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Abstract. A nonparametric estimator of the distribution function G of a
random sum of independent identically distributed random variables, with dis-
tribution function F', is proposed in the case where the distribution of the
number of summands is known and a random sample from F is available. This
estimator is found by evaluating the functional that maps F onto G at the em-
pirical distribution function based on the random sample. Strong consistency
and asymptotic normality of the resulting estimator in a suitable function space
are established using appropriate continuity and differentiability results for the
functional. Bootstrap confidence bands are also obtained. Applications to the
aggregate claims distribution function and to the probability of ruin in the
Poisson risk model are presented.
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1. Introduction

Compound distributions arise as quantities of interest in insurance mathemat-
ics, as well as in other areas of applied probability. Before giving an illustration
from insurance, we give a description of the general set-up and introduce notation
to be used throughout. Let {X;}32, be independent and identically distributed
random variables with distribution function F', defined on a probability space
(Q,F, P), and let N be a random variable, defined on the same probability space,
independent of {X;}2,, and taking values in Ny = {0,1,2,...}. Let p = (px)ren,
be given by pr = P(N = k), so that p specifies the distribution of N. Write
S = Zz]il X; when N is positive, and define S to be zero when N is zero. Then
S, a random sum, has a compound distribution with distribution function

(L.1) G(r) =3 mF* (@),
k=0

where for k > 1, F**(z) = P(Zle X; < z) is the k-fold convolution of F,
and F*(x) = T [0,00) (%) (Where Ijg o) is the indicator function of the set [0, c0)).
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Observe that we do not require F' to be concentrated on [0, oc), although in many
applications F'(0) is zero.

We give an example from insurance mathematics. Claims arrive at an insur-
ance company, and the number of claims arriving in the period (0,¢] is a random
variable N(t). Let X; be the size of the i-th claim. Assume that successive claim
sizes are independent identically distributed random variables with distribution
function Fi, and that the claim sizes are independent of N(¢). In this context
one quantity of interest is the distribution of the total claim amount during (0, ¢].
Writing pg, for the probability that there are k& claims in this period, we see that
the total claim amount is a random variable having a compound distribution with
distribution function G given by (1.1) with F equal to F.

In this paper we concentrate on the statistical problem of estimating G when
F' is unknown but p is known. We suppose that we have a random sample of ob-
servations on F'. We establish asymptotic properties of a particular nonparametric
estimator of G. We take a functional view of the stochastic model, as in Griibel
(1989), and the estimator is defined in terms of the relevant functional as in Griibel
and Pitts (1993). This means that we consider the functional that maps the input
distribution function F onto the output distribution function G. By analogy with
a procedure often followed in a parametric context, the estimator is constructed by
evaluating the functional at a nonparametric estimator of the input distribution
function based on the random sample from F. The particular input distribution
function estimator considered here is the empirical distribution function. Statis-
tical properties of the output estimator are then proved by combining statistical
properties of the input estimator with analytical properties of the functional itself.
The method by which the input properties are combined with the analytical prop-
erties of the functional to obtain strong consistency, asymptotic normality and
asymptotic validity of bootstrap confidence bands is well known (see Gill (1989)).
However application of these methods to a specific situation requires a detailed
analysis of local properties of the particular functional in question. This we do in
the present paper for the compound distribution functional.

The compound distribution function does not have an easy explicit form except
for certain special cases for the input distribution function and for p, for example
if F is exponential and p is geometric. Much attention in the literature has been
concerned with approximations, as in, for example, Embrechts et al. (1985a) and
von Chossy and Rappl (1983). In the insurance context, the tail of the compound
distribution function is of interest and so several papers deal with the asymptotic
behaviour of this quantity, see for example Embrechts et al. (1985b) and Willekens
(1989). Csoérgd and Teugels (1990) consider nonparametric estimation of an ap-
proximation to the asymptotic behaviour of the tail of a compound distribution
function, i.e., to 1 — G(z) for fixed z, given a random sample of the claim sizes
and assuming p is known. They obtain consistency and asymptotic normality of
their estimators.

