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Abstract. For the polynomial regression model on the interval [a, b] the op-
timal design problem with respect to Elfving’s minimax criterion is considered.
It is shown that the minimax problem is related to the problem of determin-
ing optimal designs for the estimation of the individual parameters. Sufficient
conditions are given guaranteeing that an optimal design for an individual pa-
rameter in the polynomial regression is also minimax optimal for a subset of
the parameters. The results are applied to polynomial regression on symmetric
intervals [—b,b] (b < 1) and on nonnegative or nonpositive intervals where the
conditions reduce to very simple inequalities, involving the degree of the under-
lying regression and the index of the maximum of the absolute coefficients of
the Chebyshev polynomial of the first kind on the given interval. In the most
cases the minimax optimal design can be found explicitly.

Key words and phrases: Approximate design theory, scalar optimality, mini-
max criterion, polynomial regression.
1. Introduction

Consider the polynomial regression model of degree d (d > 1)

y(z) = Zﬁixi, z € [a,b]

where ¥ = (¥,...,94)" is the vector of unknown parameters and the controlled
variable z varies between a and b (a < b). In order to estimate the unknown pa-
rameters 9¥; n uncorrelated observations Y1, ...,Y,, are taken at points z;,...,z, €
[a, b] with expectation y(z;) (i = 1,...,n) and variance 02 > 0. An approximate
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design ¢ is a probability measure on [a,bd]. If ¢ has finite support {z1,..., %k}
with corresponding weights £;,...,&, then &; represents the proportion of all n
observations that have to be taken at x;. The information matrix of £ is defined
by

b
M) = / () F/(2)de(z)

where f(x) = (1,z,...,2%)" denotes the vector of monomials up to the degree
d. For a design { with finite support and masses & = n;/n (i = 1,...,k) the
inverse of the information matrix M ~*(¢) is proportional to the covariance matrix
of the least squares estimator for ¥. For a more detailed discussion of the statistical
context of this setup we refer the reader to the textbooks of Fedorov (1972), Silvey
(1980), Pazman (1986) and Pukelsheim (1993).

An optimal design maxi- or minimizes an appropriate functional depending on
the information matrix or its inverse. In this paper we are interested in optimal
designs with respect to Elfving’s partial minimax criterion (Elfving (1959)). More
precisely, let I = {i,...,i;} denote a fixed subset of {0,...,d} corresponding
to the parameters of interest and define e; = (0,...,0,1,0,...,0) € R as the
(4 4+ 1)-th unit vector (¢ = 0,...,d). Following the work of Elfving (1959) we
will call a design £ minimax optimal for the parameters {¢;};c; if £* allows the
estimability of ¥; for all 4 € I (that is, e; € range(M(£))) and £* minimizes the
function

@1(€) = max{e| M~ (¢)es}

(here M ~(£) denotes an arbitrary generalized inverse of M(£)). In contrary to
the commonly used optimality criteria (e.g. D-, A- and E-optimality) the criterion
®; allows a very easy interpretation for the experimenter who is using minimax
designs in practice. The variance of the least squares estimate for the individual
parameter ¥; is proportional to e,M~(£)e;. Thus the minimax design minimizes
the worst variance of the estimates for the parameters {¥;};c; and guarantees
precise estimates for all parameters of interest. Unfortunately, the determination
of minimax designs is a very hard problem. The criterion function is not necessarily
differentiable and therefore even numerical procedures are difficult to implement in
practice. A general discussion of minimax designs (including the above criterion)
can be found in Wong (1992) and Dette and Studden (1992). Some numerical
results for polynomial regression of lower degree and the full parameter subset
I={0,...,d} are given in Murty (1971).

In the present paper we show that the minimax problem for the parameters
{9;}icr is intimitately related to the problem of constructing optimal designs for
the individual parameters ¢; (i € I). More precisely, in Section 3 sufficient condi-
tions are stated guaranteeing that an optimal design for the individual parameter
¥i~ (i.e. the design £ that minimizes €. M ~(£)e;) is also minimax optimal. The
results are used in Sections 4 and 5 to determine optimal minimax designs on
symmetric intervals [—b,b] (b < 1) and on nonnegative or nonpositive intervals.
A motivating example is given in Section 2 which also shows that a conjecture
(concerning minimax design on the interval [—1, 1]) stated by Murty (1971) is not
true in general.
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2. A conjecture for the interval [—1,1]

For the full parameter system {9;}¢_, and the interval [—1, 1] minimax optimal
designs for polynomial regression were calculated numerically by Murty (1971) for
degree d < 12 excluding 4 and 11. Based on these calculations Murty (1971) stated
the following conjecture.

