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Abstract. In this paper, an estimation theory in partial linear model is devel-
oped when there is measurement error in the response and when validation data are
available. A semiparametric method with the primary data is used to define two
estimators for both the regression parameter and the nonparametric part using the
least squares criterion with the help of validation data. The proposed estimators of
the parameter are proved to be strongly consistent and asymptotically normal, and
the estimators of the nonparametric part are also proved to be strongly consistent
and weakly consistent with an optimal convergent rate. Then, the two estimators of
the parameter are compared based on their empirical performances.
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asymptotic normality.

1. Introduction

In many research settings, the exact measurement of some important variables is
difficult, time consuming, or expensive, and can only be performed for a few items in
a large scale study. Hence surrogate data, which are more easily obtained using some
relatively simple measuring methods, are used to measure these variables of interest. For
example, in the evaluation of smoking behavior, current smoking behavior is generally
collected by self-report using questionnaires. Data obtained by self-report are relatively
inexpensive to obtain but may be subject to error. Expensive chemical analysis of saliva
samples for the presence of contine can only be performed for at most a small subset
of subjects enrolled in these large scale studies to yield a more accurate evaluation of
smoking behavior. Analogous examples can be found in Wittes et al. (1989), Duncan
and Hill (1985) and Pepe (1992) among others. Here, self-report of smoking behavior is
used as a surrogate. The exact measurements obtained by expensive chemical analysis
of saliva sample for a small subset of subjects together with their surrogate observations
are usually treated as validation data set.

Generally, the relationship between the surrogate variables and the true variables
can be rather complicated compared to the classical additive error model usually assumed
(see, e.g., Fuller (1987)). In this case, some statisticians developed statistical inference
techniques based on surrogate data and validation observations without specifying any
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error structure and the distribution assumption of the true variable given the surrogate
variable (See, for example, Stefanski and Carroll (1987), Carroll and Wand (1991), Pepe
and Fleming (1991), Pepe (1992), Pepe et al. (1994), Reilly and Pepe (1995), Sepanski
and Lee (1995), and Wang (1999) and Wang and Rao (2002) among others). Carroll and
Wand (1991) developed a semiparametric approach using the kernel regression technique
for logistic measurement error models. Sepanski and Lee (1995) applied the method to
nonlinear parametric model with error. Wang (1999) extended it to partial linear models
with covariates measured erroneously. Also, Liang et al. (1999) considered the same
problem under the additive error model.

The partial linear model is given by

(1.1) Y =X"8+g(T)+e,

where Y is a scalar response variable, X is a p-variate explanatory variable, X7 is its
transpose, T is a random variable taking values in [0,1], 8 is a p x 1 column vector of
regression parameters, g(-) is an unknown regression function on [0, 1], e is a random
statistical error, and given X and T the errors e =Y — X783 — g(T') are assumed to be
independent and identically distributed.

Such semiparametric additive models have been widely studied when X, T and
Y are measured exactly. Various estimators for 8 and g(-) have been proposed using
various parametric and nonparametric methods such as the polynomial method (see, e.g.,
Heckman (1986), Rice (1986)), kernel method (see, e.g., Speckman (1988)), projection
method (see, e.g., Chen (1988)) and nearest neighbor method (see, e.g., Hong (1991)).
The estimation problem of 3 and g(-) when Y may be censored randomly on the right
is considered by Wang (1996, 1997). It is well known that such censorship may occur in
survival analysis, medical follow up and reliability studies.

In the present paper, we consider model (1.1) when Y is measured with error and
both explanatory variable X and T are measured exactly. That is, instead of the true Y,
a surrogate variable Y is observed. If the measurement error in the response is additive,
the problem obviously reduces to the standard partially linear model and hence can
be handled with standard methodology. Motivated by the above example and those in
Duncan and Hill (1985) and Wittes et al. (1989), we consider the setting where some
validation data are available to relate Y and Y and no error equation or distribution
assumption of Y given Y is specified. In this case, estimators of both # and g¢(-) are
developed by using the kernel method and least squares method (see, e.g. Speckman
(1988)) with the Y;, that would have been used if measured exactly, replaced by a
kernel regression estimate of E[Y; | f’,-, X, T;] based on validation data. We define two
estimators of 8 and ¢(-) by two different ways of using data. For the definition of the first
estimators, the least squares method uses only primary data except the use of validation
data in the estimation of E[Y; | Y;, X;,T;], where primary data include the surrogate
data and the corresponding observations of T' and X. For the second estimators, the
least squares method uses not only the primary data but also the true observations in
the validation data set.

Asymptotic results for the two estimators are derived, showing that the two proposed
estimators of 3 are strongly consistent and asymptotically normal, and two estimators
for g(-) are also strongly consistent and weakly consistent with an optimal convergent
rate.