A second important example from insurance mathematics is the probability
of ruin in the classical Poisson risk model. With notation as introduced for the
total claim amount above, let p = Au/c where p is E(X1), c is the premium
rate (so that the premium income in (0,%] is ct), and the claims are assumed to
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arrive in a Poisson process rate A. We assume that the (relative) safety loading
n=1/p — 1 is positive so that the expected amount claimed per unit time is less
than the premium income per unit time. The probability R(z) of no eventual ruin,
starting with initial capital x > 0, is given by the right hand side of (1.1) with
pr = (1= p)p*, k € Np, and F(z) = (1/u) f;(l — F1(y))dy (see Embrechts and
Veraverbeke (1982)), and is thus seen to fall into the general framework considered
here. Nonparametric estimation of the probability of ruin in this classical risk
model is studied in Croux and Veraverbeke (1990). They estimate F**(x) by a
U-statistic and then calculate a finite sum approximation to (1.1), using ideas
from Frees (1986b). Frees (1986a) proves consistency of finite and infinite time
horizon ruin probability estimators obtained by sample re-use methods. Both Frees
(1986a) and Croux and Veraverbeke (1990) estimate 1—R(x) for a fixed value of z.
Hipp (1989) takes a functional approach in discussing nonparametric estimators
of quantities such as 1 — R(z), defined in the same way as the estimators in this
paper, as the output of a functional when the input is the empirical distribution
function. However we go beyond estimation of 1 — R(z) for a single = to consider
nonparametric estimation of the curve Ijp o) — R.

To this end, we estimate the compound distribution function as an element of
a suitable function space and we regard the compound distribution functional as
a map between function spaces. Section 2 gives definitions of the relevant spaces
and collects various properties linking the topology and convolution. The choice
of topology is closely related to the form of the bootstrap confidence region for the
unknown compound distribution function. We aim to obtain non-constant width,
rather than constant width, bootstrap confidence bands, since the former may well
be more useful for the tails of distribution functions and interest in insurance often
focuses on distribution tails. The weighted function spaces introduced in Section
2 provide one setting in which this aim can be achieved. These spaces are those
considered in Griibel and Pitts (1993). In Section 3 we obtain a continuity result
for the functional and combine this with an appropriate strong consistency result
for the input estimator to derive a strong consistency result, Theorem 3.1, for the
output estimator. In Section 4 we prove an asymptotic normality result, Theorem
4.1, for our estimator in terms of convergence in distribution to a Gaussian process,
and in Theorem 4.2, we show that bootstrap (simultaneous) confidence bands give
asymptotically correct coverage probabilities. Both these results depend on a
differentiability result for the functional, proved in Proposition 4.1. In Section 5
we build on the results of earlier sections to obtain corresponding results for the
probability of ruin in a classical Poisson risk model, and we give examples. We
also discuss the case where p is unknown. The approach throughout this paper is
that of Griibel and Pitts (1993).

2. Definitions

A more careful description of the compound distribution functional involves
definition of the spaces forming its domain and codomain. We need these spaces
to include distribution functions, and it is natural to consider the space D of
all real-valued functions f on [—oo, 00| that are right-continuous with left-hand
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limits, and left-continuous at +oc. Let

[flloo = sup ]lf(w)l,

TE[—00,00

then (Do, || - |lo) is a Banach space. A function f : R — R with finite limits
at oo can be extended to an element of Dy, by defining f(400) = lim,— o f(2)
and f(—oo) = lim,_,_o f(z). We write f for both the original and the extended
function.

This space provides one setting for the continuity and differentiability of the
functional. Such results are straightforward to prove and yield for our estimator
strong || - ||o-consistency and asymptotic normality in terms of convergence in
distribution to a Gaussian process in D.,. We would also obtain a theoretical
justification for a constant width bootstrap confidence band. However, as noted
above, we wish to explore the possibility of obtaining a non-constant width band
through the use of weighted spaces of functions.

For # in R and a function f mapping R to R, let

(Tpf)(x) = (1+ |z])° f(z).

We define Dg to be the set of all functions f : R — R such that T f is extendable
to an element of D. For f in Dg let ||f|lsg = [|[T5f|loc. Then (Dg, || - |ig) is a
(nonseparable) Banach space. Note that Do, = Dy. The requirement that T f
is extendable to an element of D, means that Tgf : R — R is right-continuous
with left-hand limits, with finite limits at +00. For such an f we have sup,(1 +
|z)?|f(z)| < 00. On occasion we deal with functions f that, while not in Dg,
still have Tgf bounded. We write || f||g for sup, [(T5f)(z)| in this case. For a
given distribution function F', let C3(F') be the set of all elements of Dy that are
continuous at continuity points of F. We note that Cs(F') is a separable subspace
of Dg. Below we collect elementary properties of Dg-spaces for future reference.
It is easily checked that if F' is a distribution function and # > 0 then

(2.1) Vo) — Flls < / (1+ [2])? F(da).

The following lemma relates convergence in Dg-spaces to convergence of moments,
using Theorem 8.1.2 of Chow and Teicher (1988).

LEMMA 2.1. Leto/ >0 and 0 < a < o'. Let {Fp}nen and F be distribution

functions with Ijg ooy — F, and Ijg o) — F' in Dy for all n, and ||F;, — Fllor — 0
asn — oco. Then, as n — o0,

/ 12| F,y (d) — / e[*F(dz)  and
/(1 F 2])* Fo(dz) — /(1 ) F(dz).

