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Abstract. In this paper we investigate some aspects like estimation and hy-
pothesis testing in the simple structural regression model with measurement
errors. Use is made of orthogonal parametrizations obtained in the literature.
Emphasis is placed on some properties of the maximum likelihood estimators
and also on the distribution of the likelihood ratio statistics.
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1. Introduction

The classical simple regression model with measurement errors is defined by
the equations

Yk =Yk + €k,
(1.1) X =z + ug,
Yr = a + Pz,

where e; and u are independent and normally distributed with zero means and
variances o2 and o2, respectively, which we denote by

(o) =% () (5 )

k=1,...,n, where Ny denotes the bivariate normal distribution. If the quantity
zy, is considered to be a fixed quantity then, the functional regression model follows.
On the other hand, if the quantity xj is considered to be a random quantity, then
the structural regression model follows. In this paper, we consider zx ~ N (y,02),
with zj independent of (ex,ux), k = 1,...,n, a typically made assumption. The
main idea behind the equations (1.1) is that (y1,21),. .., (Yn,Zn) are not observed
directly and the estimation has to be based on (Y1, X31),...,(Yn,Xn), which are
observed. Examples of practical situations where the x; are measured with error
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are reported in Fuller (1987). An interesting situation is the case where zj is
the amount of nitrogen in the soil and yx is the yield of a certain cereal. In this
case, the observed X, values are determined by laboratory analysis and are only
estimates of the unobserved x; values.

As is well known, there are problems with the estimation of the parameters
in both cases. In the functional case, 8 is not consistently estimated. In the
structural case, some nonidentifiability problems arise. See, for example, Fuller
{1987) and Kendall and Stuart {1979), where extensive bibliographies are provided.
A Bayesian treatment for the problem can be found in Zellner (1971). Therefore, in
order to make the estimation problem feasible, some additional assumptions have
to be considered. In the structural model, a typically made assumption considers
that the reliability ratio (Fuller (1987)) k, = 02/(02 + 02), or equivalently, A\, =
02/a? is known. Fuller (1987) reports several situations particularly in Sociology,
Psychology and Survey Sampling where k, is so well estimated that it may be taken
to be known. Bolfarine and Cordani (1993) derived an orthogonal parametrization
in this case and investigated the performance of confidence intervals for 3. Another
common assumption is to consider that the ratio of the two variances A, = a2 /02
is known. This case has been investigated by Wong (1989) where an orthogonal
parametrization is derived and Bartlett correction factors are provided for the
likelihood ratio statistic by using the approach of Lawley (1956).

In this paper, a unified approach is developed for both (A; known and ).
known) cases. By studying the distribution of the maximum likelihood estimators
of the orthogonal parameters, we investigate the distribution of the likelihood ratio
criteria in both cases. The approach also makes it possible to compute directly
the expected value of the likelihood ratio criteria to order n=2. As shown, the
correction factors obtained are exactly the same in both cases and coincide with
the one obtained by Wong (1989).

Section 2 presents a general matrix representation for the model and the or-
thogonal parametrization (in the sense of Cox and Reid (1987)) under both as-
sumptions. Section 3 discusses maximum likelihood estimation and some prop-
erties of the estimators derived are studied in Section 4. Section 5 investigates
Bartlett correction factors for the likelihood ratio statistics.

2. Orthogonal parametrizations
Note that we may rewrite model (1.1) as

(2.1) Zy, = gy + €,

Yy _ _ o+ Bz (e
Zk—(Xk), gk—g(xk)—( i ) and fk—-(uk),

k =1,...,n Thus, from (2.1), we have that Z;,...,Z,, are independent and
identically distributed with

where

Zy ~ No(p; 3),
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where

(22) u=Eiz) = (M) < (V4 0),
1294 Hx

and

MofP02 402 AP0l \ oy
( )‘zﬂoﬁ ()\m + 1)0-3 , if Ag is known,

ﬂzag + )\aﬁ 503
Bo? oi+02 )

(2.3) Y = Cov[Z] =
if X\, is known.