This paper is organized as follows. We define the two estimators of 3 and g(-) in
Section 2. The asymptotic results are formulated in Sections 3 and 4. In Section 5,
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we compare the two estimators of 3 based on the theoretical framework as laid out in
Sections 3 and 4. A simulation study is also carried out to compare them in Section 5.
The proofs of the main results are presented in the Appendix.

2. Estimation

In what follows, assume that we have a primary data set containing independent
and identically distributed observations of {(Y}, X;, T} ;‘:,{VH} and a validation data set

containing n indepedent and identically distributed observations of {(f’,, Y, Xi, T5) 0 )
Also, it is assumed that the primary variables are independent of the validation variables
and the random vector (Y, X, T) in the primary data set and the one in the validation
data set are identically distributed.

As in Carroll and Wand (1991), Pepe (1992) and Sepanski and Lee (1995) among
others, measurements of the true response variables in the validation data set do not de-
pend on Y, X, T. This is different from the case considered by Carroll et al. (1995) where
true variables are observed with some probability m which depends the observations of
other relevant variables.

Since we do not make any assumptions on the relation between Y and Y, the
estimation problem of 5 and ¢(-) in model (1.1) can not be handled directly with standard
methodology. To use the surrogate data Y, it is necessary to rewrite the model (1.1) such
that Y is related to X and 7. For any matrix or vector A, denote by A” its transpose.
Let Z = (Y, X,T). Then the model (1.1) can be rewritten as
1) {E[Y | Z) = X" B+ g(T) + €

e=e— (Y —E[Y|Z])

Clearly, (2.1) is equivalent to model (1.1). Hence, statistical inference of 8 and g(-) can
be based on (2.1) instead of (1.1). Let w(Z) = E[Y | Z]. Indeed, the relation of Y, X and
T is established in (2.1), but u(2) is an unknown regression function. Hence, the model
(2.1) can not be applied directly to get the estimators of 3 and g(-) yet. If w(Z) =a"Z
is assumed, validation data set can be used to estimate parameter o and hence u(-)
by least squares method. The results, however, can be sensitive to the specification of
u(z). Hence, here we do not assume any parametric structure. We use validation data to
estimate u(z) by the kernel regression estimation procedure. Hence, the semiparametric
method due to Carroll and Wand (1991) and Sepanski and Lee (1995) can be extended
to the model considered here to define the first estimators for 8 and g(-).

By using the validation data, the regression function u(z) in (2.1) can be estimated
by a nonparametric kernel regression of Y on Z = z. That is, the estimator of u(Z) can

be defined as
n Zi —Z
Zi=1 YiKl ( b )

n Zz -z
Zi-———l Kl ( b )

for any z € Z, where Z is the support set of Z, K1 () is a p+2 dimensional kernel function
and b, a bandwidth tending to zero. It is well known that the choice of kernel-based
method is common and natural to estimate regression. Other methods for regression

(2.2) in(2) =
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estimation include the piece-wise constant smooth method, the method of smoothing
spline, the orthogonal series approach and the local polynomial method. Local linear
estimate, or more generally, local polynomial estimate, which was studied by Stone
(1982), is known to have some favorable properties compared to the kernel method.
Hence, kernel weighted local polynomial regression may be a better alternative in some
sense. But, we will still use the kernel-based method here because it is simple and has
desirable properties.

By (2.1), we have u(Z) — X" = ¢g(T) + ¢. If 3 were known, g(-) could then be
estimated by the Nadaraya-Watson (N-W) kernel technique with u(-) replaced by @y, (:).

Let T
Wii(t) = il ,
Sy Ko (S
g=ntl D2\ TRy

where Kj(-) is also a kernel function and hx a bandwidth tending to zero. Using the
above kernel method, we can define the first step estimator of g(-) as follows:

n+N n+N
(2.3) Gnn(t) = Guon(t,8) = Y Wi;(n(Z;) — D Wii()X]B
j=n+1 j=n+1

= g1,n(t) = g3, N (1)B-

Again by (2.1), we get u(Z) — X" — g(T) = ¢. Hence, the first estimator of 3 is defined
to be the one which minimizes S(3) given by

. 1 ey .
(2.4) 56)= 5 D (@n(Z) ~ X7~ 1N (Ty) + G3n(T)B)%.
j=n+1

That is, the estimator, say B, minimizing (2.4) is the solution to the equation

n+N
(2.5) % Z (X5 — G2, N (T))@n(Z;) — 41,8(T5) — (X5 — 92,n(T5))" B)] = 0.
j=n+1