Let

Ld/2]
(2.1) Tu(z) : Z tg—2;2%"% = cos(d arccos z)
j=0

denote the Chebyshev polynomial of the first kind on the interval [-1, 1] and £ the
optimal design for the individual coefficient ¥;. If there exists a unique maximum
in the set {|ta_2;] | 7 = 0,...,(d/2]}, say |ta—2x|, then the optimal design for
the individual coefficient ¥4_ok, namely £;_,,, is also minimax optimal. In the
case that the maximum is not unique and attained for two indices, say |t4—ax| and
[ta—or+2|, & convex combination of £3_,, and £]_,, ., is minimax optimal.

The optimal designs for the individual coefficients are well known and were
determined by Studden (1968). In that paper it was shown that the support points
of &_,; are the so called Chebyshev points s, = cos(((d — v)/d)7) (v =0,...,d)
which are the points where the polynomial |[Ty(z)|? attains its maximum in [~1, 1].
The masses of £j_,; at the support points s, are given by 1y, d—251/|td—2;] Where
¢, ; are the coefﬁments of the Lagrange interpolation polynomials L,(z) at the
knots sq, ..., sq, defined by

d
Lyz)= £,;3° and L,(s,)=6,, (nu=0,...,d).

=0

The second part of the conjecture applies for polynomial regression of degree 4
where the Chebyshev polynomial is given by Ty(z) = 8z — 8z2 + 1. Averaging
the designs & and & Murty (1971) claims that the design £ = (£ + &)/2 which
puts masses 3/32, 8/32, 10/32, 8/32, 3/32 at the points —1, —1/+/2, 0, 1/v/2,
1 is minimax optimal for the full parameter set {#9;}%, with ®;(£) = 992/15 ~
66.1333. We applied a numerical procedure of Remez type (see Studden and
Tsay (1976)) in order to determine the optimal minimax design for polynomial
regression of degree 4. Our calculations showed that the minimax optimal design
£* is supported at the points —1, —0.7086, 0, 0.7086, 1 with masses 0.0958, 0.246,
0.3164, 0.246, 0.0958, respectively. The value of the criterion ®; at the point £* is
given by ®7(£*) ~ 66.1137 < ®;(£) which shows that the design & = (£ + £5)/2
cannot be the minimax optimal design. Moreover, we see that the minimax optimal
design &* can never be represented as a convex combination of £; and & because
all these designs must have support {—1,—1/+/2,0,1/+/2,1} (in fact £ is minimax
optimal among all designs supported at these pomts) This disproves the second
part of Murty’s conjecture (even the numerical calculations which led Murty to his
conjecture seem to be incorrect). Although we cannot present a counterexample
to the first part of the conjecture stated in Murty (1971) it fails to carry over to
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arbitrary intervals [—b, b] with b < 1 if the maximum coefficient of Ty(x) is unique.
This is indicated by the following example.

Consider a polynomial regression model of degree 4 on the interval [—b,b]
where b < 1. The Chebyshev polynomials on this interval are easily obtained from
(2.1)

d d

o z La—2j d-2;

(22) T;(.Z') = E tz__Qj.Z'd 2 = Td <6> = ‘bg_?;‘fl'd 2
j=0 Jj=0

and the maximum coefficient of T7(z) is unique and given by t§ = t,/b* = 8/b%.
By Murty’s conjecture the optimal design for the highest coefficient £ which puts
masses proportional to 1:2:2:2:1 at the points —b, —b/+/2, 0, b/+/2, b should be
optimal, at least when b is very close to 1 (note that the design for the highest
coefficient is the D;-optimal design which can easily be transferred from the inter-
val [—1,1] to arbitrary intervals (see e.g. Studden (1982))). Straightforward but
tedious calculations show that the inverse of the information matrix of € is given
b
g 4p8 0 12 0 8b*
0 2006 0 —24p* 0
M7HE) =078 —1205 0 72b* 0  —64b
0 -24* 0 32p* 0
8yt 0 ~64b% 0 64

