and "
(3.12) Chly|7) =) Lirr<y<z:3Bri(®).
i=1

We will also use the following estimator of A(y | z) (see (2.2)):

v dAY dH{,(t | z) i 1{7,<y}6iBgi()
Cyltlz) X lTy<z.<2,1 B (@)

(3.13) Ag(y|z) =

and its bootstrap version with bandwidth h, given by

- VaAE (t|z) O 1(2: <y} 6} Bri(x)
1) Ajle)= [ D) s~ i
o Ci(t|z) — Y ie1 W<z <23y Brjla)

4. Main results and proofs

Firstly, we present the main results about this conditional obvious bootstrap method
for LTRC data: an almost sure representation, and, as a consequence, the uniform weak
consistency of the bootstrap.

THEOREM 4.1. (Bootstrap almost sure representation) Suppose that conditions
(H1)~(H9) and (H12)-(H15) hold. Then, for x € I and y € [a,b], it follows that:

a) Ai(yl2) - Ag(y | =)
By,

(m)g(Z:7];*76:7yax) - ZBgi(x)E(Zi) T;‘, 6iay,$) + RA:;(y I $)

1 i=1

I
M:

i
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where

liz<y 6=1 Lir<u<z
62,7 8y,0) = el [P ORSR gt o)

and

nn\%4
sup |RAL(y | )] = Op- ((ln—h) ) as. (P).

[a,b]xT

b) Epi(y|z)— Fy(y|=)

=m-w:Z%MTW&w)Z%@%nmm
=1
+ Ry(y | z)
where
Inn 3/4
sup |R}(y | )| = Op- (——) ws. (P).
[a,b]xT nh

THEOREM 4.2. (Uniform weak consistency) Under the assumptions of Theorem
4.1, (H10) and (H11), for z € I and y € [a,b], we have that

sup |P*[(nh)"/?(Ey(y | @) — Fyly | 2)) < ] - Pl(nh)!/2(Fu(y | ) - F(y | 2)) < ]|
converges to zero in probability.

Note that the symbol * after expectations, variances and probabilities means that
the corresponding statistical operators are conditioned on the observed sample
{(Xi’ Ti, Zi, 62)}:;1

It is interesting to point out that the bootstrap representation of 13‘,: (y | ) given
by Theorem 4.1 comes down to the bootstrap representation given by Van Keilegom
and Veraverbeke (1997) when there is no left truncation (T = 0), although these latter
authors work at fixed design context with Gasser Miiller type weights. Moreover, when
one is in an absence of covariables situation (Bp;(z) = 1/n, for all 7) and there is no left
truncation (T = 0) Theorem 4.1 b) comes down to the bootstrap representation obtained
by Lo and Singh (1986) for the bootstrap version of the Kaplan-Meier estimator.

In what follows, we present the proofs of the above mentioned theorems.

The first step is to establish the lemmas which are necessary to prove Theorem 4.1.
The proof scheme of this theorem is similar to the same one of Theorem 2 in Iglesias Pérez
and Gonzéalez Manteiga (1999). So, several results about uniform strong consistency (as
Theorem 1 in Iglesias Pérez and Gonzélez Manteiga (1999)) and about the almost sure
behavior of the modulus of continuity (as Lemma 6 in the latter mentioned paper)
have to be derived, but according to the present situation. Thus, in Lemmas 4.2 and
4.3 below, we deal with the uniform consistency of some estimators of the conditional
functions H¥ (y | z) and C(y | z): nonparametric estimators with bandwidth g given by



340 M. C. IGLESIAS PEREZ AND W. GONZALEZ MANTEIGA

(3.9) and (3.10) respectively (Lemma 4.2), and the corresponding bootstrap estimators
defined by (3.11) and (3.12) (Lemma 4.3). An analogous scheme, but as regards the
results about the modulus of continuity of the mentioned estimators, leads to Lemmas
4.4 and 4.5. Moreover, we establish the Lemma 4.1 previously because it is necessary in
Lemmas 4.3 and 4.5 to analyze the expectations of the bootstrap estimators I:Iﬁ* (y] )

and C’;(y | ), (see again (3.11) and (3.12)).

LEMMA 4.1. a) For the GPLE of L(y | ) with bandwidth g, defined according to
(3.2) and denoted as Ly(y | z), the jump at y = T, dLy(Ty | ), is equal to

By;(z)/(1 = Hy(T] | 2))
Y1 Bai(2)/(1 = Hy(T7 | )

If Byj(x) = 0 the latter quantity means 0.
b) For the GPLE of H(y | 1) wzth bandwidth g, defined according to (3.1) and
denoted as Hy(y | z), the jump at y = Z;, dH, o(Z; | x), is equal to

ng<z>/£g<?j 2)
S Bai(2)/Lo(Zi | 2)

If Byj(x) = O the latter quantity means 0.
c) Moreover, we have

! gz(-T) Byi(z)
(4.2) Z - H(T, ZL o(Zi | x)

i=1

(4.1)

PROOF. a) To prove that dL,(Tj | z) is given by (4.1), it is suffices to show, first,
that

(1 - Hy(T] | 2))dLy(T; | )
By;(z)

(denoted by s(T})) is a constant C’, for j = 1,...,n and, second, that this constant is
equal to

(4.3)

-1
n
(4.4) (Z —&’(#) :
To prove (4.3) we will see that the expression s(Tj) for an arbitrary j
(=1,...,n—1) and for the corresponding j + 1 are equal. Let’s consider the sample

{(X[i],T(i),Z[i],(s[i])}i":l where T1) £ T(o) < -+ < T(y) are the ordered T-values, X[,
Zj;) and 8}, denotes the concomitants associated with Tj;), and Byj(z) is the weight
corresponding to Xj;. For an arbitrary J between 1 and n — 1 it is easy to see, because

