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A b s t r a c t .  Let {X~; t E Z} be a s t r ic t ly  s t a t iona ry  nonl inear  process  of the  form 
o~ W, Xt  = st  -F ~ r = l  rt,  where Wrt can be wr i t t en  as a function g r ( s t - 1 , . . . ,  s t - r - q ) ,  

{st; t C Z} is a sequence of independen t  and  identicMly d i s t r ibu ted  (i.i.d.) r a n d o m  
variables wi th  E l s l l  g < c~ for some ~/ > 0 and q > 0 is a fixed integer. Under  
cer ta in  mild  regular i ty  condit ions on g~ and {et } we then  show tha t  X1 has a densi ty  

function f and  t ha t  the  s t anda rd  kernel t ype  es t imator  fn (x )  based on a real izat ion 
{ X 1 , . . . , X , }  from {Xt} is, asymptot ica l ly ,  normal  and converges a.s. to  f ( x )  as 
n ----~ o o .  

Key words and phrases: Nonlinear  process, kernel  t ype  densi ty  es t imators ,  bilineax 
process,  centra l  l imit  theorem,  a lmos t  sure convergence. 

I .  Introduction 

Let X 1 , . . . ,  Xn be a set of identically distributed random variables (r.v.) with a 
common distribution function (d.f.) F and let us assume that  F admits a probability 
density (p.d.) f at some point x. If f ( x )  is not known, it can be estimated by using 
kernel type density estimators fn. Several important properties of these estimators have 
been discussed in Devroy (1987), Ibragimov and Khasminskii (1982), Parzen (1962), 
Rosenblatt (1956, 1971), and Prakasa Rao (1983) among others for the case where the 
r.v.'s are mutually independent. Some attempts have been made to extend these results 
to sequences of dependent variables--as examples, we may mention the works which 
appear in Ahmad (1977), Bradley (1983), Delacroix (1977), GySrfi et al. (1989), Masry 
(1983), Robinson (1983), and Rosenblatt (1970). Chanda (1983, 1995) Hall and Hart 
(1990), Hallin and Tran (1996), and Tran (1992) have established asymptotic normality 
and strong consistency for in in the case where the underlying process is linear. 

The aim of the present article is to extend these results for the Xt's when they form 
a realization from a class of nonlinear processes which can be decomposed as follows, 

o o  

(1.1)  = + w r t ,  

where {~t; t E Z} is an innovation process consisting of i.i.d.r.v.'s, Wr t  can be written 
as a function g r (~ t -1 , . . - ,~ t - r -q )  where q is a fixed integer > 0, and the convergence 

*The research of this author was partially carried out while he was a research scholar, on a sabbatical 
leave, at the Department of Statistics and Probability~ Michigan State University. 

69 



70 KAMAL C. CHANDA 

of the infinite sum on the right side of (1.1) is in some probabilistic sense. As we 
shall see later on that the ARMA and (most) of the bilinear and Volterra processes 
belong to the nonlinear type (1.1). The primary use of density estimation is possibly its 
application to discriminate analysis as applied to stationary processes. In such cases, it 
will be interesting if these estimates behave in a manner similar to those based on i.i.d. 
observations. 

Although the present analysis deals with the one dimensional p.d. f ,  one can rou- 
tinely (albeit with more complicated technical details) extend these details to the esti- 
mation of higher dimensional p.d.'s. 

2. Probability density estimator and its asymptotic distribution 

We define the kernel estimator f n ( x )  by 

n 

(2.1) fn(X)  = n - 1 Z  r  X t ; r n ) ,  
t = l  

where {rn} is a sequence of real numbers such that rn ---* 0, but  nrn ~ co as n --* co, 
r rn) = r n l r  < y < co), and r is a nonnegative Borel function. Assume 
the following conditions to hold. 

(A) (i) For every real y, r < M where M here and elsewhere in this article is 
used as a generic symbol which denotes a finite positive constant independent of n, but 
may vary from situation to situation, (ii) f_~176 r  < co, (iii) yr --, 0 as y ~ +co, 

and (iv) for every real a, f _ ~  [r + a) - r  < M l a  I. 
(B) If Te denotes the characteristic function (ch.f.) of el then 

f/ lul'l  (u)ldu < co (s  = 0,1). 
o o  

(C) E I W r t r  < Mh~r for some 3' > 0 and some hr > 0 (1 < r < co) such that if 
we set n r  := (Y~s~176 hTs) 1/3' whenever 0 < V < 1 and Hr := }-~oo__r h8 (r > 1) if 7 > 1, 
then oo ~ = ~  H~/(2+~) = O(v  -1)  as v -* co. 