We now consider when the output distribution function G satisfies Ijg o) — G
is in Dg for 8 > 0. We begin by collecting results for the moments of Zle X;
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and for ||Ijp,00) — F**¥||. For random variables X and Y, and for § > 0, we have
(see, for example, Grimmett and Stirzaker ((1982), Theorem 7.3.7))

(2.2) B(X +Y°) < (2" vI)EB(X) + E(Y]7)),

where zVy is the maximum of z and y. As an application of Minkowski’s inequality
for 8> 1 and of (2.2) for 0 < 3 < 1, we have, for {X;} independent and identically
distributed with distribution function F' and 3 > 0,

E 8

>x,

3=0

(2.3) E < KPIE(1X417).

For future reference we note that, from (2.1), (2.2) and (2.3), for g > 0,
(2.4) 0,00y — F**|lg < (2571 v 1) (1 + kPV1 / |x|ﬁF(dx)> .

We obtain from (2.3).

LEMMA 2.2. Let 8> 0. Assume that

/|m]ﬂF(dsc) <oo and Zkﬁwpk < 0.
k=0

Then, for G = oo o piF**, [12|PG(dz) < .

Writing @, for the functional that maps a distribution function F onto
S o prF*® we see that, under the conditions of Lemma 2.2, Ig,00) — ®p(F)
is in Dﬂ.

For measurability purposes we give Dg its open ball (projection) o-field. If
{Y,,} and Y are random elements of Dg then we say that Y, converges in distri-
bution to Y in Dg, and write Y, —4 Y in Dg as n — oo, if E(f(Y,)) — E(f(Y))
as n — oo for all bounded, continuous, measurable f that map Dg to R. We
write X =4 Y if random elements X and Y of Dg have the same distribution. See
Pollard ((1984), Chapter IV) for further details of these notions for convergence
in distribution in nonseparable metric spaces.

The nonparametric estimator of the input distribution function is the empirical
distribution function Fn, based on a random sample Xi,..., X, from F, where,
for x in R and w in €,

. 1<
Fo(z,w) = - Z I oo g (Xi(w)).
i=1
Our estimator of the output compound distribution function is then

Gn(z,w) =Y prEk(z,w),
k=0
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Le., G, = ®,(Fy,). It is easy to check that Ij0,00)(z) — G (, -) is a random variable
for each x, and so Ijp ooy — G, is a random element of Deg.

Since our functional involves convolutions, and since we wish to prove conti-
nuity and differentiability results for this functional in Dg-spaces, we investigate
the || - || p-norms of convolutions. Let H be a nonnegative and nondecreasing func-
tion from R to R so that the Lebesgue-Stieltjes measure vy can be defined by
vi{(a,b]) = H(b) — H(a), a < b. Suppose that f is a real-valued function on
R such that f(z — ) is integrable with respect to vy for all z in R. Then the
convolution f x H is defined by f x H(z) = [ f(z — y)H(dy), = in R.

LeMMA 2.3. Let 3> 0. Then
1 % Hlls <220l (10,0l Hlloo = Hl + 1 Hs) -

Proor. For xin R,
(1+ |z)?|f  H(z)|

< (1+al)? ( LR NS y>|H<dy>> -

’

For z > 0 this is at most

(1+ |=])? ( sup, W oo + 1 flloo (1 H [l oo — H(x/2))>

<20 ls (11E low + |[To.000 1 L oo = | ) -
Using similar arguments for z < 0 we obtain the result. 00

Observe that this lemma gives conditions for the existence of f x H(z). We
shall also need the following lemma, which is proved using similar techniques to
those employed in the proof of Lemma, 2.3.

LEMMA 2.4. Let 3> 0. Let F and G be distribution functions with Ijg o) —F'
and Ijp ooy — G in Dg. Then

Hi0,00) = F % Glls < 2°(IlTjp,00) = Flls + [l1j0,00) — Glls)-

We shall need the following applications of these two lemmas for distribution
functions { Fr }nen and F with Ijg ooy —F, and Ijp o)~ F in Dgr and || F,—~F'l|g — 0

as n — oo, where 8/ > 8 > 0. For k in N, write H, ; = Zk OlF*UC 19 o i,
and let f be in Dg. Write ¢;() for 28 and c(8) for 2°=1 v 1. Then by Lemma
2.3
Lf * (B9 % Pl
< (Bl + jo,00) = F3E 179 % ),



ESTIMATION OF COMPOUND DISTRIBUTIONS 543

so that by (2.1) and Lemma 2.1, for all n large enough,

k-1
(2.5) 1f > Hr kllg < ke (B)] flls (1 + (2/(1 + le)ﬁF(dw)> > :

From Lemma 2.4 we also have

1f > (Fr 7 % F)i
< a(@£ls +e1(B)(lo,00) = Fa Vg + 0,00 = F*l|)),

so that, by (2.4) and Lemma 2.1,

(2.6) || f * Hn,x

s

< k(B £l (1 + 21 (B)ea () (1 +2(k — 1)V / IxIﬁF(dw)» ,

for all n large enough.
3. Continuity and consistency
We are now in a position to prove the continuity of the functional ®,,.