(3.6), that s(T(;) = (1 - H oI5 | z))L o(Ti) | 2)/Cy (T4) | x). It is also easy to show,
by using the definitions in (3.1), (3.2) and (3.5) but with bandwidth g, that

) B,i(z) Co(Tyy) | )
() = 5(T() (I—A ) { g
s Lnszllmﬂ) Co(Zi | z) } Cy(T(j41) | ) — Byl (2)
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thus, the proof of (4.3) finishes if we show that

_ Byi(z)
() 1 (1 C”g(Zilw)>

Ty2Zi<T(41)

Cyo(T() | 2)
Cy(T(j4+1) | ) — Bgpjyy)(z)

=1

In order to obtain this result, we analyze the set {Z; / T(;) < Z; < T(;41)}. Suppose that
this set contain k ordered elements denoted by (T(;) <)Z(m,] < Zim,y] < -+ < Zpmy(<

T(j+1))- Then, because the definition of C,(y | x), we have:

n
Cg(T(j) l Jj) = Z l{T(i)ST(j)SZ[i]}Bg[i](x)

t=1
Co(Zmy) | 2) = Cy(Tys) | )
Cg(Z[mz] l :E) = Cg(Z[m1] l 3:) - Bg[m;](z)

(4.6) :
CQ(Z[mk] | ‘7:) = CQ(Z[m(k—l)] ! :L‘) - By[m(kq)](x)
Co(Tij+1) | ) = ColZiny) | 2) — Byimy) (@) + Byljas

and these expressions lead to (4.5).

The result of C' = (4.4) is obtained taking into account that (4.3) leads to
21 ALg(Ty | 2) = C' 327 (Bgj(x)/1 — H'g(Tj_ | £)), an expression which is equiv-
alent to C' = (4.4).

b) Analogous to the proof of a). First, it is shown that the expression

Le(Z; | x)dH,(Z; | x)
ng(@

and, second, it is obtained that C" = Sr (Bgi(x)/Le(Zi | x)).

c) The equation (4.2) means that C' = C”, and this result can be demonstrated
(due to (4.3) and (4.7)) by proving that for certain indexes ¢, j in {1,2,... ,n} it verifies
that:

(4.7) is a constant C”, for j = 1,2,... ,n,

(1 Hy(T; | 2))dle(T; | 3)  Ly(Z; | x)dH,(Z: | 7)
ng(ﬂf) - Bgz(x) ’

This equality is straightforwardly proved for the pair (T(n), Z[n))-

Remark 4. Lemma 4.1 gives the jumps of the GPLE’s of L(y | ) and H(y | z) in
an alternative form to (3.6) and (3.7), respectively. In fact this lemma consists in the
empirical version of these theoretical relations:

dL#(y | z)

RN _ ity a),
1-H(y | z)

dL(y| =) = a(z), dH(y|z)="F T

(z)
and

L [dEPla) [ dI*(y|e)
(@) “/R o = hiHe [
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for parts a), b) and c), respectively.

LEMMA 4.2. Under the hypothesis (H1), (H2a), (H5), (H6), (H12), (H14) and
(H15), it follows that:

At # lnn 1/2

(48) s (] 2) - (ylw)l=0<(7l;l—) ) as. (P)
A Inn 1/2

(49) s Gy ]7) - Oy | )] =0 ((m) ) as. (P).

PRrOOF. It is easy to see that the assumptions in this lemma lead to the assump-
tions in Lemma 5 and Theorem 1 of Iglesias Pérez and Gonzélez Manteiga (1999) for

the estimators H f’; (y | =) and C,(y | ). So, applying these results we obtain the order
0((12_;)1/2) + O(g?) for (4.8) and (4.9). The latter order is a O((122)!/2) because the
rates of convergence about h and g (see (H15)).

LEMMA 4.3. Under the hypothesis (H1)-(H3), (H5)—-(H7) and (H12)-(H15), it fol-
lows that:

s g — 0. [ (In7 12
a) sup [HJ'(y|z) - H(y|z)|=0p 2 a.s. (P)

a,b]x1
N A Inn 1/2
b)  sup |Gi(y|7) - Cyly | 7)] = Op- (—) ws. (P).
a,blxI nh

PROOF. a) We study the expression |H7,"(y | ) — H f’; (y | z)| which can be upper-
bounded by:

(4.10) \H} (v | 2) — E*Hf (y | o))
(4.11) +E* B (y | 2) - HE (y | 2)|
(4.12) + 18 (y | 2) - HE (v | 2)).

To analyze (4.10) and (4.11) we will use that
(4.13) EH}(y|2) =) Bu@H{, | Xa),
i=1

result that is proved now. As E*H}*(y | z) = .7, Bhi(2) E*[1{z: <y ,6:=1}] We calcu-
late:

E*(lz; <y1=13) = ) Uzsy PP (%] = Zi, 67 = 1)
k=1

_ iz (O L <z 8Lg(Tj | X)) (1 — Go(Zx | X))dFy(Zk | Xi)
ZZ=1 E;:l 1{TjSZk}dLg(Tj | Xi)ng(Zk I Xi)

(4.14)
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By taking into account the jumps of £(- | X;) and H,y(- | X;) at y = Zj (see (3.4) and
(3.7) but with bandwidth g) and the fact of 1 — H,(- | X;) = (1 — Fy(- | X:))(1 — Gg(- |
X)), we can write that

Sry 1{Zk<y}ﬁ (Zk | X:)6kdHy(Z | X)

(4.14) =
Sonoy Lg(2Ze | Xi)dHy(Zx | X))

3

where, via Lemma 4.1, the above expression equals to I:I{‘g(y | X;). This proves (4.13).