Our main purpose in this section is to prove the following 

THEOREM 2.1. Let conditions (A), (B), (C) and relation (1.1) hold, with {r,} 
chosen as above. Then f ( x )  <_ M for  every real x and as n --~ co 

(2.2) s  - f~) )  ~ Af(0,12), 

where f~ = fn(X) ,  fn  = f~ (x )  -- E( r  - X1;r~)) and a 2 = f ( x )  f~oo r  �9 

The interesting aspect of (1.1) is that  the entire class of ARMA processes and most 
of the bilinear and Volterra processes belong to the type (1.1), and condition (C) is not 
hard to check in any of these situations. We consider below some specific cases. 

Example 1. 

(2.3) 

Let { X t }  be a linear process defined by 

( x )  

Xt ~ ~ grgt-r 
r ~ 0  
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where {et} is a sequence of i.i.d, random variables (r.v.'s), with Ele l l  "y < oo for some 
"y > 0 and {gr} is a sequence of real numbers such tha t  ~r~176 rlgrl "Y/(2+'r) = O(v -1) as 
v --+ oc. We can then  set hr = Igrl >- 0, (go = 1) and condition (C) will hold. If the 
process (2.3) is an ARMA process then Igrl < MP r for some p E (0, 1) and condition 
(C) will easily hold. 

Example 2. Let {Xt}  be a bilineax process defined by 

s ~ P Q 

j = l  i=1  i=1  j = l  

where r 1 6 2  01,'' ',0s and/~i j  (1 < i < P,  1 < j < Q) axe unknown parameters  
and g, P ,  Q, s are known integers > O. Set p = max(g, P) ,  q = max(s,  Q). 

We can formally write (2.4) as an infinite sum 

O(3 

(2.5) X t  = Ost + E Vr t  
r = l  

r - -1  where Yr t  = I Iu=0(A + Y~-q=a B j e t - u - j ) O c t - r ,  

--(~1 - - 0 2  . . . .  Cp--1 --(~p 

r/=[1,0 ..... 0] r ,  A= 1 0 . . .  0 0 
p x p  

: : : 

0 0 . . .  1 0 

B j =  0 0 O= 
p •  . . . , l < _ j < q ,  px(q+l) 

0 0 I 
1 01 . . .  Oq ~ 

O 0  0 

O 0  0 

E t = ( E t , . . .  ,~t--q) T, and X t  = ( X t , . . . ,  Xt-p+Z) T. It is unders tood tha t  r = 0 i f / >  g, 
Oj = 0, if j > q and/3/ j  -- 0 whenever i > P or j > Q. It is easy to see then tha t  Xt  as 
defined in (2.4) can be represented by 

(3O 

(2.6) Xt  = et + E Wrt 
r = l  

where Wit q ---~ E j = I  OjCt--j "{- ~TVlt and Wrt = rltVrt (r >_ 2). The conditions under 
which the right side of (2.6) is a.s. convergent are discussed in Chanda  (1991) and Liu 
and Brockwell (1988). Note tha t  Wrt as defined in (2.6) is a function of e t - 1 , . . . ,  et-r-a.  

Also if we assume tha t  V2kq := E[ell  2kq < oo, and A := po+(Y].j=lq ~ 1/2kq < 1 

(po, 51 , . . . ,  5q have been defined in (2.4) (Chanda (1991))), then  EIWrtl k <_ MA rk which 
immediately establishes the validity of condition (C) with hr -- *k ~. 
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In passing, we note that  under certain regularity conditions the process represented 
by (2.6) satisfies the Markovian property and is strongly mixing (see Pham (1986)). 

Example 3. Let {Xt} be a Volterra process defined by 

OO CO 

X t  = ~t + ~ g r ~ t - r  -~ ~ g r l , r 2 ~ t - - r l ~ t - - r 2  

r = l  r l , r 2 = l  
(3O 

-1V . . . -~- ~ g r l , r 2 , . . . , r q C t - - r l  Ct--r2 �9 . . 5 t _ r q  

r 1 ~ . . .  ~rq= 1 

where {et} is an i.i.d, sequence of r.v.'s with Elel t  q~ < co. Then we can write h~ = 
q 

~--~j=l~S~j [g~ ..... ~]~(r  > 1), where Srj = { ( r l , . . . , r j )  : 1 < r l , . . . , r j  < co, 

max( r l , . . .  , r j )  = r}, and 5 = 3' if'~ < 1 and 5 = 1 if3' >~ 1. 

