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Abstract. We consider two tests of the null hypothesis that the k-th deriva-
tive of a regression function is uniformly bounded by a specified constant. These
tests can be used to study the shape of the regression function. For instance,
we can test for convexity of the regression function by setting k& = 2 and the
constant equal to zero. Our tests are based on k-th order divided difference of
the observations. The asymptotic distribution and efficacies of these tests are
computed and simulation results presented.
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1. Introduction

In some regression analyses, determining certain characteristics of the re-
gression function is more important than obtaining an accurate estimate of the
function. For instance, in evolutionary ecology, it is important to determine if the
dependence of the probability of survival upon some physical trait is monotone,
convex, or concave. The shape of the function determines how the physical trait
evolves in the population (see, e.g. Schluter (1988)). Another example of research
involving the shape of a regression function is in the analysis of human growth
data. The “pubertal spurt” is a rapid period of growth typically occurring at
twelve years of age in girls and fourteen years of age in boys. Determining the
age span of this spurt involves studying the convexity of height as a function of
age. (See, e.g. Gasser et al. (1984), for analyses of these types of data.) Here, we
study testing that the k-th derivative of the regression function is bounded by a
specified number.
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Suppose that the regression function f has k continuous derivatives on a
compact interval, which we take to be [0,1]. We wish to test the hypothesis

(1.1) Hy: f®@)<y forall telo1].
The test is based on observations

where the ¢;’s are independent and identically distributed with mean zero and ¢; =
i/(n+1). (If one wishes to test f(*)(t) > + instead of (1.1), one uses the proposed
statistics with X; replaced by —X;. If one wishes to test that f(*)(t) < g(t) for
all ¢, for some specified g, one uses the proposed statistics, but with X; replaced
by X; — G(t;), where G is any function with G*)(¢) = g(t).) Two test statistics,
T and S, are defined in Section 2. Both statistics count the number of divided
differences of the X;’s which are greater than or equal to a specified threshold,
and Hj is rejected if this number is too large. If £ = 1 and the specified threshold
is chosen appropriately, S is the Mann T-test (Mann (1945)) which is used to test
the hypothesis that f is constant, versus the alternative that f is non-decreasing.
The Mann test rejects the null hypothesis if the number of times that X; — X; > 0,
i > j, is too large. The statistic T" is equivalent to a test proposed by Sen (1965)
in a time series setting. Sen studied 7’s null distribution, but not its efficacy, as
we do here.

In Section 2 we give the asymptotic distributions of S and T assuming f
is on the “boundary” of the null hypothesis, f(k)(t) = 4, and assuming that
f = fa, a sequence of regression functions local to the null hypothesis. These
results can be used to calculate the asymptotic significance levels of the tests and
the efficacies. The efficacies are discussed in Section 4. Unfortunately, when k # 1,
the asymptotic variances of the statistics depend upon unknown parameters. In
Section 3, we present estimates of these parameters. Section 5 contains simulation
results. The simulation results and the efficacy calculations indicate that the test
statistic S is a good one, particularly if the data contain outliers.

It is possible to construct statistics to test Hy : y1 < f)(t) < v, for all
t € [0, 1] by counting the number of divided differences of the X;’s that fall within
a specified interval. For a sequence of functions {f,} approaching a fixed function,
the asymptotic distributions of the test statistics are easily derived by the methods
of this paper. However, it is very difficult, if not impossible, to determine the
significance levels of the tests, that is, to calculate the supremum, over Hy, of the
probability of rejecting Hy. Therefore, we do not analyse these tests here.

2. Definitions and main results
Suppose that (1.2) holds. We test the null hypothesis Hy : f € F, s, where

Fye=F ={f:[0,1] = R : f has k continuous derivatives and
FBE(t) < v for all ¢ € [0,1]}.
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Our test statistics count the number of k-th order divided differences of the X;’s
that are larger than a specified value. For instance, when k = 1 and the specified
value is ¢, S is equal to the number of times that (X; — X,)/(t; —t;) > c for i > j.
The statistic T depends on an integer m, chosen by the user. When, say, ¥ =1
and m = 3, T is equal to the number of times that (X; — X;_3)/(t; — t;—3) > c.
When ¢ = 0 and k = 1, S is equivalent to the statistic studied by Mann (1945).
When ¢ = 0, the statistic 7" is equivalent to one proposed by Sen (1965).

To define S and T for general k, we recursively define (A™* X);, the k-th order
divided difference with spacing m evaluated at i of the n-vector X = (X1,...,X,)!
as follows. (The dependence upon 7 is suppressed in the notation.) For k = 0 and
1<:<n

(Am’OX)Z‘ —

Fork=1landm+1<:<n

1
"Lk - X = P amox), - (A0 X)),

(A™1X); =
m

For general k and km +1<i<n

n+1

(Am’kX)i ((Amk 1X) (Am’k_IX)i_m).

To count the number of times that a k-th order divided difference exceeds the
specified value c let

W =W e) = {(A™  X); > c}

for km + 1 < i < n. Then our two test statistics are

T =Tr(m, k) = Zwm

1=km-+1
and
[(n—1)/k] n [(n—1)/k]
=SMky= Y. Y W= Y T(mk)
m=1 4=km+1 m=1

We will reject Hy if either T? or S7 is too large.

The asymptotic significance levels and the eflicacies of the test statistics are
given in Theorems 2.1 to 2.3 below. We assume that the distribution of € is
continuous. The Appendix contains the proofs of these theorems, in addition
to proofs of the asymptotic normality of the test statistics under more general
conditions.

