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Abstract. The problem of estimating the marginal density of a linear process
by kernel methods is considered. Under general conditions, kernel density
estimators are shown to be asymptotically normal. Their limiting covariance
matrix is computed. We also find the optimal bandwidth in the sense that
it asymptotically minimizes the mean square error of the estimators. The
assumptions involved are easily verifiable.
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1. Introduction

The literature dealing with density estimation when the observations are in-
dependent random variables (r.v.’s) is extensive. Density estimation for dependent
r.v.’s has recently received increasing attention. This paper is concerned with den-
sity estimation when the observations come from a linear process. Many important
time series models such as the autogressive processes and the mixed autoregressive
moving average time series models are linear processes. Long memory fractional
processes also belong to that class. Since parameter estimation in time series
analysis is generally carried out under the Gaussian assumption or, at least, from
Gaussian likelihood methods, it may be useful to check whether or not the den-
sity of a time series is Gaussian or not. Recently, density estimation for time
series has been employed in the problem of testing serial dependence (see Chan
and Tran (1991)). For further motivation and background material, the reader
is referred to Chanda (1983), Robinson (1983), (1986), (1987), Yakowitz (1985),
(1987), Masry (1986, 1987), Masry and Gyorfi (1987), Ioannides and Roussas
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(1987), Roussas (1988), Gyorfi et al. (1989), and Tran (1989, 1992). Chanda
(1983) has investigated the asymptotic normality and consistency of kernel esti-
mators of the marginal density for linear processes. Recently, Tran (1992) has
shown that such estimators can achieve sharp rates of convergence of L., norm on
compact sets.

The general setting is the following: X3, ..., X, are n consecutive observations
of a linear process X; = p+ > oo arZ;—r, where p is a constant and {Z;} is an
innovation process consisting of independent and identically distributed r.v.’s with
mean zero and finite variance. Assume that X; has a probability density f, which
we wish to estimate. As an estimator of f, we will consider the nonparametric
kernel estimate (see Rosenblatt (1956) and Parzen (1962)) given by

@) = (nba)™' D> K((z — Xi)/ba),
i=1

where K is a kernel function and {b,} is a sequence of bandwidths with b, tending
to zero as n tends to infinity.

In Section 2, we provide some preliminaries which are crucial for the proofs of
our results in Sections 3, 4, and 5. Section 3 studies the asymptotic distribution
of (fu(z1),-.., fa(zk))’ for distinct points zi,...,z, of R. For linear processes
with |a,| = O(r~+%)) for some § > 0, Theorem 3.1 gives general conditions
under which the limiting distribution of (nb, ) /2(fn(x1) — Efn(z1), ..., fulzk) —
Efn(xi))" is normal. The conditions are stated in Assumptions 1-3. Assump-
tion 1 involves some standard conditions imposed on the kernel K. Assumption 2
concerns the linear process X;. Assumption 3 points out an important difference
between density estimation for i.i.d. r.v.’s and for linear processes. There exists
a delicate relationship between the rates at which the bandwidths and the coeffi-
cients of the linear process tend to zero. As can be expected, the bandwidth has
to tend to zero more slowly at small values of § than at large values of 6. When
§ is large, the condition imposed on b, of Assumption 3 is marginally close to
the usual condition that nb, — oo normally seen in the independent case. In the
case k = 1, Chanda (1983) has investigated the asymptotic normality of f, un-
der different regularity conditions than ours. Theorem 2.1 of Chanda (1983) shows
that n'/2(f,(x) — E f.(z)) is asymptotically normal under general conditions. The
only condition imposed on the bandwidth is that nb, — oo, which is identical to
the usual condition imposed in the independent case. This result appears to be
invalid. There are some gaps in his arguments. Condition (iii) of Lemma 2.3 in
Chanda (1983) is inconsistent with Theorem 2.1 in the same paper.

In Section 4, we consider the asymptotic normality of f,, in the particular
case when a, tends to zero at an exponential rate specified in Assumption 2'.
We sense a practical need for this case since Assumption 2’ is satisfied by most
causal-invertible autoregressive moving average time series models. Assumption 3’
imposes a very weak condition on the bandwidth for the asymptotic normality of
(nbn)l/z(fn(xl) - Efn(xl)v R fn(ick) - Efn(xk))/

We compute the limiting covariance matrix of (fn(z1),..., fa(zk))" in Sec-
tion 5 for the general case. This result is then used to find the optimal bandwidth
which asymptotically minimizes the mean square error.
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Most of the results on density estimation for time series hold under some
assumptions on the type of dependence of the relevant processes, for example,
strong mixing and absolute regularity (see, for example, Roussas (1988) and Tran
(1989)). The results of the present paper cannot be obtained by applying known
theorems for mixing or absolutely regular r.v.’s. The discussion on this point is
rather technical and will be given in Section 2.