Then it is easy to see that representation (1.1) obtains and condition (C) holds with 
__ q W r t  - ~ j = l  ~ s ~ j  gu, ..... ~jet-v.~...et-~j, r > 1. 

The proof of Theorem 2.1 will rest on a few lemmas which we state and prove below. 
We first set 

1/2 ( 2 . 7 )  : =  

where Ct := r  - Xt; rn). Note that both Yt and ~'t will depend on n. 

LEMMA 2.1.  

( 2 . 8 )  

Let the conditions of Theorem 2.1 hold. Then 

O0 

_ . , ~ / ( 1 + ~ )  ~--'~ [E(YIYI+~)[ < lv ir .  . 
v ~ l  

PROOF. Observe that for any integer v > 1 and integers a, b > 1 [E(T~Tb+v)[ <_ 
M(E(r162 + E(r + E(r + 1). Also, if we set F/t = a-algebra generated by 
es, s < t and write Tt = X t  - et (so that Tt is independent of et) then E(r = 
f Cb(x -- y -- Tl+v; rn)fE(y)dy = rn b+l f Cb(w)fe(x -- Tl+v - rnw)dw < M r n  b+l where 
f~ is the p.d. of el (because re(Y) <_ M by condition (B)). Therefore, [E(T{%-b+v)[ _< 
M ~ - b + l  l~.4a _ _ 2 - a - b  

" n  ~-'~Wl < M'ln and hence 

(2.9) [E(Y?Ylbv)[ <_ M r  2-(a+b)/2, 

from which we conclude that for every v > 1 

(2.10) [E(Y1YI+v)[ _< Mrn.  

Now set Rt = et - z-~r=l• Wrt,  St = X t  - R t ,  for t >_ q+3 ,  where q is as defined in (1.1). 
Since RI+~ involves e l+~, e v , . . . ,  e2. Whenever v > q + 2, it is distributed independently 
of X1 if v > q + 2. Consequently for the same values of v, 

(2 .11)  E ( T 1 T I + v )  = E ( T I ( r  - -  X l + v ; r n  ) - I n ) )  

= E(TI (r  -- RI+v - Sl+v;rn) - fn))  

= - R l + v  - S l + v ;  r . )  - r  - RI+ ; r.))) 
+ E(TI ( r  -- Rl+v; rn) - -  fn))" 
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Again since T1 involves X1, X1 is independent  of Rl+v and E(T1) = 0, the last te rm on 
the right side of (2.11) vanishes. Now write J0(r, s) := E(r  - el+v - r - s;rn) - r  - 
r - r; r~)) for every real r and s and take expectat ion of the expression on the right 
side of (2.11) over r (which is independent  of X1). It is then easy to conclude tha t  

(2.12) E(T1TI+v)  ---- E(T1  ~o(R~+v ,  S l + v ) ) .  

Since for every real r and s, Ido(r, s)l = I f  r  <_ 
M[s[ and < M (which follows from the fact tha t  [fg(x)[ <_ M for every real x by condition 
(B)) and ]TI[ < M r ~  1, it follows tha t  for every choice of ~n > 0, 

(2.13) IE(Tlrl+.)I = IE(TiJo(R~+v, Sl+v))l 
--1 <-- M(?Tn + rn Qn), 

--f 
where Qn = P(ISI+v[ > ~?n) <- MH~-g /~n  whenever v > q + 2. Therefore, we conclude 

~-1/(1+~) r4~/(l+~) in (2.12) tha t  for every v > q + 2, by choosing 7/n = -n =-v_q 

(2.14) IE(YW~+v)I < Mr~nlO+~)H~v/(l+~) - -  - q  �9 

If now we use (2.9) for 1 < v < q + 1, and the relation (2.13) for v > q + 2 and note 

t o~ - ~/(1+~) (on account of the fact tha t  tha t  since condition (C) implies hat ~-~-v=q+2/-/v-q < (30 
1 + 3' < 2 + 7), we immediately obtain (2.8). 

LEMMA 2.2. Let the conditions of Theorem 2.1 hold. Then f ( x )  exists everywhere, 
f ( x )  < M,  [if(x)[ <_ M for every real x and the infinite sum on the right side of (1.1) 
converges a.s. 