First consider the statistic S7. To define its asymptotic mean and variance,
we introduce random variables U, Uy(l,1’), and Uy(1,V'), [,I' =0,...,k. Let

(2.1) U:( m )k"(Am’ke)i,

n+1
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where € = (e1, . .., €,)". Notice that the distribution of U depends only upon k and
the distribution of 61 For fixed I, I, m, m/, i, and i’ with {i — km, . —m,i}N
{/ —km/,...;¢7 —m/ i} ={i —lm} {#/ - l’ 1, (A™*¢); and (Am ke)zf involve
exactly one common ¢, namely €;_;,, = €;_pm. Thus the joint distribution of
(m/(n + 1))*(A™*€); and (m//(n + 1))¥(A™ *¢);, does not depend upon n, m,
m’, 1, or i’: it depends only upon the position of the “overlap” determined by [,
I, and k and upon the distribution of €;. Therefore, we can define

<Umarxuxaf»=:((;Z%)k<amﬁdh(nﬁg)kcaﬁkaa>.

The dependence of the distributions of U and (U1(I,1"),Us(l,1')) on k and the
distribution of ¢, is suppressed.

Let
1/k
@:%mw=/ (1 - ka)P{U > o*(c — 7)}da,
a=0
and
1/k
0 =0 (c,v) = Z f [1 — max{la, e’} — max{(k — Do, (k — ')’}
L= o a’—O

x cov(I{U(1,I') > oF(c — )}, {Us (1, 1) > o/*(c — v)})dado/.

Here u. is the positive part of u.
Let f3(t) = f*(t) = vt* k! (so f**) = 4) and let P be the probability
assuming that f is the true regression function.

THEOREM 2.1. Ifog >0, then

Sn 2#% Sn_n2#*
sup P { = o5 > gt = Pl "5 >,
feg f{ TL3/2U Z <f f { n3/20,§ B 67

where zg 1s the 1 — 3 quantile of the standard normal distribution. If c = v and the

distribution of €1 is symmetric, then n?u% can be replaced by the exact expectation
of 8

Eo(S7) = > (n - -—(n + 1))
where n* is the largest integer in (n — 1) /k.

To study the asymptotic distribution of T, define new random variables V;(I)
and Vo(1),1=0,...,k - 1:

m

k
0V0) = (57) (A, (a74,),
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Since (Al*¢); and (Al*e€);4x_; involve the ! + 1 common errors, €, ... ,€;, the
joint distribution of V;(I) and V;(l) depends only upon [, k, and the distribution
of e1. For ap € (0,1/k), let

1 = (e, v, a) = (1 — kao)P{U > af(c —7)}

and
0}2 = 0}2(6775050)
k—1
=23 (1= (2k — Do)y cov(I{Vi(l) = af(c ~ 1)}, I{Va(l) 2 ag(c —7)})
1=0
+ (1 — ko) var(I{U > af(c —)}).

THEOREM 2.2. Suppose that
(2.2) m=m, = [nag] with op € (0,1/k)

and [z] the greatest integer less than or equal to x. Suppose that o > 0. Then

T —nu % — nuk
sup Ppe < T~ \_p JZc T, )
feg f{ nl/za} — ﬁ} f { nl/go_;: &3 — ﬂ

If c = v and the distribution of €1 is symmetric, then nuy can be replaced by the

exact expectation of T7
Eo(T?) = (n — km)/2.

We now consider the efficacies of the test statistics under local alternatives.
Although results for general local alternatives are given in the Appendix, we
present results here only for alternatives local to f*, the “worst case” function
in F. We assume that X* = f,,(i/(n+ 1)) + & with fu(t) = f*(t) + 6,01/ 2g(2),
where g has k continuous derivatives. To define the efficacies, we need to define
a functional which is similar to A™* the divided difference vector. We call this
new functional, Ag"k, the k-th order divided difference functional with spacing «
of a function g. It is defined for g a function from the unit interval to the reals, k
integer, and « in (0,1/k). Agvk is defined recursively:

ASOMW) = glt)  te (0,1
AZI(0) = ~lolt) — glt ~ )] = [A3°) - A3°(t~a)]  te ol
AGE(L) = T[ATR(D) - APt - 0)]  te ka1l

We define

Ag*() = g™ 1)
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Note that, for g = (g(1/(n + 1)),...,9(n/(n Am/("+1)k(z/(n+ 1) =
(Am’kg)i.

THEOREM 2.3. Suppose that U, as defined in (2.1), has a continuous density
fu and that 6, — 6 < co. Suppose o >0 and let

1/k
es = es(g US/ /tak o fir (0 (¢ — ) A% (t)dida,

Then, under fy,
S¢ —n’ug

n3/20§ — 565 — N(O, 1).

Suppose that o} > 0 and let

"
Op

ok Fir(ak(c — 1
er = er(g,ap) = o fuleg(e 7))/ Ago’k(t)dt
=agk

If m = m,, satisfies (2.2), then under f,

T} —npuy
W — ber = N(O, 1)

