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Abstract. Let C(A) be the convex hull generated by a Poisson point process
in an unbounded convex set A. A representation of A\C(A) as the union of
curvilinear triangles with independent areas is established. In the case when
A is a cone the properties of the representation are examined more completely.
It is also indicated how to simulate C(A) directly without first simulating the
process itself.
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1. Preliminaries

The paper aims to establish a number of properties of a homogeneous Poisson
point process (in the sequel p.p.p.). Although the properties are elementary they
do not seem to be known. At least they are not mentioned in Stoyan et al. (1987)
or Daley and Vere-Jones (1988).

The author’s interest in this topic was stimulated by the remarkable paper
of Groeneboom (1988) who has made impressive progress in convex hulls theory.
His arguments are based on the original idea of using a Poisson approximation to
the binomial point process close to the boundary of the support of the underlying
distribution. This idea allowed him to reduce the problems he was considering to
an examination of the asymptotic properties of a p.p.p. Further arguments were
concerned with the application of powerful techniques such as martingales, mixing
stationary processes, etc. It turns out that in many cases the above mentioned
elementary properties of a p.p.p. provide easier arguments.

Consider a p.p.p. restricted to an unbounded convex set in the plane. The
convex hull of such a process is one of its most interesting characteristics, both
from the view-point of stochastic geometry and from that of statistics.

Within the framework of the Groeneboom approach we need to know how
many vertices of the convex hull occur in any finite part of the plane, how close
to the restricting set boundary they lie, etc.
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It turns out that the vertices generate a triangularization of the region comple-
mentary to the convex hull within the restricting set. Under the triangularization
the region is represented as a union of curvilinear triangles with independent areas,
and the problem of counting vertices is reduced to a boundary problem for sums
of i.i.d.r.v’s (see Nagaev and Khamdamov (1991)).

2. General case

Consider a homogeneous p.p.p. in R? of intensity one; i.e. the Lebesgue mea-
sure A(-) is its intensity measure. Denote by C(A) the convex hull generated by
the restriction of the process to the Borel set A. Let I'g denote the boundary of
the Borel set B. It is convenient to denote by [(w,w’) and |I(w, w")| the rectilinear
segment with endpoints w and w’, and its length, respectively.

Assume that A satisfies the following conditions:

a) A is convex, unbounded, with A(A4) = oc;

b) the point (0,0) lies on its boundary;

¢) each straight line Z, = ((z,y) : y = ¢) cuts off from A a region having
finite area, i.e. Z. intersects I' 4 at two points.

Let wg = (ug,vp) be the vertex of C(A) with minimum y-coordinate, having
the line Z,, as a line of support (see Fig. 1). This choice uniquely determines the
labels of the other vertices w; = (u;,v;), j =...,—1,0,1,..., by, say, numbering
them in anticlockwise order.

Fig. 1. Notation and schematic representations for the general case.

Let, further, 6y be the region cut off from A by Z,,, where Z,, cuts I'4 at
~v— and y4+. Now we define a sequence of regions 0, j = £1,42,.... Denote by
Z;_1,; the straight line passing through w;_; and w;. Suppose that j = 1. The
lines Z,, and Zp; together with Iy bound the region 6, which is a (curvilinear)
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triangle with the vertices wg, v+ and the point v; where Z ; meets I' 4. Similarly,
the region 6_; is bounded by Z,,, Z_1 and I'4. The corresponding vertices are
wp, Y- and the point v_; in which Z_; o meets I 4.

For j > 2 the region 6; is determined by the lines Z;_5 ;_; and Z;_; ; which
are defined analogously to Zy; and Zy _; above, and I'4, and has the vertices
wj—1, Yj—1 and ;. Similarly, for 7 < —2 the region 6; is determined by Z; 11,
Zjt+1,5+2 and I' 4, and has the vertices w1, vj+1 and ;.