By solving (2.5), it is easy to obtain that

(26) ,3 — 2_114,
where
N 1 n+N
S== Y (Xk— g2 (T0)(Xk = dan (TR,
k=n+1
. 1 n+N
A= Y (X - (D) (@n(Ze) - 1w (TE)).
k=n+1

By (2.3) and (2.6), we then obtain the first estimator of g(-) as follows

~

(2.7) 9(8) = g1,n(t) — G3,n (8)B.
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The above method first uses validation data to estimate u(z). Then, only the
primary data are employed to define the estimator of 8 based on the least squares
criterion after the one step estimator of g(-) is obtained. Such an approach uses the true
observations on Y only by the estimator of u(z). The following procedure gives another
alternative. Not only the validation data set is used in the estimation of u(-) but also
the exact data in the validation data set together with primary data are used to define
the estimator of 3 with the least squares method.

Let
K- ( : ;f")

n
91 (t) = > Wi (t)Y;,
=1

G (t) = Z W ()X,
i=1

The second estimator of 8 is defined to be the one which minimizes $* (B) given by

n+N
(28) 50 =% Y (n(Z) ~ X[8 — i w(Ty) + G (T)))?

j=n+1

1 o .
+= 3 (Vi = X7B = 4 o(T2) + G5.(T)B)*.
i=1

Similar to (2.6), it is obtained from (2.8) that the alternative estimator of 8

(2.9 g5 A
where
. 1 n+N
¥ = N kZ_H(Xk - §2,N(Tk))(Xk - 92,N(Tk:))‘r
=N

+= Z(X 35 (T)(Xi ~ 35 . (T))7,

- 1 TL+N ) ) )
AT = N Z (Xk = 92, M (T ))(@n(Zk) — 91,5 (Tk))
k=n+1

1o . X
+= > (X = G T — §,0(T2).
i=1
(2.3) and (2.9) together then yield the second estimator of g(-) given by

(2.10) g (®) = qun(t) - 3 (06"
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Remark 2.1. If one deletes the first term of the right hand side in (2.8) and obtains
the estimator of § by minimizing the second term of (2.8) only, the estimators of 3 and
g(-) are defined without using surrogate data. Intuitively, this will result in loss of
some information. To make up for the loss of accuracy, one can instead increase n, the
number of the observations of the exact data which are, however, expensive and difficult
to obtain. Hence, this procedure is impractical though simple.

3. Asymptotic properties for 3 and §(t)
The following Theorem 3.1 states the consistency of 3 and §(t).

THEOREM 3.1. Suppose that all the assumptions listed in the Appendiz A hold
except |[K*] and [h})], then

(3.1) B3 8.
Furthermore, if sup,cz E[Y* | Z = 2] < 0o, then
(32) 9(t) = g(t)

for any t € [0,1].
Let D™ be the class of all continuous function f on RP*2 such that the derivatives
o §iz Oir+2

i1 iz o ip42

f(vl1"'7vp+2)

are uniformly bounded for 0 < iy + i+ -+ ipy o < m.
The following Theorem 3.2 states the asymptotic normality of 3 and gives the con-
vergent rate of §(t).

THEOREM 3.2. Under all the assumptions listed in the Appendiz B except [h}]’, if
assumptions [X|, [u], [Z]ii, [K1lii, [hn] and [Nn] listed in the Appendiz A are satisfied,
we have

(3:3) VN(B-8) 5 NO,V),
and
(3-4) 3(t) = 9(t) = Op(NAY*) ™) + Op(Nhy) V%) + O(hw) + Op(N /%)
for any t € [0, 1}, where
V=xlvy (7,

Vi = E[(u(Z) - X"B - g(T))*(X ~ E[X | T)(X ~ E[X | T))"]
+AB((Y - E[Y | Z))*(X - E[X | T))(X - E[X | T])"],

E=E[(X - EX|T)X - EX |T])7]
and A is defined in Assumption [Nn]'.
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Remark 3.1. The first component in the asymptotic covariance of 8 is the amount
of information in the sample by modeling (1.1) as the regression relationship between
u(Z) and X, T. The second component is the extra dispersion caused by the nonpara-
metric regression estimation of the unknown mean of Y given Z using the validation
data, set.

Remark 3.2. The asymptotic covariance of 8 can be estimated consistently by
V =5S71A 4+ A (E7Y),

where 3 is that defined in Section 2 and

n+N

=5 3 (@e(Z) ~ XEB ~ 30T (X ~ o (Ti)) (X — o 0(T)']
k=n+1

Ay = %;[(Yz — 010(Z))2(Xi — Go,n (TN Xs — G2,n(T2))7)-

COROLLARY 3.1. Under all the assumptions of Theorem 3.2, if hy = N~1/3 we
have

§(t) — g(t) = Op(N~1/3).