Our method of proof is based on two different truncations of X;. The trun-
cation in the definition of X in the beginning of Section 2 is somewhat standard.
The point of truncation (¢ — 1) varies only with n. However, the truncation in
the definition of X{,, in Lemma 2.4 varies with the index of the variable and is
rather unusual.

Here and throughout the paper z denotes a fixed point of the real line (R).
We use [a] at times to indicate the integer part of a number a. All limits are taken
as n tends to infinity unless otherwise indicated. For sequences of numbers {a,}
and {b,}, we write a, ~ b, to indicate that a,/b, — 1.

2. Preliminaries

It will be clear from the proofs of the paper that we can without loss of
generality assume g = 0 and ag # 0. Define

g—1
Xy = E ar Ly,

r=0

where ¢ = ¢(n) T oo is a sequence of positive integers to be specified later on in
(2.13). Let

Xt :Xt'i'rt,

where the I';’s are independent r.v.’s with
o0

(2.1) Ty~ arZe .
r=q

We also require that {Z;} and {I';} be independent sequences. Note that both the

processes {X;} and {X,} are g-dependent. Counsider the kernel estimator g, (z)
defined by

(2.2) 9n(@) = (nby) ™ ZK((x — Xi)/bn).

Define the average kernel K, (z) by

(23) Ko@) = - K(/bo).
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Then
1 n

ole) = 3 Knlz = X)
and
(2.4) gn(@) = =3 Knlz — X0).

i=1

Define
(2.5) Ai(@) = Kn(z — Xi) — pin,  Ai(@) = Kn(z — Xi) — fin
where
(2.6) pn=FEKp(x—Xi), jin=EK,(z - X;).

Clearly, ptn, = fin, since X; and Xl- have the same distribution.

AsSUMPTION 1. The kernel function K is a density function with an inte-
grable radial majorant Q(z), that is, @(z) = sup{|K(y)| : |y| > |z|} is integrable.
Assume in addition that K satisfies the following Lipschitz condition

|K(z) — K(y)| < Clz —yl.

AssuMPTION 2. The coefficients of the linear process X; tend to zero suffi-
ciently fast that |a,| = O(r—(4+®) for some § > 0 as r — oco. In addition, Z; has
mean zero and finite variance and an absolutely integrable characteristic function

¢.
AssuMPTION 3. The bandwidth b, tends to zero sufficiently slow so that

nb5113+26)/(3+26) (Iog log n)-l - 0.

A linear process is trong mixing or absolutely regular if it satisfies a variety
of conditions (see Gorodetskii (1977) and Withers (1981)). One condition is that
> repar2" is not equal to zero for |z| < 1 (no roots inside the unit circle). This
condition is often impossible to check.

There are numerous linear processes satisfying Assumption 2 without being
strong mixing. If a, is the coefficient of the power series expansion of a(z) = (1—2)?
where p > 5 is a noninteger, then the condition of “no roots in the unit circle” is
violated. In this case |a,| = O(r!~P) and Assumption 2 is satisfied since p > 5.
Indeed, if Z;’s are normally distributed with mean zero and variance 1, then {X;}
has a spectral density equal to [a(e®®)|? (see Gorodetskii (1977)) and it follows
from the Helson-Sarason theorem (see Ibragimov and Rozanov (1978), Helson and
Sarason (1967) and Sarason (1972)) that X; does not satisfy the strong mixing
condition.
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LEMMA 2.1. If Assumption 1 holds, then

(2.7) / " Kalz — ) fu)du — £(z),
(2.8) | - wpP s = 1@ [ K.

PROOF. Relation (2.7) follows from the Lebesgue Density Theorem (see
Devroye and Gyorfi (1985)). Relation (2.8) also follows from the same theorem by
noting that [ [K(u)]?f(u)du < c0. O

We will tacitly assume that Assumptions 1-2 hold throughout this section.
LEMMA 2.2. Let fg %, be the joint density of (X;, Xx). Then

sup sup |fg %, (z,y) - f@)fW)|<C
J#k (z,y))ERXR

for some constant C independent of n.
PROOF. The characteristic function ¢ %, % of (X s X k) is given by
¢)~(j’)-(k (u,v) = Eexp(iqu + z'vf(k).