3. Estimation of o and o7

The results of Theorems 2.1 and 2.2 indicate how we would use the statistics
S™ and T to construct asymptotic level a tests of Hp : f (k) (t) < 7. If we assume
that the regression error distribution is symmetric about zero and set ¢ = v then
the asymptotically level a tests reject Hy if S? > Eo(ST) + zam®20%(c,c) or
if T > Fo(T?) + zan'/?0%(c,c,ap). However, the parameters o} and o7 are
typically unknown. In this section we consider two types of estimates of o and
o (or equivalently, of the standard errors of S7 and T7'). One estimate is based on
the asymptotics of Theorems 2.1 and 2.2. The other estimate uses bootstrapped
samples. In simulation studies, we found that the asymptotic-based estimate of
2 performed poorly, often taking on negative values. The asymptotic-based
estimate of o performed very well. Therefore, we will only define the asymptotic
based estimate of o7..
We present an estimate of o that satisfies

lim sup Pi{T7 > Eo(T) + zan'/?6%} = a
n—oo f€-7'-

where

Fn={f € F:—pun* < fP(2) for all t},
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and p, is any sequence of positive numbers tending to zero. As usual, T is
constructed using m,, as in (2.2). We see that we must estimate

k—1
o7 =Y _2(1- (2k = Dag)+C(1) + (1 — kao) /4
=0

where C(l) is the covariance between I{Vi(l) > 0} and I{V>(l) > 0}. We estimate
032 by substituting estimates of C(I). Our estimate, C(l), is the sample covariance
between the collection of pairs

{T{(AY* X)), > e}, T{{AY* X)i gy > e})i=2k -1+ 1,...,n}
U {(I{(AQ’}CX)I > C}, I{(AQ’kX)i72k+zl > C}),i =4k -2l +1,... ,n}.

Then C’(l) converges to C'(I) in probability, uniformly on F,, and our estimate of
o%? converges uniformly to o3?. (It is possible to use only the first set of pairs in
the estimation of C'(l), but simulations showed that including the second set of
pairs greatly increased the finite sample accuracy of the estimate.)

To estimate the standard error of S? (or T7*) from a sample (X;,t;), ¢ =
1,...,n, we draw with replacement a bootstrap sample of size n from (X;,t;). We
then calculate the resulting value of S? (or T7). This process is repeated many
times, and the standard deviation of the resulting values of S? (or T7*) is used
as the estimate of the standard error. The exact theoretical properties of this
procedure are unknown but simulation studies, presented in Section 5, indicate

that the resulting estimates are good.
4. Efficacy

Here we study relative Pitman efficiencies of tests of Hy : f(®(¢) = ~ versus
Hy: f)(t) > v for some ¢. Three tests are considered: the two tests introduced
in Section 2, which use statistics ST and T, and the least squares regression
test. The efficacies are calculated with respect to local alternatives of the form
fult) = f*(t) + n~ Y268, g(t), where f* is as in Theorem 2.1, 6, — &, finite, and g
has k continuous derivatives. Throughout we assume that, in the construction of
1™, m = my, as in (2.2). No one of the three tests is clearly superior to the others
and, for large classes of alternatives, all three have no power (see Theorem 4.1).

From Theorem 2.3, we see that the Pitman efficacy of S? is eg = eg(g) and
the Pitman efficacy of T7 is ep = et (g, co).

For the least squares regression test, assume that f(¢) = 8o + B1{(t — 1/2) +
o+ Bp(t—1/2)%, with the 3,’s unknown. Let M = M(n, k) denote the n x (k+1)
design matrix with M;; = (i/(n+1)—1/2)7!. Then the least squares estimate of
B is Br = ((M*M)"'M?*X);, 1, and the least squares regression test rejects Ho
at approximate significance level o if (kDB > v + (k) zq vart/ 2(B,). (We could
base our test on the parameterization f(t) = 85 + Bit + - + Bit*, rejecting Hy
when B; is too large. However, these two parameterizations are equivalent—that
is, B = B; The i parameterization is more convenient for the proof of Theorem
4.1 below.)
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To calculate the efficacy of the least squares regression test, assume that the

variance of €; is o2. Then, under the local alternative hypothesis, the variance of
B is o2 ((M*M)~1) k41,441, the mean is B +n~ Y26, (MEM)~1M*g)k11, where
g=(g9(1/(n+1)),...,9(n/(n+1))), and so the efficacy is

MMM
€Ls = liyrlnn_l/2 (« ; ) > l/g)kﬂ .
o((M*M) )k+1,k+l

We now show that all three tests have no power against a special class of local
alternatives. We assume that n > &k + 1, so that our estimators are well-defined.

THEOREM 4.1. Ifg®)(t) = —g®)(1 —t) for all t, then erg = es = e = 0.

Proor. If g®)(t) + g¥)(1 —t) = 0 for all ¢, then g(t) + (—1)¥g(1 —t) is a
polynomial of degree k—1. This fact will be used in calculating all three efficacies.

First consider erg. Let b = (M*M)~'Mtg = (by,...,b;)!. We will show
that by = 0. Let g* = (g(n/(n+1)),9((n — 1)/(n+1)),...,9(1/(n + 1))). Since
g(t) + (=1)*g(1 — t) is a polynomial of degree k — 1, forn > k+ 1, g + (—1)*g*
can be fit perfectly via least squares by a polynomial of degree k — 1,

[(M*M)" M (g + (~1)*g")lk+1 = 0.