PROOF. First  note tha t  if qa(u) and ~1 (u) denote respectively the ch.f. of X1 and T1 
then ~(u) = ~E(U)~l(U) and hence f~oo [uis[~(u)[du <_ f~-~or [u[S[cPe(u)[ du < oo (s =- 0, 1) 

by condition (B). Consequently, ]f(S)(x)] < M for every real x, s - 0, 1. Also for every 
7 > 0  

_< ~ E Wrt 77 -~ 
m ~ N  v ~ m  

oo 

m = N  

as N --~ co, by definition of Hm in condit ion (C) and the fact tha t  1/(2 + 7) < 1. The 
second part  of the Lemma follows immediately.  
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It is easy to see that  for every integer m > 1 

(2.16) E Yt < M(mE(Y~)  

m 

+ m ~ [ E ( Y ? Y ? + , ) +  IE(Y~YI+~)I + IE(Y, Y?+,)I] 
v : l  
m m 

+ m ~ y~IIE(Y?Y~+,Y,+,+~) I 
v = l  w : l  

+ IE(YIY?+vYI+v+,~)I + IE(Y1YI+vY?+,,+~,)II 
m m m 

+ m Z Z Z IE(Y' Y,+vYl+v+wYl+v+~+u)l. 
v = l  w = l  y : l  

The results of the following lemmas can now be used to determine an upper  bound  to 
the sum of the expressions on the right side of (2.16). 

LEMMA 2.3. For every v > 1 

(2.17) IE(Y:Y~+v)l <_ M, 

whenever a + b = 4 (a >_ 1, b > l). 

PROOF. The result follows directly from (2.9). 

LEMMA 2.4. For every % W > 1 and (a, b) = (1, 2) or (a, b) = (2, 1), 

( 2 . 1 8 )  a b IE(YI g~+vYl+v+w)] <_ Mrn. 

PROOF. Let q be  as defined in (1.1) and let (a, b) be as given in Lemma 2.5. If 
w > q + 2, then using arguments  similar to those leading to (2.11) we can show tha t  

(2.19) a b  a b  ~ *  
E ( T 1  T 1 w v T I - I - v T w )  : E ( r i  Ti+vJo(RI+v+~, S 1 + v + w ) )  

+ E(T~Tb+v)E(r - Rl+v+w; rn) - fn), 

-- X - ~ w - q - 1  . . . .  . 
where/~l+v+w = l+v+w 7-z-,r=1 Wr, l+v+~, S l+ .+w = Xl+v+w - R l + ~ + w ,  Rl+v+w = 
Rl+v+~ - el+v+w and J0 is defined as in (2.12)_ (Note that  Rl+v+w is independent  of 
X1 and Xl+v, and e l+ .+w is independent  of R~+v+w. ) We now use Lemma 2.4 and 
details similar to those leading to (2.14), and conclude routinely that  whenever v > 1, 
w > q + 2 and r/* > 0 is arbitrary, 

(2.20) a b i~I/2[,,_2a~2b ~f}*I/2~ [E(Tlq+~TI+v+~,)[--< M(E([T~rbl+,llq~ + ~ k ' l  ' l - { - v l ' ~  ! 

+ IE(T~lb+~)I(V~ + Q*) 
2 - a - b  * _ 1 - a - b z ' ~ * l / 2  _ 2 - a - b /  * 

_ < M ( r , ,  V,, + , , ,  + , , ,  t'7,, + e ; , ) ) ,  
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* "7 . 3 ,  ~ ~ where Qn = P( lg l+~+~l  > ~/*) < M H ~ _ q / ~  . Therefore, if a 1, b 2 or a 2, 
. _ -  2/(2+3') rj-3'/(2+7) 

b = 1 then by choosing ~ = r~ ~ _ q  we have the inequality 

(2.21) IE(y~a y~+vYl+v+~)[b < M(r~n/(2+-r)HJ(2q+~)_ -4- r(2+3"c)/(2+'r)H w--q 1, 

whenever v _> 1 and w > q + 2. For every v > 1 and w _> 1 we can show, by using the 
fact 

IE(~-l+v+~lfl.+~)l < M ( E ( r  + 1) < M 

where ~v+w is the a-algebra generated by r (t < v + w) tha t  

(2.22) IE(Y~Ylb,yI+~+~)I < M r  (5-~-b)/2 < Mr,~, 

if (a, b) = (1,2) or (2.1). This proves Lemma 2.4. 

LEMMA 2.5. For every v ,w > 1 

(2.23) 2 E(YxYI+vYi+v+~) < Mrs .  

PROOF. Let q be as defined in (1.1), and in what  follows we shall assume tha t  
v > 1 and w > q -4- 2. We can write 

(2.24) 2 2 E(T1Tl+vTi+v+w) = E(T1Tl+vOl+v+w) 2fnE(T1Tl+vr 

Note t h a t  Rl+v+ w is independent  of X 1 and Xl+v,  and hence 

(2.25) 2 E(TITI+.r  = E(T1TI+~(r - /~ l+v+w - ~ l + v T w ;  rn) 

- r  - [{l+v+w;rn))) -4- E(T1Tv) 

E(r  - / ~ l + v + w ;  rn)). 