Now we analyze the term (4.10). To study the sup,¢(,3(4-10) we use a idea of Lo
and Singh (1986). If we partition the interval [a,b] into ¢, ~ (1—7‘%)'1/ 2 subintervals
[y5,y541] with j = 1,... ,cq, where y; = a and y., 41 = b, we have that sup, ¢, (4.10)
is bounded above by

(4.15) max |HY (y; | ) — B* By (v; | =)

(4.16) + max |E*HE (yj41 | 2) — E*H} (y5 | )|

where we have taken into account that H ﬁf (y | ) and E*Hﬁ:(y | ) are nondecreas-
( n

ing functions. The term (4.15) is a Op-((22)Y/2) as. (P) by using that P(J; 4;) <
Y. P(A;) and by applying the Bernstem inequality (in a bootstrap context) to

Lizr<y, 8:=1} — ffﬁ(yj | Xi)|Bri(z). A further step is to prove that

nn 1/2
(4.17) sup Dj(z) = Op-~ ((1717) ) a.s. (P)

zel

where Dj(z) = (4.15). To do this, we use an idea of Cheng and Cheng (1987) which
consists in consider a set E, C I such that for all z € I, exists &, € E, which verifies
that |z — 2,] < ¢;/n? (cs is a constant) and there are at most n? + 1 such elements in
E,. So, it is easy to see that sup,c; Dj () is smaller than

(4.18) jmax D; (&,,) + sup max lﬁ#z*(yj | ) — E*ﬁﬁ*(yj | z)
Tn n zel 7
— B (y; | &n) + E*HE (45 | E0)l.

The first term above is Op»((22)1/2) a.s. (P) bearing in mind the analysis of (4.15) and
the inequality P(lJ; A;) < Y, P(A;). As to the second term, it can be written as

supmjax Z[th(x) th(ﬂ’?n)](l{zzgyj,s;:l} - flﬁ(y | X3))
i=1

nn\ /2
<supZ|Bh, — Bhi(@n)| = O ((171—:) ) a.s. (P),

weII 1

where the latter order is straightforwardly obtained by using the definition of the
Nadaraya—Watson weights and the following known results and assumptions:
sup, ¢ [l (z) — m#(z)| = O((22)1/2) as. (P), m*(z) > v > 0 for z € I, the first
derivative of the kernel function K is bounded and |z — Z,| < ¢f/n?. Thus, (4.17) has
been shown.
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As regards (4.16), we have that sup,.;(4.16) is bounded above by

n
(4.19) 2sup sup | > Bui(z)Hf (y | Xi) - H (v | z)
z€l y€la,b) io1
(4.20) +supmax \H (yjar | ©) = HY (y; | 2)]
T

where, as we show immediately, (4.19) = O((122)1/2) a.s. (P) and (4.20) = o((=z)1/2).
So, sup,c;(4.16) = O((22)1/2) as. (P) and this result together with (4.17) lead to

1/2
(4.21) sup (4.10) = Op- ((1::—:) ) a.s. (P).

[a,b] <1

The proof of (4.20) = O((122)1/2) follows from a Taylor expansion, the hypothesis
(H7) and the conditions about the partition on [a, b]. To study (4.19) we use the following
upper bound of it:

n
(4.22) 2sup sup | Bhi()[Hf,(y | Xi) — HY (y | X))
zel yelab] |57
n
(4.23) +2sup sup ZBhl(z)H#(y | X;) - Hf (y | z)|,
zel yelab] |35
where

Y Bu@)HF(y| %) - H*(y | 3)

i=1

-0 ((17‘:—;’)1/2> as. (P)

(the latter order is consequence of h — 0 and Lemma 4.2), and (4.23) = O((%22)1/2)
a.s. (P), since Lemma 5 in Iglesias Pérez and Gonzalez Manteiga (1999) can be applied,
lightly adapted, to the estimator 3 1, Bri(z)H¥ (y | X.).

The expression (4.11), because (4.13) and the order of (4.19), is such that

nn)/?
(4.24) sup (4.11):0((27) ) as. (P).

[a,b]x I

(4.22) < 2sup sup sup
z€l #€(z—h,x+h) y€la,b]

Finally, supy, 5, 7(4.12) = O((%22)!/2) a.s. (P), by using the Lemma 4.2. Combining
this result with (4.21) and (4.24) we conclude the proof of a).
b) We can write:

sup [Ci(y|2)~ Cyly @) < sup [LF*(y|z)— LE(y]|2)l
[a,b]xI [a,b] x T

+ sup Jﬁf*(ylx)—f?f(ylw)l,

[a,b)x I
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where ﬁ#*(y | 2) = 3 i1 {1 <3 Bri(z) and [Aﬁgéé (vl ) =211 Ln<yBeil2); ﬁ#*(y |
)=y, 1{z» <y} Bri(z) and I;Tf(y ) =37 Liz,<y} Boil).

The analysis of the latter two above supy, ;. terms is a copy, step by step, of the
proof of part a) in this lemma. Observe only that E*L¥*(y | z) = 31, Bhi(x)ﬁf(y |
X;) and E*ﬁ#*(y l2) =370, Bhi(x)flf(y | Xi).

LEMMA 4.4. Under the hypothesis (H1), (H2a), (H4)-(H9), (H12) and (H14)-
(H15), it follows that:

sup sup \Hf (t| z) - H (s | 2) — Hf (t| z) + H (s | z)|
zel {s,tela,b]/|s—t|<b,}

o((2)") en

sup sup |Co(t | 2) — Cy(s | m) — C(t | &) + C(s | )|
z€l {s,tcfa,b]|/|s—t|<bn}

o((5)") en

where b, = O((22)1/2).