Let b* = (M*M)~'M*g*. Thus b + (—1)*b; = 0. But, as argued below, 13;‘ =
(=1)9b;, § =0,...,k, and so 0 = by, + (—1)2Fb; = 2by..
The fact that b7 = (=1)7b;, j =0,...,k, follows directly from the fact that b

minimizes )

> o () 2o (i 3)

and b* minimizes
n+1l-1 i 1\’
2 Q(W)“;bﬂ‘(mﬁ)
2
1 3J
e 7
> g(n+1) Zb (1) ( 1 2)

l

2

To show that eg = er = 0, we show that ft_ L A%F(t)dt = 0 for all o Let
g"(t) = g(1 —t). Then, by induction on k, AZ (t) = (- l)kA“‘ k(1 + ka — t) for
ka <t < 1. Since g(t) + (—1)*g(1 — t) = g(t) + (—1)*g*(¢) is a polynomial of
degree k — 1,

0= AP*() + (- 1D)*AZEE) = AZF() + AZ*(1 + ka — ¢).
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Therefore
1

1
AZk (1)t / ASH(1 + ka — t)dt = / A% (z)dz. O

t=ka =k«

We now consider the case of testing for convexity, that is, with k£ = 2, and we
set ¢ = 7. We assume that the density of ¢; is symmetric about 0. Then we easily
calculate that

ers = — / (t)(6t* — 6t + 1)dt,

fU(O 1/2 B ) i
/ /t 2 2g(t — @) + g(t — 2a))dtdo,

_fU)
-

1 1
agzzz (P{63—2€2+61 20765—264+63ZO}—-Z>

v/t_2 (g(t) — 2¢(t — ag) + g(t — 2ag))dt,

1 1
+Z (P{65—264+6320,e4—262+61 20}_Z>

1 1
+’1'2’(P{€5_264+€320766_264+6220}—Z>,

and

1
o = 2(1 — dag) ¢ (P{63—262+61 20,65—264+€320}—Z)

1
+2(1 - 3a0)+ (P{64 —2€3+ €9 > 0,63 — 262+ €1 > O} — Z)
+ (1 - 2a9)/4.

The test based on T with ag close to a half should do very well when g(1) —
g(1/2) is much bigger than g(1/2) — g(0). For the special case g(t) = p(t —1/2)",
r> 2,

NGB! T

eLs = T’g‘r’ﬁu + (—l)r]mv

_Jul0)p 1 . r
UE‘ gr+2 [1+(_1) ](I“-f-l)(’f'-‘r-Q)’

and

er(g, ) = fig(?ﬁL

Since 0% — 0 as ap — 1/2, we easily see that

lim hm er(g,ap)/es = oo,
an—vl/27"

and
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lim hm er(g,a0)/ers =
ap—1/27—
for r not an odd integer. However we do not recommend using the statistic T,
since its efficacy is highly dependent upon the choice of ag. Our recommendation
is also supported by the simulation results of Section 5.
We now compare ey s and eg for general g in the case that the ¢;’s are normally
distributed with mean zero and variance o2. In this case,

es _ 1 fl/th 2% g(t)—2g(t— a) + g(t — 2a))dtda
ers  V60mog i g(t)(62 — 6t + 1)dt

S22 L (9(t) = 2g(t — @) + g(t — 20))dtda
o g(t) (682 — 6t + 1)dt '

When g(t) = p(t — 1/2)", r > 2, r not an odd integer, then

1.372 1
es G132 < 0.858.
€rs 2 r+2

~ 1.372

When r = 2, that is, when the least squares test is the ideal test, we see that the
relative efficiency is fairly high—over 85%.

While the least squares test always performs better than S under the above
assumptions, under some conditions S will perform better than the least squares
test. For instance, the convergence of S does not require the existence of moments
of ¢;. Also, for certain functions g, S will be more efficient than the least squares
test statistic. In fact, for any positive constant M, we can find a function g so
that epg < —M and es > M. (Since we reject the null hypothesis for large
values of the test statistics, a positive efficacy indicates a strong tendency to reject
the null hypothesis. A negative efficacy indicates that the null hypothesis is not
usually rejected.) Let § be a small positive number and, for C' > 0, define g with
continuous second derivative such that ¢’ (t) = —4C for ¢t € [0,1/4~§], ¢"(t) = C
fort e [1/4+6,1/2—-6], ¢"(1/2) =0, ¢" linear on [1/4—6,1/4+6]U[1/2-6,1/2],
and g"(t) = ¢"'(1 —¢t) for t € [1/2,1]. To calculate ers and eg we first rewrite the
integral expressions using integration by parts, and then approximate ¢’ by a step
function which equals —4C' on [0,1/4] U [3/4,1] and equals C on (1/4,3/4). (The
approximation holds for § small.) Thus

\/3 1/2

eLs =5 [ o' +g (L 01 - t)%at
—3\f
51200
and
1/2
= L0 [T+ o0 - 0 - e
S
15360%

Our claim follows by taking C sufficiently large.
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5. Simulations

To study the finite sample properties of our asymptotic results and to compare
the finite sample characteristics of our test statistics, we carried out simulation
studies. Our focus was on testing Hy : f”(t) < 0 for all t versus Hy : f”(¢) > 0 for
some t. In this case, the function f* defined prior to Theorem 2.11is f*(¢) = 0. This
function is “on the boundary” between Hy and H;. Our simulated data followed
model (1.2) with the ¢;’s standard normal random variables. We considered two
values of n, n = 50 and n = 100. For each function f considered and for each
sample size, we conducted 1000 simulations. In all cases, the statistics T, and
S were calculated using ¢ = 0. For sample size n = 50, the T statistics were
calculated for values of m = 5, 10, and 15. (In the tables, these T statistics are
denoted as T'(5), T(10) and T'(15) respectively.) For sample size n = 100, the T
statistics were calculated for values of m = 10, 20 and 30. Note that, under f*,
Wim’2 = I{e; — 2€;—m + €;—2m > 0}, and thus the null distributions of 7" and S do
not depend on the variance of ¢;.