Without loss of generality, assume j < k. We need to consider two cases.
Case (i): j > —q+ k + 1. We decompose X, and X as follows:

g-1-k+; k—j=1
Xk = Z Uk—j+rdj—r + Z arZg_r +T.
r=0 r=0
g—1—k+j g—1
XJ = Z aij—r"" Z aij—r+Fj.
r=0 r=q—k+j

Thus

z’uX'j + w)i’k =l + wl

g—1 g—1—k+j
+iu Z arZi—r+1 Z (var + vag_j1r)Z;—,
r=g—k+j r=0

—j-1

k
+iv Z r L.

r=0
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The three summands on the right hand side are measurable with, respectively,
the o-fields generated by Z_g1511,..., Z_ g4k, Z—gtkt1s- - - Zj, and Zjtq, ..., Zg.

The summands are thus independent r.v.’s. Therefore

D%, X (u,v) = E exp(iuX; + ivXy)

= ¢r,(wer.(v) [ oua,)

r=q—k+j
a=1—k+j k—j+1
H ¢(uar + vag—jir) H o(var).
r=0 r=0

Using Fourier inversion formula,

sup 'fX,,Xk x,y) S/ / |¢X %, (u, v)|dudv

(z,y)ERXR

IA

/ / P(uao + vak-;||¢(vao)|dudv.

Changing variables by setting

o = uap +vag—j, B =vag,
sup  |fx, 5, (@) </ / 2|¢ )/16(8)|dadB < C.
(z,y)€ERXR

Case (ii): j < —q+k + 1. In this case X and X; are independent and
the proof follows immediately since X, and X; have density f. The joint density
f(z)f(y) is then also bounded. O

LEMMA 2.3. Let A; be as defined above. Then

sup sup | Cov{A;(x), Aj(y)}i <C.
i#j (x,y)ERXR

PrOOF. Using Assumption 1 and Lemma 2.2,

| Cov{Kn(z ~ Xo), Knly — %)}
/ / Eu(z — w)Kn(y - v)|f, %, (w,v) — f(u)f(v)|dudv

/ / K(u)K(©W)|fg, x,(* = bnu,y — bnv)
— f(z — bpu) f(y — byv)|dudv

<C/ / K(u)K(v)dudv = C. |
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LEMMA 24. Foralll<v<n-1and allz andy in R,

| Cov{Ar(z), Aru(y)}| < OO ) la .

r=v

PROOF. The proof of this lemma is similar to the proof of Lemma 2.2 in
Tran (1992). For v > 1, define

v—1
-Xf-f-‘u = Z arZ1+v——ry
r=0

and
v *
R«U == X1+v - X1+,U
q—-1 v-1 g—1
= ZarZI+v—r + 140 — Z arZI+v—r = Z rZ14y—r + P1+v-
r=0 r=0 r=v
Thus

lCOV{Al(x)vAl-Fv(y)H = |E[Kn(y — Ry, — Xf+u){Kn(x - Xl) — pn -
Clearly,

Cov{A;(x), A1+v(y)~}
= E{Kn(z — X1) — tn H{En(y — Ry — X;+v) - Kn(y - Xf-i—v)}]
+ E[{Kn(a: - Xl) - /Jn}Kn(y - Xik-l-v)]‘

The last term equals zero by the independence of X; and X} 1 Using (2.3), the
Lipschitz condition satisfied by K and the boundedness of K,

| Cov{Ai(x), Arso(y)} < Cb E|Kn(y — Ry — Xi1y) = Kn(y — X140

< Cb*E|R,| < Cb*> " lar|. O

r=v

LEMMA 2.5. Let g, be the kernel density estimator defined in (2.2). Then

Jim by Vealga(2) = 5@) [ Ky

PROOF. Using (2.7) and (2.8) and noting that b, — 0,

9 wVald@l= [ K@ -0/

— 0o

b | [ K=/ i) 2

— 00

— f(z) /_oo K*(y)dy,
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where A;(z) is defined in (2.5). By (2.4), (2.5) and (2.6),

90(2) ~ Bon(2) = 90(&) ~ i = = Y [Kal@ = Xi) = al = 7 " Bu(a),

Thus

nby, Var|gn(z)] = b, Var[A; (z)] + 2(bn/n) Z Cov{A;(z),A;(z)}.

1<i<j<n

By (2.9), to complete the proof of the lemma, it is sufficient to show that the
second term tends to zero. Choose an arbitrary number 8 with §/(2+6) < 0 < 1.
Clearly,

(2.10) (1-6)(2+6) >2.
Define
(2.11) m = m(n) = [p371].

