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Abstract. A new derivation of the classical orthogonal polynomials is given
by using the w-function which appears in the variance bounds and some prop-
erties of the Pearson system of distributions. Also a characterization of the
Pearson system of distributions through some conditional moments is obtained
by using a result obtained by Johnson (1993) concerning this family.
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1. Introduction and summary
Papathanasiou (1989) obtained upper and lower bounds for the variance of a
function g(X) where X is a continuous random variable with E(X) = p, Var(X) =
o2 and g absolutely continuous with continuous derivative ¢2™+3) of order 2m+3
(m > 0). Specifically,
(1.1) S(2m+ 1) < Var[g(X)] < S(2m),

where S(n) is given by
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The upper (lower) bound is attained if and only if g is a polynomial of degree at
most 2m+1 (2m+2). If m = 0 we have the upper bound for the variance obtained
by Cacoullos and Papathanasiou (C-P) (1985), namely,

+o0
(1.4) Var[g(X)] < / [0/ (8) 2ao(t)dt
where .
ao(t) = [ (u=a)f(e)is
and we set
(15) Pu®f®)= [ (n-o)f)ds

if the support of f is an interval.
The same w-function features also in the lower bound Var[g(X)] >
o? E?[w(X)g'(X)] (cf. Cacoullos and Papathanasiou (1989)) obtained from the

identity
(1.6) Cov(X, g(X)) = o* Elw(X)g' (X)),

where the w-function is defined by (1.5). Furthermore, the w-function character-
izes the corresponding distribution of X (C-P (1989)).

Korwar (1991) showed that the w-function is a quadratic if and only if X is a
Pearson random variable, that is, its density f satisfies the differential equation

dinf a—x
dr  Bo+ Pz + Box?

for some values of «, 8y, 1, B2
Johnson (1993) proved that if X is a Pearson random variable such that

(1.7)

lim 2/ w(z) f(x) = lim 2/w(z)f(z) =0, j7=0,1,2,...,n
r—Tr r—s

where (r,s) is the support of f, then the function a,(t), given by (1.3), can be
written as follows:

(1.8) a, (t) = Voo + D (w(t))* £ (t).

Here b= 1/T];_o(1 — jk), k = B2/(1 — 262) and w is the w-function, as given by
(1.5), which for the Pearson system is quadratic and

Bo + Bz + Po?
1—28;

In the present paper using inequality (1.1) and Johnson’s result (1.8) a char-
acterization of the Pearson system of distributions is obtained through some con-
ditional moments. Furthermore using the fact that the w-function, which appears
in the variance bounds, for the Pearson family is quadratic (see Korwar (1991)
or Johnson (1993)) a new derivation of the classical orthogonal polynomial is ob-
tained.

o*w(z) =
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2. Some identities and orthogonal polynomials
For our purpose we obtain an identity, interesting in itself.

THEOREM 2.1. Let X be a Pearson random variable with density f and sup-
port an interval (r,s). If

(2.1) i:rrlTx]w(x)f(x) =£1_)Ir§x3w(x)f(a:) =0, j7=0,1,2,...,n

then

(2.2) Cov(X",g(X)) = > (-1)" e, n Elg™ ™ (X)X (w(X))* ]
v=0

provided these moments exist and g has a continuous derivative of order n+2 and

Con = (n + 1> bo 2 +1),
’ v+1

PROOF. Let n = 2m. We apply the second inequality in (1.1) for the func-
tion %! + 0g(z) where 6 is an arbitrary real number. Since (2.1) holds we use
Johnson’s result. For 2! (1.1) becomes equality and we have

(2.3) 02 Var[g(X)] + 26 Cov[X™ 1, g(X)]
<oy ‘(]_1 )" o (g0 (X)) (X))

+26 Z ba2(”+1>(n +1)ps

[(w( ))”“X” g (X))

Since (2.3) holds for arbitrary 6 we conclude (2.2). The case n = 2m + 1 can be
treated similarly. O

THEOREM 2.2. Under the assumptions of Theorem 2.1 we have

04 =Y et o () )
. n U’nfd.’l,‘y+1

v=0

where py, 1 = E[X™1.
ProoF. In (2.2) take first g(z) = Re[e®®], where i = /—1, and then g(X) =

Im[e?*]. Integrating the RHS by parts (v + 1)-times v = 0,1,...,n, since (2.1)
holds we have (see the proof of Theorem 2.3)

lim 2 o (2) ()] = lim " w(@) ()] = 0

rz—r d
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j=0,1,...,v,v=0,1,...,n. By the uniqueness of the Fourier transform the
proof is complete. O

Using the same arguments, identities (2.2) and (2.4) can be easily extended in
the general case as follows. We have