Further, it can be shown that

(2.4 =)= { [AB%02 + (s + 1)a2]o2, if A, is known,
' [Aeo2 + (8% + Xe)oZ]o2,  if A is known.
Let
(2.5) 0= { (o, bz, 02,02, 8), if \g is known,
' (o, iz, 02,02, 0), if ) is known

and [ = [(#), the log likelihood function which may be written as

n

n 1 -
(2.6) Loc — log 8] - 5 ’;(zk - W)= (2 — ),
where 1(6) and X(6) are as given in (2.2) and (2.3), respectively. Let K () = [x; ]
denote the expected information matrix. Thus, from (2.6), after some algebraic
manipulations, it can be shown that

_glet o O ;1 Op 108 0%
@7 mi=E [aei aoj} [aokz a6, " 3 (E %6,> o0,

where 6, denotes the i-th component of 8, as defined in (2.5). From (2.7) it follows
that

( (9;1 ou
801 897 lfl ] 75’.7 1’27
K/i,j=< n _182 _132 . . L
2tr()3 86,-2 80j , ifi=3,4,5and j = 3,4,
0 ifi=1,2 and § = 3,4,

and

_ O a0n _,0%
s =Ko =n g S g+ {(E Bﬁ)}
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where tr(A) denotes the trace of the matrix A. It follows that xg ; # 0, whatever
be §; and, furthermore, k; ; = k;i,%,7 = 1,...,5. This fact makes it hard to obtain
large sample inference for 3, particularly correction factors for testing statistics.
One way of aliviating this difficulty is to consider an orthogonal parametrization (as
considered in Cox and Reid (1987)), by transforming 8 into ¢ = (@1, @2, ¢3, $a,8)’
so that 8; = 0;(¢), 1 = 1,2, 3,4, are the solutions to the differential equations:

4
08;
(2.8) > Kiigg = e
i=1

j = 1,2,3,4. Typically, solving a system like the one in (2.8) is not simple.
Moreover, when solvable, such equations may not always be easily interpretable.
In the case when A, is known, a solution is given in Wong (1989) and when A,
is known, a solution is given in Bolfarine and Cordani (1993). We note that the
problem of obtaining the orthogonal parametrization can be simplified by first
making the location parameters in u orthogonal to scale parameters in X, in the
sense of Cox and Reid (1987). This is easily accomplished by taking ¢o = o+ Bpz
and ¢, = . The problem now is to make 3 orthogonal to the other parameters
which appear in X.

The solution presented in Wong (1989) and Bolfarine and Cordani (1993) may
be written as

(2.9) ¢ =+ By, 2= pg, ¢4 =02,
and

AeB202 + (Ag + 1)o2, if A, is known,
(2.10) P3 =

(B + Ae)o2 + Aea?,  if A is known.

Considering the above parametrization, we have that

u=uten) = (%)

and

( 1 3+ (AeB)?s (Ao + 1))\zﬂ¢4>
(e +1) ((Aac + MO0 Do+ 120 )
if A is known,
2 —1( BPd3+A20s B¢z — )\e¢4))
(87 + ) (ﬁ(% ~Aebs) 3+ B%s )’

. if A is known,

(2.11) T = X(¢s) = 4

where ¢; = (¢, d2)" (the location parameters) and ¢s = (@3, ¢4, 3)’ (the scale
parameters). Note that in this new parametrization

|Z| = ¢34
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We call attention to the fact that the choice of the scale parameters are not as
obvious as the location parameters. However, the choice of the new parameters
becomes obvious and clear from (2.4). Moreover, when ). is known and taken to
be equal to one (without loss of generality), it can be shown that

tr(z) = ¢3 + ¢4v

so that ¢3 and ¢4 are the characteristic roots of X. In the sequel, we present some
properties of the matrix ¥ which will make it easier to derive the cumulants of
the log likelihood function [ = I(¢).

Let .
(Mg +1)71/2 (0), if A, is known,
a3z = I@
(B*+ Ae)_l/z(l), if A, is known
and \
Az + 1)—1/2< ;ﬁ) if A, is known,
[0 7 :
(B2 + Ae) /2 (_ﬁ> if A is known,
and note that
o el
53
1=23,4, and
ox ) ,
Y=z B3 + G4 EYy = ¢330y + Pa40s.
Similarly,
_ _,1 0% ) B L
T = 43X 13(1)2 + X 16(}54 = ¢ a3a§+¢4la4ag
and
0%
2.12 n-19% _ 415
(2.12) 59, ¢;
where
O = ¢‘i2_laia

i = 3,4, are such that &ja; = 1, &ja; = 0, ([&;|| = [la;l], 5 # j = 3,4; that is,

Oz + 1)‘1/2 (A_z;-ﬁl) , if A, is known
(2.13) a3 = ¢

(,32 + /\e)_1/2 (/\B ), if A is known,

and
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(Mg +1)71/2 <(1]> if A, is known,
(2.14) Gy =

(3% + /\e)_l/2 (_lﬂ>, if ¢ is known.