If {/8/9 < b < 1, then the maximum of the diagonal elements m® of M~1(£})
is unique and attained for m3® = 72b=%. To check if ¢} is minimax optimal for
{9:}%_, we apply the equivalence theorem for minimax optimality (see e.g. Wong
(1992) or Dette and Studden (1992)). In the case of optimality & has to satisfy

(esM(EN f(2)? = b6 (64b%x* — 72b%2? + 1265)2 < 7267% = L M~ 1(£) )es

for all z € [~b,b] ({/8/9 < b < 1), which is obviously not fulfilled for & = 0.
Therefore {; cannot be minimax optimal whenever ¢/8/9 < b < 1 (note that &}
is in fact minimax optimal if b < ¢/8/9 because in this case the maximum of the
diagonal elements of M~(&}) is m®). Thus, Murty’s mathematical description
of the optimal minimax design seems to be not appropriate. Nevertheless, the
results of the following sections show that in many cases the optimal designs for the
individual coefficients play a particular role in the determination of the minimax
optimal design.

3. Preliminary results

Intuitively, one of the optimal designs ¢; for estimating the individual param-
eters 9; (4 € I) should be a good candidate for the minimax optimal design for
the parameter system {¥;};c;. In this section we will discuss some general as-
pects of the relationship between these two optimality criteria. Throughout this
paper it is assumed that there exists an index k € I such that the optimal de-
sign &; for estimating the individual coefficient 9} (i.e. the designs that minimizes
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e, M~ (€)ex) has a nonsingular information matrix M(&;). In this case it follows
by standard results of optimal design theory (see e.g. Kiefer (1959)) that there
exists an optimal design &; for estimating ) supported at exactly d + 1 points,
say sg < 81 < --- < 8q. This property will usually depend on the index set
I C{0,...,d} and on the underlying interval [a,b]. It is obviously fulfilled for the
full index set I = {0,...,d} and arbitrary intervals [a, b]. In the following sections
two other cases which guarantee the existence of an index k£ € I such that M ()
is nonsingular are discussed in more detail: In the first case assume that [a, b] is
a nonnegative or nonpositive interval and that I # {0} or 0 & [a,b]. In this case
there exists an index k € J\{0} such that &} is supported at exactly d + 1 points
(see Heiligers (1992)). Secondly, if [a,b] is symmetric (i.e. a = —b, b > 0) and
I # {0} contains at least one of the integers d —2i (i € {0, ..., |d/2]}), then there
exists an index k = d—2j € I, such that ¢ is symmetric and supported at exactly
d + 1 points (see Studden (1968) and Heiligers (1992)).

In the following we want to state a condition guaranteeing that the design
&} is also minimax optimal for estimating the parameter system {¥;}:;cr. To this
end we introduce the two (d + 1) x (d + 1) matrices F = [f(sg), ..., f(s4)] and
L= (gy’j)uj_o =F- 1 Let

7 ._ 0 -~ 5—-1 j+1 --- d
F(I/) '—F(O oov—=1 v+1 .-  d
denote the determinant of the matrix which is obtained from F by deleting the
j-th row and the v-th column, then the elements of L can be represented as

(3.1) by = p(7) R

(here |F'| denotes the determinant of F'). Moreover the elements of L are the co-
efficients of the Lagrange interpolation polynomials L, (z) = Z;‘i—_—o 2, ;27 (defined
by L,(sy) = buu)-

THEOREM 3.1. Let & (k € I) denote an optimal design for estimating the
individual coefficient ¥y supported at d + 1 points a = sg < 81 < -+ < 84_1 <
sqg = b. If the coefficients of the Lagrange interpolation polynomials L,(z) =

Z?:o 4, ;z7 at these points satisfy for alli € I

(3.2) Z ,liyuz,l < Z €0k,

v=0 v=0
then the design &5 is also minimax optimal for the parameter system {¥;}icr.