ProOOF. Under the present assumptions it is possible to apply Lemma 6 in Iglesias
Pérez and Gonzélez Manteiga (1999) for W (t | ) = H¥(y | ) and obtain the order
O((’;‘L—:bn)lﬂ) + O(b2) + O(bng) a.s. (P) for the first expression above. The latter order

is a O((122)3/4) because: (l;'z—;‘bn)l/2 s (lny3/e = (%)1/2 — 0, and bng : (122)3/4 =

(B 214 = O(1) (see (H15)).
nng
The second sup, ¢y SUDP( 4eq,b)/|s—t|<b.} @DOVE can be upper-bounded by
sup sup ]ﬁf(tlx)—ﬁf(s|x)—L#(t|x)+L#(s|x)|
z€l {s,t€[a,b]/|s—t|<bn}
+ sup sup lﬁf(tI:z)—ﬁf(s[m)—H#(tlx)+H#(3|x)|

z€l {s,t€la,b])/|s—t|<bn}

which have order O((122)3/4) a.s. (P), arguing in the same way that before, but for
L#(y | z) and H#(y | ), respectively.

LEMMA 4.5. Under the hypothesis (H1)-(H9) and (H12)-(H15), it follows that:

sup sup |ﬁ#l*(t]w)—ﬂﬁ*(sIw)—ﬁﬁ(t|m)+ﬁﬁ(slx)|
zel {st€la,b]/|s—¢|<b.}

and

sip sup |Gh(t]9) = Cils | 2) — Cylt | 2) + Cols | 1),
z€l {s,tefa,b]/|s—t|<bn}

where by ~ (B2)1/2, are Op. ((122)3/4) a.s. (P).
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Proor. We study |H7*(t | 2) — A% (s | 2) - (t | z) + HE (s | z)|, which is
smaller than

(4.25)  |HE(t|2) - B (s|2) — B*HL (¢ | 2) + E*HE* (s | )]

(4.26) +|E*HE (t | z) — E*H1 (s | o) — HEL(t | ) + B (s ] ).
Arguing as in the proof of Lemma A.5 in Van Keilegom and Veraverbeke (1997) we

divide the interval [a,b] in subintervals I; with center ¢; and radio b,, such that ty = a,

tm = b and, if [s — t| < b, there is an interval I;, i = 1,2,... ,m — 1, with s,t € I,.

Each mterval I; is also divided in subintervals whose limits are called ¢;;, and such that
i =t +] =, with j = —a,,...,+a, and a, ~ (17‘:”) /4 Using these partitions

and the monotony of the estimators H7*(- | z) and E*H7*(- | z), we have that the
SUD{ s, tefa,b]/|s—t|<bn} (4-25) is bounded above by:

(427)  maxmax |Hf" (b | 2) = B (8 | @) = BT HY (tae | @) + B (8| 2)]
(4.28) + 2max max |E*HE (tijn | ) — EXHE" (t5 | ).

As regards (4.27), we have that (4.27) = max;max;|Y -, rijk) (@), where
Wi (@) = Bur(@)[U(zs <ti 601} — Lzz <ty isomty — A (tin | X0) + B (i | X0)).
In a bootstrap context, the variables W* k) (z) are i.i.d. and E* Wik (z) = 0. More-
over, it is not very difficult to see that: |W* (k) (z)| < 2max, Bir(z) = O(Z;) as.
(P) and 3=, Var® W} (2) = O((!2p)/2 L) as. (P). So, we can apply the Bernstein
inequality (in a bootstrap context) to the variables W* ik (@) (for any z € I). This
application (and the inequality P({J; Ai) < Y, P(A;)) leads to

Z k) ()| = Op» ((1121—:)3/4) a.s. (P).

A second step in this proof is to show that

nn)/*
(4.30) sup(4.27) = Op- ((ln_h) ) as. (P).

zel

(4.29) (4.27) = max max

To prove (4.30) we arguing as in the study of (4.17). Thus, we can write:
sup S1;(z) < Jmax S1; (25)
zel n€En

(4.31) +sup mgxmaXIth (tik | ) — B (85 | 2)
T

— E*H} (tac | @) + E*HY (35 | 7)

- H#:(tik I zn) + H#:(tij | iEn)

+ E*HE (tik | #a) — B*H] (85 | )|
where S1} () denotes (4.27) and the set E,, verifies the conditions of E,, as defined for
(4.18).
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The maxz, ek, S1}(2:) = Op-((22)3/4) as. (P), bearing in mind (4.29) and the

inequality P({J, Ai) < >, P(4A;).
On the other hand, we can write (4.31) as sup,c; max; max; x| > r;[Brr(z) —

Bhr(iﬁn)]A:(ijk)L where A:(ijk) = Nzr<tp =1} — Yzr<ts; 60=1} — ffﬁ(tik | X;) +
ﬁl#;(tij | X;). Then, an upper bound for (4.31) is

(it )= ) Y- e (252

r=1

B () dn(252)

r=1

1
Sup max max —p———
sl + 3k il (@) (&)

2
+ sup max max
zel ¢ ik i (z)

2

where it is easy to show that the second term is a O(=s5z) a.s. (P). The first term above
is smaller than

and it is not very difficult to obtain that the first factor above is O((M)l/ 2} as. (P)
and the second one is Op-((122)3/4) as. (P) (note that Brr(Zn) AT k) = Wiy (En))-
So we have finished the proof of (4.30).

