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Abstract. The problem of detection of a change in distribution is considered.
Shiryayev (1963, Theory Probab. Appl., 8, pp. 22-46, 247-264 and 402-413;
1978, Optimal Stopping Rules, Springer, New York) solved the problem in a
Bayesian framework assuming that the prior on the change point is Geometric
(p). Shiryayev showed that the Bayes solution prescribes stopping as soon as
the posterior probability of the change having occurred exceeds a fixed level.
In this paper, a myopic policy is studied. An empirical Bayes stopping time
is investigated for detecting a change in distribution when the prior is not
completely known.
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1. Introduction

The change-point problem has received considerable attention in recent years.
The methods with which this problem and related problems have been dealt are
fixed-sample and sequential methods. A review which includes both the fixed-
sample and the sequential methodology, and comprehensive bibliography can be
found in Zacks (1983). An excellent review, in particular, on sequential methods
is given in the recent article of Zacks (1991).

Procedures of sequential detection of changes in distribution laws are of spe-
cial importance for statistical process control. When a process is “in control”,
observations are distributed according to Fy. At an unknown point in time, the
process jumps “out of control” and ensuing observations are distributed according
to F. The aim is to raise an alarm “as soon as possible” after the process jumps
“out of control”. Early work in this area is due to Shewhart (1931).

The sequential methods are classified into three categories: Bayes sequential
procedures, cuamulative sum procedures, and tracking methods. The interest of this

* Research was supported in part by the Natural Sciences and Engineering Research Council
of Canada under grant GP 7987.

229



230 ROHANA J. KARUNAMUNI AND SHUNPU ZHANG

paper is focused on Bayes sequential methods. Bayes stopping rules for the present
problem were studied by Shiryayev (1963a, 19635, 1978) and Bather (1963, 1967),
and later developed by Zacks and Barzily (1981), Zacks (1983), Pollak (1985) and
others.

Consider a sequence of independent, observable random variables X, X5, ...,
Xm-1,Xm, ..., where, conditional on m, Xi,...,X;,_1 have an identical distri-
bution function Fy(z), and (conditional on m) X, X;ne1,... have an identical
distribution function Fi(z)(# F,(z)). In the present paper we assume that the
two distributions are known, but the index of shift (change point), m, is unknown.
The sequence of variables is observed sequentially. Let N be a stopping variable
associated with a detection procedure which stops soon after the shift occurs with-
out too many “false alarms”. (It is generally assumed that observations resume
immediately on the same process if the alarm is false; a correct alarm terminates
the process.) Let 7(-) denote the prior distribution of the shift index m. Assume
that the penalty for stopping before the change-point is 1 (loss unit), and the
penalty for delayed stopping after the change-point is ¢ (loss unit) per observa-
tion. The Bayesian sequential problem is then to find a stopping rule N for which
the prior risk

(1.1) R(x,N) = Pr(N <m)+ cE{max(N —m,0)}

is minimized; see Shiryayev (1963a, 1963b). Also, see Chapter 4 of Shiryayev
(1978). The quantity Pr(N < m) is naturally interpreted as the probability of a
false alarm and E,{max(N — m,0)} as the average delay of detecting the occur-
rence of disruption correctly, i.e., when N > m.

The shift index m is considered a realization of a random variable 8, having a
prior distribution 7(6) concentrated on the set of nonnegative integers {0,1,2,...}.
Specifically, Shiryayev assumed that the prior probability function is of the form

m if 0=0
(1.2) () = { (1-m)p(l—p)~t, ifO=j>1,

0 <mw<1 0<p< 1 The optimal stopping (detection) time for the Bayes
criterion (1.1) based on the prior (1.2) is given by (Shiryayev (1963a, 1963b, 1978))
oot = inf{n; m, (Xp) > A*},
where m,(X,) is the posterior probability of {# < n}, given F, = o{r, X1,
..., X,}, and A* (0 < A* < 1) is a function of (¢, 7, p). An explicit expression of
A* in terms of (¢, 7, p) is not given by Shiryayev. Only a Wiener process approxi-
mation has been obtained. Bather (1967) proved that, for the variational problem
(i.e., minimize E.{N —m | N > m} under the constraint P,(N < m) < a,
0 < a < 1), if the expected number of false alarms is bounded by B, then
A* = (B + 1)~1. Motivated by this fact and due to the Markovian structure