Remark 3.3. The convergent rate is the same as the optimal convergent rate for the
corresponding nonparametric estimator of regression function (See, e.g. Stone (1980)).

4. Asymptotic properties for 3* and g (t)

We show in this section that B* and §*(t) have the same asymptotic properties
similar to 8 and §(t).

THEOREM 4.1. Under the assumptions of Theorem 3.1 and [K*] and [h}], we have

(41 5ot g
and
(4.2) g (t) == g(t)

for any t € [0,1].

THEOREM 4.2. Under the assumptions of Theorem 3.2 and [K*] and [h}]', we have

(4.3) VN(B* - 8) 5 N(0,V),
and

(44) (1) - 9(t) = Op(NAY®)™") + Op((Nhn)™V/2) + O(hn) + Op(N1/2)
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for any t € [0,1], where
V= (E)TVIED) T
Vi =E[u(Z) - X768 - g(T)*(X - EIX | T))(X - E[X | T])"]
+ME[Y - E[Y | Z])*(X - E[X | T])(X - E[X | T])"]
+E[(Y - X768 - g(T)*(X - E[X | T))(X - E[X | T])]
+2E[(Y - E[Y | Z))(Y - X8 — g(T))(X — E[X | T))(X — E[X | T])"]},
*=2E[(X -EX|T)NX -EX|T)).

COROLLARY 4.1. Under all the assumptions of Theorem 4.2, if hy = N~1/3 we
have
g (1) — g(t) = Op(N71/3).

Remark 4.1. It is intuitive that ¥, X and T have useful information in predicting
the unknown Y. Therefore, it is assumed that besides Y and ¥, X and T are also
measured in the validation data set. Without observations on X, T in the validation
data set, one might define the estimators of 8 and g(-) by rewriting the model (1.1) as

u(Y) = X758 +9(T) +¢,
(4.5) € =e- (Y — u~(Y)),
w(Y)=E[Y |Y].

If so, it is perhaps necessary to add the assumption E[Y | Z] = E[Y | Y] to the
corresponding theorems in Sections 3 and 4 in order to get the above asymptotic results
for these estimators. Indeed, this can be seen by noticing that E[Y | Z] = E[Y | Y]
and (C.e)i together imply that E[e’ | Z] = 0, which is just needed in the proof of these
results.

Remark 4.2. Tt is noted that the asymptotic covariances of 3 and 3* decrease if A
decreases.

5. Simulation results

In this section, a simulation study was carried out to compare the two proposed
estimators of 8 with two naive estimator 3 Naive,1 and ﬂN,m,e o which are defined to be
B and B3*, respectively, with tin(Z;) replaced by Yy for k=n+1,n+2,...,n+ N.

We considered the partly linear model Y = X8 + ¢(T) +e, where [3 = 1.50, g(t) =
3.2t2 if t € [0,1], g(t) = O otherwise. It is assumed that X and e have a standard
normal distribution and 7" follows an uniform distribution on [0, 1. When Y is subject to
measurement error, validation data and primary data contain (Y, X, T) and (Y, Y, X, T),
and ¥ were generated by ¥ = 1.12Y2 4 0.85u, where u follows a standard normal
distribution, and u is independent of e. The simulation were run with validation data
and primary data sizes of (n, N) = (30, 150), (60, 300), (60, 150), (120, 300}, (30, 600) and
(60, 1200), respectively. In the simulation study, b,, hx and h% were taken to be n=1/4,
N~=1/2 and n=1/2 and the kernel

15, 9

_= Zo1<z<1
Ki(z) = 3T +8, 1<z <

, otherwise



PARTIAL LINEAR ERROR-IN-RESPONSE MODELS 29

Table 1. A =5.
(n, N)
(30, 150) (60, 300)
Estimate(3) Bias SD Bias SD
BNaive.1 1.0275 24148 09823 20316
BNaive,2 11651  1.9571 11262  1.5852
3 01097  1.4021 00984  1.0721
3 01109  1.0428 0.0995  0.7305

Table 2. A = 2.5.

(n,N)
(60, 150) (120, 300)
Estimate(3) Bias SD Bias SD
BNaive,1 11210  2.1027 ~1.0011  1.6542
BNaive,2 ~1.1081  1.7034 11732 1.2731
3 0.0995  1.1527 0.0471  0.7648
Jel 0.0977  0.8023 0.0615  0.5262

Table 3. A = 20.