It is easy to see that the regions 6,1, j > 1, and also the regions 8;_1, j < —1,
depend only on w; and on the slopes of the lines Z;_; ; and Z; j11. As for §; and
61, they depend on wy and the slopes of Zy; and Z_1 o respectively. However,
certain functionals of §; constitute sequences of 1.i.d.r.v’s, as we shall show below.

Note that the assumptions a) and ¢) above imply that the sequence of regions
{0;} is doubly infinite (since any finite number of the 6; cut off an area of A that
has at most finite area and so leaves a part of A having infinite area and containing,
therefore, at least one further point of the process).

Let & = A(0;) be the area of the random set §; and set

L(y—, wo) [ (y—, y)| 7 if j =0
(2.1) nj = Wwj_1,w;)Pll(wj—1, )72 ifj>1
|Uwj, wis) Py, wien)| 72 i< -1

We can now state the main result of the paper.

THEOREM 2.1. Under the conditions stated, the variables &, ni for j k =
...,—1,0,1,... are jointly independent. Furthermore,

P <z)=1-e"  z>0,
and
Plpp<z)=2z 0<z<l.

Proor. Let j = k = 0. It is easily seen from properties of the Poisson
process that the joint density function of (ug,vg) = wo has the form

exp(—A(bp(v)))dudv, if (u,v) € A

0 otherwise

(2.2) po(u,v) = {

where 6y (v) is the region cut off from A by the line Z,. (We allow here the usual
duality in notation that occurs in mathematical statistics.) Formula (2.2) implies
that given vg = v the variable vy is uniformly distributed in (vy_,~, ), whence it
follows that ng is uniformly distributed on (0,1). Since the function A(6¢(v)) is
increasing in v, the variable & is exponentially distributed with parameter one.
&o and 1y are independent.

Assume for definiteness that the axes are chosen so that u; < Ujri a8, J > 0.
Let j = k = 1. Note that the conditional joint density function of w; = (uy,v;)
given wg may be written as follows,

P (x7y) _ {eXp<_>\(61 (xay)))dmdy, if > 'I:L[), Yy > Vg, (_/E’y) c A
0 otherwise.



24 A. V. NAGAEV

?ere 01(z,y) is the region bounded by the lines Z,,, ((u,v) : oy = o2) and
A

Choose wy as origin of polar coordinates and I(wog, v+ ) as a fixed direction. The
area 01(z,y) depends on wq and the slope of the line Zg;. The polar coordinates
v and v of wy have the conditional joint distribution density function, given wy,

of the form

(2.3) pi(v, ) = {eXp(_*(gi‘(Tb)))vdvdw, 0 < <7/2

0 otherwise,

where 67 (1) is the representation of 0; (z, y) under the new parameterization. From
(2.3) it immediately follows that the conditional distribution of |I(wg,w1)|? given
wg is uniform in (0, |{(wo, v1)|?). Hence, that of n; is (0, 1)-uniform. Since v(83 (%))
increases for every fixed wy the area of #; has the exponential distribution with
parameter one. Moreover, &y, ng, &1 and n; are jointly independent.

In the case j = k > 1 the conditional joint distribution of w; given w;_s, w;—1
has the density function

exp(=A(8;(z,y)))dzdy,
if (z,y) € A and > u;_1,

(24) pi(z,y) = -1~ Vj-2 (

Vi
y>vj2+ 2

—— (7 —u;-2)
Uj—1 Uj—2

0 otherwise,

where 0;(z,y) is the region bounded by the lines Z;_5 ;_1, Z;_1 ;, and T'4.

Choosing w;_; as origin of polar coordinates and I(w;_o,w;—1) as the fixed
direction and repeating the above arguments we easily obtain from (2.4) that
& = M\6;) and n; do not depend on (nx,yx), k=0,1,...,j — 1 and have the joint
distribution

P¢j<mm<y=01-e%y, >0 0<y<lLl

Similar arguments can be applied for j < —1 if we proceed clockwise, and the
theorem is proved.