PropPOSITION 3.1. Let / > 8 > 0. Let {Fp}lnen and F be distribution
functions with
/Ix]ﬂF(dx) < 00, /IxﬁﬁFn(dx) <oo forne N  and
|Fp—Fllgr =0 as n— oo.
Let p = (pr)ken, Satisfy Y poq k°Vipy < co. Then

[@p(Fn) = @p(F)llg =0 as n— oo
PrROOF. By Lemma 2.2 &,(F,)~ ®,(F) is in Dg. For any M in N, we have

(3.1) 185(Fa) = @ (F)p < Y prllipc) — F**lis
E>M

+ > prllTo,00) — FiFlls
k>M
M

+ > Bl EYE = g,
k=0

By (2.4) the first term is at most

c2(B) (Z P+ / \z|° F(dx) Z kﬁvlpk) ’
k>M

k>M
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and the second term is at most

(3:2) c2(6) <Z Pe+ / [ Fo(dz) ) kﬁ”m) :
k>M k>M

By Lemma 2.1, for n large enough, (3.2) is at most

c2(6) (Z Dk +2/|x|ﬂF(dq:) Z kﬁwpk> ’
k>M

k>M

and so, for n large enough, each of the first two terms can be made arbitrarily
small by taking M large enough. For the third term on the right hand side of (3.1)
we have FT’:’“ —F*k = (F,— F) * H,,  where H,, j is defined at the end of Section
2. By (2.5), for all n large enough, the third term is bounded by

k—1
(B Fn = F k <1+ 2 [ (1+|2)?F(de >
oy (10 (2 [ ran)

and this is at most
M-1
c1(B)||Fn — FllpM? (1 + (2/(1 + III)QF(dﬂf)> ) -

This can be made arbitrarily small for fixed M by taking n large enough. O

To obtain a strong consistency result for our estimator, we combine this con-
tinuity result for the functional with a strong consistency result for the input
estimator. This is given next.

LEMMA 3.1. Let{X;}ien be independent identically distributed random vari-
ables with distribution function F. Let F, be the empirical distribution function
based on X1,...,X,. Then, for a > 0,

E(Xi]*) <o = |Fy = Flla —0 as n— oo,
with probability one.

This is a weighted Glivenko-Cantelli result, and appears as Proposition 3.7
in Griibel and Pitts (1993). It is proved by rescaling by F' the corresponding
result (see Shorack and Wellner ((1986), 10.2)) for random variables uniformly
distributed on (0, 1). Proposition 3.1 and Lemma 3.1 together give

THEOREM 3.1. Let 3 > 3 > 0. Let {X,}ien be independent identically
distributed random variables with distribution function F satisfying

/|x]'8/F(dx) < 0.

Let p = (pi)ken, satisfy > peq k?Vipr < co. Then with probability one
1@p(F) = 2p(F)llg =0 a5 n—ox.
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4. Differentiability and asymptotic normality

The derivative of the functional involves the quantity H = 3 ;- kpy F*k=1),

Write my, for > e kpk. The next lemma follows easily using (2.4).

LEMMA 4.1. Letf > 0. Assume that > oo, kK0T8V2p, < 00 and [ |z|P F(dz
k=1
< oo. Then

mplio,00) — Hllg < 0.
LEMMA 4.2. Leta’ > o >0 ande > 0. Suppose that g is in D,:. Then there

ezists gi, a linear combination of indicator functions of the form Ij4p), —00 < a <
b < oo, such that ||g — gi|la < €.

This is similar to Lemma 3.12 in Griibel and Pitts (1993).

LEMMA 4.3. Let a > 0 and let g; be a linear combination of indicator func-
tions of the form Ijqp), —00 < a < b < oo. Then there exists a constant c(a, gr)
such that, for distribution functions F and {F,}nen with |[Fy — F|lo < 0o for all
n7

llgr * Fr — g1 x Flla < (e, i) [| Fr — Flo

Proor. We have

(1 + |x|)a|I[a,b) *Fn(x) - I[a,b) *F(I)‘
< (14 [2)*(|Fa(x — a) = F(z — a)| + |Fo(z — b) — F(z - b))
< (T +al)® + A+ ) Fn = Flla-

The result now follows on using the triangle inequality. O

PROPOSITION 4.1. Let 8/ > 8 > 0. Let F and {F,}nen be distribution
functions with