It is not difficult to show tha t  E ( r  r.)l~v+~) _< Mr~ 1 where ~v+w is 
the a-algebra generated by et(t <_ v + w), and tha t  E((r  - /~ l+~+w - Sl+v+~; rn) - 
(~2 ( X - - R 1 T v + w  ; l'n))l~"~lTv+w ) ~* = J1 (Rl+v+w, $1+~+~) where for every real r, s, J1 (r, s) :=  
E ( r  r - r -  s; r n ) -  r  e l+~+~ , -  r; rn)). Since [Jl(r ,  s)[ < Mr~l[s[ and 
also < Mr~ 1 for every r and s, and (2.9) holds, the absolute value of the first expression 
on the right side of (2.24) does not exceed 

(2.26) E(IT1Tl+~lr~lI(Igl+v+~l < r]~)) -4- E([W1Tl+~lr~lI(ISl+v+~[ _< v]~)) 
1/2 2 2 --1 1/2 2 ~ <_ E([T1TI+~I)r~I~In + E (T 1 Ti+v)r n E (I  ( S l + v + w [  > ?7*)) 

_ - 2 f ~ . 1 / 2 ~  <_ M(r;'V~ +.,n ~ .  J 

where qn and Qn are defined as in (2.20). If, now we use (2.13), (2.25) and (2.26) we 
can easily conclude tha t  whenever v > 1, w > q -4- 2 

(2.27) 2 -1 �9 r -2  -2 .x/2 E(TITl+vq~l+v+w) <_ i ( r n l T I n  § r n II n + n Qn + rn Qn ). 
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Similar analysis will show that if v > 1 and w > q § 2 

* r - 1  (2 .28)  E(T1Tl§247247 ~ M(T]n -~ ~]n + n Qn 4- rn lQnl /2)  �9 

We now combine (2.13), (2.23), (2.27), (2.28), choose ~ and q~ as in (2.13) and (2.21) 
respectivdy, ~nd note that f~ < M. The fol[owing inequality will then emerge. 

(2.29) IE(Y,Y~+vy2§ < M{rn/(a+n)~4~/(~+~) + r~/(2+~)HJ_(~+~)) 
- -  ~ 1 7 6  ' . , - - r t ,  ~ - v - - q  

whenever v >_ 1 and w >_ q + 2. For any v, w > 1, we can use the relations (2.9), (2.21), 
the facts that fn _< M, and = r  +lf -r z)dz < 
M r ~  "+~ (a = 1, 2)(T~ = Xt -e~) ,  to conclude that (2.23) holds. This proves Lemma 2.5. 

LEMMA 2.6. For every v , w , y  > 1 

( 2 . 3 o )  < Ur . 

PROOF. Let q be as defined as in (1.1) and assume that v , w  > 1 and y >_ q 4- 
~,y--q--1 2. Write /~l+v+~+y = ~l+v+~+~ 4- L_~=I Wr, l+v+~+u, Sl+,+~+y = X l + v + w + u -  

Rl+v+w+u. Since Rl+v+~+y is independent of Xa, XI+,  and XI+,+~,  

(2 .31)  E(T1Tl+vTITv+wT1TvTw+y) 
= 

+ E(~lVl+vTl+v+~)E(r - RI+.+~+u; rn) - fn), 

where R* l+v+w+y - Rl+v+w+y - gl+v+w+y. Using arguments similar to those leading to 
(2.19), (2.21) and (2.22) we eventually conclude that whenever v ,w  _> 1, y > q + 2 and 
7" > 0 is arbitrary, 

2 ** 1/2 *.1/2 2 ** (2.32) IE(Y1YI+,YI+v+wYI+,+~+y)] ~- M(rn~Tn + rn Qn + rnQn ) 

where Q** = P(ISl+v+w+yl > v~*), and Sl+v+w+y = ~r~=u_q Wr,l+v+w+u- We now ap- 
** ~-3/(2+~) ~F~/(2+~) ply the inequality. Q~* <- M['~'--y-qlqn/-**~ followed by the choice ~?,~ = -n "~w-q 

to (2.30) and conclude easily that 

(2.33) [E(Y1Yl+vY~+v+wYl+v+w+~)l < M(r(~I+2~)/(2+~)H ~/(~+~) - -  y - q  

+ r(4+5"Y)/(2+~)H 2~/(2+~)) 
n y--q ] 

whenever v,w >_ 1 and y > q4-2 .  For every v ,w,y  _> 1 we can use the inequali- 
ties E(r <_ M,  and E(IY1YI+vYI+v+w[ ) < Mr2n to conclude that for 
v , w , y  >_ 1 

(2.34) IE(Yi Yl+vYl+v+wYl+v+w+u)l <_ M r  2. 

