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Abstract. I propose a simply method to estimate the regression parameters
in quasi-likelihood model. My main approach utilizes the dimension reduction
technique to first reduce the dimension of the regressor X to one dimension
before solving the quasi-likelihood equations. In addition, the real advantage of
using dimension reduction technique is that it provides a good initial estimate
for one-step estimator of the regression parameters. Under certain design con-
ditions, the estimators are asymptotically multivariate normal and consistent.
Moreover, a Monte Carlo simulation is used to study the practical performance
of the procedures, and I also assess the cost of CPU time for computing the
estimates.
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1. Introduction

In the general parametric inference approach, one frequently assumes the
distribution of ¥ | X = z to belong to a family of distributions depending on
the parameters 37z and 6. Here j is a p-dimensional column vector of regression
coefficients and 6 is a ¢-dimensional column vector parameters. In the present
paper, I consider the following model:

(L1) E(Y | X =) = g(87;0)
and
(L2) Var(Y | X =) = ¢V[g(87z; 0)].

Here I let g(-;-) and V() be given functions and ¢, G, and ¢ are unknown
parameters to be estimated. If the true parameter 8 is 8y, g(t; 6p) can be referred to
as a inversed link function (see McCullagh and Nelder (1989)), and thus g(37 z;0)
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can be considered as a parametric family of link functions. Under § = 8, the
model of form given by (1.1) and (1.2) were discussed by McCullagh and Nelder
(1989) using the quasi-likelihood approach.

Suppose the observed random data are {(Y;, X;),i = 1,...,n}, where Y] is
a real-valued response variable and X; = (X;1, Xi2, ..., Xip)T is a p-dimensional
column vector of covariates. Then the quasi-likelihood estimate (8, 6,) is a set of
solution to the system of equations:

Y — g(8TX:;0) 09(87Xy;0)

4.3) L VGETX0) o8
and

Y; - g(6"Xi;0) 99(8"Xi;0)
- Z Vi@ xao o8

The parameter ¢ is unknown. In the absence of information beyond two
moments of Y given X = z, there is little alternative to using

o1 -7 X6,
<ZS”_nﬂvﬂzg VI{g(BTXi;6,)]

General asymptotic theory for 3, §,, and ¢, are given in Cheng and Wu (1994).

Usually, there is no explicit solution to (1.3) and (1.4). Numerical method
must be frequently employed to determine the solution, though not every numerical
procedure can guarantee a solution for the system of equations (1.3) and (1.4) even
if the solution exists.

A simple estimation method is proposed in this paper for solving the above
problem. My main approach utilizes the dimension reduction technique, (see
Powell et al. (1989), Duan and Li (1987), and Brillinger (1982)) to first reduce the
dimension of the regressor X to one dimension before solving the quasi-likelihood
equations. In Subsection 2.1, I discuss the simple estimation procedure and show,
under the sufficient conditions, the estimator ,5’* based on the simple estimation
method is asymptotically multivariate normal. The consistent estimator of the
asymptotic covariance matrix of 8, can be derived. Another approach is to use
the quasi-likelihood estimate 3 based on the estimated link using the estimate 6,
developed in Subsection 2.2. The estimator 3 is also asymptotically multivariate
normal. Further, the consistent estimator of the asymptotic covariance matrix of
the estimator /3 exists.

In Section 3, I compare the asymptotic properties of the estimators 3, 3, and
3 under linear model. Further, general finite sample properties of the estimates
are discussed using simulations. The simulation performances of 3, . and ﬂ
are very similar, however, it deserves to be mentioned that in my Monte Carlo
simulation, the cost of CPU time for computing B. is only about l of that required
for computing the estimator ﬂ, on the average. On the other hand the cost of
CPU time for computing 3 is about 1 of that required for computing 3. In general,

the computations of 6* and 3 are much simpler.
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2. Estimates of regression coefficients

2.1  Simpler estimation procedure

Let {(Y;, X;),i = 1,2,...,n} denote a random sample, where Y; is a real-
valued response variable and X; = (X1, X;o, . .. ,Xl-p)T is a p-dimensional column
vector of covariates. Theoretically, the quasi-likelihood estimates (én Bn), under
the certain conditions given in Cheng and Wu (1994), will converge in probability
to a constant vector (6, 8p). However, in practical applications, if the dimension
of the parameters (0, 3) is too large, then the solution of the system of equations
(1.3) and (1.4) is not easy to derive. To overcome the computation difficulties,
here I shall start with the technique which is especially useful for reducing the
dimension of the covariate space. My aim is to first estimate some proportion
&y of the true regression coefficients 3). Let vobo = By where o is some scalar
constant. If & is estimable and suppose &g is regarded as known, then one can write
g(BTr;0) = g(z;0) with 2z = 6z being the reduced one-dimensional covariate.