/|x!ﬁF(daz) < 00, /|w|’8Fn(dw) <o forallnin N, and
Vn(F,—F)—g as n—oo inDg,
where g € Dgr. Let p = (pr)ken, satisfy 3 po, kGTPV2p, < co. Then
IVn(@p(Fn) — @p(F)) —gx Hllg =0 as n— oo
PROOF. By Lemmas 2.3 and 4.1 we have that ||g x H||g < oo and so

|V ®p(Fr) — ®p(F)) — g% Hlg < 0.
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Observe that

(4.1) H\/ﬁ(q’p(Fn) —®,(F)) ~gxHlg

<\ D2 pevalFy = F)« Hul| + g D kpeF*&D)
k>M 8 k>M 3

M

+ Zpk(x/ﬁ(Fn —F)—g)*x Hu
k=1 8
M

+ 1> prlg* H g — kg F*ED)
k=1 8

For the first term on the right hand side of (4.1), by (2.6) we have

Z prllvVn(F, — F) * Hp i llg

k>M
<a(@)lglls+1)

Sk (1 +2¢1(B)ea(B) (1 +2(k — 1)PV1 / leﬂF(dx)>) )

k>M

for all n large enough, and this can be made arbitrarily small by taking M large

enough.
By Lemma 2.3 and (2.4), the second term on the right hand side of (4.1) is at

most Bl Z (1 L ed) (1 . 1)ﬁv1/|x|ﬁF(dm)>> ,

k>M

and this can be made arbitrarily small by taking M large enough.

For fixed M, using (2.5), we have that the third term on the right hand side
of (4.1) tends to zero as n tends to infinity.

For the fourth term, consider first

g*F;Lc(k—l—i) *F*i _ g*F*(k_1>.

Write J,, for Fr*~1=9 & Fi and J for F**—1). Using Lemma 4.2 we can find g;,
a linear combination of indicator functions of the form Ij, 3y, —c0 < a < b < o0,
with ||g — g1|| arbitrarily small. Then, by Lemmas 2.3 and 4.3, we have

(4.2) lgxdn—gxJllg < c1(B)llg — aills(l[o,00) = Jnllg + 1)
+e1(B)lg — gill sl fjo,00) — Jllg + 1)
+ (8, gl I = -

Putting Hy, o(z) = 0 for all z, we see that

1 = Jllg = ||(Fr — F) % Hp po1—s x F**|| .
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Using Lemma 2.3, (2.4) and (2.5), we have
[0 = Jlla

k—2—1
< (B Fn — Fllg(k — 1 - 1) (1 + (2/(1 + |-'E|)5F(dfﬂ)) >

X (1-1-02(6) <1+i5V1/|x|ﬂF(d:c)>>.

Hence for 0 < i < k < M, ||J, — J||g tends to zero as n tends to infinity. This
implies that ||1jg.cc) — Jnllg < 2||1[0,00) — J||g for all n large enough. Thus we can
make ||gx Jp, — g * J||g arbitrarily small by first choosing g; close enough to g in
Dy so that for all n large enough, the first two terms on the right hand side of
(4.2) are small, and then taking n sufficiently large so that the third term is also
small. This implies that, for fixed M, the fourth term on the right hand side of
(4.1) can be made arbitrarily small by taking n large enough, and the assertion of
the proposition then follows. O

Observe that g H(x) tends to zero as x tends to +00. The above proposition
gives an explicit form for the derivative @;, g of the functional ®, at I along
certain curves of distribution functions; @, z(g) = g~ H.

The asymptotic normality of the input estimator is given in the following
lemma. Let B be a standard Brownian bridge. We write B o F' for the process
given by B o F(z,w) = B(F(x),w). We call B o F' a Brownian bridge rescaled by
F.

LEMMA 44. Lety > 0. Let {X;}ien be independent identically distributed
random variables with distribution function F', satisfying

/|a:|7F(dx) < o0.
Then for every 8 such that 0 < 8 < v/2,

\/ﬁ(f?n—F)—»dBoF as mn—oo in Dg.

This is obtained by rescaling by F' the corresponding result (Shorack and
Wellner ((1986), 3.7.1)) for random variables uniformly distributed on (0,1), and
appears as Proposition 3.8 in Griibel and Pitts (1993).

The last two results are combined using the delta method as explained in Gill
(1989) to obtain asymptotic normality of our output estimator.

THEOREM 4.1. Let §/ > B > 0. Let {X;}ien be independent identically
distributed random variables with distribution function F satisfying

/|az|25’F(d$) < oo.
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Let p = (pp)ren, satisfy Y poq k18V2p, < co. Then
V(®,(Fy) —@p(F) =4 Z as n—oo in Dp,

where Z is a Gaussian process with zero means and
cov(Zs, Z;) = / / Fl(s — 2) A (t — y)| H(dz) H(dy) — F % H(s)F % H(t).