Table 1 contains summary information for the T" and S statistics under the
model (1.2), with f(¢) = 0. The simulated means are given with standard de-
viations in parentheses. The asymptotic means and accompanying parenthesized
standard deviations are those calculated from the results in Theorems 2.1 and
2.2. (The asymptotic means are actually the values of Ey(S) and Ey(T).) The
standard errors of T were estimated in the two ways described in Section 3: one
using the asymptotic results of Theorem 2.2, and the other via bootstrapping,
with 100 bootstrap samples taken in each simulation. The standard errors of S
were calculated only via bootstrapping, again with 100 bootstrap samples taken
in each simulation. The averages of the estimates are given, with the standard de-
viations in parentheses. The simulated means and standard deviations of the test
statistics are very close to the true means and asymptotic standard deviations. In
addition, the estimated standard errors are extremely accurate. In most cases, the
bootstrapped estimate of the standard error is not as accurate as the asymptotic
estimate. However, we still recommend the use of the bootstrapped estimate, as
it will never yield negative values.

Table 2 contains simulation results for a 0.05 level test of Hy. We considered
the model (1.2) for the functions f(t) = —t2, 0, t?, and ¢*. Using the statistic .S,
we reject Hp at this level if S > Ey(S) + 1.64565, where 65 is our bootstrapped
estimate of the standard error of S. We considered two tests based on T'(m): one
test rejects Hy if T(m) > n/2 —m + 1.6455, where &p is the asymptotics-based
estimate of the standard error of T'(m). The other test rejects Ho if T(m) >
n/2—m+1.6456p, where 67 p is the bootstrapped estimate. These two tests are
denoted T'(m) and T B(m), respectively. The least-squares regression based test,
denoted LS, rejects Hy if Bg > t0.0503,, Where tg o5 is the upper 5th percentile of
a t distribution with degrees of freedom n — 3, and g, is the usual estimate of the
standard error of Bg. As expected, we see that the least squares test is the best,
but that the test using S is comparable. The tests based on T' do not perform
very well.

In each of the studies of T(5) with a sample size of n = 50, the estimate of
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Table 1. Distribution of the test statistics with f(¢) = 0.

n = 50 T(5) 7(10) T(15) s
Simulated mean 20.00 (1.91) 14.97 (1.90) 10.03 (1.93) 299.84 (20.25)
Asymptotic mean 20.00 (1.86) 15.00 (1.84) 10.00 (1.94) 300.00 (18.77)
SE estimate/asymptotic  1.82 (0.31)  1.83 (0.13)  1.94 (0.06) —

SE estimate/bootstrap ~ 1.85 (0.14)  1.83 (0.12) 1.95 (0.13)  19.58 (1.46)

n = 100 T(10) T(20) T(30) s
Simulated mean 40.22 (2.76) 30.07 (2.62) 19.97 (2.74) 1223.6 (52.5)
Asymptotic mean 40.00 (2.63) 30.00 (2.60) 20.00 (2.76) 1225.0 (53.1)
SE estimate/asymptotic  2.60 (0.29)  2.60 (0.12)  2.76 (0.05) —

SE estimate/bootstrap ~ 2.62 (0.19) 2.58 (0.19)  2.75 (0.19)  54.27 (3.99)

Simulation results are based on 1000 simulation runs, with observations X; = ¢;,

¢; standard normal.

Table 2. Percent of times Hy is rejected in a level 0.05 test.

Sample size Statistic f(t) = —t2 f(t)=0 f@t)=t> f({t)=13
n =50 S 24 (05) 5.1 (0.7) 11.4(1.0) 142 (L1)
T(5)  72(08) 6.0(0.8) 64(08) 68 (0.8)

TB(5) 62(08) 47(07) 52(0.7) 4.8 (0.7)

T(10) 58 (0.7) 6.1(0.8) 57(0.7) 6.0 (08)

TB(0) 53 (0.7) 48(07) 54(0.7) 59 (0.7)

T(15) 42 (0.6) 3.8 (0.6) 4.4(0.6) 4.4 (0.6)

TB(15) 54 (0.7) 45(0.7) 48(0.7) 5.0 (0.7)

LS 18(04) 55(0.7) 135 (1.1) 17.9 (1.2)

n = 100 S 0.6 (0.2) 45(0.7) 140 (1.1) 220 (13)
T(10) 53 (0.7) 7.4(0.8) 7.1(08) 7.5 (0.8)

TB(0) 51(0.7) 6.4(0.8) 6.5(0.8) 68 (0.8)

T(20) 4.6 (0.7) 52(0.7) 54(0.7) 6.0 (0.8)

TB(20) 48(0.7) 59(0.7) 58(0.7) 58 (0.7)

T(30)  51(0.7) 4.7(0.7) 48 (0.7) 4.1 (0.6)

TB(30) 5.1(0.7) 47(07) 48(07) 40 (0.6)

LS  09(03) 52(07) 17.7 (1.2) 28.3 (1.4)

Results are based on 1000 simulation runs, with observations X; =
f(t:) +€;, where ¢; = i/(n + 1) and ¢; is standard normal. The entries
in the table are 7 = percent of times Hy is rejected and, in parenthesis,

the standard error \/7(1 — 7)/1000 x 100.
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the variance of T'(5) based on the asymptotics was negative in one of the thousand
simulation runs. The figures given in Tables 1 and 2 for 7'(5) are based on the 999
simulations that resulted in positive estimates of the variance.

Table 3 contains simulation results for comparing the least squares procedure
with the test based on S in the presence of outliers. The sample size was n =
50. The simulations were identical to those presented in Table 2, except for the
distribution of the ¢;’s. Here, we generated fifty standard normal random variables,
then chose N of these at random, replacing them with normal random variables
with mean zero and standard deviation ten. We considered N = 10 and N = 20.
As one would expect, the statistic S is much less influenced by outliers than the
least squares procedure. For sample size 100 (not presented here), the differences
between the two procedures were less striking.