(n,N)
(30, 600) (60, 1200)
Estimate(3) Bias SD Bias SD
BNaive,1 ~1.2117 1.7820 —1.2841 0.1363
BNaive,2 ~1.3024  1.5827 ~1.3245  0.8577
8 0.1073 0.8758 0.0577 0.5129
B 0.1088 0.8243 0.0595 0.4317

of order m = 4 and the kernel

15
— —1 <<
Ko () = 16(1 222 + 12, -1<z<1

0, otherwise

were used to calculate u,(-) and the weight Wx;(t), s =n+1,...,n + N, respectively.
For calculating W};(t), 1 = 1,2,...,n, K*(z) were taken to be same as Ks(z). The
simulation results are presented in followmg Tables 1, 2 and 3 to compare the bias and
standard deviation (SD) of [3 and B* with Bnaive,1 and ﬂNawe 5. The bias and variance
are computed from 1000 simulated data sets of each size (n, N). That is, 1000 estimates
were computed to yield the results in the tables.

From the simulation results, the two naive estimators have serious bias and bigger
SD than the two proposed estimators. Comparing the two proposed estimators, they
have approximately the same bias but different standard deviation. * behaves better
than 3 in the sense of less standard deviation. But, it seems that the performances of
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the estimators are close to each other when n, N and X are large enough. Hence, it is
also appropriate to use ( for practical purposes because it is simpler than §* and it also
has little bias.

On the other hand, the simulation study illustrates that the change of size of vali-
dation set yields bigger effect on the proposed estimators than that of the surrogate set
in terms of bias and SD.

6. Concluding remarks

It is noted that the dimension of Z = (Y, X, T) is p+ 2. When p is large, the curse
of dimensionality may occur because of the kernel estimation of u(z) = E[Y | Z = z2].
For this case, one solution is to consider this dimension reduction model by assuming
u(z) = m(a”z), where «a is a (p + 2) x 1 vector of unknown parameter and m(-) is an
unknown function. Actually, this assumed model is a single index model, and hence
can be expected to apply in a wide variety of situation. To estimate u(z), one can first
estimate a by sliced inverse regression techniques due to Li (1991), and then estimate
m(-) by the kernel regression technique with univariate explanatory variable. After
obtaining the estimator of u(z), we can develop the estimate theory for 8 and g(-)
and obtain the results similar to those obtained in previous sections. The asymptotic
inference theory in this setting is worth further investigating.

Appendix A: Proofs of Theorems 3.1 and 4.1

To prove Theorems 3.1 and 4.1, we first introduce the following notations, assump-
tions and present several lemmas.

Let g1(t) = Eu(Z) | T =t}, g2(t) = E[X | T = t]. Denote by go-(-) and X, the
r-th component of g2(-) and X;, i =1,2,...,n; r=1,2,...,p. Let |la—b]| = 3_ |a; — b;]
for any vectors a and b, where a; and b; are the i-th component of a and b, respectively.

The following assumptions are needed for the strong consistency of 8 and §(t).

[g): 91(t), gor(t) and g(t) satisfy Lipschitz condition of order 1, r =1,2,...,p.

[r]: The density of T, say r(t), exists and satisfies

. < .
0< ogtlél r(t) < 02:21 r(t) < oo

[X]: sup, E[ X}, | T =t] <oo,r=1,2,...,p.

[u]: There exists absolute constant cp such that

lu(z1) — u(22)] < collz1 — 22|

[Z]i: The density of Z, say fz(z), exists and satisfies

Y NP(fz(Z) <nn) < 0

N=1

for some positive constant sequence ny > 0 tending to zero.
ii: fz(z) has bounded partial derivative of order one.
[eli: Fle| X,T] =0,
ii: sup,cz Ele? | Z = 2] < oo,
[Y]: sup,cz E[Y?| Z = 2] < oo for some 6 > 0.
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[K1]i: Ki(:) is a bounded kernel function with bounded support.
ii: K7(-) is a kernel of order one .
iii: |K;(-)] is of bounded variation.

[K2]: There exists absolute constants M;, My and p > 0 such that

MiI[|t] < p| < Ka(t) < MaI{Jt] < p].

[hN]i: Iovo=1 N—th < 00.
ii: For ny appearing in [Z]i, E?Vozl(n%\,Nh%2)‘2 < oo.
[Nn]: £ =0(1).

2
brt

bl B = O(1).

31

The above assumptions are needed for the proof of Theorem 3.1. To prove Theo-

rem 4.1, we futher assume the following conditions.

[K*]: There exists absolute constants M;, M} and p* > 0 such that
MLt < p*] < K™(t) < M3I[|t] < p7).

(hr): >0 n7 Al < oo and Y oo (n?R:) 7! < 0.

Remark A.l. Assumption [Z]i is clearly satisfied when inf,cz fz(2) = 7 and nn
is taken to be 1n for some 7 > 0. Assumption [Z]i also holds if (Y, X) follows p + 1-
dimensional standard normal distribution, T' follows uniform distribution on [0, 1] and
7N is taken to be m. Analogously, we also can give some examples for the
assumption [Z]'i listed in the Appendix B.