Note that if A = (a3,as) and ® = diag(ds, ¢4) then A(Z; — p) ™S N, (0, ®),

i =1,...,n. Furthermore, from the above results, it is easy to see that
% b2 1/2
¥t 324> (¢3 asaly + ¢y a4a3)
8,8 ( oy
from where it follows that
X \?
2.15 1) =05
(2.15) (7%) =o',
where I is the two dimensional identity matrix and o3 = a%, with
1/2
1
— (%) , if A, is known,
(2.16) op = p 4 .
+ € 1/2 - -
_— , if Ae is known.
(252 ) tens)

From (2.12) it follows that

X __, 0% “2 =
1 - 1 i ) J
(2.17) tr (2 %2 8d>,) (i¢) " @y = {0’ i
i,j = 3,4, and from (2.15)

2
(2.18) tr { <2-1g—§> } = tr(o5° L) = 203>

Now let K = K(¢) = [k, ;] the information matrix under the orthogonal parame-
trization. Thus, from (2.7) with 8 replaced by ¢, we have that

Bu 1 0p .

x-! i,j =12,
"6 99, ’

2
Kij = n _182 .

- =3.4,5
2tr{(2 3¢1’> }, i=23,4,5,
0, 1=1,2, j=3,4,5,

where 4 = p(¢r) and £ = X(¢g) are as defined above and &, ; = kj;, i, =
1,...,5. Thus, K = diag(Kp, Ks), that is, K is a block diagonal matrix with

K; = nE~!
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and, using (2.17) and (2.18),

. 1 1
Ks—ndlag< ¢2,2¢4 ;;)

where og is given in (2.16). Note that in both cases (), and A, known), o3

can be the asymptotic variance of \/EB, where ﬁ is the likelihood estimator of 3
(Section 3) and may be written as

_ QIXXIYYX _ g2 (1 _ngx)
D R
9y x Py x
where ayx = CovlY;, X;], oxx = Var[Xi], oyv.x = Var[Y;|X;] = oyy —

-1
O'XXO'YX = Uyy(]. - p%x) and

Prx = oYX
(oxxoyy)l/?
which denotes the correlation between Yy and Xi, k=1,...,n.

3. Maximum likelihood estimators

The loglikelihood function { = I(¢) with respect to the orthogonal parameters
given in (2.9) and (2.10) may be written as in (2.6), with y replaced by u(¢r)
and X replaced by X(¢s). Hence, the maximum likelihood estimator (¢ L, qASS) of
(¢1,¢s) is obtained by solving the equations

ol O g
7| = Y72k — )y =0,
a¢i =4 ;a¢z o=¢
i=1,2,
ol _ n _10%
36 i { 2tr (2 5¢i)
1l « 1108
+3 ) (B— BT E 1<zk—u>} =0,
k=1 ' ¢=4
1= 3,4, and
ol 1L ) S B

The first equation leads to 4 = pu(ér) = Z, from which we get

q;l = Ya and ¢§2 =X
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since pp = (¢1,¢2) and Z = Y p_; Zx/n = (Y, X)'. Using these estimators, it
follows from the above equations that

é; = &} (B)Sai(B),
i=3,4, and R X

respectively, where &;(83), i = 3,4, is as defined in (2.13) and (2.14), respectively,
with [ replaced by 4 and

1< 5 > Syy S
S=- Z,-72)Z,-2Z) = YY YX>,
n ;( N ) (SYX Sxx
where SX_X = Z?:l(Xi “‘X)2/"’ Syy = Z?:l(yi ~Y)?/nand Syx = E?:l(Xi .
X)(Y; — Y)/n. From the above equations, it follows that
(i) when )\, is known (Bolfarine and Cordani (1993)):

$3 = Az + 1)Syy — 2(A2B)Syx + (AafB) 04,

» Sxx

¢4_>\z+1’

/3,_‘ Az + 1\ Syx
B Az Sxx’

Replacing <Z>4 and B in q33, we have that
$3 = (s + 1)Syv.x,

where

B Sy x
_ _o-1l¢2 1— 72 d = -5y
Syvx =8vy — SxxSyx =Svy(1-ryx) and ryx (SyySxx)'/?