Under all simulation configurations, the distributions of the test statistics
were very close to normal.

Table 3. Percent of times Hp is rejected in a level 0.05 test.

Number of outliers Statistic f(t) = —t2 f(t) =0 f(t)=1t> f(t)=1¢>
10 S 25(0.5) 4.7 (0.7) 8.9(0.9) 105 (1.0)

LS 10 (0.6) 4.9 (0.7) 6.6 (0.8) 7.4 (0.8)

20 S 48 (0.7) 5.9 (0.7) 8.0(0.9) 9.6 (0.9)

LS 38(0.6) 44(06) 52(07) 56 (0.7)

Results are based on 1000 simulation runs, with observations X; = f(t;)+
€i, where t; = i/(n + 1) and ¢; is standard normal, except that outliers are
normal with mean 0 and standard deviation 10. The entries in the table are
w = percent of times Hp is rejected and, in parenthesis, the standard error

/(1 = x)/1000 x 100.

Appendix

Proofs of Theorems
We first prove that f* is the “worst case” function in F, that is that

sup P¢{S{" > s} = Py- {5 > s}
fer

and
sup P{T7 > s} = Pp{T] > s}.
fer

This is an immediate consequence of the following lemma.

LEMMA A.l. Let f € F, and X; as in (1.2) with t; = i/(n + 1). Define
X7 = f*(t;) + e;. Then I{(A™* X); > ¢} < I{(A™FX*); > c}.
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PrROOF. Let f = (f(t1),...,f(tn))!, and f* defined similarly. Since
(A™EFY; = f®)(€) for some & € [ti_gm, ti], (A™FF); <y = (A™Ff*);. Therefore

I{(A™*X); > ¢}
= I{(A™*f)i + (A™F¢); > c} < I{{A™FF*); + (A™Fe); > ¢}
= [{(A™* X*); > c}. 0

We now study the distribution of ST under the model

)
X = n i
i= (n—i—1>-+wE

where the ¢;’s are independent and identically distributed and {f,} is any sequence
of functions in F (see Theorem A.1). In Theorem A.2, we study the distribution
for a fixed function f, calculating the asymptotic mean and variance. Theorem
A .3 states the efficacy of S7. The analogous results for the distribution of T* are
in Theorems A.4-A.6.

THEOREM A.1. Let S” be the Hdjek projection of S* (Hdjek (1968)):

n ke

S = ZE(sg &)= n;.
j=1 i=1

Suppose that there exists a sequence p, — 0 such that

liminf p,n 2 var(S?) > 0.

Then
var(S?) )
var(8n)
and
S¢ —E(5¢)
vari/2(Sm) = N(0,1).

PROOF. For convenience, the superscripts and subscripts n and ¢ will be
omitted.
To prove the first statement, we show that

(A1) pn~%(var(S) — var(S)) — 0.

Write

(n=1)/k] n n

var(S) = Z Z Z cov(W™, W)

m,m/=1 i=km+1i'=km’+1

and
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var(S) = Z var(7;)

[(n—-1)/k] =n n

_ Z Z Z ZCOV(E(Wim l Ej)yE(Wzm, le;))

m,m’'=1 i=km-+1i=km’+1 j=1

Since W™ = I{(A™*X); > ¢} involves X;_gm, - ., X;, the calculation of the
individual terms in the variances of S and S will depend upon

Amyim/ i)Y ={i—km,....i—m,i}n{i' —km',...i —m' i}

for 1 <m,m <[(n—1)/k], km+1<i<m,and km' +1 <4 <n. We partition
the indices (m,i,m’, ) as follows.

Ag = {(m,i,m,i") : A(m,i,m’,i') = 0},
Ay = {(m,i,m,7') : the cardinality of A(m,i,m’,i') = 1},
Ay = {(m,i,m,i') : the cardinality of A(m,i,m',i") > 2}.

We first study the variance of S. If (m,3,m/,i') € Ag, then W™ and Wi’,n, are
independent and so cov{W;™, W{/"’) = 0. One easily shows that the cardinality of
Ay is O(n?). Therefore

var(S) = Z cov(W™, W{,n/) + O(n?).

(mim’,i")€A;

To study the variance of S, first note that if j ¢ A(m,4,m’, ), then either ;
and W™ are independent, or ¢; and W[,”, are independent, or both. Thus, either
E(W™ | ¢) = E(W™) or EWD |¢) = E(W{,”/) or both, and so cov(E(W/™ |
&), E(WP | ¢;)) = 0.

Therefore

var(S) = > >

(m,im’/ i )€A; jEA(m,i,m' i)

LD > | cov BV ) BOVE | e)).

(m,i,m’ i')€A2 JEA(mM,i,m’,i’)

If (m,i,m’,i') € Aj, then there exists exactly one j in A(m, ¢, m’,4’). For this value
of j, W™ and W[* are conditionally independent given €;. Therefore cov(E(W[™ |

ej),E(W[,"/ | €;)) = cov(W/", WV'). Since the cardinality of Ay is O(n?) and the
cardinality of A(m,i,m’,7’) is at most k+ 1,

var($) = Z cov(W™, Wi) + O(n?) = var(S) + O(n?).