The ordinary least squares method provides the simplest and most popular
estimates of &y. It is defined as

n -1

bn = znjy,.(xi -7 DN X - XX - X7
=1

1=1

see Brillinger (1982) and Duan and Li (1987). The estimator 6, is /n-consistent
estimator of 6y with unknown vy if I assume the design condition satisfying:
E(wT X | BT X) is linear in B X for all linear combinations w?' X of X (see Duan
and Li (1987), Li and Duan (1989)). Although this condition is satisfied by random
covariates with jointly elliptically symmetric distribution (see Fang et al. (1990)).
Nevertheless, this condition may not be fulfilled by the usual polynomial regression
models. In a technical report, Cheng and Wu (1991) argued that é,, is not very
robust against the violation of the above design condition.
A more robust estimator of 6y is

which was suggested and studied by Powell et al. (1989). Here the kernel K(-) is
a weighting function and h = h,, — 0, as n — o0, is a smoothing parameter that
depends on the sample size n. The theoretical conditions of the kernel function and

the smoothing parameter were given in Powell et al. (1989). Moreover, I conjecture

that &, is strongly consistent if ”lgg: — oo and the kernel function K(-) satisfies

Condition 6 of Prakasa Rao ((1983), p. 183). In addition, other estimation method
for the parameter &y such as AD method (see Hirdle and Stoker (1989)) and SIR
method (see Duan and Li (1991), Li (1991)) may also be considered. But, here, I
only consider the estimators 5n and 5,,,.
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Let Z; = 6TX;, i =1,2,...,n, and £ = (7,67)T. Then I consider the
quasi-likelihood estimator &, = (%,,0%)7 to be a set of solution to the system of
equations:

~Yi—9(vZ:9) 89(1Z:i9) _
@1 L VG0g0 o
and

=Y —g(vZi;8) 09(vZi;60)
22) ; VighZ:9) 08 >

In the following, I shall discuss some properties of the quasi-likelihood estima-
tors 4, and 8,. Before stating the basic conditions and asymptotic results, I first

x - T 5 TI N
denote ¢ = (£,6), Gu = (&, 8n), o = (€0, 80), 2EGEY = L0L DA, 090 20)

and g((;z) = g(v (6T:1;) 6) for the ease of presentatlon. According to the proof and
assumptions Conditions (R1)—(R4) of Theorem 2.1 are basically very similar to the
classical treatment of the standard M.L.E. given in Serfling ((1980), pp. 144-149),
and hence the proof will be shortened in here.

THEOREM 2.1.  Suppose assumptions Conditions (R1)-(R4) given in the Ap-
pendices are satisfied. Then there exists a sequence of solutions &, to the system
of equations (2.1) and (2.2) such that as n — oo

(i) &n — & = (70, 00), with probability one,
and

(i) Vi€ — &0) > MVN(0, o),
where o = VIIZVL, V. = —E[ZRGXN) me = FT o5 - F 4By + 27T
2 .
E&szﬂﬂ%%ﬂL&-ﬁmﬁﬁiﬁ]MHXH—E@MXmFL
L(¢0; X, Y OL({o; X,
P = B[RRI (S XVNT 5, = 4R[P(X,Y) - (P(X,Y))T] ~ 48 - 67,

P(z,y) = f(x)- [%ﬁx;@] — ly - g(BTz;9)] - a—f;%, and f(x) is the probability
density function of X.