Let A® and HJC be closures of A and 6; respectively. Let further C° be the
interior of C(A). Then (A\C?) =, 9§ and by Theorem 2.1 A(A\C®) = o0 a.s.

3. Properties of homogeneous p.p.p. in a cone

Suppose that A is a cone having the point (0,0) as a vertex and rays I; = (w :
w = te(i)), 1 = 1,2, as generators. Here the unit vectors el = (cos ¢;,sin ¢;) are
such that 0 < ¢ < @9 < .

In this particular case the properties of C'(A) can be investigated more com-
pletely. Here the 6; are ordinary triangles. Define §; as the distance from the
vertex w; to the ray l; if j > 1, and to the ray lo, if j < —1. If j = 0, then §y and
8 denote the distances from wy to I; and [ respectively. Note that

(3.1) 8o = |vgcos 1 —ugsingy|, 8y = |vg cos P2 — ug sin Pa|.
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Consider the variables

6;/6;,_1, ifj>1,
(3.2) nz{”“ "
6j/8j+1, fj< -2

and Tl — 6_1/(56
It easily seen that

(3'3) T :1—77]1‘/2-

In accordance with Theorem 2.1, 75, (j # 0) are jointly independent and identically
distributed. Furthermore

1
(3.4) Er=-, Ert=

3 5
3 E(—Inn) = 2 Var(lnry) = e

The variable 8,, can be represented as

50H7'j, ifn>1

j=1
(3.5) 8p = i
8 [ 7 ifn<-1

j=n

whence in view of (3.4) we obtain
"B, ifn>1 6~ "E6? iftn>1,
(3.6) Eén:{S_ o T Eiz{_ o, "
3 "E§,, ifn<-1, 6~ "(E&)*, ifn<-—1.

Note that 7;, j > 1, and 7, j < —1, do not depend on &y and &; respectively.

From (3.4) and (3.5) it follows that In 8, is asymptotically normal as n — oc.
Denote by v; the number of vertices which fall in the disk S; having radius ¢ and
centre (0,0). On the basis of the above properties it can be proved that

(3.7) Evy ~ (4/3)Int = a(t), Var(yy) ~ (5/4)Int = 8%(t)

and the variable (v, — a(t))/B(t) is asymptotically normally distributed N(0,1)
(see Groeneboom (1988), Nagaev and Khamdamov (1991)). It is worth noting
that the total number of points falling in S; has the expectation (¢o — ¢1)t?/2.
From (3.6) it follows that 6, — 0 a.s. as n — oo, that is the rays [;, i = 1,2,
serve as asymptotes for I'c(4). The relations (3.6) and (3.7) show how rapidly
I'c(a) approaches I'4. Another way to describe the closeness of these lines is to
estimate the difference between the lengths of the parts I'c(4) and 'y which are
cut off by S;. To do this we need additional rather cumbersome notation. Put

(3.8) d=1/sina+ ctga,

where @ = ¢o — ¢1.
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Further, put
. J k-1
tg(5 o) +262 Y & [ 2 if5>1
k=1 =1
(39) pPj = -1 _1
™ — — i
tg(se—5) +20) Y6 [] 7% i<
k=j I=k+1
and

(3.10) = -
o = Z (d‘f‘ﬂj“\/l‘f‘ﬂ?)(l“Tj) H Tk
Jj=—o0 k=j+1

Note that o and ¢’ are conditionally independent, given 8y and ). Finally, let £;
be the length of the part of I'c(4) cut off by S;.

THEOREM 3.1. If0 < ¢1 < /2 < ¢po < m, then 2t — Ly — £ = fpo + 640’
a.s. where 8y, 6, o and o’ are defined in (3.1) and (3.10).

ProoF. Consider the triangles éj constructed in the following way (see
Fig. 2).