(m,i,m’ )€ A;
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This completes the proof of (A.1).
Since

E(S — §)? var(S)—var(S’)
var(S) var(S)

the asymptotic normality of S will follow once we show that

— 0

S —E(S)

2Ty N0, 1),
varl/2(S) ©.1)

By the Lindeberg-Feller Theorem (see e.g. Serfling (1980)), it suffices to show that

limvar—($) ) " E((n; — En;)*I{|n; — En;| > ¢var'/2(§)}) =0

n
j=1

for all ¢ > 0. We show that I{|n; — En;| > ¢var'/?(8)} = 0 for all j, for n
sufficiently large. Now

[(n-1)/k] n

Z Z [EW™ | ;) - E(W™)].

m=1 i=km+1

Since, for fixed j, E(W™ | ¢;) = E(W/*) unless j =i — Im for some | = 0,...,k,

the inner summation over ¢ in the above contains at most & + 1 terms. Thus
— En; is a sum of O(n) bounded random variables. But the variance of S grows

quickly: by assumption, there exists C' such that n=2 var(S ) >C/p— o0.0

We now consider the asymptotic distribution of S7' for a fixed function f.
Recall the definitions of A‘;’k, U, Ui(1,I'), and Uy (l,1") in Section 2. Let

1/k
ps = us(f / / P{U > o*(c - AY k() }Ydtda,
a}%(l,l',a,a ,t) = cov(I{U,(1,1") > o*(c - A? "t + 1))},
HUy(1,1) > a®(c = AT *(t+ ')},
B, a,a,t) = I{max{(k — D)o, (k — I")a'} < t < 1 — max{la,l'a’}},
and

17k gl
0% = / ﬂ LU a0, t)oF (L1, a, 0 t)dtdadd’.
LI=0"%

In Theorems A.2 and A.3, we require that the integrands of pg(f) and o%(f)
be Riemann integrable. It suffices that f has k continuous derivatives and the
distributions of U and (Uy(1,1'),Us(1,!")) be continuous. One easily shows that
the distributions of U and (U1(l,1"),Us(l,1")) are continuous if the distribution of
€1 is continuous.
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THEOREM A.2. Suppose that fr, = f, 0%(f) > 0, and that the integrands in
o2(f) and us(f) are Riemann integrable. Then, under f,

S¢ — E(S)

varl/2(Sn)

n"3 var(8?) ~ n"3var(8") — o3,

= N(0,1),

and
E(S)) = n’ug + o(n?)

where ST is the projection of ST, as defined in Theorem A.1. If f = f*, as defined
in Theorem 2.1, and if U has a continuous density, then

E(S) = n*us + O(n).

PROOF. Write

k k .
m m m,k m m/(n+1).k 4
N fusaen) ’ > j— —
Wi I{(n+1> (A E)l—<n+1> <c Ay <n+1>>}

By Theorem A.1, the asymptotic normality of S and the asymptotic variance
expression will follow if we show that var(S) ~ n30%. Since EW™ | ¢;) = E(W™)
ifj#£4i—1Im,1=0,...k,

k [(n—1)/

K]
n —Bn;) =Y (EWL, | &) — EWL ) I{km+1<j+Im < n}
=0 m=1

and so

[((n—1)/K]

n k
(A2)  var(S)= Z > Y H{max{(k—)m, (k—1)m}

<j<n+1-—max{lm,'m'}}
COV(E(WJ‘T—nHm | 6j)’:E(‘/Vv]n—}-l’Tn’ | 6]))]
ko n [(n-1)/k

m m i
a Z Z Z /B(l’l/’n+l’n+1’n+l)

LU=0j=1 m,m/=1

2 ! m m’ ]
: lyl7 b) b)
af< n+l n+1 n+1>

~ n3a2.

To study the asymptotic expected value of S, write

[(n=1)/k} n k .
B m _Am/(nt1)k ?
E(S) = m§ > P{U2<n+1> <c Af <_-—n+1)>}

=1  i=mk+1

2
~ NS,
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The stronger statement concerning E(S) is easily shown. O

THEOREM A.3. Let fn(z) = f(z)+6,n"Y2g(x), where f and g have k con-
tinuous derivatives, o%(f) > 0, and 8, — § < oco. Assume that (Ur(1,1'),U2(1,1"))
have continuous joint densities and that U has a continuous density, fu. Then

1/k
n2(E; (SP) — E(S7) Ha/ /tk o ASK(E) fy (0 (¢ — ATH(1))dtda

and under f,

Se —Ef,(S¢)

204 (]) = N(0,1).

PrOOF. To prove the statement concerning the means of S7, write

Es, (Wzm) - Ef(Wim) = E(Wzm) - E(Wi*m)

= P{(A™¢); > c— (A™kf), -

%(Am’kg)i}

i >c— (A™FF);}

)( (Amf), jﬁ(Am’kg)i)}

~) (c—(A"”“f))}

n+1
k
k

- P{(Amke

:p{

o

_ b m N Amsnine [ _E

vni\n+1 g n+1
m

_Am/(nt1)k i
<n+1> <c Af <n+1))

+ O(n—l/Z)

/\

fu

uniformly in 7 and m. Thus the statement concerning Ey, (S7') — E£(S7) holds.
Similarly

2 ;M m’ J ; m m’ J ~1/2
l3l7 3 ] - ll 3 y = /
Uf"( ntln+l n+1) Uf( ntl n+l n+1) Om=")

and so, using A.2, R N
n~3(var(87) — var(S:™)) — 0

where S" and S*" are the projections of ST and S;™ respectively. By Theorem
A2, n_3 var(S*") — d%(f), and so n™ var(S") — 0%(f). The theorem follows
from Theorem A.1. O

We now study 7. Assume that m = m,, as in (2.2).
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THEOREM A.4. Suppose that

liminf var(7}') = oc.

n—oo

Then " B(T™)
T A\l N 1).
varl/2(Tn) = N(0,1)

PrOOF. T can be rewritten
m
=> 2
i=1
where

Zi = Zi(n,e;m, k) = Wi + Wiornm + 0+ Wiieriaym

and (i) = I(i,n,m, k) is as large as possible, that is i + (k +{(i))m < n <
i+ (k+1(i) +1)m. Z1,Zs,..., Zy are independent.
By the Lindeberg-Feller Theorem it suffices to show that, for all ¢ > 0,

m

var~ (1) Y E((Zi — B(2:))°I{|Z: — E(Z,)| > ¢var'/*(T)}) — 0.