Note that m — oo since b, — 0. Using Lemmas 2.3-2.4, (2.11), (2.10) and
Assumption 2,

(212)  |(ba/m) Y. Cov{Ai(x),A;(2)}|

1<i<ji<n

< b, Z— | Cov{A1(z), Arso(2)}]

+bn Y [ Cov{A1(z), Aryy(2)}|

v=mM

o0 fo's) s
< CH + Cb, Z b;3z lar| < o(1) + Cb;2 Z p—3+9)
v=m r=v v=m
o(1) + Cb;2m~ ) < o(1) 4 Cb2+(1-02+),
which tends to zero since b, — 0.0

The following lemma due to Masry (1986) is needed in the sequel.

LEMMA 2.6. For distinct points ¢ and y,

=y [ " K (2 = u)/ba)K((y = w)/bn) f (u)du — 0.



KERNEL DENSITY ESTIMATION FOR LINEAR PROCESSES 437

LEMMA 2.7. Let A; be as defined in (2.5). Then

bn o
23 [Cov{di() B} 0.

1<i#j<n

Qon =

Proor. Let S; and S5 be defined by

Sy ={G7)ije{l,...,n},1 <j—i<m},
So={G5) i, jef{l,...,n}ym+1<j-i<n-—1}

Then
3 1Cov{Ai(), A}
1<i<j<n
=Y " |Cov{A(z), A;(y)} + ) | Cov{Ai(z), A;(v)}.
S1 Sa

Using the value of m in (2.11),

n~ b, Z | Cov{A;(z),Aj(y)}| < Cn~lb,mb? ! < e — 0.
S1

Next, by Lemma 2.4

n~ b, Z | Cov{Ai(x), Aj ()} < Cn~'b.n Z |Cov{51(l‘), Al-}-v(y)}l
S2 v=m

< Cbn Z ICOV{Al(x)v Al—H)(y)}I

v=m
which converges to zero as shown in (2.12). O

LEMMA 2.8. Let z and y be distinct points of R. Then

nlingo nby, Cov{gn(:v), gn(y)} =0.

PrOOF. By (24) and (2.3),

nbn COV{gn(CII), an (y)} _ _
— b Cov{Kn((@ — X0)/br), Ky — K)/bu)} + a2
= gin — boEK((z — X1)/bn) EKn((y — X1)/bn) + G2n-

The lemma then follows by (2.7), Lemma 2.6 and Lemma 2.7. O
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We will show that under certain assumptions, f, and g, have the same asymp-
totic distribution.

LEMMA 2.9. For any e >0,

P[(nbn)1/2!fn(x) — gn(T)| > €] — 0.
PRrooF. Using the Lipschitz property of K stated in Assumption 1, we have
r — Xi
( ) K ( by )
Xi— Xi
< -1/2 | i i
C(nby) ; b_n“

So:arZi_r s F.L .

T=q

(nbn)"?|fa(2) — gn(e )l

< (nby)Y?(nb,)~

n

i=1

Choose
(2.13) q = [(log log n)(3+25)/(28+85)(n2b;3)1/(7+25)].
Using the Chebyshev’s inequality, independence, Assumption 2 and (2.1),

(2.14)  P[(nbp)"/?|fu(z) — gn(z)| > €]

il > C_lenl/zbi/z}

[e <]

E QrZj—p —

i=1 |r=gq

n o o]
< ZP Zarzi—r -
3=1 r=q
oo
< 026_2n2b;3 Var (Z Qr2l—r — 1"1>

r=q

P

IA

>

Tl > C—len‘l/sz/zjl

o0
=202 *EZ} Y  a?
r=q

= O(n?b; 3¢~ 7+29)) = O((loglog n) ~3T20)/4) = o(1). 0
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3. Asymptotic normality: the polynomial case

We will first establish asymptotic normality of

(nbn)l/z(gn(xl) - Egn(xl)’ s ,gn(l'k) - Egn(xk)),’

for arbitrary k and arbitrary fixed points xy,...,2; in R. This result is stated
in Lemma 3.3. It will be clear that it is sufficient to consider ¥ = 2. To avoid
using subscripts, we refer to 1 and x> as z and y. By the Cramér-Wold device, it
suffices to prove asymptotic normality for c£,(z) + d&,(y) for arbitrary constants
¢ and d, where

(31) £&nl2) = (nbn)*(gn(2) = Egn(z)),  &nly) = (nb)"*(ga(y) — Egn()).

By Lemmas 2.5 and 2.8,
B2 Varleta(s) + déaly) ~ (S(0)+ 1) [ KA(wdu=12

We now proceed to prove

(3.3) Cbn(T) + d€nly) > N(0, 7).

Let 5 5
Zi(z) =b/?A (x),  Zi(y) = b/ 2Ai(y).