LEMMA A.l. Under assumptions [r] end [K3), we have as Nhy — oo
(a) EWn;(T)]" < c(N"hN) Y, y=2,4;4,j=n+1,...,n+ N.
(b) EWn;t)]" < e(N"hy) ', y=2,4;5=n+1,...,n+ N.

The Lemma is proved by Qin (1995) and Wang (1996).

LEMMA A.2. Under conditions [g], [K3], [r] and [X], we have

LS )

The proof is similar to that of Hong (1991).
For the sake of simplicity, let us denote by ¢ any positive constant.

Proor oF THEOREM 3.1. Clearly

(A1)

B—pB=5S"14(B)

where ¥ is as defined in Section 2, and

1 n+N

AB) =% D Xi—Rn@))lan(Ze) = 91.8(Tk) — (Xk — G2,8(Tk))" B,

k=n+1
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To prove Theorem 3.1 by Lemma A.2, it is sufficient to prove that
(A.2) A(B) 5 0.

For simplicity, we next denote ), and Zk’ ; to be the summations on k and on k
and j, respectively, extending over the integers from n+1 to n+N. Analogious definition
also applies to } ;. From (2.1), A(8) can be decomposed as:

(A3) AB) = & 32Xk~ 4o (T0) @ (Z0) ~ u(Z))
k
+717 > (Xk — 92,8 (T))ex
k

oy (X - B (TD)G(TD) - Y Wi (T w(Z,) - X7 6)
k J

1 . .

— 7 2 Xk — 92.v(Tk)) > W (Te) (in(2Z5) — u(Z;))
k 3J

= ANn1 +An2+ ANz + Ana.

To prove (A.2), it is sufficient to prove Ay; =% 0,i = 1,2,3,4, by (A.3). We prove
only the case: i = 1. The proofs of the other three cases are much easier and hence are
omitted.

Next, We consider Ay 1. Recalling the definition of g2 n(-), it follows that

(A4)  Awy = 5 S W T(EIX; | Tj] - X,)(a(Z8) — u(Z0))
k’j
e S Wi (1) 02(T6) — 02(T5)) (i (Zi) — w(Z)
k’j

1 .
N ;(Xk — E[Xk | Te])(@n(Zk) — w(Zk))
= Anj1+ Ana2 + Anos.
By the definition of @,(-), An,11 can be represented as

1

(A5) AN,ll = W

S Wiy (T (ELX; | T3] - X;)
k.j

S (Y - EY: | ZI)K (
fz(Zx)

> Wii(T)(EIX; | Tj] - X;)
¥

S (u(Z:) — u(Zk) K, (
fZ(Zk)

Z; — Zk>
= I [fn(zk) > ’%fZ(Zk) > %ﬂN]

X

1
+ —_
nNbET?

Z; — Zy,
bn

X

>[ [fn(Zk) > %fz(Zk) > %"N}
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b S Wi (TOBIX; | T3] = X,)(an(Ze) = u(Z0))
k.j

xI [fn(Zk) < %fZ(Zk),fZ(Zk) >N

2 WG (T EDG | T3]~ X;)(@n(Zi) - (Ze)
k,j

xI[fz(Zr) < nn]
A 1 2 3 4
= Agv,)u + Agv,)ll + Agv,)u + Agv,)u-

Denote by Ak}’ﬁl the r-th component of As\i,)’n, i = 1,2,3,4. By conditions [Y], [Z]i,

[K1li, [g], [K2], (X] and [hAnb,] together with Lemma A.1, we have

" n

(A6) EANDP < —— == > E{WZ,(To)El(X;r — B[X;r | T3)? | T3]}
N(nbﬂ ) n~ k,j

C(nb513/2)(p+2)7m)_2-

IA

Using conditions [hn]ii, {Nn] and [hnb,], we get
(A7) AT 50, r=1,2,...,p

From {u], [K;]i and [Z]i, we have

b
A[?,r] < n
A < ey

Z Wi (Te)(E[Xjr | Tj] — Xjr)

Z -7
f(2552)
n

Zi — Z
bn
fn(Zk)

1
T e
N nbﬁ” 1

, Tr=12_...,p

[54
< —— Wni(T(EIX; | T — Xjr
WNNW%:; wi(T(ELX;, | Ty, — Xir)

By [X], [Z]i, [K1]i, [hnby] and Lemma A.1, similar to (A.6) it follows
(A.8) BARTI < c(N?h3md) ™), r=1,2,...,p
By condition [hy]ii, we get
(A.9) AR 250, r=12,..,p

For any € > 0, we have

T 7 1 -
PUARL > 9 < P (1F2(20) - F2(B)] > Juw ) < cbi?*) expl-comnt2??)
k
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by [Z]i. By condition [Nn] and } > | nb, %P+ exp{—cnnnb2+?} < oo (this is implied by
[hn]ii, [Nn] and [hxby], and Borel-Cantelli’s Lemma), it follows that

(A.10) AR 250, r=12,...,p.