ProofF. By (R1), for every j, and ¢ in the neighborhood N (&), Taylor’s
expansion of %f’y) about the point £ = &, gives:

aL(f,Sn,w,y) _ aL(&),gn,I,y) —
6§j agj

82L(€07 S’na z, y)
0€;0¢

-0 M(Ebmy) (€ - &)

]'(f—ﬁo)

where, f lies in the line segment between ¢ and &, and

PL(E; 6,2, y)

Mj(g;gn;l'?y) = l: 06,0 0¢,

} (g+1)x(g+1)
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Define A, = (Anlv---,An(q-i-l))T, B, = (Bnl,...,Bn(q+1))T, Cn = (Cry,...

Coagg1y) T where,

AZEZM L L6, b Xi, )
ny n o1 afj ’ n Pt a£]8£ .

1 .~
Cry = =3 My (€ b X0, Vi),
i=1

Define U, (¢) = L 3°7 | M then

Un(f) = An + Bn ' (5 - fO)
+ %[(& — &) Cra(€ = &0)v -+ (€ = €0)T Crggany(€ — €))7

w.p.1l

{a) 4, — 0, n—> o0
(by (1.1), (R3), bn we 0o, and the strong law of large numbers (S.L.L.N)).

w.p.1
“ (Co), n — oo, Vj where V;((o) = E| agjag

(b) Bn; —
1,2,...,qg+1
(by (R1), (R3), (R4), &, == 65, and S.L.L.N).

(c) For every j,

1 n L o 1 n |
=1 =1

wpl Hi{X,V)=C;, n-oo

(by (R2), 6, “23 &, and S.L.L.N);
and, when n is sufficiently enough, for every j, I has

|Crjrst < Cjrs + 1, with probability one,
where, Cp; = [Crjis] and Cj = [Cjks]lj,las =1,2,...,qg+1.
{(d) By the asymptotic result of 4, is

V(b — 8o) = % g{Pm Yi) — E(P(X,Y))] + 0,(1)

given in Powell et al. ((1989), pp. 1410-1412), 6, 60, (R1), (R3), (R4), and

S.L.L.N, T has
VnA, 5 MVN(0,%), n— .

(e) By (a), (b), and (c), there exists ng = ng(n,¢), such that for all n >

no(n,€)
6(Co)| < 75 |Crjis| < c} > 1 ¢,

P{|Anj| <151 Bnjk — V,
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where, c is the finite positive number and larger than {max; s Cjxs +1}; 7 and €
are two small positive number. Then as in Chanda (1954), I can prove (i).
To proof the result (ii) of Theorem 2.1, I note that for n sufficiently large,

1 & c a—
- {an + 5(5" B éo)Tan} (€ — &) = Anj +0p(n 1/2),
j: 1a25"'7q+17
50, (€n — &0) = (Vi) ™1 - A + 0p(n~1/3).
Thus, by (d), (€, — &) > MVN(0, %), n— co.
This establishes the assertion (¢7) of Theorem 2.1. O

o is related in making inferences about 3. One may use 3* = 3,6, to esti-
mate 3. To measure the precision of ﬂ*, I need to consider consistent estimator ZO,

of 5g. 1 define 3y = (V3)~ 12 (V*) L where V, = =L " 1[-"ﬂaxl—‘”] 5 =

2 F Y.
‘7:T 250 }-+211+2‘7:T Z12a =1 Z?—l[%)_gh_)]’ 2 6o — [H Zizl Pn(X“Y;)
PT(X0,Ys) = b0 - 67), Bulz,y) = fulz) - 228528 _ [y — o(4T2,6,)] - 2pl2)

i IL((n; X5,V OL{Cn; X, Y 3
falz) = %Zizl(g)ww X0, S = Ly [ RV (0L XY g
BL((ni Xs,Ys » D 5 noH
3 L { (K - 2(Pa(X,, Vi) = Pa))T, and Po= L T, Pal(Xa Vi),
Finally, I also state the asymptotic properties of the estimators 3, = ¥,0,.