of the optimal rule 77, in this paper we study a stopping rule 7* of the form

7 =inf{n > 1,7, (Xy) > p/(p+ )}
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Clearly, if B = p~!(c—p) with ¢ > p, then 7* is the optimal rule for the variational
problem. The stopping rule 7* is equivalent to the one-step look-ahead stopping
rule for the present problem; see, e.g., Zacks (1991) or Zacks and Barzily (1981).
Optimality of myopic rules, such as 7*, have been examined by Chow and Robbins
(1961) and Abdel-Hameed (1977), among others.

Assume now that the prior (1.2) is not completely known. Then the stop-
ping rules 7., and 7* are not available. One would still like to approximate the
optimal and suboptimal procedures. But some auxiliary information is needed.

Suppose that one has available a number of independent observations Yy,...,Y,,
where Y; = (Yi1,...,Yi,). Conditional on 6;, the observations Yii,....Y; 6,1
are independent with distribution Fy and are independent of Y., ..., Y, which

(conditional on 8;) are independent with distribution F, 1 < k; < oo, v >4 > 1.
Furthermore, we assume that (61, ¥1),...,(6,, Y,) are independent of (0, X)’s,
v > 1. The 8,’s are unobservables, as is #. Then it may be possible to use empiri-
cal Bayes methods to estimate unknown parameters of the prior and to construct
a stopping rule for the present detection problem. The proposed empirical Bayes
(EB) stopping time is given in Section 3. The performance of the EB stopping
rule w.r.t. the rule 7* is measured by comparing their respective Bayes risks. In
particular, we show that the Bayes risk of the EB stopping time is asymptotically
smaller than that of stopping rule 7* as v (-number of independent data vectors
available from the past) goes to infinity. Broadly speaking, this exhibits that the
EB stopping time is comparable and may be even better in performance com-
pared with the component stopping time 7* when v is large. This result is given
in Section 3 as well. Proofs of the main results are deferred to Section 4.

2. The Bayesian detection procedure

In this section we develop the stopping rules 7,,; and 7* discussed above in
detail. The exposition follows that of Zacks ((1991), §2.2).

The observable random variables X, X5, ... are defined on a probability space
(€, F), on which a family of probability measures {Pr,0 < 7 < 1}, induce for
(X1,...,Xy) with n > 1, joint predictive c.d.f.

(2.1)  Fre(zi....,75) = (n+ (1 —7)p) sza

n—1 7 n
+(1=mpY (1-pY-[[Folzd) [] Al
7=1 =1 =541

+(1=m)(1 = p)" [] Folw).
i=1

Let Xo = 0 and F, = o{rm, Xo, X1,...,Xn} be the o-field generated by the first n
observations. Let fo(r) and fi(x) denote the p.d.f.’s corresponding to Fy and F1,
respectively. Then the posterior probability function of # on {n,n+1,...}, given
Tlyeery Ty, 1S

v ) T, if §<n
22) (@)= {(1—7rn)p(1—p)9_"‘1~ it 6>n+1,
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where
23)  m=P{0<n|F.}
(o ptt =) TG + 1= mp S (099 [ ote) T1 futo)

i=j+1

Dr,

with

(2.4) Dp = (m+p(1—m)) Hfl(m»

(1—w)p2<1— 3Hfo($z ) T] At

i=j+1

+(1-m(1—p Hfg(arz

Dividing the numerator and the denominator of 7, by (1 —) H;.Z:l fo(z;), we get

ie1 R(z:) +p); —0(1_ p)’ Hin=j+1R($i)
Hz IR(xz>+pz o (1= py [T,y Rl@) + (1 - p)n

(2.5) TTp =

where R(z;) = fi(z;)/fo(z;) is the likelihood ratio. Let ¢, =1 - m,. For n =
0,1,... one can write

_ (1 _ 7{_)(1 _p)n+1
(2.6) gn+1 = R($n+l){Dn — (1 — 71')(1 — p)"} + Bn+1

where
(2.7) Bnt1 = R(@ns1)(1 = 7)(1=p)"p + (1 —7)(1 - p)"*.
But (1 — 7)(1 — p)™ = gnD,,. Hence, we obtain the recursive formulae

qn(l _p)
R(znt1)(1 — gu(1 = p)) + gn(1 —p)’