PrOOF. Choose a such that 8 < o < §'. By Lemma 4.4,

vn(E, —F) —4BoF as n—oo in D,.

Since B o F' concentrates on the separable subspace Cg(F') of Dg, we can apply
the Skorohod-Dudley-Wichura Theorem (see Shorack and Wellner ((1986), 2.3,
Theorem 4)) there exists a probability space (£, F’, P’) with random elements
{F’} and B’ defined on it, such that F’ =4 F,, B’ =; B and with P’-probability
one,

(4.3) Vn(F, —F)— B'oF as mn—oo inD,.

Fix w' in a set of P’-probability one such that (4.3) holds. Write g(z) = B'(F(z),
w), so that it is in D,. Applying Proposition 4.1 we have

Vn(®,(F)) —®,(F)) —g+H as n—oo in Dg.

Write Z for the process obtained by applying the map that takes g to gx H to the
sample paths of B’ o F'. This map is linear and bounded and so Z is Gaussian.
Thus P’-almost surely

\/ﬁ(cpp(F/z) —®,(F))— Z in Dg,
which implies that
V(@ (F,) —®,(F)) ~2 Z in Dy,

and this in turn implies the theorem since E, =4 F! B =4 B'. It is easily checked
that the process Z has zero means, and has the covariance structure shown in the
statement of the theorem. 0

To assess the quality of the estimator, we aim to give a confidence region
for the unknown G. The development of such a confidence region follows that in
Griibel and Pitts (1993).

For z in R let Ry(z) = P(v/n||Gy — G|l < z). If known it could be used to
form a confidence region for G. Define, for z in R, Rz(z) = P(||Z||g < z) where
Z is the limiting Gaussian process in Theorem 4.1. The continuous mapping
theorem (see, for example, Pollard ((1984), IV.2.12)) implies that R, (z) — Rz(z)
as n — oo for all continuity points z of Rz. Knowledge of the a-quantile ¢{«)
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of R, would lead to asymptotic confidence regions for G. However the structure
of Z is complicated and it is not easy to see how g(«) can be obtained. In this
situation we can consider bootstrap confidence regions constructed as follows. An
estimator R, of R, is defined as the empirical distributionA function for all n™
(not necessarily distinct) possible values of /n||®,(F;;) — ®,(Fy)| g where F¥ runs
through the empirical distribution functions obtained by taking samples of size
n from E,. Let gn(a) be the a-quantile of R,. The next theorem shows that
confidence regions constructed from §,(a) give asymptotically correct coverage
probabilities.

THEOREM 4.2. Let 3/ > 8> 0. Let F be a distribution function satisfying
[ |z|*!' F(dz) < co. Then :

P(/n]|®y(Fn) = @p(F)lip < dnl@)) »a  as 0 — oo

The proof of this theorem proceeds as the proof of Theorem 2.3 in Griibel and
Pitts (1993), which is based on that in Gill (1989). It uses the differentiability
of ®, to show that R, —4 Rz in Dy, and thus, loosely, we may use R, as an
approximation to R, for n large enough. In practice, R, and hence Gn () are
approximated by Monte-Carlo methods.

5. Discussion and applications

5.1 Ezample

As an example we consider the case where p is Poisson with mean 10 and F is
exponential with mean 1. A sample of size 300 is generated from F' and this is used
to construct our estimate of the resulting compound distribution function, and a
bootstrap confidence band. The tail estimate is shown in Fig. 1. The estimate
and the “true” G are calculated using the fast Fourier transform algorithm. The
non-constant width (simultaneous) 90% bootstrap confidence band corresponds to
B =1 in Theorem 4.2. The band is calculated from 300 bootstrap repetitions.

5.2  The total claim amount

In this subsection and the next one we relate the results about compound dis-
tributions to applications in insurance. Here we consider the total claim amount.
Two important forms for the distribution p in the insurance context are Poisson
and negative binomial, For both these distributions the conditions on p in The-
orems 3.1, 4.1 and 4.2 are satisfied for any 8 > 0. Thus, assuming p known, we
obtain strong consistency and asymptotic normality of the nonparametric estima-
tor of the total claim amount distribution function G, together with a bootstrap
confidence band for G. The estimate in the previous subsection may be inter-
preted as an estimate of the tail of the total claim amount distribution function
for a classical risk model.

5.3  Unknown claim number distribution
The case where p is unknown and must be estimated from data covers various
situations reflecting different assumptions on the claim arrivals, such as whether
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Fig. 1. Estimate (large dashes), true I — G (solid line) and bootstrap confidence band
(small dashes) for Example in 5.1.

p has a particular parametric form, or whether the claims arrive in a renewal
process. There are also different possibilities for the nature of the data available
for estimation of G. This is an area for future investigation, and it should be
possible to extend the methods of this paper to derive statistical properties of
estimators of G in some of the above situations.