(i) when A, is known (Wong (1989)):

_ B2Syy + 22.BSyx + \2Sx x

P2 20N ,
be = Syy — 288y x + B*Sxx
B2+ A ’
Syy — AS Svy — AuSxx \2 He
A YY &7 AedX X . YY — AedXX
_ (2¥x —2eoxx ovy —Aedxx ), b
I¢] ( Svx )-i—(mgn(Syx)) {( . ) + }

It can also be shown that the maximum likelihood estimator of ¢g =
(¢3, ¢4, B)’ is given by the solution of the equation

z(¢3) =9,
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where X(¢s) is as given in (2.11), with @g replaced by ¢g. Some estimators may
also be given alternative expressions as, for example,

G = Az +1)Syy — (A23)?ds, if Ay is known,
’ AeSyy - BSY){, if )\e is known.

Note also that, in both cases,

(3.1) ¢34 = |2| = Syv.xSxx.

4. Some properties of the maximum likelihood estimators

In this section we study some properties of ¢ = ( 1 @s), for Ay and A known.
Under model (1.1), it follows that

~ B 1
=2 ~ Ny (Uaﬁz)’
and

(4.1) S=S~W, (%2,71—1),

are independent, where

o= (MY) and = (UYY O'YX>,
mx OyX OXxX
with Z and S as before. Here, Wy (A, m) denotes the k-variate Wishart distribu-

tion with dispersion matrix A and m degrees of freedom (Muirhead (1982)). From

these results, it follows that ¢z = (¢1,2)" and ¢g = (o, 4, 3)’ are independent
and

N = 1
¢ =2Z ~ N, (¢L,;2>»

Thus, confidence regions or hypothesis testing for Hy : ¢, = 7o can be performed
by considering the variable

F= (n ; 2) (Br — 61) (Z71($s))(d1 — 61)

_ (" - 2) (Z - p)'S~YZ = p) ~ Fons,

that is, F' is ditributed according to the Fisher F' distribution with 2 and n — 2
degrees of freedom. Furthermore, confidence intervals or hypothesis testing for
functions of the form a’¢; where a is a known vector of constants, we can use

Jﬁ(“(*fj;—a)‘f,im ~ 10, 15n — 1),
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where (0, 1;n— 1) denotes the central ¢ distribution with n— 1 degrees of freedom.
On the other hand, the exact marginal distribution of the components of the vector
s is particularly difficult to obtain when ). is known. In particular, if Ae =1,
then ¢3 and ¢4 are the proper values of the Wishart matrix 2(4)5) Thus, in this
situation, the distribution function of (¢3, d>4) can be represented in terms of an
infinite series (Muirhead (1982)). Similarly, the distribution function of 3 can be
given as a convergent infinite series of incomplete beta functions (Anderson and
Sawa (1982) derived the distribution of 3 in the functional case. This distribution
corresponds to the conditional distribution of B given £ = (x1,...,%,) in the
structural case). For this reason, inference on 3 when A, is known typically is
based on large samples, since as n — oo,

V(B - 8) 3 N(0,02).

Moreover, using properties of the Wishart distribution we can study the exact
distribution of certain functions of ¢s in both cases (A; or A, known). Thus,
considering the Wishart distribution in (4.1) it follows, in both cases, that

(i) Syy.x = Syy — Srx - Syy (1 —r% ) is independent of (Sy x, Sxx);

Sxx —
(i) “TS'YY;K;(K ~ x%_,, where as seen before, 0yy. x = Oyy —0 x5 0%y = oyy(l—
2

PY X );

(iif) Syx | Sxx ~ N(ZX%5xx, msxx)