From (3.1), (2.4) and (2.5)

cbn(z) + dnly) = n 20/2 Y (cAi(z) +dDs(y))-

i=1
Choose
(3.4) p = p(n) = [(loglogn)~(G+20)/(28+80) (np)1/3,
Using the value of ¢ in (2.13),

s ~ ((log log n) ~Lnp{13+26)/(3+26))(3+26)/(14+45)

By Assumption 3,

p
3.5 - — 00.
(3.5) .
From (3.4),
p _ (loglog n)~(3+25) /(28+86) b71l/2
(3.6) =< — 0.
n nl/2
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We now set the r.v.’s ¢Z;(z) +dZ;(y) into alternate large blocks of size p and small
blocks of size ¢. Denote

y=[n/(p+a),
Ym+p—1 YmAp—1 B
B7) Un= Y (cZix)+dZiy) =t Y (cAi(z)+dAi)),
s o
Up= Y. (cZi(2)+dZi(y) =8> Y (cAi(z)+dAi(y)),
1=l 1=l
Uy= 3 (Zi@)+dZ)=b 3 (chi(e)+dhiy)),
i=v(p+q)+1 i=y(p+q)+1

where v = (m -~ 1)(p+q)+ 1, bn=(m—-1)(p+qg+p+landm=1,...,7.
Also, set

(3,8) S =012 [cbn(z) + dénly)] = b2 En:(c&(w) +dA(y)),

i=1
Y Y
(3.9) So=> Un, Sp=> U, S;=U,. O
m=1 m=1
Clearly,
(3.10) S, =8,+S,+5,.

Here S/, is the sum of r.v.’s in large blocks of size p, S, is the sum in small blocks
of size ¢ and S is the sum of left-over r.v.’s.

LEMMA 3.1. Let S! and S, be as defined above. Then

1
n

[E(S;)" + E(S))*] - 0.

PrROOF. We will show that n"'E(S”)? tends to zero. The proof that
n~tE(S")? — 0 is similar and is omitted. By Minkowski’s inequality,

maql/2 ¥ lmtg—1 ) 2
(3.11) [ﬂiﬁ—} < |ef [%E(Z > bi/ZAi(x)>]

m=1 i=4{,,

1/2

Y Lmtg—l

27 1/2
+ |d| [%E(Z > b;/QAi(y)):! :

m=1 i=¥¢,,
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It is sufficient to show that the first term on the right hand side of (3.11) tends
to zero; the proof that the second term tends to zero is similar.  Since
Ef;‘;:l_l b,ll/zAi(x), m=1,...,7, are independent,

) N Emtq—1 2 L €mtg—1
3.12 -E bL2A, ==Y V bL/2A, )
s (LY #ae) -1T o2 weaie

m=1 i=fm
By Lemma 2.1,
(3.13) Var(b)/2Ai(z)) = Var(by/2A(z))
=b E[K (.’L‘ - Xi)]z

= [ k(e - o) )

—00 bn

- f@) [ " IR ()P

oo

Employing (3.13), the right hand side of (3.12) equals

(314) L var(t?die Z S Cov{ty/?Ai(e), b/*A; ()}

m 14, <i<j<tm+q-1

ngfy/n+%" Y |Cov{Ai(e), &)}

1<i<j<n
Using (3.5),
©_@r 9,
n pr P

The last term of (3.14) tends to zero by (2.12). It is now easy to deduce from
(3.11) to (3.14) that n~1E(S})? tends to zero. O

LEMMA 3.2. Let

8

1

¥
2 Z Var(n_l/zUm).

m=1

Then s2 — 72.

PROOF. From equation (3.9),

1
(3.15) 3" Var(n=Y2U,) = ~E(S},)?
m=1 n
because Uy, ..., U, are independent r.v.’s. It is easily seen that,

E(S)" _ ESy  E(Si+S5V)°  2E[Sn(Sh+Su)]

n n n n

(3.16)
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Lemma 3.1 implies

(3.17)

IA

{m$+$mjm

n

] L s S

n
By (3.2) and (3.8),

ES? 9

— T,

(3.18)

n

The lemma follows from (3.15), (3.16), (3.17) and (3.18). O
LEMMA 3.3. Let g, be as defined in (2.2). Then

(nbn)l/Q(gn(ml) - Egn(l'l)v s ’gn(xk) - Egn(xk))l i N(O’ C)a

where C is a diagonal matriz with diagonal elements Cy; = f(z;) [ K*(u)du,
i=1,....k

PROOF. By the definition of s2 in Lemma 3.2,

The r.v.’s {Un : 1 € m < 4} are independent since the process {A;} is ¢-
dependent. By the Lindeberg Central Limit Theorem,

5

Un d
-l27m ¢ N
(3.19) mgln P (0,1)
if for every € > 0
.
(3.20) J
mzzl (lz12¢€)

where F,, is the distribution function of n=1/2U,,/s,.