As a straightforward example of the ideas involved, assume that the claims
arrive in a Poisson process with rate A, so that, taking ¢ = 1 for simplicity,
p = p(A) = (pr(A))ken, where pr()) = e *AE/kl. For definiteness, assume now
that X is estimated by An based on a sample of n inter-claim-arrival times inde-
pendent of the claim sizes (for example, 5\n could be the reciprocal of their mean).
Assume that A, — A with probability one and /n(A, — A) —¢ N(0, o2) for some
o2 as n tends to infinity. Assume that F, and F are as in Sections 3 and 4. Then
we would aim to combine the above properties of An with continuity and differ-
entiability results for the map taking the pair (A, F) to G = > ro o ps(A)F**, to
vield statistical properties of G,, = S pk(j\n)ﬁ’;:k as an estimator of G.

5.4 The probability of ruin for the classical risk model

The quantity of interest here is the probability of ruin ¢ (z) starting from
initial capital x > 0 in the classical risk model. The ruin function ¢ is related to
the function R introduced in Section 1 by

Y=1-R=1-3,(F),

where pr = (1 — p)p* for k in N, and F(z) = (1/p) [ (1 — Fi(y))dy, Fy is
the claim amount distribution function and p = [ ©F;(dz). Here we suppose that
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F;(0) = 0. We consider the situation where the claim amount distribution function
is unknown but a random sample X1,..., X, from F} is available. We may then
wish to estimate 1 for different safety loadings or, equivalently, for different values
of p. For a particular known value of p, the map ¥ taking the claim amount
distribution function onto % can be decomposed

(5.1) F1»—>F&’>R»—>w;

the resulting nonparametric estimator 1/3,1 of 9 is given by @@n = \I/(Fl,n) where
I:‘Ln is the empirical distribution function based on X, ..., X,,. We observe that
there are other situations where different ruin functionals would be appropriate,
for example, if data are also available for the inter-claim-arrival times and A is to
be estimated as well. This is not considered here, although the methods of this
paper can be extended to construct an estimator for ¢ in this case (see Subsection
5.3).

Returning to the fixed p example, in order to derive strong consistency and
asymptotic normality results for Un, we first establish continuity and differentia-
bility of ¥. In addition to Propositions 3.1 and 4.1, we need these properties for
the first and last stages in (5.1). The last stage is trivial.

Since Fy, F and ¢ are all zero on (—o0,0), we consider weighted spaces on
[0,00) and write now Dg = {flj0,00) : T3f € Do}, with || - || correspondingly
defined. Write I for the function that is identically 1 on [0,00). Below we omit
reference to the embedding necessary in order to apply Propositions 3.1 and 4.1
to the compound distribution functional as a map between these new Dg-spaces.

For f such that ¢ — f isin Dg, 8 > 1, for some c in R, write f(oo) for ¢, and
let

o

(@1f)(z) = / (F(oo) = f))dy  w € [0,00).

T

Writing @ for the first map in (5.1), the decomposition becomes
@, (F1)
@1 (F1)(0)
Let {Fy, }nen, be distribution functions with, for all n in Ny, F,(0) = 0.

Pl ®(F) =1 Ry =1—R

LEMMA 5.1. Let 8> 1. Assume that [ 2°F,(dz) < oo and
|Frn — Follg —0 as n— oo
Then, for 0 <~y < (-1,
|®(F.) — ®(Fo)ly =0 as n— oo

PrROOF. The result follows easily on noting first that
H Qi(Fn)  P1(F)

D1 (Fn)(0)  @1(Fp)(0)

<L

= 01(Fr)(0)

[[@1(Fn) — @1(Fo)lly

1 1

+ [T = ®1(Fo)lly ®,(F,)(0) @ (Fo)(0)|
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Then use

|Fro — Follg — 0 = ®1(F,)(0) — ®1(F)(0) as n— oo, and
(14 2)71®1(Fn)(z) — 1.(Fo)(z)|

<y 1R - Rl
<) |- Blla [0+ 0Py
with vy < g —-1. O
Now suppose that 3’ > 0, and that {F,},ecn, are distribution functions with

Fo(0) = 0, [z E,(dz) < oo and ||F,, — Folli+p — 0 as n — oo. From the
above lemma, we have

|®(Fn) — ®(Fo)lgg — 0 as n— oo

We also have

7 z) = ‘X’xﬂ/_____(l—Fn(x)) T
/w,oo) @r)) = | @F0) ©

= 1 00.7;'1 '8/ T
- CEEE ), )

< 00,

on integrating by parts. This means that {®(F),)},en, satisfy the conditions of
Proposition 3.1. The conditions required of p are satisfied. Thus, for 0 < 8 < &,

N (Fn) = U (Fo)llp = [|2p(D(Fn)) — 2p(®(FD))lIs

and this last quantity tends to zero as n tends to infinity. This continuity result
for the ruin functional ¥ leads to a strong consistency result for the ruin function
estimator v,.