Clearly, for any € > 0 we have

n+N
P(IANT] > €) < P ( U {220 < mv}) < NP(f2(2) < w).
k=n+1
This together with [Z]i proves > %_, P(|AE§’£]1| > €) < c0. By Borel-Cantelli’s Lemma,
we have
(A.11) AR 250, r=12,...,p.

Combining (A.5), (A7), (A.9), (A.10) and (A.11), it follows that A 1; and similarly
An,1i,% = 2,3, converge to zero almost surely. This proves Ay ; 2%0.

The proofs of (A.2) and hence (3.1) are completed by Lemma A.2.

Next, we prove (3.2). Clearly

(A12) (1) — 9(t) = gui,n(t) — 1(8) — (B3N (1) — 93 (1))B + g3 (1)(B - ).

Standard arguments can be used to prove §; n(t) == g1(t) and go N (t) =2 go(t). This
together with (3.1) proves (3.2).
The proof of Theorem 3.1 is thus completed. Similarly, we can prove Theorem 4.1.

Appendix B: Proofs of Theorems 3.2 and 4.2

To prove the asymptotic normality of 3 and obtain the rate of weak consistency,
the assumption [X] can be weaken to
[X]): sup, E[X2. | T =t]<oo,r =1,2,...,p.
And the assumptions [u], [Z], [K1]ii, [hn] and [Nn] can be replaced by
[u]': For some m > p+2, u(-) € D™.
[Z]'i: The density of Z, say fz(z), exists and satisfies NP(fz(Z) < nn) — 0 for some
positive constant sequence ny > 0 tending to zero.
ii: fz(z) € D™,
[K1]": K is a kernel of order m.
[hn] it NR% — oo,
ii: Nh%, — 0.
[Nn)': & — X, where X is a nonnegative constant.
[Z): E[(X — E[X | T)])}(X — E|X | T])" is a positive definite matrix.

2(p+2)
n

[hnby,)'i: For ny appearing in (C.Z)'i, n%nb — 00,

ii: :}z?;; — 0 for m appearing in [u]’.
The above assumptions are for the proof of Theorem 3.2. For Theorem 4.2, we need
further assume the following conditions in addition to the above assumptions.
[hr)i: nh — oo.
ii: nhx? — 0.
Let Uy = (e, Zx),Vi= (Y5, Z:),k=1,2,...,n+ N;i=1,2,...,n.
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LEMMA B.1. Under the conditions of Theorem 3.2, we have

n+N n

VNA(B) = #ﬁ Z Z\I’m(Uk,Vi;bn) +0p(1),

k=n+1 i=1
where
U1 (U, Visbn) = (X — E[Xk | Ti])ex
(% - B | 7o)~ u(zk (252
b2 £(Z1)

+

)

1=12,...,nk=n+1,...,n+ N.

PRrROOF. Let i(z) = wp7r iy YiK1(572). Then

(B.1) VNA(B) = \71—7\72(% _ BiX, | To)) B —f{(Zf;)c)u(zk)
’ k

+% L:_:(Xk - E[Xk I Tk])ek

+\/NAN,11 + \/NANJQ + \/NAN,131 + \/NAN,22
+\/NAN,23 + \/NAN,:; + \/]_V—ANA

where An 11, An,12 are defined in (A.4), Ay 3 and Ay 4 are defined in (A.3) and

Avar = 3 3" Wiy (T (02(Ti) - 05(T)))ex

k.j
Angs =~ S Wi (T(X; — BIX; | T ek
k.3
1 ((2Zx) — F2(Ze)u(ZK)(f2(2Z1) — f2(Zk))
A = — — = .
N,131 W Zk:(Xk E[Xk I Tk]) fZ(Zk)fZ(Zk)

Recalling the definitions of [(-) and f(-), the sum of the first two terms in (B.1) is
clearly the main term of the asymptotic representation in Lemma B.1. Hence, to prove
Lemma B.1, it is sufficient to prove that the last seven terms on the right hand side of
(B.1) converge to zero in probability. Using the analogous arguments to treat Ay ;) in
the Appendix A, we can prove \/NAN,131 % 0. Next, we prove VN AN 2,0 only.
The other five terms can be proved to converge to zero similarly.

Next, let us consider An 11.