This proves Lemma 2.6. 

LEMMA 2.7. Let the conditions of Theorem 2.1 hold and let {ran} be a sequence 
of positive integers such that mn --+ oo as n --~ oc. Then 

(2.35) E Yt <_ M ( m n r n  1 + m2~ + mn-,~ ,. 
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PROOF. If we combine (2.16), (2.18), (2.23), (2.30), use the inequality E(Y14) < 
M r 2  l, and condition (C) we obtain the relation 

(2.36) E Y~ <_ M ( m r n  1 + m ~ + m2(r~ + r~/(l+'~) + rnV/(2+7))) 
t=l 

( 4 + 5 7 ) / ( 2 + - / )  + ma(r2n + "n-(l+2~)/(2+'J + rn ). 

The result (2.35) of Lemma 2.7 follows immediately if we set m = m,~. 

LEMMA 2.8. Let {kn}, {m~} and {tn} be sequences of positive integers such that 
mn ~" nl/2r~ 1/8, tn ~ nl/2rl/Skn = [n/(mn + tn)] and let conditions of Theorem 2.1 
hold. Write 

US = n-l~2 E Yt 1 < j <_ kn, 
tcAj 

(2.37) Wj : n -1/2 E Yt 1 < j <_ kn, 
tcBj 

W : n -1/2 E Yt, 
tcc  

where A: = {aS_l + l , . . . , a  s - t n } ,  B j  : { a j - t n  + 1 , . . . , a S }  , C = { n - d n  + I , . . . , n } ,  
ar  = j ( m ~  + tn) and  d,~ = n - k,~(mn + tn) .  Then  as n --* oo 

(2.38) 

and 

kn 

j=l 
in probability, 

where c ~2 is as defined in (2.2). 

PROOF. 
we can write 

k~ us(u) (2.39) ~ ( k ~ ) ( u " ' " u ) -  1-I 
j=l  

Let qo (s) denote the ch.f. of U 1 , . . . ,  U s and let qo s be the ch.f. of U s. Then  

< ~ Iv(J)('//.,...,U) -- ~)j(U)~)(S-1)(U,... ,U)[ 
j=2 

: ~ [E(NsP])I, 
S=2 

�9 j - 1  where N3 := exp(~uE~=l U~) -~(J-1)(u,... ,u) and PS := exp(iuUj). For fixed j and 

~" ~--~t-g-q-1 Wrt, n we set g = a j _ l  -- tn, h = aS_ 1 -1- 1, ~ = a s - t n  and write Rt:= r + z..,r=l 
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St: = X t -  Rt (h < t < ~). Note tha t  Nj  r f~9, whereas Rt belongs to the a-algebra 
generated by e~, s >_ g + 1 whenever h < t < g. 

Also, we can write Pj = L i M  i where 

[ ' ] Lj : = e x p  i u n - 1 / 2 r l / 2 E ( r  R t ; r n ) -  fn) , 
t = h  

Mj :---exp [iun-1/2rln/2 

1- 

/ 

and 

~ ( r  x ~ ; ~ ) - r  n~;~)) . 
t = h  

Since Rt (h < t <_ ~) are distr ibuted independent ly  of Nj ,  Lj and Nj  are m u t u a l l y  
independent  with E(Nj)  = 0 and hence 

(2.40) IE(NjPj)I = IE(NjLjMj)I  

< IE(NjLj)I + ]E(NjLj(Mj  - 1)) I 

<_ E l M  j - 11, 

b e c a u s e E ( N j L j )  = E ( N j ) E ( L j )  = 0 .  D e f i n e S = 3 ,  i f 0  < 7 -<  1 a n d S =  1 i f T ~  1. 
Since [ exp( ia)  - 1] < 21c~/2[ ~ for every real a and 5, 0 < 5 < 1, we have tha t  

(2.41) EtMj  - 11 _< Mlu]~(nrn)-8/2E ,_~(r  - Xt)lrn)  - r  - Rt)lrn)) 

t 

< i M ~ ( n r n ) - ~ / 2 ~  EiC( (x  - X t ) / r n )  - r  - R t ) / r n ) l  ~. 
t = h  

Also since Xt  = et + Tt = r + Rt + St('." R t = Rt - et) and for every r.v. X EIX] ~ <_ 
(EIXI) ~ we deduce from condition (A) and (B) tha t  

(2.42) E( l r  - Xt)/rn)  - r  - Rt)/rn)[ ~ I f i t - l )  

_< (EIr  - Xt)/rn)  - r  - nt)/rn)] l ~t-~) 6 

= (~n f lr ~V,/~) -O(z)lY~(~- ~t - r~z)dz) ~ 

<_ M[Stl ~. 