From (3.7)
[Un| < Cpb;1/2  as.,

since K is bounded. Therefore

—1/2 2\ 1/2
n U] < p _C <p ) a.s.

= 5, \nbn

Sn T spVnby Sn

A simple computation using the definition of p in (3.4) and Lemma 3.2 shows that

Pin Y2 U,|/spn > € =0
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for sufficiently large n. The left hand side of (3.20) is thus zero for large n and
(3.19) follows. By (3.9) and (3.10),

Sn— (S, +50) 4
s/ — N(0,1).

Employing Lemmas 3.1 and 3.2 together with the definition of 7 in (3.2),

(3.21)

Sy + Sy L
Sny/N

The proof of (3.3) is completed by (3.21), (3.22), (3.8) and Lemma 3.2. O

(3.22)

THEOREM 3.1. Suppose Assumptions 1-3 hold and x1, ...,z are k distinct
points of R. Then

(nbn) /2 (fu(@1) = Efa(@1), ., fulzk) = Efalzi)) = N(0,C).

ProoOF. Define

(@) = (Mbn)/2(fn(z) — Efn(@)),  mn(y) = (nbn)2(fa(y) — Efa(y)).
Then

M (T) + N () = cbn(z) + d€n(y) + c(nbn)/2(fr(z) — gn(z))
+ d(nbn)2(gn(y) — gn(¥))-

By Lemma 2.9,

(b)) 2 (fulz) — gu(@) D0, (b)Y (fuly) — galy)) 5 0.

Employing (3.3),
ena () + dra(y) = N(0, 7).
The theorem follows by the Cramér-Wold device. O

AssuMPTION 4. For some C > 0 and any z,y € R,
|f(z) = f(y)| < Clz -yl
ASSUMPTION 5. The bandwidth b, tends to zero slowly enough that
nb3 — co.

THEOREM 3.2. If Assumptions 1-5 hold and in addition,

/00 |z| K (z)dz < oo,

— 00
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then for any k and any distinct points z1,.. ., Tk,

(nbp) 2 (fu(21) = F(21), .-, fulzx) = flzx)) 5 N(0, C).

PROOF. Again, assume k = 2. We have

(3.23) c(nbn)/*(fulz) — f(y)) + d(nbn)"?(fuly) - f(¥))
- [c(nbn)1/2(fn(a:) — Efu(z)) + d(nbn)l/z(fn(y) — Efn(y))]
= (nbn)?[c(Efn(x) = f(2)) + dEfn(y) — F(¥))]-

By a simple computation,

(3.24) |Efu(z) — f(z)| = ‘/—00 K(2)f(x — byz)dz — /_00 K(z)f(x)dz

< C’bn/ |2|K(z)dz < Chby,.

—0

Similarly,

(3.25) |Efa(y) - f(y)| < Cby.

By Theorem 3.1,

(3.26)  clnbn)/2(fa(e) = Efa(@)) + d(nba) " (fuly) — Efay)) > N(0,7%).

Employing Assumption 5, we easily obtain from (3.23), (3.24) and (3.25),
e(nba)*(fule) = £(2)) + dlnbu) 2 (faly) = F@) > N(0,72),

since nb3 — 0. The theorem follows by the Cramér-Wold device. O

Remark 3.1. If § > 1 and Assumption 5 is satisfied, then b, > n~'/3 for
large n. Then

nb%l3+25)/(3+26) B nb3 b$l4—45)/(3+25) Cnbin(l/3)(46—4)/(3+26)

= — Q.
loglogn loglogn - loglogn

Thus Assumption 5 implies Assumption 3 when § > 1.
If 6§ < 1 and Assumption 3 is satisfied, then

;s b (13+26)/(3+26) log logn
= — o0.
n loglogn p(4—40)/(3+26)

Thus Assumption 3 implies Assumption 5 when § < 1.
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4. Asymptotic normality: the exponential case

ASSUMPTION 2. Suppose that the coefficients of the linear process X; tend
to zero sufficiently fast that |a,| = O(e™*") for some 7 > 0 as r — oco. In addition,
Z, has mean zero and finite variance and an absolutely integrable characteristic
function ¢.

AssuMPTION 3'. Suppose b, — 0 in such a manner that

nb,,
S o SN
log log n(logn)?