By (A.6) and conditions [hnby], [Anb,]'1, it follows that

(B.2) VAT Bo, r=12,...,p

Let

ClZh) = # S (u(Z) - u(Z) Ky (z,- b—nzk> .
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By [Z]i, we have

2
(B.3) EARD)? < Ni)?v zk:E (ZWNj(Tk)(E[Xj |Tj]—Xj))

X[E(Cn(Zk) — El¢n(Zr) | Zi))® + E(E*[(a(Zk) | Zk))],

where A%:I]I is defined in (A.5). Notice that
BA) EGu(Z) | Z) = [ (u(Zy+ but) — u(Z) (2, + b K ()i
- / P (u) K (u)du + B / Ro(6,wKi(u)du, 1<€<1

where P, (u) is a polynomial of degree k¥ — 1 on u and hence [ P,(u)K;(u)du = 0 and
Ry (&,n) is the k-th remainder of the Taylor’s expansion and satisfies [ R, (£, u)K (u)du <
oo by [K1]'. This proves

(B.5) |ElCn(Zg) | Zgl| < b}, g=n+1,...,n+ N,

where ¢ is a constant which does not dependent on Z,.
Clearly, by derivative mean-value Theorem, we have

(B.6) E|(Gn(Z) = BlGa(Z1) | Z])°]
. ;ﬁ [ w@ - wzorx: ( ;nZ’“) f2(2)dz
S - 0.

By (B.3)-(B.6) and Lemma A.1 together with [hnby]’, we get

(B.7) NEAR" )2 <. L, 0
. —
Nil) S nbge(pﬂ)?}?v Ak
which proves that \/WAE?,’;JI 20,7 =1,2,...,p. Similar to (A.10) and (A.11), we can
prove that \/]VA%,’S]I £0,r=1,2,...,p; i = 3,4. Hence, This together with (A.5) and

(B.2) proves that vV NAn11 2.
The proof of Lemma B.1 is thus completed.

LemMA B.2. Under the conditions of Theorem 3.2, we have

1 n n+N

= > (U, Visba) 5 N(0,Vy)
n i=1 k=n+1

where V' is defined in Theorem 3.2.

PrOOF. For any p-dimension vector «, let
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d’n(Ua Vi bn) = aT‘Ijnl(Ua Vibg)
1 n n+N
M, = D $nlUs, Visbn).

nv N i=1 k=n+1

Clearly, M,, is a two sample statistic and

(B3) Bl6a(U, V;bs) | V] = o"(X — E[X | T))(Y ~ BIY | Z)).

Similarly, by [u]’ and [K;]', we have

(B.9) E[¢n(U,V;bn) | U] = o (X — E[X | T))e

an(X = BLX | T) f(u(2) - w(z) ks (272
Vet f2(2)

+

— a"(X — E[X | T)e.

By the first equality in (B.9), we get

(B.10) E[¢n(U,V;b,)] = E{E[¢n(U,V;b,) | U]}

o (X — BIX | T)) [(u(z) - u(2))K: (" ;nZ ) dz
52 f2(2)

=F

Similar to (B.5), it follows that

(B.11) (E{$a(U, V;ba)]] < b7
Hence, by [Nn]" and [hnb,)'ii, we have

(B.12) VNE¢,(U,V;b,) — 0.

Lemma B.1 of Sepanski and Lee (1995) together with (B.9), (B.10) and (B.12) proves

that
1 n n+N

=55 $u(Un, Visba) S N (O, V)

nN = S5

where

V2 = El(u(2) - XB - g(T))*a” (X — E[X | T))(X ~ E[X | T])"e]

+AE[(Y -~ E[Y | Z})?*a"™ (X — E[X | T|)(X — E[X | T])"a).
This proves Lemma B.2.

PRrROOF OF THEOREM 3.2. Notice that

(B.13) VN(B - ) = VNSAP) + VNE - 2 A$B).
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By Lemma B.1 and B.2, it follows that
(B.14) VNA(B) = 0,(1).

Hence, (B.13) and (B.14) together with Lemmas A.2 and B.1, B.2 prove (3.3).
In what follows, we prove (3.4).

Using the analogous arguments as before, we can prove that Gn1 = Op((N h?v/2)_1)+
O,((Nhn)~Y?), Gni = Op((Nhy)™1/?), i = 2,3 and EGn4 = O(hy) where Gny, Gna,
Gn3 and G4 are as defined in (A.15). This together with (A.15) yields that

(B.15) 9N () = 91(8) = Op((NRY?) ™) + Op((Nhw) /%) + O(hw).

Similarly, we can prove that

(B.16) G2,n(t) — ga(t) = Op((Nhn)~Y2) + O(hn).
The result (3.3) implies that
(B.17) B—B=0,(N"?).

Formulas (A.14), (B.15)—(B.17) together prove (3.4).
This completes the proof of Theorem 3.2. Similarly, we can prove Theorem 4.2.
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