(2.8) dn+1 =

or, forn =0,1,...,

(mn + (1 — 7n)p) R(Tn+1)
(7 4 (1 = m0)p) R(Znt1) + (1 — mn) (1 — p)’

where myp = 7, gp = 1 — 7. Then the optimal stopping (detection) time for the
Bayes criterion (1.1) w.r.t. the prior (1.2) is given by (Shiryayev (1963a, 19635))

(29) Tp+1 =

(2.10) T

opt =

inf{n; m, > A*},
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where 0 < A* < 1 is a constant depending on ¢, 7 and p only. We consider the
following stopping rule

(2.11) ™ =inf{n > 1;m > p/(p+c)}
=inf{n > 1;¢m, — p(1 — m,) > 0}.

Finally, for later use, it is relevant that {m,,F,;, Pr} is a submartingale, for
n>1,

(2.12) E{mp | Frt=mn+p(1—m,) as. (Pr),

where F} = o{mp,m1,...,m,}, and for any stopping time 7, the prior risk (cf.
(1.1)) takes the form

T—1
(2.13) R(m,7)=E, {(1 — )+ CZ ﬂ'k}
k=1

with 7 given by (2.5), kK > 1. Furthermore, it is easy to show that

(2.14) P (t*<o0)=1 and FE. 7" <co.

3. An empirical Bayes detection procedure

Suppose now that the prior (1.2) is not completely known. That is, suppose
that 7 or p or both are unknown. Also, suppose that we have available a number of
observations Y,,..., Y, from the past, where the formulation of random vectors
Y; is as defined in the introduction 1 < i < wv, v > 1. Let us suppose that

(3.1) {fr:fr(YI,...,Yy)

p=p(Yy,...,Y,)

denote consistent estimates of m and p, respectively, based on the auxiliary data

Y:,...,Y,, v >1. Thus, we suppose that as v — o0,
~ P R
(3.2) #—m and P Lo,
where - denotes convergence in probability w.r.t. random vectors Y1,...,Y,,

v > 1. We first study the case where only 7 is unknown but p is known. Following
the form of (2.11) our empirical Bayes stopping time is defined as

(3.3) 7, = inf{n > 1;cft,, — p(1 — 7pn) > 0},
where 7y, is defined by the right side of (2.5) with = replaced by #, i.e.,

(3.4) #x = the right side of (2.5) |z=# .
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Let R(m,7,) denote the unconditional prior risk (w.r.t. the prior (1.2)) of the
stopping time (3.3). Then from (2.13) we obtain

7‘;1/—1

(3.5) R(m,#,)=ES (1—ms)+c Y mk o,

where F denotes expectation w.r.t. all random variables involved. The next the-
orem compares the the prior risk R(w,7*) with the prior risk R(m,7,) as v — o0,
where 7* is the stopping time given by (2.11).

THEOREM 3.1. Let 7* and 7, be defined by (2.11) and (3.3), respectively.
Let prior risks R(w,7*) and R(m,7,) be defined by (2.13) with 7 = 7* and (3.5},
respectively. Suppose that only m is unknown of (1.2). Let 7 be defined by (3.1)
and satisfy (3.2). Furthermore, suppose that limsup,_, . E(7,)? < co. Then,

(3.6) limsup R(m, 7,) < R(m, 7).

| Z4ande o}

Now we examine the case where both 7 and p are unknown of (1.2). For this
case we define

(3.7) 7, =inf{n > 1;cft, — p(1 — 7t,) > 0}

as our empirical Bayes stopping time for the detection problem, where 7, is defined
by the right-side of (2.5) with now 7 and p replaced by # and p, respectively. Let
R(m,7,) denote the unconditional prior risk of 7,. Then,

(3.8) R(m,7,)=E{ (1-m; +cZ

An asymptotic result, such as (3.6), can be established again to compare R(m, 7:',,)
and R(m, 7*). However, more regularity conditions are required. The next theorem
is a version of such a result.