Now, we study (4.28), which equals 2 max; max; | Y r_, Bhr(x)(ﬁf;(tijﬂ | Xr) —
ﬁf’; (tij | X»))|. Then, sup,;(4.28) can be upper-bounded by

" "
sup I h (zn) (x), Ama‘X max ma.x
zel mh (.’E)mh (:1; ) Zn€E, % i,k

r(i5k)

ZBhr ‘Z')(ng(tlj-i-l | Xr) — ng( ij | Xr)

2 sup max max
zel 1

— Hf (tij1 | X,) + HY (ti; | X))

S Bur o) (E (i1 | X,) ~ HE (1

r=1

+ 2 sup max max
zel 1

The first term of the latter expression is bounded by

2eup  sup swp (s |5) - B 3) - HE (s 8) + B (¢ 9))
z€l ze(x—h,z+h) {s,t€la,b]/|s—t|<b.}
which is O((122)3/4) a.s. (P) via Lemma 4.4. For the second one we have the upper bound
given by 28Up,c;SUPze(z_p z4h) MAX; MAX; |(H#(t¢j+1 | &) - H#(tij | #)}| which is
smaller than C(H? ") max; max; [t; j41—ti;| = O(( lnn)3/4). Therefore, we have obtained
that sup,;(4.28) = O((22)3/4) a:s. (P). Moreover, this result and (4.30) lead to

3/4
(4.32) sup sup (4.25) = Op- ((%:—) ) a.s. (P).

z€l {s,t€a,b]/|s—t|<bn}
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Secondly, we study the term given by (4.26). This term is bounded above by

(4.33) ZBm(x) FlX) - BE (s | X)) — HE (¢ | Xo) + HEE(
(4.34) + Z Bri(a)(Hf (t] Xi) — Hf (s | X2)) - HY (¢ | 2) + Hf (s | o)
i=1
(4.35) +|HF (t|2) - HY (s | 2) —~ B (¢ | 2) + A (s | 2)].
As regards SupP,c; SUP(, te(q,b]/|s—t|<bn} (4-33), one has the following upper bound:
sup  sup sup ik W(s]%) — flf;(t | &) — H (s | ) + HF (t | 7)),

z€l ge(z—h,x+h) {s,t€la,b]/|s—t|<b,}

which is a O(( In")3/ 4} a.s. (P) from the application of Lemma 4.4 on an certain interval
Ig1 /I C I, CI. We also have that Sup,; SUpy, seat)/|s—t|<bn} (4-35) = O((22)3/4)

(P), via Lemma 4.4. Finally, we obtain the same order for sup,c;-
sup{s7t€[a’b /ls—t|<b,}(4.34), since Lemma 6 in Iglesias Pérez and Gonzdlez Manteiga
(1999) can be applied, lightly adapted, to the estimator Wy (y | z) = >t Bhi (iL')Hi# (v |
X;) of the function W (y | ) = H¥ (y | x). The three latter results lead to

3/4
sup sup (4.26) =0 ((l;l—:) ) a.s. (P).

z€l {s,tela,b]/|s~t|<bn}

This expression, combined with (4.32), implies the first part of this lemma.

The proof of the second part of this lemma is analogous to the proof of the first
one, but taking into account the relationship between the functions C, H# and L#, and
also the relations between their non parametric estimators and their bootstrap versions,
respectively.

PROOF OF THEOREM 4.1. a) We analyze the difference A} (y | z) — Ay(y | z) (see
(3.13) and (3.14)), which can be written as

/y dH} (¢ | z) — dHE(t | z)
0

C(t | :1;)
(Y[ Cat]x) - Cylt] ) berl o
/0 ( C2(t| z) )dHl (t|z)+ R1+ R2+ R3

where

y 1 14 o) dETE (|
/0 < t|33 (t]m)) (dHy (¢ 2) — dH(t ] 2)),

y 1 e o) — a2
e ( Eytl» O ))(dﬂlh (t]2) - dffy (¢ | )
/y( tlx) (tlx))(dH#(t;x)_dgﬁ(t,x))
0

+/y(ch(t |z)—C, (| 7)) (02(21 5z 1A )dH#(t | z).

0 Ch(t | 2)Cy(t | )
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The two first terms in the above given expression are the dominant part of the
difference Aj(y | ) — Ag(y | ) and, with the notation of this theorem, can be written
as:

n n
> Bri(@)€(Z;,T7,87,y,7) — Y Byi(2)é(Zi, T, 61,9, ).
i=1

i=1

The other three terms are the error part, RA} (y | ) = R1 + R2 + R3, which has to be
bounded.

The expressions R1, R2 and the first summand in R3, denoted by R31, have a
similar form to the term R2,,(y | ) defined in the proof of Theorem 2 in Iglesias Pérez
and Gonzdlez Manteiga (1999) and, because Lemmas 4.2, 4.3, 4.4 and 4.5, the respective
least upper bounds in [a,b] x I can be studied as the sup(, pjx7 [R2na(y | Z)|. So, we

obtain a OP*(IS;J)S/ 4 as. (P) for all of them. For the second summand in R3, denoted

by R32, is not difficult to show that supj, ;. |R32| = Op- (1) a.s. (P), using Lemmas
4.2 and 4.3. Thus, one has that

[a,b] x I

3/4
(4.36) sup ]RA;(ylx)|:Op*<(l%lhﬁ) ) as. (P).

b) To analyze F} (y | ) — F,(y | ) we use the identity:
Fi(y|2) ~ Fyly| @) = (1= Fyly | 2))(1 — TR0 710 Fa i)

and a Taylor expansion of 1 — el(1=Fi (¥12)~ln(1-F, (¥l2)) which leads to (—A — leA?),
where A = In(1 — F(y | 2)) — In(1 — F,(y | z)) and 7, is between 0 and A.
Considering the discomposing for —A given by —A = [—In(1 — F(y | z)) — Ai(y |
)]+ ALy | 2) — Ay (y | 2)] + [Ag(y | ) +In(1 — ﬁq(y | z))] and using the representation
obtained in part a) of this theorem, we find that Fji(y | £) — Fy(y | =) is equal to