Note that Assumption 5 implies Assumption 3’ when § < 1.

THEOREM 4.1. If Assumptions 1, 2/, 3’ hold, then

(nbn) /2 (fa(®1) = Efa(z1), -, falzx) = Efalz)) 5 N(O,C)
for any k and any distinct points x,1,...,x of R.

PROOF. We will obtain the theorem by making certain modifications to the
proof of Theorem 3.2 where Assumptions 2 and 3 are employed.
Choose

(4.1) q = 2alogn — 3alogb, = log(n2°b;,3%)

for some a > 1/(2s). Turning now to (2.14), we have with the help of Assump-
tion 2’

(4.2) Pl(nbn)"?| fn(x) — gn(2)] > €

< Cn?b,? Zaf < Cn?b;3e 251
r=q

< Cn?b;,3 exp(—2salog(n?h; %))

< C(n2b;3)-—2sa+1 — 0(1),

since n2b;3 — 0o and ~2sa +1 < 0.
Choose
p= (loglogn)_1/2(nbn)1/2.

Then

g =a! (nby (loglog n)~! (log(nb;3))_2)1/2.

Since b, — 0, we have log(nb,3) > logn for large n. Therefore Assumption 3’
warrants that

(4.3) P, .
q
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The proof of Theorem 4.1 can be obtained from the proof of Theorem 3.1 using
(4.2) and (4.3) to make adequate changes. O

THEOREM 4.2. If Assumptions 1, 2', 4, 5 hold and in addition,

/ |z|K (z)dz < oo,

—0OG

then
(1) Y2 (ful@1) = f(21),- -, ulze) — flzx)) S N(O, C)

for any k and any distinct points x1,...,xx of R.

PrOOF. The theorem follows easily by employing Theorem 4.1 and the proof
of Theorem 3.2. Note, however that Assumption 3’ is not needed since it is implied
by Assumption 5. To see this, let us suppose that Assumption 5 holds. Then
b, > n~1/3 for large n and Assumption 3’ holds because n2/3 goes to infinity at a
faster rate than loglog n(logn)?. O

5. Limiting covariance, MSE of f,, and optimal bandwidth

Under general assumptions, we next compute the limiting covariance matrix
of (fn(z1),..., fu(zk)) for distinct points x1,. .., 2. This result is then employed
to obtain the optimal bandwidth in the sense that it asymptotically minimizes the
mean square error of f,.

LEMMA 5.1.  Let fx, x, be the joint density of (X, Xy). Then

sup sup |fx;x,(z,y) — f(x)f(y)| <C
Jj#k (z,y)eRXR

for some constant C independent of n.

ProOOF. Decompose X as follows:

-1

oo k
Xy = Z k—jtrdjr + Z - Zy .
r=0 r=0

Then
k—j—1

o0
uX; +ivXy = iZ(uar + Vag—jir)Ljr + 1V Z arZj—r.

r=0 r=0

Using independence and the Fourier inversion formula, the proof of the lemma can
be completed by the same argument as that of Lemma 2.2. O

LEMMA 52. Foralll<v<n-—1andallz andy in R,

| Cov{A1 (), Ao (9)} < OB, Y lay .

r=v
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PRrOOF. For v > 1, define

oo
R, = X1+v - X;_H; - Zarzl—i-v——r-

r=v

Then

| Cov{A1(2), Ar1o(9)}] = | ElKn(y — Ry ~ X1 ){Kn(z — X1) — pa}]l-

The proof of the lemma can now be completed using the same line of argument in
Lemma 2.4. O

THEOREM 5.1. Suppose Assumptions 1, 2 hold or Assumptions 1, 2’ hold.
Let C,, be the covariance matriz of the random vector (fn(z1),. .., fo(zk))’, where
xi,...,Tk are k arbitrary points in R. Then lim,_,, nb,C, = C.

Proor. We will consider the polynomial case where a, tends to zero at the
rate r~(4+8)_ The proof of the exponential case under Assumptions 1, 2’ is similar.
Without loss of generality, we assume k = 2. To complete the proof of the theorem,
it is sufficient to show that

(i) limn—oo nbn Var(fn(z)] = ffooo K*(y)dy,

(ii) limy,_ oo nby, Cov{fn(z), fn(y)} =0.

The proof of (i) can be obtained by a slight variation of the proof of Lemma
2.5. Replace A;, n;s X; by A, fn, and X; respectively and use Lemma 5.1 and
Lemma 5.2 to make necessary changes.