THEOREM 3.2. Let 7* and %, be defined by (2.11) and (3.7), respectively.
Let it and p be defined by (3.1) and satisfy (3.2). Suppose thatlimsup,,_,,, E(72) <

oo and that limsup,_,., E(1/(1 — p)™)? < co. Then, limsup,_, R(m, 7,) <
R(m,7*).

Remark 1. The inequality (3.6), i.e., the asymptotic comparison of risk
R(m,#,) to the “component risk” is termed “ asymptotic superiority” of the em-
pirical Bayes stopping time sequence {7,}; see Karunamuni (1988). When 7*
is the optimal rule, then (3.6) implies that lim, o, R(rm,#,) = R(w, 7*), i.e., the
“asymptotic optimality” (Robbins (1956, 1964)) of the EB stopping sequence {7, }.
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Fig. 1. Behaviors of # (solid curve) and p (dotted curve) w.r.t. v, for # = 0.5, p = 0.1,
FO = ]\[(57 1), F1 = N(lO, 1).

To see this, note that R(m,7*) < R(wx,#) if 7" is optimal. Then, R(n,7*) <
liminf, .o, R(m, 7). Hence the result.

Remark 2. Consistent estimates # and p satisfying (3.2) based on the pre-
vious data can be constructed in many ways. One simple set of estimates is the
method of moment type: By the assumptions of auxiliary data Yi,...,Y,, note
that the first and the second random observations of these vectors (i.e., Y1 and
Y.,) have the joint distribution (see (2.1))

(3.9) Fr(y1,y2) = (m + (1 = m)p)F1(y1) Fi(y2) + (1 — 7)(1 — p)pFo(y1) F1(y2)
+ (1= m)(1 - p)*Fo(y1) Foly)-

Let p1; denote the first moment of Fj(y), j = 0,1. Then, one can easily show
that

(3.10) / y1dFy(y1,ya) = (m+ (1= Wp)ps + (1 - m)(1 — paro

and

(3.11) /y2dF7r(Z/1,y2) = (r+(1=7)p)ps 1+ (1—7) (1=p)pper,1 +(1—m)(1—p)? 1 0.
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Fig. 2. Behaviors of # (solid curve) and § (dotted curve) w.r.t. v, for # = 0.4, p = 0.2,
Fo = N(2,1), F, = N(10,1).

Let o = v 137 Vi and fio = v 1Y7 | Vis. Then the equalities (3.10) and
(3.11) motivate the following sample moment relationships:

{ Api,1+ (1= Apae = i

3.12 .
(3.12) Mivg + (1= Npprs + (1= (L = p)pro = fa,

where A = 7+ (1 —)p. The solutions of equations (3.12) for 7 and p, restricted in
the interval (0, 1), can be taken as a plausible set of consistent estimates for 7 and
p. In order to study the behavior of resulting estimates (say, 7 and p) with respect
to v, a Monte Carlo simulation was performed. The distributions Fy and F| were
chosen as normal distributions with variance 1. For several combinations of the
means p o and p1; of Fy and Fy, respectively, and of prior parameters m and p,
we calculated the values of # and p for v ranging from 1 to 200, and sometimes
from 1 to 500. The results of three separate cases, namely, (i) # = 0.5, p = 0.1,
p10 =95, p1,1 = 10; (ii) 7 =04, p = 0.2, p10 = 2, p11 = 10 and (iii) 7 = 0.5,
p=0.5, u1,0 = 3, p1,1 = 8 are displayed in Figs. 1, 2 and 3, respectively. Figure 4
represents the behavior of 7 for the case (iv) 7 = 0.5, p = 0.1, p10 =3, p1.1 = 8,
when it is assumed that p is known and only 7 is unknown (i.e., the situation of
Theorem 3.1 above). A number of other choices of m, p, 10 and ;1 were also
studied. Again, the behaviors of & and p were similar to those of Figs. 1 to 4.
In each case studied, it appears that estimates 7 and p approach their respective
true values as v increases. For small values of v (i.e., for v < 25), however, the
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Fig. 3. Behaviors of # (solid curve) and p (dotted curve) w.r.t. v, for r = 0.5, p = 0.5,
Fy = N(3,1), F1 = N(8,1).

estimates seem to have a high fluctuation. We believe that this is partly due to the
facts that the estimates were truncated into the interval (0,1) in our simulation
and the behavior of one estimate affects that of the other.