The results (2.38)-(2.42), the fact tha t  EIStl ~ <_ MH~_g_q(h < t < ~), and condi- 
tion (C) will then  imply tha t  for all large n, 

(2.43) 
~ n  

~(k~ ") - H ~J(") 
j = l  

o o  

<_ Mlul~(nrn)-~/2kn ~ Hi  <_ Mlul~(nrn)-~/2knltn 
r=tn- -q  

---*0 as n---~ o0('." 5 > 7/(2 + ~/) and kn ~ tn). 
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Again, for sufficiently large n 

(2.44) s~ := = 
v = l  

> a 2 n - l m n / 2  , 

r 24---+0-2 by Lemma 2.2, and the fact tha t  E ( Y  2) = r,~E(r - X1; r~) )  - ~f~ as n --~ co. 
We now use (2.35), (2.37), (2.44) and the specification of m~, t~ and conclude eventually 
tha t  

2 

(2.45) E E ( U r  E ( U  2) 
j = l  

<_ M k ~ E ( U 4 ) / ( k n m ~ / n )  2 
4 

~) - 1 ~ 2  ~(1-b2~,)/(2-{-'),) ~ <- M ( ( n r n )  -1 + n - l m n  + "~ "~n'n J 

M ( ( n r n ) - I  + k~ l  + _(2+7~)/2+~ -~ 0, as n --~ co. __ I n ] 

Therefore, the Liapounov condition for the central limit theorem holds and hence 
1-I~=1 ~ j (u )  --~ e x p ( - u 2 a ~ / 2 )  as n --~ co. If we use this relation and our conclusion in 
(2.43) we immediately obtain (2.38). Now observe tha t  since k n m n / n  --~ 1 as n --* co, 
n - l ( k ~ t n  + dn) = 1 - k n m n / n  ---* 0 as n ~ c~. Consequently, 

(2.46) ) E + W  

<_ M n - l ( k ~ t ~  + d~) -~ O, as n - ~  co, 

and the proof of Lemma 2.8 is complete. 

Now since ( n r n ) l l 2 ( f n ( x )  f n ( x ) )  }-~t=l Y t l  ni l2  k,  k. __ : n = E j = I  Uj -~- E 3 _ - 1  v j  + w the 
result (2.2) is a direct consequence of Lemma 2.8. 

Let r  -- f ~  e x p ( i u y ) r  and let ~ be the ch.f. of X1. Then assume tha t  the 
following condition holds. 

(D) f _ ~  r  : 1 and for some q > 0, limu~0(1 - r  : kq, [kq[ < co 

and [ f exp( - iux)[u]q~(u)du[  < co. 
Note tha t  if q < 1 then  the last part  of (D) holds by condition (B). 

THEOREM 2.2. Let the conditions (A)-(D) hold and assume that { r n } / s  such that 
r n  ----* O, nr2n q+ l  --+ 0 b u t  n r n  ~ o o .  Then as n ~ co 

(2.47) s  - f ) )  --* Af(o, a2). 
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PROOF. No te  t h a t  as n --~ co, 

(2.48) (fn - f ) / r  q = (21r) -1 e x p ( - i u x ) ( r  - 1) / Irnulqlulq~(u)du 
o o  

~ -kq(2~r)  -1 e x p ( - i u x ) l u l q ~ ( u ) d u ,  
c o  

which  implies t h a t  ( n r ~ ) U 2 ( f ,  - f )  ~ 0 as n ~ co. (2.3S) will t h e n  follow f rom (2.39). 

3. Almost sure convergence 

For  no t a t i ona l  conven ience  we wr i t e  r,~ = r(n)  for in teger  value  of  n in T h e o r e m  3.1 
t h a t  follows. 

THEOREM 3.1. Let conditions ( A ) - ( D )  hold, and assume that (i) r(n)  ~ 0 and 
for  some ~(0 < ~ < 1 /2)nar(n)  ~ co as n ~ co, (ii) for  every p > 1, k(1 - r ( (k  + 
1)P)/r(kP)) ~ a finite constant as k ~ co, where for  every real x, r (x)  is defined by 
linear interpolation between integer which sandwich x and (iii) i f  q(a) = f_~176 ]r  - 

aC(aw)]dw(O < a < 1), then q(a) / (1  - a) ~ a finite constant as a --~ 1 - .  Then as 
TL---~ O0 

(3.1) ]'n ~ f a.s. 