The proof of (ii) follows by making some slight changes in the proof of Lemma
2.8 with the help of Lemma 5.1 and Lemma 5.2. O

Assume that K satisfies

(5.1) / " YK (y)dy =0, / K ()ldy < o

—oC —00

and f”(z) exists. Following the same line of arguments as Parzen (1962),

Efa(z) ~ f(2) lf”(.’lt) /oo

—_ —_—

i 5 o YK (y)dy.
Consequently,
00 4 oo 2
Ble) - 1P ~ L2 [~ w2 | [~ @] o).

The value of b,, which asymptotically minimizes the mean square error is

_ flz) [75 K*(y)dy
[n(f"(z) [, y2K (y)dy)?] /5

(5.2) b
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4/5

Then, the mean square error tends to zero as n~*/°, as in the independent case.

Summarizing, we have

THEOREM 5.2. Suppose K satisfies (5.1) and Assumptions 1,2 or 1, 2" hold.
Then the bandwidth given in (5.2) asymptotically minimizes the mean square error.

A natural method in bandwidth selection arising from (5.2) is to choose by,
with respect to some standard family of densities. For more details see Section
3.4.2 of Silverman (1986).

Acknowledgements
We would like to thank the referee for his useful comments.

REFERENCES

Chan, N. H. and Tran, L. T. (1991). Nonparametric tests for serial dependence, J. Time Ser.
Anal., 13, 19-28.

Chanda, K. C. (1983). Density estimation for linear processes, Ann. Inst. Statist. Math., 35,
439-446.

Devroye, L. and Gyorfi, L. (1985). Nonparametric Density Estimation: The L View, Wiley,
New York.

Gorodetskii, V. V. (1977). On the strong mixing properties for linear sequences, Theory Probab.
Appl., 22, 411-413.

Gyorfi, L., Hardle, W. Sarda, P. and Vieu, P. (1989). Nonparametric curve estimation from time
series, Lecture Notes in Statist., 60, Springer, New York.

Helson, H. and Sarason. D. (1990). Past and future, Math. Scand., 21, 5-16.

Ibragimov, I. A. and Rozanov, Yu. V. (1978). Gaussian Random Processes, Springer, New York.

Toannides, D. and Roussas, G. G. (1987). Note on uniform convergence for mixing random
variables, Statist. Probab. Lett., 5, 279-285.

Masry, E. (1986). Recursive probability density estimation for weakly dependent stationary
processes, IEEE Trans. Inform. Theory, IT18, 254-267.

Masry, E. (1987). Almost sure convergence of recursive density estimators for stationary mixing
processes, Statist. Probab. Lett., 5, 249-254.

Masry, E. and Gyérfi, L. (1987). Strong consistency and rates for recursive density estimators
for stationary mixing processes, J. Multivariate Anal., 22, 79-93.

Parzen, E. (1962). On estimation of a probability density function and mode, Ann. Math.
Statist., 38, 1065-1076.

Robinson, P. M. (1983). Nonparametric estimators for time series, J. Time Ser. Anal., 4, 185~
297.

Robinson, P. M. (1986). On the consistency and finite sample properties of nonparametric kernel
time series regression, autoregression and density estimators, Ann. Inst. Statist. Math., 38,
539-549.

Robinson, P. M. (1987). Time series residuals with application to probability density estimation,
J. Time Ser. Anal., 3, 329-344.

Rosenblatt, M. (1956). Remarks on some nonparametric estimates of a density function, Ann.
Math. Statist., 27, 832-837.

Roussas, G. G. (1988). Nonparametric estimation in mixing sequences of random variables, J.
Statist. Plann. Inference, 18, 135-149.

Roussas, G. G. (1990). Nonparametric regression estimation under mixing conditions, Stochastic
Process. Appl., 36, 107-116.

Sarason, D. (1972). An addendum to “Past and future”, Math. Scand., 30, 62-64.



KERNEL DENSITY ESTIMATION FOR LINEAR PROCESSES 449

Silverman, B. W. (1986). Density Estimation for Statistics and Data Analysis, Chapman and
Hall, London.

Tran, L. T. (1989). Recursive density estimation under dependence, IEEE Trans. Inform. The-
ory, 35, 1103-1108.

Tran, L. T. (1992). Kernel density estimation for linear processes, Stochastic Process. Appl., 41,
281-296.

Withers, C. S. (1981). Conditions for linear processes to be strong mixing, Z. Wahrsch. Verw.
Gebiete, 57, 477-480.

Yakowitz, S. (1985). Nonparametric density estimation, prediction and regression for Markov
sequences, J. Amer. Statist. Assoc., 80, 215-221.

Yakowitz, S. (1987). Nearest-neighbor methods for time series analysis, J. Time Ser. Anal., 8,
235-247.