Remark 3. In practice, the result (3.6) means that, in the presence of a large
amount of auxiliary data from the past, one can expect to do well, as good as the
unknown rule 7* and sometimes better. In most practical applications a large set
of auxiliary data is available as a result of repeating the same process over and
over again. For example, this is the case with many industries in which sequential
methods are applied for controlling manufacturing processes and for monitoring
the stationarity of a process. Of course, behavior of the proposed EB stopping time
for small and moderate amount of data is of critical concern in some applications.
However, the performance of an EB procedure for relatively small v is not easy to
establish except by simulation.

Remark 4. In some practical situations the distributions before and after
the change are not known, i.e., Fy(x) and Fi(z) are unknown. Even in parametric
models these distributions may depend on unknown parameters, which have to
be estimated from the data during the detection processes. Bayesian solutions to
such cases have been developed by Zacks and Barzily (1981) using the backward
induction principle of dynamic programming. They also considered the problem
of detecting a change in the success probability in a sequence of binomial trials
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Fig. 4. Behavior of # (solid curve) w.r.t. v, for # = 0.5, p = 0.1, Fp = N(3,1),
FL = N(8,1).

using a two-step look-ahead stopping rule. In the preceding work it is assumed
that the prior probability function (1.2) for 8. It would be interesting to study the
corresponding empirical Bayes problem for such cases as well. As in the present
paper, the resulting procedure would then be parametric empirical Bayes. When
the form of the prior is completely unknown, then a nonparametric (purely) em-
pirical Bayes procedure should be implemented. However, the construction of such
a procedure is more formidable, as for the corresponding Bayesian problem.

Remark 5. If 7, and 7, are bounded then the regularity conditions given in
Theorems 3.1 and 3.2 for #, and 7, are trivially satisfied. This is usually the case
in practise: In most applications, it is reasonable to assume that 7* is bounded
by some known large finite number N, say. Then, instead of 7, and '},,, one can
implement stopping rules (compare with (3.3) and (3.7)),

7, =inf{N >n > 1;¢ft, — p(1 — 7,) > 0}
and

7 = inf{N >n > 1;¢ctt, — (1 — &) > 0}.

Since 7, and 7, are bounded by N, the conditions limsup, ,. E(72) < oo,
limsup,_,. E(72) < oo and limsup,_,., E(1/(1 — p)™)2 < oo are easily satis-
fied.
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4. Proofs

First we state three preliminary lemmas. Lemma 4.1 below is known as the
Datta-Singh inequality; see Lemma 4.1 of Datta (1991).

LEMMA 4.1. For any real numbersy, z, Y, Z and L such that 2 20 < L,

|z]{‘%—%{/\L} S\y—Y|+(’gl+L) Iz - 2.

LEMMA 4.2. Let 7, and 7, be defined by (2.5) and (3.4), respectively. Then,

forn>1,
|7rn—7"rn|§|7r—ﬁ'|{ 1 e 3 }
m(l—7n) (1—m)

PROOF. Write m, = T,/ Dy, and #tp, = T;,/Dy,, where D, is given by (2.4),
T, is equal to the numerator of (2.3), T}, = T}, |r=# and D,, = D,, |z—z. Then, by
an application of Lemma 4.1, we obtain

1 A 1 A
[ — Fn| = {lmn — Tn| A2} < =T = To| + 5~ (7n + 2)| Dy — Da
DTL D’n
1 - 3 - n & k
SD—ITn_’Tn|+D— iTn_Tnl_{'(l”p) Hfo(Xi)|7T—7T| 5

since 0 < m, < 1and D, = T, + (1 —m)(1 = p)" I fo(X;). Now the result
follows from the following bounds:

1 . (1 - p)|m — 7| 1 .

and
_Lﬁf(X)< ! 0
D, AL = =1 - pyr

LEMMA 4.3. Let m, be defined by (2.5) and Tp = T |r=# p=p, where p and
i are as defined in Theorem 3.2. Then, for n > 1,

2 R 8 4 3
'”"‘”"'S‘““”'{w(l—pﬁp(l—w)* (1—w>}

+|A~|{ N S }
PP 0= "0 —m TP —-m(-p"

6 n_(1_am
m)—nl(l"p) (1—p)"|.