COROLLARY 2.1. Suppose the conditions in Theorem 2.1 are satisfied, then,
asn — oo
(i) B« — Bo = Yobo, with probability one,
and R 4
where ¥, = 75250 + 6&]1‘55 + v0(600L, + 01263), 37 is the 1 x 1 submatriz of
PRI
e
T X9
oz = E[(Vr{2GXNY 4 7y 2(P(X,Y) — E(P(X,Y)))]) - [2(P(X,Y) —
EP(X,Y))]], Vi* is the ¢+ 1 row vector of the matriz
V*
V—l — 1
=[]
and Flis p row vector of the matriz
f*
1/*—1 X fT — 1 .
o= |
Thus, the asymptotic varmnce covariance matriz Y. can be consistently esti-
mated by 3., where 3, = =72. Z,so + 6, E* 8T + Fn(6n - 6L, + 612 - 61) E}* is the

1 x 1 submatriz of A
B o9
EO — l: I l]‘ A12:| ,
X 25
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610 = 10 {(Vp[2EGaed] | £2i9(B, (X, Vi) — Bo)]) - [2(Ba(X0 Y) — B},

Vl* 1s the ¢ + 1 row vector of the matrix

v |0
% V2*
and F{ is p row vector of the matriz
N Fr
VT = |
o[£

and 250, P,l(x,y), P, as the above definition.

2.2 Estimation procedure based on estimated link model
I consider the random data in the Subsection 2.1. According to the proof of
Theorem 2.1, I have:

. 1 &
2.3 b =00 + — (X, Y —1/2
(23) O+H;Q< )+ op(n™ )
where the vector Qn(m y) is the q x 1 subvector of the matrix V*_l[a—L(%‘Eﬂ +
82L(CoiX,Y
E{ZEg5) - (P(x,y) - EP(X,Y)))"].

Given the estlmatgr 9n derived in Subsection 2.1, I have an estimated link
model defined by g(-;6,). Based on the estimated link model, I arrive at the
following equation:

/J) Xz» n) 8g(ﬁTX170~n)
Z :

V{gﬁ Xi:0,)) 03

(2.4)

Let the solution of (2.4) be denoted by 8.

The asymptotic theory for the estimator Bis very similar to that developed in
Theorem 2.1. Moreover, the conditions for the asymptotic theory are also very sim-
ilar to those given in Appendices. I simply replace 8*L(¢, 6;x,y) by FL(B,6;z,y),
(= (£6) by a = (8,6), g(v(67);6) by g(87z;0), and (&, 6n) by (B,6n). 1 also
replace O¢ = (9, 06) by 08, 96 by 00, and g+1 by p in the Conditions (R1)—(R4),
but replace 6, by 6,, § by 6, £ = (v,0) by 3, and [2(P(X,Y) — EP(X,Y))] by
Qn(X,Y). Consequently, I have

THEOREM 2.2. Suppose the above corrected conditions in the Appendices are
satisfied. Then there exists a sequence of solutions 3 to the equation (2.4) such
that as n — o

(i) B — By, with probability one,
and

(i) (B - Bo) % MVN(0,%p),
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~ ~ ~ o~ ~ 2 .
where the covariance matriz Xg = VXV V. = —E{%ﬁ#fﬁ!—)}, ay =
(Bo,00), £* = FT .S, - F 4+ S0y 4+ 2F7 - 3F, FT = E{%Xﬂ}, Do, =

ElQu(X.Y)] - [Qu(X, V)T, £y = B{8Hegki)y . (SLOgXINT 3, -
B{[2Hes X1 [Qu (X, Y)]7}.

Similarly, to measure the precision of B, [ note that Xy can be consistently
T

A —1lax o —1

estimated by f)o Here I define Z‘o =V. V. , where Yy = F . f)go . F+
AT T =« -

ra 3 L(B,0.:X:.Ys OL(B,0n;X:,Y:
211 + 2F 212, 71121:1{—(%7;%—)} Z11 = %2721{(—ﬂ85_"l} )
[REEGLYNT £ = IV QX YD)} - {Qu(X Y)Y, S =
1 Zl_l{[w] [Qn (X3, Y)]TY, and Qn(Xy,Y;) is the ¢ x 1 subvector

32 n,én,x Yi DL (&n,6n:X4,Yi a L(€n 83 Xi,Ys
of [Tzz A L(£ )}] 1 L(§ e ) 4+ { P 3 )}

0ED6
2(P(X:,Y) — n]T], v, ==L [ SLES XYy

3. Simulation studies and final remarks

In order to compare the finite sample properties of the estimates 8, B, and
B, a Monte Carlo experiment has been done in which 1000 samples of different
size n were generated from different populations for the dependent variable and
covariates. The computation of the estimate 3, involves the selection of the kernel
function K and the smoothing parameter h. To stabilize the density estimates, I
usually use positive product kernel. Thus I define