(1= F(y|2)|> Bri@)é(Z;, 17,6, 9,7) — > Bai(2)€(Z:, T, 6:,9,7) | + Ry | x)
i=1

i=1

where

437)  RBy(ylz) = (1-Fly|z))[-In(l - F(y | 2) - A;(y ] 2)]
+ (1= Fly | 2)[RAL(y | 2)] A
+ (A= F(y|z)[Ag(y | 2) +In(1 - Fo(y | 2))]

1
+(1 - F(y|z)) [—ieT"AQJ
~ 1
H= Ry lo) - Pyl (-4 gema?).
Now, we will study each term of Ry (y | ). For the first one, we have that

(4.38) Sup =01~ Fiy | 2) = Ay =) = Op- (n—lh) as. (P).
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This result is obtained in a similar way as

(4.39) sup [Ry(y | 2) +In(1 - Fyly | 2))| = O (n—lg) as. (P),

[a,b]x

which is shown in Theorem 2.2 of Iglesias Pérez and Gonzélez Manteiga (1999) (expres-
sion 3.22). The order for the second term is given by (4.36), and the order for the third
one is shown in (4.39).

The following step in this proof is to show that supj, 4« |4] = Op+ ((-22)1/2) ass.
(P). From part a) in this theorem, (4.36), (4.38) and (4.39) it follows that

(4.40) sup |A| = sup

[a,b]x I [a,b]x I

ZBh,(z)s(Z*,n*,éz‘,y, z)

— ZBgl(x)g(Z'“n’éh y’x)

i=1

+ Op- ((1%)3/4) +0 (;115) +Op. (;1’;) as. (P).

Moreover, Lemma 4.3 and the assumptions (H2) and (H3) show that

(4.41) Su . Zth(ﬂC)§ Z;,T},6,y,3) = Boi(2)4(Z:, T;, 61,9, )
a.blxt i=1
s /.u dE} (¢ | z) — dH(t | z)
a,b]xT C(t|z)

N CADEAGE Y

= Op= ((%?)1/2) as. (P).

Thus, (4.40) and (4.41) lead to

1/2
(4.42) sup |A| = Op» ((1;‘7:’) ) as. (P).

[a,b]x T

To find an upper bound for the fourth and fifth terms of R%(y | ) (see (4.37)) we
< 1Bl o 2

= 1-Fy(ylz) — 1-Fy(yl=)’
a.s. bounded for all (y,z) € [a,b] x I, because F(y | ) < 1 and

which is

use (4.42), and we also use the inequality given by e™

an\ /2
(4.43) sup IFg(yI:c)—F(y|x)l=O<<!17?> ) as. (P).

{a,b]xI

(This latter result is easily shown following the proof of Theorem 2.2 part c) in Iglesias
Pérez and Gonzdlez Manteiga (1999) and using the assumptions about the bandwidths
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h and g.) Hence, we have that the sup(, p)xs of the fourth and of the fifth terms are
Op+(22) as. (P).
Finally, we have proved that sup, s Ry, (y | 7) = Op-(('22)3/4) as. (P).

Immediately below, we introduce five lemmas which will be used in the proof
of Theorem 4.2. To be more specific, this theorem is immediate through Lemmas
4.6 and 4.10, because Lemma 4.6 gives the approximation between the distribution of
(nh)/2(Fy(y | ) — F(y | z)) and the normal distribution with parameters b(y | z) and

s(y | ) (defined in the mentioned lemma), and Lemma 4.10 establishes the approx1ma—
tion in probability between the bootstrap distribution of (nh)/2(Fy(y | z) — Fy(y | x))
and the same normal distribution. As regards Lemmas 4.7, 4.8 and 4.9, they are neces-
sary to prove Lemma 4.10.

LEMMA 4.6. Assume (H1)-(H9), (H12), (H14) and h = Cn~Y/5. Then, forz € I
and y € la,b], one has

sup [ Pl(k)/2(Pu(y | 2) - Fly | ) < 1) - (2L ) | o

where
by | z) = C¥(1 - Fly | z)) ( / z2K<z>dz) (@ (@)m# (z) + 28/ (x)m* (z)) /2m* (=)

with
(4.44) ®(u) = E¢(Z,T,6,y,2) | T < Z,X =

_ [YdHf(s|w) [V C(s|w) .4
= | “eaTs |, e,

2 12)= (- Py |2 ([ K000z ( A %—?) Jm#(a)

and ®x denotes the distribution function of a standard normal random variable.

Proor. It is a consequence of Corollary 3b) in Iglesias Pérez and Gonzalez Man-
teiga (1999).

LEMMA 4.7. Assume (H1)-(H9), (H12)-(H15) and h = Cn~Y/5. Then, forz € 1
and y € [a,b], one has

K(m)l/“‘u Fly| ) Z(Bm@)f(z*,n*,a:,y,z)

sup| P
teR
- Bgi(w)E(Zi,E,&,y,m))) < t}

-o (G| 2
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where

by (y | z) = (nh)/*(1 - F(y | )
: Z[th(x)E*(f(Z:,T:, 6:,:(/,1‘)) - Bgz(x)g(zn Tia(si, y’x)]

and
si2(y | ) =nh(1 - F(y | 2))* ) B}, (z) Var*(£(Z], T}, 67y, 7))
i=1

PrOOF. By applyiﬁg the Berry-Esséen inequality to the variables:

Vi = (nh)'?(1 = F(y | ©))Bui(@)[€(Z], T}, 67, y,7) — E*(€(2], T7, 8,9, 2))),
we obtain, for the sup;.g defined in the statement of this lemma the following upper
bound:

iz BR(@E (82, T3, 6}y, @) — B*(E(Z], T}, 87, y,2))°)

4.45
(4.45) (", B2, (2) Var €2, 17, 57,9,2))°)

where A denotes an universal constant.