+
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ProOOF. Write m, =T,/D,, and fn =T, / ﬁn, where T, = T, |n=#p=p and

Dy, = Dp|r=#p=p- Then, again by an application of Lemma 4.1, we obtain

w

2 1 2
1o =l < 1T = Ful + -

n

>

' {ITn Tl + [ Ao —mt —p) - (1 - )1 - ﬁ)”l)} :
=1

Now the result follows from the following bounds on (as in the proof of Lemma
4.2) DT — Tul, DM TT, fo(X) and |(1 = m)(1 = p)™ = (1 = &) (1 ~ §)"]:

1 % R 2 1
D, Tn Tl < '”‘”'{m_p) “Lp(l—vr)}

N 2 1
*'p‘p'{wu—p) TR +p2<1—7r)(1—p>"}
(1= m) (1 p)" — (L— (1 - $)"] < 21— )" — (1 - )"|
+ (1 =p)*x - 7| O

PROOF OF THEOREM 3.1. Observe that the difference R(w,7,) — R(w, 7*)
can be written as

WK

41)  R(m,#)—R(mr*) =YY E[r* =s|[# =r1]
s=1

1

r

r—1 s—1
(ms —mp) +c E TI'Z'—E M ,
i=1 j=1

where [A] denotes the indicator function of a set A, throughout. Also arguments
of functions have been suppressed for notational convenience, and E denotes ex-
pectation w.r.t. all of the random variables involved. Write

(4.2) R(m,#,) — R(m,7*) = A, + A,

where

k=14{=k+1

o 0o -1 k—1
43) A=Y Er =M =0 (m-nm)+c| S m-Sm
i=1 7j=1

and

(4.4) A ZZZ_:E[T* =s|[? =7] {ws — T+ (Z—:m—z—:ﬂj> }

s=2r=1
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We shall show that lim,_,o A], = 0 and that limsup,_, A, < 0. First, observe

that Y571 Elr* = s][f, = r){m, — 1, — ¢ 35_ mi} < E[r* = s]{2+ 2cs}, and
(4.5) Z Elm* = s|{2+ 2¢cs} = 2P(7* < 00) + 2¢E(7") < o0,
s=1

where the finiteness of (4.5) follows from (2.14). This result allows us to take the
limit sign (i.e. lim,_,~) inside the summations of (4.4). Also note that by (2.11)
and (3.2), for 1 <r <s,

(4.6) [7* = §]|7 = 7] < [em —p(1 = 7} < Olfemr — p(1 — 7,) > 0]
= [a, < 0][&, > 0]
< flér — ar| 2 |ar|lfer < 0],

where

(4.7) G = o —p(l—#,), 21,
and

(4.8) o, = emp — p(1 —my), r>1,

with 7, and 7, are given by (2.5) and (3.4), respectively. Then it is easy to show

that &, — o, 2, 0 under the assumption (3.2) for all » > 1. Therefore, from (4.6)
we get

(4.9) lim E[r* =sljf, =r]=0, for 1<r<s<oo.

v—00

It now follows from (4.4), (4.5) and (4.9) that lim, .. A}, = 0, by an application
of the dominated convergence theorem. To study the asymptotic behavior of A,
we re-arrange each term on the right-side of (4.3) and obtain

(4.10) i i E[r* = k][, = 4w iE kl[7 > k + 1]mg,
k=1

1) =Y > Efr =k, =

and
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oo 00 £-1
(4.12) CZ Z E[r* = k|1, =] (Zm)
k=1f¢=k+1 i=k
=c> > Elr* =k# > fmes.

k=1{=k+1

Now combining (4.10), (4.11) and (4.12) we obtain

(4.13) Z‘ Z [#, > f)[7* = k|{mg_1 — m¢ + cme_q }.