Fig. 2. Notation and schematic representation for the special case of a cone.
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For 7 > 1, 9~j is formed by the line (w;_1,w;) and by the straight lines drawn
through w;_; and w; parallel to I and I; respectively. The length of the side of
éj lying on I'c 4y will be denoted by c;, i.e.

Ci: = { ‘l(wj_l’wj)la ifj >1
77 Uiwg,wia)l, i 5 < -1

Further let a; and b; be the lengths of the sides of 0~j which are parallel to /; and
I respectively. Put

(311) €; =aj—|—bj — Cj.

Consider the straight lines passing through the vertices w_,, and w, parallel to
Iy and [y respectively. Let t;ne@) and t,e(!) be the points at which those lines
intersect I3 and [; respectively. Denote by I, the length the part of I'c(4) between
w_m and w,. It is obvious that

n

(3.12) tntth —lon=Y_ €= (6n+6_m)/sina.

j=—m

Let pj; be tangent of the angle between l(w;—1,w;) and the perpendicular to Iy, if
j > 1, and that between l(w;j, w;+1) and the perpendicular to lp, if j < —1. It is
easy to see that

8 100y —p5_1)/2, ifj>1
fj:A("j):{i S

8511005 — Ph41)/2, iEj< -1

while &, = (82 — pb)/2 po = a5 — 1), gb = te(d2 — ).
Therefore
j-1 -
2Y a6 +ig (5 —o1), s> 1

(3.13) di=¢ M

-1
2Y e +tg (s —5), i< L
k=j

Combining (3.2), (3.5) and (3.13) we obtain p; = pj. With the help of elementary
arguments from (3.2), (3.8), (3.9), (3.11) and (3.13) we derive

61(1=75) (d+pj — \1+02), 521
8i+1(1 —75) (d+pj—,/1+p§), if j < 1.

From (3.5) and (3.6) it follows that the series >, 6; and > .., 6; converge
almost surely. In view of (3.14) we have for some ¢ > 0 -

< CVj—1, lfj >1
€:
7 cvj1, ifj< -1

(3.14) €& =
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Thus the series 0 €5 converges almost surely.
In view of (3.11) and (3.12) we obtain that as n — oo, m — oo

tn+ 1, —lmn — ¢ as.
and, therefore, the desired result follows. The theorem is proved.
4. Some remarks on simulation of convex hulls

The properties of homogeneous p.p.p. considered above provide a method of
directly simulating the convex hull without first simulating the process itself. Here
we indicate how to realize such a procedure in the case when A is a cone. The
general case can be treated similarly.

Let (¢;,7m;), 7 =0,1,2,... be i.i.d. random vectors with independent compo-
nents. Assume that £; and n; have the standard exponential and (0, 1)-uniform
distributions respectively. For the sake of simplicity assume that /; coincides with
the halfline ((z,y) : z > 0,y =0), i.e. ¢p1 =0, @ = ¢o.

In order to simulate wg = (up, vg) we use the formulae

(4.1) up = ,/S?E‘;u — 2npsin®(a/2)),  vo = 7m0\/ 20 sin c.

Here we have taken into account that g 41— no. Before constructing the w;
note that in the case considered we have v; = (z;,0), §; = v; provided j > 0 (see
also (3.1)). The recurrence formula for the second coordinates follows immediately
from (3.2) and (3.3), that is

(4.2) v = (1= y/j)vj-1-
As to the first coordinates it is easy to see that
zj = zj1 + 2A(0;)/vj1

where A(6,) is an area of the triangle 6;. In view of (1) we have

(4.3) Ty =Tj-1 + 253'/’0]'_1.
Finally,
v fvj—1 = (zj —ug)/(xj —uj—1) =1 — /77
whence
(4.4) uj = Tj\/M; + uj—1(1 — \/E)

The formulae (4.1)—(4.4) determine an algorithm for simulating the sequence wy,
4 > 0, or, in other words, the right wing of the boundary. The algorithm for the
left wing is similar.
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