K(uq,ug,...,up) = HK*(ui)
and let K, be univariate “biweight” kernel
15
Kw) = (15 ) =210l < 1

see also Miiller (1984). Although my theoretical results do not constrain the choice
of bandwidth h, some Monte Carlo experience suggests that reasonable small-
sample performance is obtained by setting h in the range of 1 to 2 (one to two
mean standard dev1at1ons of predictors), (also see Hérdle and Stoker (1989)), so I
set h =15%7% 1( i) where S; is the sample standard deviation of the predictor
X;.

I first consider the regressors X; = (X;1, Xi2, Xi3)7 to have jointly multivari-
ate normal distribution with mean (0, 0,0) and the identity covariance matrix. For
each given X;, Y; was generated from a binomial distribution with the number of
trials N = 50 and the probability of success p(X;). For X; = (X1, X2, Xi3)7,
I consider two models for p(X;): logit {p(X;)} = 0 + S1 X1 + BoXio + B3X;3,
and p(X;) = ®(0 + 51X + B2Xi2 + B3Xi3). Secondly, in addition, two models
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were also investigated in my experiment. Model 1 considered Y; = 6 + 31X, +
Ba Xz + 33 X3 + ;. The regressors X; = (X1, Xia, X,-3)T are independent of er-
ror ¢; and have jointly multivariate normal distribution with mean (2,1, 0.5) and
variances and covariances: 0%1 = 052 =9, 0'%3 = 64, 012 = 013 = 0, g93 = 10.
Random error ¢; has identical logistic distribution with mean zero and variance=
72/3. It is noted that the logistic distribution can be obtained as a mixture of
extreme value distribution. Model 2 is basically the same as the Model 1 except
that I define X;» = X3 and the distribution of (X;;, X;3) is the marginal dis-
tribution derived from the multivariate distribution of Model 1. For Model 2,
according to X;» = X3, hence the dimension reduction technique is only used to
(X2, X3). So in the system of equations (2.1) and (2.2), I replace (Z; = 5 X;;0)
by (Z;. = 6 Xi Xiw = (Xi2, Xi3)T5 0, = (6,31)). The true parameter values are
# =1, and (ﬂl,,ﬁg,ﬂ3) (1,1,2).

Thus, the Monte Carlo estimates of the means of 3; are given in Tables 1-
4. Also, for each case considered, the estimated mean squared errors are also
calculated in order to measure the efficiencies of the estimates.

I find the experiment encouraging. Basically speaking, when the sample size
is large, the biases of the estimates ﬁ, B., and B are almost negligible. And,
the mean squared errors of j3; are slightly smaller than the other estimates. This
means that comparing with the quasi-likelihood estimates B and 5’*, the overall
performance of /3 is more satisfactory.

Moreover my simulations show that, the cost of CPU time for computing [3*
is only about 3 = of that required for computmg the estimator /3 on the average, and
the cost of CPU time for computing 3 is about 1 of that required for computing

the estimator 3. In general, the computations of the estimators B and ﬁ* are much
simpler.

Table 1. Estimated means and empirical mean squared errors (in parentheses) of the estimators
for the logit model.

n B Bz Bs
50 0.9815 0.9914 1.9976
(6.473) (6.468) (7.685)
100 0.9917 0.9954 1.9984
(4.476) (4.354) (4.987)

n 31* BZ* 33*
50 0.9923 0.9831 1.9846
(6.245) (6.233) (7.586)
100 1.0061 0.9928 1.9924
(4.431) (4.322) (4.675)

n B B2 B3
50 0.9898 0.9916 1.9914
(6.234) (6.156) (7.575)
100 1.0032 1.0035 2.0075
(4.385) (4.321) (4.647)

Note: The unit in parentheses is 10~%.
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Table 2. Estimated means and empirical mean squared errors (in parentheses) of the estimators

for the Probit model.