k=1¢=k+1

By definition, [7, > £ = Hl 1[@: < 0], where &; is given by (4.7), i > 1. Hence the

random function [7, > £]is { Y1,..., Y,; (7o, 71, ..., Te—1)}-measurable, and [7* =
k| is {mg,m1,..., ™ }-measurable. Also, by the assumptions, the auxiliary data
{Y1,...,Y,} is independent of the random elements {mg, m1,..., }. Therefore, we

can rewrite (4.13) as follows:

(414) A, = E[7, 2 f)[r" = k{E(me—y — ¢ + cmp—1 | F;_1)}

NIE

b

[Ty 2 47" = k|{me—1 + cme—1 — E(m¢ | Fi_y)}

i
e 118

Il

1 T
g

E#, > 0" = kl{eme—1 — p(1 — me—1)},

K

b
I
-
~
Il

k+1

+

the last equality is obtained by E(m | F;_;) = mg—1+p(1 —m¢—1); see (2.12). Now
write

(4.15) A, = AL+ A,

where

(416) AU =" 3" E[f 2 4lr" = kl{c(me—1 — #e-1) + p(me—1 — #te-1)}}

k=1£4=k+1

and

(417) AV =" " E[f > f[r* = kl{cite_1 — p(1 — #e_1)}.
k=1/{=k+1

Since 41 = ctg—1 — p(1 — ¢—1) < 0 on the event {7, > ¢}, we see that the term
A}’ given by (4.17) is nonpositive for all v, i.e., AY <0 for all v. It now remains
to study the asymptotic behavior of Al given by (4.16). Using Lemma, 4.2, we
can bound A} as follows:

@18) AU < (e+n) S S Elfy 2 I = K- ]{ﬂ(14—7r)+(lf7r)}'

k=14=k+1
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Now using P(7* < o) = 1 followed by applying the Cauchy-Schwarz inequality,

419) SN ER a0 =kin -7 <Y ElR, > 4l = Kjr - 7
k=1¢=k+1 k=1¢=1
= E{7,|r - 7|}
< EM2(3)EVR(w — 7)?

Thus, if limsup,_, ., E(f2) < oo, then from (4.18) and (4.19) one obtains

lim, o A” = 0, since E(m — #)2 — 0 as v — oo. This completes the proof
of Theorem 3.1. O

PrOOF OF THEOREM 3.2. The difference R(, #u) = R(m, ) is equal to (cf.

(4.1))

(4.20) R(m,7y) — R(m, ") = W, + W,
where
% oo ) -1 k—1
(421) W, =% Y Elrt =Kf, =3 (m—m) +c| Y m—y m
k=1 ¢=k+1 i=1 =1
and
oo s—1 ) r—1 s—1
@22) W, =YY E[r =slif,=r{ (me—m)+e| D m-Y m
s=2r=1 i=1 j=1

Following the same lines of the proof lim, .., Al, = 0, it can be shown that
lim, . W/ = 0. Further, using similar steps that we used to obtain (4.14),
we can show that W, = W/ + W}/, where

(4.23) Wy =3 3" Elr > 40 = K{(c+p)(me1 — Fe1)}

k=1£f=k+1
and
o o R ~ ~
(4.24) W =33 Elr, 2l = kl{cie—1 —p(Ll - 7e-1)}-
k=1{f{=k+1

Again, it follows that W)’ < 0 for all v. So, it remains to study the asymptotic
behavior of W/'. We shall show that lim, o, W, = 0. Using Lemma 4.3, we can
bound W)/ as follows:

(4.25) |W)| < (c+p) {W(ls_w) * p(14_7r) + (1E7r)}

3. S Blb 2 4t = K 7]

k=1 {=k+1
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+e) (s )

S Y B >4 = K-

k=1¢=k+1
c+
2(1 p)EZE[TuZET—kHP P| )
k=1¢=k+1
Zf][r = k]
k=1¢=k+1
1
] Y 2 B ey
=P = (=5 ey

The first two terms on the right side of (4.25) are similar to the right-side of (4.18).
So, it is easy to show that

> Y Bl 240 =K — i < BYVA(F)EY(n — #)?
k=1{=k+1

> Y ElR A =klp -5l < BY(F2)EY*(p - p)*.
k=1{¢=k+1

The third term on the right-side of (4.25) can be bounded by

(4.26)