(25)  Cov(X™, g(X)) = i (=1* (" + 1>E [g<y+1)(X)Xn_,,au(X)

— v \r+l1 f(X)
and
1 /n4+1\ 1 gt
n+l - - n-—v
(26) T Hn+1 Z o (I/ 4 1) f(l‘) d.’L‘U+1 [ au(l')]

v=0
provided that

N )
w}»iwgg(‘r a,,(ac))_(), J=0,...,v, v=0,1,...,n

THEOREM 2.3. Under the assumptions of Theorem 2.1, the function h;(z)
defined by

@) h@= @ @l =01t

is a polynomial of degree j and
Eh;(X)h;(X))=0 for i%#j, 4,j=1,...,n+1.

PROOF. We consider a polynomial Qs{(x) of degree s. Since w(z) is quadratic,
for 7 < n, we observe that

L R @@= 2 (@) v @) @)

dxi
+(Qs (@)w(2))(j — 2)w' (z)w! > () (w(z) f(z))
, Q@) @)@ - 2)f@)
o? '
Hence g1
[Qs(:v)wj(:v)f(m)] ey Py (2)w? ™ (2) f(2)]
where

Prin(x) = (Qu(e)(a)) + Qu(eu () — 2) + L=D0eLe)

is a polynomial of degree s + 1.
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If Q:(z) = Qs—2(z)w(z), then Psyq(z) = Ps_1(z)w(x) (where Q,_2(z) and
P,_1(x) are polynomials of degrees s — 2 and s — 1 respectively).
Moreover if P,(xz) is a polynomial of degree n

Po(a)(p — 2)

o2

1d )
7 Enl@w(@)f(2)] = Py (z)w(z) +

is a polynomial of degree n + 1. Hence proceeding by induction we conclude that

1 &

(2.8) F 3

- 1Qu()0 (@) f(@)] = oy (a).

For Qs(z) = 1, (2.8) gives that h;(z) is a polynomial of j degree. To show the
orthogonality suppose without loss of generality ¢ < j. Then integrating by parts
we have

E[hi(X)h;(X)] = / hi(z) —— & [ (z)f ()]dw

dxi

— k
- %llnz D ik Thi(z )ddy elv’(2)f ()

k—1 i —k .
~lim Z< 1 hi(w) g o ()1 )

p
LR .
F 1y / & @ () (o) da

Hence E[h;{(X)h;(X)] = 0 provided that relation (2.1) holds for j < 2n—1. O

If all the moments u,, r = 1,2,..., of X exist then Theorem 2.3 yields the
Rodrigues formula for the classical orthogonal polynomials by using only the prop-
erties of the w-function which appears in the variance bounds.
3. Characterization of the Pearson system

Relation (1.3) and Johnson’s result (1.8) gives the following

THEOREM 3.1. Under the assumptions of Theorem 2.1 we have

(3.1)  (—)"MEX -t E(X —-t)Y | X > ¢
+(-DYE[X —t]"E[(X = )" | X > 8] = e (w(t))" ' h(2)

where ¢, = vbo?* 1) and h(t) is the failure rate f(t)/(1 — F(t)).

Recently several characterizations for a Pearson random variable have been
obtained through some conditional moments. Specifically Glinzel (1991) proved
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that under certain conditions the distribution of the random variable X belongs
to the Pearson system iff

E(X?| X >2)=P@)E(X | X >z)+ Q(x)

where P(z) and Q(z) are polynomials of degree one at most with real coefficients.
Unnikrishnan and Sankaran (1991) proved that X belongs to the Pearson
family iff
E(X | X >z)=E(X)+ (ao + a1z + azz*)h(2)

where h(x) is the failure rate and ag, a1, as real constants.
Now we prove the following

THEOREM 3.2. Let X be a continuous random variable with density f, dis-
tribution function F' and support an interval (r, s). If there exist a function w such
that relation (3.1) holds for v = 0 (only) and —fT = L& (Pi(z) is a linear func-
tion), then X belongs to a Pearson system of distributions, provided that condition
(2.1) holds for j = 0.

PROOF. From the assumption of Theorem 3.2 we conclude that ag(t) =
cow(t) f(t) where

t t

oolt) = BLX —0F() - [ (o= f(@)do = [ (u=2)fa)da.

T T

Hence w(t) = E}-(tf f:(u—x)f(x)dx and w'(t) = —Jj,—((tt))—w(t) + i‘—cfo—t Since ”th()t) =
P we conclude that w'(t) = Pi(t) + (u — t)/co which gives w(t) = Py(t) (P

w(t)
is quadratic). Hence % = 2—8 which completes the proof (or by Korwar’s
result). [
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