PROOF. By an application of Elfving’s theorem (Elfving (1952)) we obtain
for the weights of ¢} at the support points sp < -+ < 54

'eu,k’

3.3 v = {5, ) = ——2
(3.3) pv =& ({s0}) SSANTI

=0,...,d.
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Let P = diag(po, ..., pq), then the inverse of the information matrix of £ can be
written as M~1(£;) = L’P~'L and the diagonal elements are given by

d fyi 2 d
(M = P e = 3 LD S ]
v=0 Y

! v=0

From the assumption (3.2) we have ®;(¢}) = (M ~1(£}))kr and the optimality of
¢, now implies its minimax optimality. [J

Theorem 3.1 directs our interests to the coefficients |{, ;| of the Lagrange
interpolation polynomials corresponding to the support points sg < 51 < -+ < 84
of the optimal design &} for estimating the individual coefficient ¥;. In general
these coefficients can only be calculated by numerical methods. Nevertheless, we
can show some monotonicity properties of the ratios of these coefficients, which
turn out to be extremely useful for the determination of minimax designs in the
following sections. The proof of the following result is deferred to the Appendix,
the proof of Lemma 3.2 is similar and therefore omitted.

LEMMA 3.1, Let {so,...,84} = {—$0,...,—84}, then the ratio |€, 4_2;—2|/
1€y, d4—2:| s an increasing function inv € {0,...,|d/2]} (for every fized i € {0, ...,

ld/2] —1}).

LEMMA 3.2. a) Let 0 < sg < --- < sq, then the ratio [, ;|/1luir1] is a
decreasing function in v € {0,...,d} (for every fized i € {0,...,d — 1}).

b) Let s < --- < 54 <0, then the ratio |£,;11|/|0, 4| is a decreasing function
inv €{0,...,d} (for every fizred i € {0,...,d —1}).

4. Minimax designs on symmetric intervals

Throughout this section we assume a symmetric interval [—b,b] for the con-
trolled variable x where 0 < b < 1. For the index set I we require the assumption

(4.1) d—2-lel=d-2i¢el

which will become essential in the proof of the following theorem. Note that
(4.1) was also assumed by Heiligers (1992) and Pukelsheim and Studden (1993)
who determined the F-optimal design for parameter subsystems. If 7 # {0} then
there exists an index d — 2k € I and the results of Studden (1968) show, that
the optimal design £ ., for estimating the individual coefficient is supported at
the transformed Chebyshev points s, = b cos({(d — v)/d)n) (v = 0,...,d) with
masses £)_or () = ¥y a—2kl/ Zi:o |¢y,4—2k| where £, 405 denotes the coefficient
of 2%72% in the v-th Lagrange interpolation polynomial with knots sg,...,s4. In
the following t4_»; denotes the coefficient of =% in the Chebyshev polynomial
of the first kind on the interval [~1,1)] defined in (2.1) (see e.g. Rivlin (1990)).
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THEOREM 4.1. If the index set I # {0} satisfies (4.1) and there exists an
index 0 # d — 2k € I such that

2
(4.2) C“ll‘ 22k < ’;d""’“ b0 foralld—2% € T withi <k
- d—21
and
(43) dd+1)~20d—2k+1 _ |ta-2 2b4<k-i>
' dd+1)—2kd—2+1 ~ |tsm

for alld — 2 € I withi > k

holds, then the optimal design £_,, for estimating the individual coefficient 9431
of a polynomial regression on the interval [—b,b] (0 < b < 1) is also minimaz
optimal for the parameter subset {0;}icr. Moreover, the only index d — 2k € I,
where (4.2) and (4.3) could be satisfied, is the index where the mazimum in the
set {|ta_2:|/b9% | d — 2i € I} is attained.

PRrROOF. We will show that the conditions (4.2) and (4.3) imply the assump-
tion of Theorem 3.1. In a first step we note that it is sufficient to prove

d
(4.4) Z il <> lyaakl Hd-2€l

16y,4-2x] =
To show that (4.4) implies condition (3.2) of Theorem 3.1 we have to prove that
(3.2) holds also for the remaining indices d — 2¢ — 1 € I which differ from d by an
odd number. To this end we use assumption (4.1) and the fact that |£, g—2;—1| =
I8ull€y,a—2i] < Bllyg-2i] < |4y 4-2;] which is an immediate consequence of the
definition of the Lagrange interpolation polynomials (see e.g. Cantor (1977)). Thus
we obtain from (4.4) for all d — 2{ — 1 € [ that