1

This follows immediately, since Z; is a sum of at most n/m = O(1/ag) = O(1)
bounded terms and var{T) — oo by assumption. Thus, for n sufficiently large,
I{|Z; = E(Z))| > pvar'/}(T)} =0 foralli=1,...,m. O

As in the study of S”, the study of the asymptotic mean and variance of
T? requires the partitioning of index sets via A(m,i,m’,i’). However, here the
“overlapping” sets are much simpler since, for each n, m is fixed. Thus we need
only consider A(m,i,m,%'):

A(m,i,m,i') = {i,i —m,...,i—km}N{i',7" —m,...,i" —km}

for km+1<1i,7 <n. If A(m,i,m,i') = 0 then W™ and W] are independent,

1 1
so we can neglect these terms when studying the variance of T. We partition

{(i,3) : A(m,i,m,i") # 0}

k—1 n
{(z’@’)zA(m,z',m,z")#@}:[U(&(z)u&(m u[ U {(i,i)}}
=0 i=km+1

where

Bi(l) = {(i,i") : A(m,i,m,i") ={¢',i' —=m,...,i" —Im}
={i—(k-Um,....i —km}}

and
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Bo(l) = {(2,7) : Alm,i,m,7"y = {i,i—m,...,i —Im}
={i' - (k—Um,...,i' — km}}.

The dependence of Bi(l) and By(l) upon n, k, and m is suppressed. Note that
(1,%") € B1(l) if and only if W™ and W] involve the | + 1 common observations:
Xit = Xi_(k—tym> -+ +» Xir—im = Xi—km-

Recall the definition of (V1(I), V2(l)) in Section 2. We thus have

k
(VaD), Va(0)) ~ (n—%) (A™ke), (A™ke)), (i) € By(),
and
k
OO~ (7)) (A (@™, (i) € Bald,
Let )
pr=pr(fe)= [ Uz oMo a5¥ @)
and

of(k, a,t) = var(I{U > o*(c - AP*())}).
Forl=0,%k—-1,let

o3 (l,a,t) = cov(I{Vi(l) > oF(c - A?’k(t))},
H{Va(l) > a*(c = AF*( = (k= Da))})
and
b(l,a,t) = I{(2k — Da < t < 1}.
Let

1
o =042(f,a) = 22/ l o, t)b(l, t)dt+/t . afc(k,a,t)dt.

For the remainder of the section, assume that oZ(f, o) is positive, and that
there exists a neighborhood of ag such that oj%(l,a,t), l=0,...,k, and P{U >

ak(c - A?‘k(t))} are continuous in {,t) for all ¢ and all « in that neighborhood.
For instance, it suffices to assume that f has & continuous derivatives and that
the distributions of (V;(l), V2(l)) and U are continuous. This will be true if the
distribution of €; is continuous.

THEOREM A.5. Suppose that f, = f is fized. Then
T — E(T")
var1/2(T")

n- Va'r(Tcn) - a%(fv a0)7

= N(0,1),

and
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E(T?") = nur(f, ao) + o(n).
If f = f* and U has a continuous density then

E(TT) = npr(f, a0) + O(1).

PROOF. We first prove the second statement.

n

var(T?) = Y cov(W™ W) = > cov(W™, W)
i,i'=km+1 (2,8 ): A(m, i, m,é )£ B
k—1 n
=Z Z cov(W™, W) + Z var(W™).
1=0 (3,3")€B;1 (1)UB2(1) i=km+1

Fori=0,...,k—1,

S covwm, Wi

(4,i)€B1 (D)
Z cov(W/™ W)
(1,4")€ By ()

_ZCOV< {Vl (1) > Tl)k<C_A;n/<n+1>,k (n_i_l»}
o () (o (SE))

DRACSE
I U n 41

where the summation is over all 5 with km +1 < i, ¢ — (k = 1)m < n, that is with
(2k — )m < i < n, or equivalently, over all i with b(l,m/(n +1),i/(n+ 1)) = 1.

Also,
m )
WM =e2 [k — > |
var(W") Uf<k’n+1’n+1)

The second statement of the theorem follows immediately, by calculating Riemann

integrals.
The asymptotic normality of T follows from Theorem A.4.

The third statement, concerning the expected value of T', follows from

n k .
m m/(n i
BT = D, P{UZ(nH) (o= a7 H)’k(m))}wn’”'

i=mk+1

[a—

The fourth statement follows easily.
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THEOREM A.6. Let fu(z) = f(z) + 6,n"2g(z), where f and g have k
continuous derivatives. Suppose that U has a continuous density fu and that
b, — 6 < 0o. Then

7 — Ef, (T7)

nPor(f,a0) N

and

n~V2(Ey, (T7') — Ef(T¢)) = 50/5/ Aot fulaf(c — AT (1)) de.

t:agk

The proof is similar to that of Theorem A.3 and is omitted.
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