: S S

(IV) nTYY;Y_ ~ Xn—l and %{K‘ ~ Xn—17

Syx YX YY.X

(V) Sxx t(gxx ’ (na—l)dxx in— 1)

and

(vi) (ﬁ"_EM)l/Z(_uL 2xx) ~ (0, 1;n — 2).
Results 15 to (ii) follows dlrectly from Theorem 3.2.10 in Muirhead (1982)
Notice also that (iii) follows from the fact that Y; | Xi ~ N(uy + oy xox 5 (Xi —

tz),0yy.x), i = 1,...,n. To prove (v) and (vi) notice first that (iii) implies that
Sy x UYX) ‘ ( 0YY.X>
4.2 — —— ) Sxx ~N[0,———).
(4.2) (SXX 50 xx nSxx
Let
Syx ovx _ nSxx
UX)(——-—— and Vxx——_.
Sxx oxx (n—1)oxx
Thus, from (4.2) it follows that
o -
(4.3) (Uxx | Sxx) £ (Uxx | Vxx) ~ N (0’ —&LVX}() ;
(n—1)oxx

where X 2 Y means that X and Y have the same distribution. Moreover according
to (iv), it follows that

1
(4.4) Vxx ~ E‘__IX?z—l'
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From (4.3) and (4.4) it follows that the unconditional distribution of Ux x is given
by
Uxx = Syx _ovx wt(O, OYY.X ‘- 1) ,
Sxx oxx (n—1oxx
since, as is well known, the ¢ distribution is a mixture of a normal distribution
with a chisquare distribution (Muirhead (1982), Arellano-Valle et al. (1995)). This

proves (v). Now, notice that (4.2) implies that S}%Z Ux x is independent of Sx x,
from where it follows that

- S oyx oYY.X
45 S PUxx = 83 [ 22X - ZXX ) N (o .

Thus, (vi) follows from (i), (ii) and (4.5).
Moreover, (vi) allows making inference on the ratio (function of ¢g)

Az
( ) 3, if Ay is known,

oYX _ Az +1
oxx ¢3 — /\e¢4) . )
———— 173, if A, is known.
<¢3 TR )P e

For example, for testing Hy : § = 0 (independence between X and Y'), we can use
the fact that

\/’I’L—QB _ \/’n—27‘yx _ \/n—2Syx
s V1-13x  VSxxSyvx

~t(0,1;n — 2),

where 03 = 03(¢s) is as defined in (2.16). From results given above, we also have,
for A; and A, known, that

46)  Blbudi = ElSvrxlBlsnx = ("7 (250 dan

since, as considered in (3.1),

SyyxSxx =8| = |E(¢s)| = b304
and

oyy.x0xx = |X| = ¢3d4.

—E[IO (SYY.XSXX>:I

& OYY.XOXX

s (22 ) + 1 o (222 )]
n—2 n—1 n

(25 0 (%52) -seu

Moreover,

P304
(4.7) E {1 og (¢3¢4)

I
&
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which follows from the fact that if V' ~ Ga(v,48), the gamma distribution with
parameters v and 6, then ElogV] = ¢(v) — log§, with ¢(-) being the digamma
function (Abramowitz and Stegun (1965)). In particular, if A, = 1 (or known), we
can write

¢3 + ¢4 = tr{E(dg)} = tr(S) = Syv + Sxx,

from which it follows that
n

El$s + ¢4] = (n — 1) (¢3 + ¢4).

Finally, considering )\, known, we have that

OXX Az +1\ oyx
= A 1 = = ————,
¢3=(Az + 1D)ovyx, ¢4 WL g ( " ) P

so that the maximum likelihood estimators of the above parameters are given by

¢3 = (Ae + )Syyx, ¢a=

Sxx b= Syx _ (f\x+1) Sy x
)\m +1, SXX Az }\x(]34

Considering the above relations and the previous results, when A, is known, we
have that

(i) ¢3, ¢4 and ¢i/ 28 - ) are independent;

(i) 22 ~ X7 and B2 ~ )y

2

(iit) ¢Y%(f — B) ~ N(0, Z22%), where o2 is as given in (2.16).
4 B
2

n

(iv) B~ t(8, -2Z;n — 1); and

(v) 2B 40, 15m - 2).
Notice from (v) that,

E[B]zﬂ, n>2 and Var[ﬁ]zna_ﬂ?’, n > 3.