The numerator in (4.45) is a O3}, B3.(z)) = O((nh)~2) a.s. (P) because the
bootstrap expectation enclosed therein is smaller than 4[E*(|£(Z},T7,67,y,)3) +
(E*|&(Z;,T7, 68, y,2))] and [¢(Z7,T7,6F,y, )| are uniformly bounded (by 2/62), for
(y,z) € [a,b] x I and for all i. The denommator in (4.45) is a O((nh)~3/2) a.8. (P)
as a consequence of Lemmas 4.8a) and 4.9 (below). Thus, (4.45) is a O( (1;;’;) oty ) =

O((nh)~1/?) as.

LEMMA 4.8. Assume (H1)-(H9), (H12)-(H15) and h = Cn~Y/5. Then, forxz € I
and y € [a,b], it follows:

an\ /2
2) s:‘f(ym—si(ylx):o((ln—h’—’) ) as. (P)

where
sty | z) = (nh)(1 - F(y | z)) Z B, (z) Var"X (2, T, 61,9, ).
b) Moreover, if (H10) and (H11) hold, then
by | z) — baly | 7) = Op((nhg*)'/?)
where
baly | 2) = (nh)'/2(1 = Fly | 2)) 3 Bui(2) B (¢(20, T, 81,9, ).

The symbol Y | X after expectations, variances and probabilities means that the cor-
responding statistical operators are conditioned on the observations (X1, Xa,...,Xy).
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PROOF. a) Note that s:2(y | ) — s2(y | 2) equals to

(4.46) nh(l-F(y|z)) ZBm )E*E (y, ) — Ve (y, 2)]

(4.47) +nh(l - F(y | z))* Z Bhi(@)[(EY X &i(y,2))* — (E*€; (y,2))?]
i=1
where we have used the notation: &f(y,z) for £(Z},T7,6},y,x2) and &(y,z) for

g(Zza :ri; 51', Y, CL')
For (4.46) we have, after straightforward calculations, that E*£2(y, z) = A} + B} —
2C7, where

o
AF = B (1{2,-*511,6;-*:1}) _ /y dHT, (u | Xi)
0

2z | v) C*u] 7)
_HE X)) v (1 (u] X))
=yl T CBare) Cwlo)

- ([ gt )

= 27(x) ’ chg(z‘u' I):ii)) ( / g _012{(90(7 L;Xi))dHf(v | z)) dHE (u | z)

—of Cyu | X.) (1- Hy(v| X)) #olz #(u
| T (/ Fwra) ))dHl( @),

=& [(1{;;,7*;)1}) ( / y lgga“fj)}m# (u | :r))}
s [ (i [ £555%) s

:/y Colu| Xi) ¥ (1— Hy(u| X:))dH] (2] X,)\ dH (u | z)
o \1-Hy(u|X;)Ju C(z | 2)Cy(z | Xi) C?(u | z)

and where &;1(X;) = fﬁg(z | X;)dH,(z | X;). Making a similar analysis, we obtain
that EYIX¢2(y,2) = A; + B; — 2C;, where
A — EYIX Lz,<y,8.=1} _ Y dH#(U | X;)
' C*(Z: | z) o C*ulz)

_HtwIx) , [ E@IX)
- C2(y | z) +2/0 C3(u | ) dC(u | z),

Y UTi<u<z} ?
B, = EYIX / (Ti<u<Z} ot
E (( ottt ) @)

o [° Clu| X;) Y(1-Hw]| X)) #(o | 1 # (4
[ e (L s el antla

and
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iz, <y6:= Y1, ;
_ pYlX {Zi<y,6:=1} {Ti<u<Zi} ,pp#t
G=F K C(Z; | z) ) ( o C*ulz) dHT (u | x))]

_ /( Clu| X;) / <1—H<v|xi>>dH#<v|Xi)>dH#<u|x>
0

H(u| X;) Clv| X;)C(v | z) C*u|z)

Consequently, we can write
(448)  (4.46) = O(1) ) Bri(z)[(A} — A;) + (Bf — Bi) +2(C; — C})]  as. (P).

When h — 0 and taking into account Lemma 4.2 and the fact of C(y | ) > 0 for
(y,z) € [a,b] x I, we can argue as in (4.22) to show

((}%) 1/2> a.s. (P).

A slightly more difficult than (4.49), because we need to add and substrate the convenient
terms, but in a similar way, we obtain the same order for supy, p, 1 | 21— Bhi(z)(B] —
B;)| and for supy, 47 | 2-i—; Bri(z)(Cf — Ci)|. To study these two latter supremums we
also have to use that, when h — 0:1— H(y | z) > 0 for (y,z) € [a,b] x I. and

(4.49) sup

[a,b]x I

EBM (2)(AF - A)| =

=1

nn\ >
sup  sup sup |Hy(y|%) - H(y|Z)| =0 ((%—h—) ) a.s. (P).

z€l ge(z—h,z+h) y€la,b)

(This result is similar to (4.43) in the particular case of absence of censorship.) All these
rates of a.s. convergence and (4.48) lead to

(4.50) (4.46) = O ( (12—:) 1/2) as. (P).