1
(1-p)=t

since P(7* < o0) = 1, where J = 4(c + p)/p*(1 — m). We can rewrite and bound
(4.27) as follows:

(4.27) JY ElF, > dlp—pl

[e.0]

. 1
(4.28) J; E[7, > {p ;DI————(1 —
I3 Y. Bl =il s

=1 ¢=1

N |
< Jp(1-—-p)~' > Elr, =J]|P—P|a__—)gj
i=1 b

2
. ) 1
< Jp(L-p)T BV (p — §)*EY? (ﬂ_—p)f) ‘

Using the identity a™ — b"™ = (a — b) Y., a*~16" %, the fourth term on the right
side of (4.25) can be bounded by

(4.29) KZ Z E[t, > f[r* = k]lp — plzl— )1yt

— p)-1’
k=1{4=k+1 (1 p)



EMPIRICAL BAYES DETECTION 245

where K is a positive constant. By re-arranging terms (with the help of Fubini’s
theorem), (4.29) can be again bounded by

0 oZ:;»l 1
R =S A\ E—1—i
;:; JZZ: »3 == =D }
o J ) -1 1
<KES|p—p|>_ Y Elf, =35> (1-p)'" 1
=2 0=2 i=1 1-p)
oo J £-1 . 1
=K 9IS [F =7 —p)
E{|p plj;[ 4] e; 121(1 P e

Thus, if limsup,_,, E(#2) < oo and limsup, .., E(1/(1 — p)™)? < oo, then
from (4.25) to (4.30) it follows that lim,_,., W/ = 0, since E(r — #)* — 0 and
E(p—p)? — 0 as v — oo by assumptions. This completes the proof. O

Acknowledgements

The authors would like to thank the referees for their helpful and constructive
comments, which significantly improved the presentation of the material.

REFERENCES

Abdel-Hameed, M. (1977). Optimality of the one-step look-ahead stopping times, J. Appl.
Probab., 14, 162-169.

Bather, J. A. (1963). Control charts and minimization of costs, J. Roy. Statist. Soc. Ser. B, 25,
49-80.

Bather, J. A. (1967). On a quickest detection problem, Ann. Math. Statist., 38, 711-724.

Chow, Y. S. and Robbins, H. (1961). A martingale system theory and applications, Proc. Fourth
Berkeley Symp. on Math. Statist. Prob., Vol. 1, 93-104, University of California Press,
Berkeley.



246 ROHANA J. KARUNAMUNI AND SHUNPU ZHANG

Datta, G. S. (1991). Asymptotic optimality of Bayes compound estimators in compact exponen-
tial families, Ann. Statist., 19, 354-365.

Karunamuni, R. J. (1988). On empirical Bayes testing with sequential components, Ann. Statist.,
16, 1270-1282.

Pollak, M. (1985). Optimal detection of a change in distribution, Ann. Statist., 13, 206-227.

Robbins, H. (1956). An empirical Bayes approach to statistics, Proc. Third Berkeley Symp. on
Math. Statist. Prob., Vol. 1, 157-163, University of California Press, Berkeley.

Robbins, H. (1964). The empirical Bayes approach to statistical problems, Ann. Math. Statist.,
35, 1-20.

Shewhart, W. A. (1931). Economic Control of Quality of Manufactured Product, Van Nostrand,
Princeton, New Jersey.

Shiryayev, A. N. (1963a). On optimum methods in quickest detection problem, Theory Probab.
Appl., 8, 22-46.

Shiryayev, A. N. (1963b). On the detection of disorder in a manufacturing process I, II, Theory
Probab. Appl., 8, 247-264, 402-413.

Shiryayev, A. N. (1978). Optimal Stopping Rules, Springer, New York.

Zacks, S. (1983). A survey of classical and Bayesian approaches to the change-point problem:
fixed sample and sequential procedures of testing and estimation, Recent Advances in Statis-
tics, 245-269, Academic Press, New York.

Zacks, S. (1991). Detection and change-point problems, Handbook of Sequential Analysis (eds.
B. K. Ghosh and P. K. Sen), 531-562.

Zacks, S. and Barzily, Z. (1981). Bayes procedures for detecting a shift in the probability of
success in a series of Bernoulli trials, J. Statist. Plann. Inference, 5, 107-119.