JONG-WUU WU

n [31 52 [33
50 0.9759 0.9673 1.9421
(4.296) (4.357) (5.038)
100 1.0191 0.9978 2.0162
(3.425) (3.352) (4.075)

n Bl * ;32* BS*
50 0.9876 0.9968 1.9938
(4.257) (4.317) (4.983)
100 1.0082 1.0084 2.0156
(3.321) (3.325) (3.857)

n & Bs Bs
50 1.0047 1.0038 2.0081
(4.237) (4.287) (4.973)
100 1.0035 1.0041 2.0075
(3.319) (3.323) (3.785)

Note: The unit in parentheses is 10~4.

Table 3. Estimated means and empirical mean squared errors (in parentheses) of the estimators

for the Model 1.

n B Bz B3
50 1.0020 0.9828 1.9988
(9.560) (11.497) (1.580)
100 1.0036 1.01828 1.9946
(4.176) (4.774) (0.820)

n Bl* 32* ,Bs*
50 1.0068 0.9905 1.9960
(9.194) (10.424) (1.268)
100 1.0002 1.0110 2.0009
(3.346) (4.626) (0.754)

n [31 ,Bz Bs
50 1.0092 0.9943  1.9940
(9.011) (9.887) (1.112)
100 1.0074 0.9985  2.0040
(2.931) (4.552) (0.721)

Note: The unit in parentheses is 10—3.

Finally, I compare the asymptotic covariance matrices of the estimators un-
der a linear model. Consider the random regressors X; = (X;1, X2, Xi3)T to have
jointly multivariate normal distribution with mean (0, 0,0) and the identity covari-
ance matrix, and the response variable satisfying Y; = 0+31 X;1 + 82 X2+ 33 Xi3+¢;
where ¢; are independent of X;, and ¢; ~ N(0,1), i = 1,2,...,n. Suppose the
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Table 4. Estimated means and empirical mean squared errors (in parentheses) of the estimators

for the Model 2.

n_ B B2 Bs
50 1.0020 1.0018 2.0007
(16.373) (0.749) (1.093)
100 0.9829 1.0033 2.0067
(8.221) (0.266) (0.717)

n Bl* BZ* 33*
50 0.9997 1.0046 1.9996
(15.179) (0.663) (0.991)
100 0.9935 1.0044 2.0048
(7.831) (0.262) (0.632)

n_ B Bs Bs
50 1.0101 0.9986 1.9999
(14.582) (0.620) (0.940)
100 1.0049  0.9987 2.0038
(7.636) (0.259) (0.589)

Note: The unit in parentheses is 1073,

true parameter values to be § = 1 and (51, 32, 03) = (1,1,2). Then the asymp-

totic covariance matrix of ﬁ(ﬁ* — [3) is the symmetric matrix A = [a;;] with
a;; = 2.0439724, a;; = —8.8118 x 1073, a;3 = —0.0176236, azy = 2.0439724,
azs = —0.0176236, a3z = 2.017537; But, the asymptotic covariance matrix of

vn(B, — B) is the identity matrix where 3, = ¥,0,. Moreover, I also can prove
that the asymptotic covariance matrices of v/n(8 — ) and /n(8 — 3) are also the
identity matrix. Therefore, the estimators B, 8 and B, have the same asymptotic
covariance structure and seem to be better than B*
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Appendices

Assumptions for Theorem 2.1.
(R1) For all ¢ in a neighborhood N((y) of (o where ¢ = (£, ), the derivatives

BQé,Lg(i%?fy), aggéfgs’y) and gz%ggé”j exist for all (x,y) in the support of (X,Y) and
i k=1,2,...,.q+1. ’

(R2) There exist function H;(z,y), possibly depending on {p, and i =1,2,...,
q+1, such that E{H;(X,Y)} < oo, and for all ¢ in N({p), and (z, y) in the support

of (X,Y)

PL(Cx,y)

< Hiz.y), ijk=12. .q+1.
06,06,;0¢; | — () J 7
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. 27 (. P
(R3) The functions BL(gg‘?’y), o E)Lé('%gfy) and 2 Ialégé%.y) are uniformly continuous
i 1085 i

at (o for all (z,y) in the support of (X,Y), 4,7 =1,2,...,q+ 1.
. . 2 .
(R4) E{ BL(C(%’EX’Y) H aL(Cg’éX’Y) }7 is a positive definite matrix, E{QL(CO’X—’Y)

9¢:9€;
21 (Co:
is a nonsingular matrix, and E{%X’—m} < 0.
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