PROOF. No te  t h a t  since fn  --~ f as n --~ oo (by L e m m a  2.3) it is sufficient if 

we es tabl ish  t h a t  f'n -- f ~ 0 a.S. aS n --~ oc. We can  wr i te  ] ' n -  fn  ---- S n n / n  where  
Snm = ~-~t=l~ ( r  - Xt;  rm) - fro) = E t : l n  Ytm. Le t  nk : [k p], where  p is any  n u m b e r  E 
((1 -c~) -1 , a - i ) ,  a be ing  given as in (ii) above  and  k = 1, 2 , . . . .  T h e n  since E(YlUn) <_ M ,  
and  (2.7) holds  we have t h a t  var(Snkn~/nk)  = E(~-~y~=I 2 2 Ytnk) / n k r n k  <-- M ( n k r n ~ )  -1 <- 
M k  -p(1-~) by (2.7) and  cond i t ion  (i) above.  The re fo re ,  

(3.2) Snknk /nk  --~ 0 a.s. 

as k -~ co. Le t  n be  any  integer ,  nk <_ n < nk+l for some k and  set  Ck = maXnk<n<nk+ 1 �9 

[Snn - Snk~[, Dk = maxn~<_n<n~+, [Sn~n - -  S n k n k [ .  T h e n  

(3.3) IS ,,/nl <_ IS. n /nk[ + C /nk + Dk/nk. 

It  is easy  to  show t h a t  E ( a ~ / n ~ )  < E V "nk+l (Snn - Snkn)2 /n  k2 < nk+l MEn-. (n - 
- -  L---~n=nk 

nk)/n2krn. Again  we can  conc lude  f rom cond i t ion  (ii) above  t h a t  rn/rnk --~ 1 as k -~ co. 
2 2 There fo re ,  for all suff icient ly large k and  hence  n,  E ( C k / n k )  < M ( n k + l  -- nk)2/n~rn~ < 

M k  pa-2. Since pc~ < 1 it follows i m m e d i a t e l y  t h a t  

(3.4) C k / n k  --+ 0 a.s. 

as k and  hence n ~ co. S imi lar ly  f rom (3.6) be low we conc lude  t h a t  E ( D 2 / n ~ )  < 
~-~nk+l E ( S n k n _ S n k n k ) 2  < M ( n k + l - - n k ) ( r n  k --rnk+l)/nkr2n~ < M k  pa-2. Consequen t ly ,  

7 z = n  k - -  _ _  

(3.5) D k / n k  ~ 0 a.s. 
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as k -+ co and  hence  n --* c~. (3.1) now will follow d i rec t ly  f rom (3 .2)- (3 .5) .  

LEMMA 3.1. Let the conditions of Theorem 3.1 hold. Then 

(3 .6 )  - Sn  k) 2 < M(r k - 

81 

PROOF. N o t e  t h a t  Snk n -  Snknk is t he  s u m  of  nk te rms.  For  sufficiently large k, t he  
e x p e c t a t i o n  of  the  sums of  squares  t e rms  can  easi ly be  shown  to  be  < n k E ( r  
r  X1 ;rn~))2 _< nkr~ l  f _ ~  ( r  ~/kr  rnw)dw <_ i n k r ~  ~ f~-~oo I r  -- 

~/kr dw <-- M n k r n i (  1 --~/k) <-- M(rnk  --r~+l)nkr2n~ where  1 > ~/k = rn/rnk >_ 
rnk+,/rnk -+ 1 as k --+ c~ by  v i r tue  of  condi t ions  (B) and  (i)-(ii i)  above.  I f  now we replace  
r  - X 1 ; r n ) ,  r  - Z l + v ;  rn) a nd  fn  in L e m m a  2.1 by  r  - X 1 ; r n )  - r  - X1; rnk),  
r  - X l + v ;  rn)  - r  - Z l + v ;  r ~ )  a nd  f~  - f~k respec t ive ly  t h e n  by  rou t ine  analys is  
a n d  fol lowing the  same  sequence  of  a r g u m e n t s  as led to  (2.12) and  even tua l ly  to  (2.7) 
we can  es tabl ish  t h a t  t he  e x p e c t a t i o n  of  the  sums  of  cross p r o d u c t s  in E(S~k~ - S ~ k ~  k)2 

is numer ica l ly  _< M ( r ~  k , ~/(1+~)/~2 - rnk+~) nkr~ / '~k" T h e  resul t  (3.6) follows immedia te ly .  
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