Moreover, from (v) it follows that an exact (1 — @)100% confidence interval for 3
is given by

A &ﬁ
t'n" [0 ’
(5 ta-sernys)

where t,_3 /2 is the upper 1 —a/2 point of a ¢ distribution with n — 2 degrees of
freedom which can also be used as an exact « level test for Hy : § = (o.
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5. The likelihood ratio statistics

Let ¢ = (¢, #)’ the maximum likelihood estimator of ¢ = (¢}, ¢s)’ under
the null hypothesis Ho : 8 = fo. It is easy to see that ¢ = ¢ = Z and
os = (3, ¢4, 3)' follows from the equations

B=0

and

éi = &(Bo)Sa(Bo),

where &;(3p), ¢ = 3,4, are as defined in (2.13) and (2.14), with 3 replaced by .
In the model with A, known, it follows that ¢4 = (134. Under Hy : 8 = B3y, we have
that

nS ~ Wz(zo,n - 1),

where X is the same as X (defined in (2.11)), but evaluated at (¢3, #4,5p). This
implies that

(5.1) % ~ X1,

i = 3,4. However, 433 and q~54 are independent only in the model with A, known.
The likelihood ratio statistics for testing Hy : 8 = (3 against H; : 8 # [ is given
by

— oL() — L(B)) = Z@s) | _ o, 93|
(5.2) G = 2(L(¢) - L(9)) nlOg{|2($S)|} n g{$3¢34}

Under Hy : 8 = [o, the statistics G has asymptotic chisquare distribution with
one degree of freedom, denoted by G ~ Ax2, and can be represented in terms of
Bo and the elements of S as

(5.3) G(Bo)
( (Az + 1)Syy — 2800 Sy x + (BoAz)*Sx x
nlog{ (Az + 1)Syy.x } ’

= if A\ is known,
j nlog { (B5Syy +2XeBoSyx + AeSxx)(Syy — 2608y x + BiSxx) }

(B2 + Xe)?Syy.xSxx

L if Ae is known,

where, as before, Syy.x = Syy(1 — T%’X)- Notice that in the case where A, is

known,
G =nlog iﬁ .
?3
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As has been extensively discussed in the literature (Cordeiro (1983), Wong (1989)),
the approximation of the distribution of the statistics G to the chisquare distribu-
tion can be improved by using Bartlett correction factors. For the case when A, is
known, the correction factor has been derived by Wong (1989), by using the ap-
proach developed by Lawley (1956), which typically is difficult to implement since
it depends on the fourth order cumulants of the likelihood ratio statistics. We pro-
pose now an alternative approach of deriving the correction factor for both cases
(Az known and A, known) by computing directly the expected value of the likeli-
hood ratio statistics by using some results derived in the previous section. Letting
FEy|G] denote the expected value of G under the null hypothesis Hy : 8 = 3, it
follows from (5.1) and (4.7) that

a2 2]
oo (15) o (25) )
(15 (55 w3
o (5) (7))

where (m) is the digamma function evaluated at m. Using the fact that
(Abramowitz and Stegun (1965))

1
= 1)+ —
$(m) = lm — 1) + —,
1 1 1
vlm) =logm = oo =~ Tome * Taoma T
1 —4
~logm—§——-12m2+0(m )

we have that

(5.4) EO[G]=n{w(n;_1> ~w(g)—2(ni1 —ni2>}
=nf Joe ™5 o) (35 -7)
3 (e ) roo 2 ()
ofia(12) - [(1+2) "]
- (1+2) 1] 0w
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Considering the expansions

1 1 1 3
log(1+ﬁ)—ﬁ—ﬁ+0(n ),

—k
(1-1-1) :1_§+O(n_2), k=12,
n n

! 1 ) 1 1\! 4 _
R = — - _ — — = —_ O 2
(1 n) 1+n+0(n ) (2 n) 2+n+ (™),

it follows from (5.4) that

—_ 5 -2
Eo[G] =1+ o +O(n ),

so that for both cases (A, and A, known) the corrected likelihood ratio statistics
is given by

(5.5) G* = G/(1+5/2n),

with G as given in (5.3). Notice from (5.5) that the correction factor derived is
exactly the one derived by Wong (1989) for the case A, known, and that it is the
same for the case A\, known.
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