THEOREM 5.1. Let 3 > (3> 0. Let F be a distribution function with F(0) =
0 and f:vHﬁ F(dz) < oco. With notation as above, with probability one,

19 —vlls =0 a5 n—oo.
For the differentiability of ® we have the following lemma.
LEMMA 5.2. Let 3> 1. Assume that [ zPF,(dz) < co and
Vn(F,—Fy)—g as mn—oo inDg,
where g € Dg. Then for all0 <~y < g -1

VA(@(F,) ~ B(Fy) — ¥ (g) a5 n—oo  in D,
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where @, (9) = —®1(g)/®1(Fo)(0) + (®1(g)(0)/@1(F0)(0)*)21(Fp).
ProoF. Note first that

Vn(@1(F)(0) — ©1(F0)(0)) — 21(9)(0) — 0,  and so

R 20
vr (@1<Fn><o> ‘1’1(F0)(0)> T @EE)e

as n tends to infinity. Furthermore
\/ﬁ(@l(Fn) — @1(FQ)) — @1(g) — 0 as n —r 00 in D’Y'

The result then follows on using arguments similar to those used in proving a
product rule for derivatives. [J

We combine Lemma 5.2 with Proposition 4.1 to obtain differentiability of the
ruin functional ¥ along certain curves.

Suppose that 3 > 0 and that {F,}nen, are distribution functions with
F,(0) =0 and [ z'*% F,(dz) < oo for all n in Ny. Assume that

vn(F, - Fy)—g as n—oo inDiig,

where g € Di1p. By Lemma 5.2, {®(F,)}nen, satisfy the conditions of Proposi-
tion 4.1. Thus we obtain for 0 < 8 < '

IVR(U(En) = U(E)) + €, g (Dr, (9))1
= [V1(®p 0 B(Fn) — & 0 B(F0)) = B, 41y (P, (9)) |5

and this tends to zero as n tends to infinity. We note that
o (9) = B (9) * > kpr(®(Fp)) 1.
k=1

The above leads to an asymptotic normality result for ¥,,.

THEOREM 5.2. Let ' > 8 > 0. Let {X;}ien, be independent identically
distributed random variables with distribution function F satisfying F(0) =0 and
[ 220480 P(da) < oo. With the above notation

Vit — ) »a Z' as n—ooo in Dg,

where Z' is a Gaussian process obtained by applying U’ to the sample paths of
Bo F, where B is a standard Brownian bridge.

By analogy with the discussion preceding Theorem 4.2, define R, (z) to be
P{\/n||n — | p < z) and let §,(a) be the a-quantile of the bootstrap estimator
Rn of R,.
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THE,OREM 53. Let 3’ > 8> 0. Let F be a distribution function satisfying
[#*WH4E)F(dz) < co. Then

P(/alU(Fy) — U(F)s < dal@)) @ as  n— oo

As an example, we consider the (grouped) data for 799 fire claims in Ramlau-
Hansen (1988). The data used for our purposes are obtained from the grouped
data by distributing the observations within a class at random uniformly over
the class-interval. Figure 2 shows the resulting ruin function estimate &n, and
approximate 90% bootstrap confidence region, with 8 = 1, and p = 1/3, for the
unknown 2.

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

million DKr

Fig. 2. Estimate of probability of ruin (solid line), and bootstrap confidence band
(broken lines) for fire claims data.

It should be noted that this data set consists of 798 observations smaller than
8 x 10° DKr and one observation of 3.6 x 105 DKr, and that the estimator (and
the probability of ruin function calculated for a bootstrap sample) is sensitive to
the inclusion of the largest observation in the sample. However, this sensitivity,
arising in a situation where we deal with heavy-tailed claim size distributions, is
not specific to the estimator considered here.

The choice of 8 in a particular application reflects the tension between on the
one hand the desirability of confidence limits that decrease rapidly at the far right
of the compound distribution function tail (or of ¢), and on the other the moment
assumptions that we are prepared to make about F.

The estimator in Frees (19864a) is defined when we also have observations on
the inter-claim-arrival times, and hence is not directly applicable in this context.
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For the estimator in Croux and Veraverbeke (1990), the comments in Section 4.2 of
Griibel and Pitts (1993), concerning a similarly defined estimator for the renewal
function proposed in Frees (1986%), are relevant. As mentioned in the introduc-
tion, the estimators studied here are in the same spirit as those of Hipp (1989),
but we consider the estimates as elements of a function space and furthermore
we investigate simultaneous, rather than pointwise, bootstrap confidence bands,
establishing the asymptotic validity of such bands.
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