As regards (4.47), we have:

(447) =0(1) ) Bui(@)[(E¥ X &ily, z) — E*¢; (v, 2))(EY &y, 7) + E*¢; (9, )]

i=1
as. (P)
where EY|X¢,(y, 2) — E*¢f(y, z) is equal to
vdH (u| Xi) —dHE | Xs) (Y O(u| Xi) = Colu| Xi) 4
J Clo) | S ey et

and EYX¢,(y, z) + E*€; (y, x) are uniformly bounded, for (y, z) € [a,b] x I and for all 4.
Therefore

ZBh (x)(EY|X£1(y7 37) E*€1 (y, z))

=1

447y <O ( sup

[a,b] x I
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Finally, by using a reasoning as the same in (4.22) and taking into account Lemma 4.2
and the fact of C(y | z) > 0 for (y,z) € [a,b] x I, we arrive at (4.47) = O((122)1/2) as.
(P). This and (4.50) lead to s:2(y | z) — s2(y | ) = O((2R)1/?) as. (P).

b) We will use Theorem 3 in Hirdle and Marron (1991). To apply this result note
that

bu(y | 2) = (nh)'?(1 = F(y | 2)) BV @4 (z) — 2(2)]
and
by | 2) = (nh)'2(L = F(y | 2)) | D _ Bri(z)@g(X:) — &y(2)
i=1
where ®(u) is defined in (4.44) and &, (u) = Sor Bri(w)é(Zi, T;, 6;, y, x) denotes the
kernel estimator of ®(u) with bandwidth h. Furthermore, the hypotheses in this part of

the present lemma allows for the application of the mentioned result. Thus, we have the
convergence to 1 in probability of

EYX[(nh) 71 (1 — Fy | 2)) (b (y | 2) — ba(y | 2))%]

(4.51) [r4(C1n~1g=> + Cag?)]

where € = diV(z)([ K"(u)?du)/4m¥(z) and C, = di((m#*(z)®(z))’V -
(m*"(2)®(x))")?/16m#*(x)? with V(u) = Var(¢(Z,T,6,y,z) | T < Z,X = u) and
dg = [v?K (u)du.

Reasoning as in the proof of Cao Abad’s (1990) Theorem 3.18 (see also Cao Abad
(1991)), one can see that (4.51) leads to b%(y | ) — bu(y | ) = Op(nh®(Cin~'g~3 +
C2g*))'/2, which is Op((nh®g*)'/?) because the assumptions about k and g.

LEMMA 4.9. Assume (H1)-(H9), (H12), (H14)-(H15) and h = Cn~1/5. Then, for
z €l and y € [a,b], it follows that

a) bn(y|:c)—b(y|m):O((l;1_:)1/2>20(9%?7);_/_2_) a.s. (P)

nn \? nn)l/2
b) si(ylx)w?(ylm):O((W) ):O(Unz/)s ) a.s. (P).

PROOF. a) We can write

3 5 an\ /2
(4.52) bn(ylw)=bn(y|$)+0(bn(yl-’ﬂ) <%h—) ) a.s. (P)

where by(y | z) = (nh)"V2(1 — F(y | 2))m*~1(z) 0, K(=%)®(X;) and ®(u) is
defined in (4.44), because the properties about the estimator m#(z) of m#(x). More-
over, using standard calculations to obtain the bias of a kernel estimator with Nadaraya
Watson weights, we have Eb,(y | ) = b(y | ) + O(n~1/3), which implies

(4.53) bu(y | 2) = b(y | 2) + bu(y | 2) — Bbu(y | 2) + O(n~"/?).
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Finally, [b,(y | ) — Eb,(y | 2)| is O((13%)'/2) a.s. (P), using Bernstein inequality on
the variables Wy, — EW,,;, where W,; = 1 — F(y | w)(nh)‘l/zK("”;,;Xl)q)(Xi)/m#(:1:).
This, (4.52) and (4.53) lead to part a).

b) The proof parallels completely that of part a).

LEMMA 4.10. Assume (H1)-(H15) and h = Cn~/5. Then, forz € I and y €
[a,b], it follows that

£,0.

Pl | 2) - B ) <1 - o (S 2012)

s(y | z)

sup
teR
Proor. Due to Theorem 4.1 it suffices to prove that

P*

((nh)l/2(1 ~F(y|2)) Y (Bui(2)(Z], T}, 8} ,y,7)
i=1

sup
teR
- 91(37)5(ZuTu5uy,37))) S t:l

-or(Sats)

2,0

This convergence is obtained as a consequence of Lemmas 4.7, 4.8 and 4.9, applied jointly
with the triangular inequality and with the following bound (see Lemma 2.4 in Cao Abad
(1990) or Cao Abad (1991)): sup,cg [P~ (Z5£2) — ON(F522)| < |iton(t)lo(o102) 7 X

g2
o2 — 1| max(a1,09) + | ¢nlloo{(0102) " oz — a1 |(|p2| + o7 || max(oy, 02)) + 07 g —
1]}, where py, p2, 01 > 0, 02 > 0 are real numbers, ¢n is the density function of a
standard normal r.v. and, for any real function f, || fllc = sup, |f(z)].

Proor orF THEOREM 4.2. It is immediate through Lemmas 4.6 and 4.10.

Remark 5. Observe that we obtain weak instead of strong consistency in Theorem
4.2 due, only, to the influence of b},(y | ) — b, (y | x) Lo

If we had obtained a strong consistency result, instead of a weak consistency result,
Theorem 4.2 would generalize the strong consistency results of bootstrap method as
defined by Van Keilegom and Veraverbeke (1997) in case of absence of truncation, and
as defined by Lo and Singh (1986) in case of absence of truncation and covariables.
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