Zlfyd 2i—1/2 Zlud 2i)? Z\eud wl.

v—0 wu d— 2kl =0 ,eu d— 2k’ -
In a second step we will now prove that (4.4) (and therefore (3.2)) follows from
the assertions stated in the theorem. To this end we note that every polynomial

of degree d Py(z) = E;izo aq-;2%79 can be written as Py(z) = Zu:{) L.(z)Ps(s,)
which yields for the coefficients ag—2;—1

d d
. d
Qg—2j—1 = E Py(s,)lya—g9j-1 = E Py(sy)suly,a-2; (J =0,..., ,ﬁJ) )
v=>0 v=0

Inserting for Py(x) the Chebyshev polynomial of the second kind (of degree d — 1)

Uy (_) Zucz ~ 23( )d 2-1 _ sin(darccos(z/b)) (z € [-b,8))

sin(arccos(z/b))
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(see Szego (1976)) we obtain

d
U9
b§~§§_11 = Z Ug-1(sv)8ubv,a-2j = bd - {(“1)d€0,d—2j +Lad-25}

v=0
= 2bd - (=1)% - £y g—o;

‘where we have used in the last equality that

Ud_l(s,,)zo (I/‘:—l,...,d——l),
Ud—l(sd) = (—l)d_lUd._1(S()) =d
lo,d-25 = (—1)*a,4-2;-
An application of the well known relationship Tj(z) = d-Ug_1 () yields ug_g;—1 =

((d—2j7)/d)tq-2; and for the coefficients of the Lagrange interpolation polynomial
Lo(z)

A= oy |, d
(4.5) |0,d~25| = [ta—24] - —5=5~b (@=29) (J =0,..., EJ)

Assume now that ¢ < k then Lemma 3.1 and (4.5) yield that

[y a—2i] b amnjre] ? [€o,d—2+2] _ 10,a—2i
(4.6) = ] === < H

Wva-oel 200 Mwa—2l = 27 Moa—2l — loa—axl
_ d— 21 . ‘td_zil . b2(i_k)

T d—2k |tg—ok

forallv € {0,...,]d/2]} and i < k. Applying this inequality, the assumption (4.2)
and the “symmetry” £, q—2;] = |[€4~v,a—2;| (see e.g. Cantor (1977)) we obtain (for
i<k d—2iel

ieud 21‘ d 27 td——2i (i d
- b (i~k) | ZV wy
Z "el/d Zkl d Qk td—Zk VZ:-O, ,d 2,
[4
td et LAUE Z‘E'“l 2| = _S_ |€y,a—2k ]
d—2i yard o~

where we have used the identity Zﬁ:o |y,a—2;| = [ta—zj] - b4 (for j = i, k)
which follows by similar arguments as given in Pukelsheim and Studden (1993)
for the case b = 1. This shows that (4.2) implies (4.4) if ¢ < k and d — 2i € I.
Using similar arguments it can be proved that in the case ¢ > k the inequality (4.4)
follows from the assumption (4.3), which completes the proof of the first part of the
theorem. For the remaining part observe that the left hand sides of (4.2) and (4.3)
are always greater or equal than 1 while this is only possible for all terms appearing
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on the right hand sides if the maximum in the set {|tg-2;|/6%9% | d—2i € I} is
attained for the index d — 2k. O

CoOROLLARY 4.1. IfI={0,...,d} and there ezists an index d — 2k € I such
that

16(d — k)%k?

4D Gowa—srad e =Y
and
(Zg) 16(k+1)%(d—k - 1)? dd+1) -2k e

(d=2k—1)(d—2k+1)(d—2k)2 dd+1)—2k—27

then the optimal design £)_,, for estimating the individual coefficient ¥q4_ox of a
polynomial regression on the interval [—b,b] is also minimaz optimal for the full
parameter set {9;}4_,. Moreover, the only index d — 2k, where (4.7) and (4.8)
could be satisfied, is the index where the mazimum in the set {|tg_o;|/b%% | i €
{0,...,[d/2]} is attained.

ProoF. Using a similar argument as given in (4.6) it can be seen that (4.2)
and (4.3) in Theorem 4.1 follow from

. 2 . . 2
- _2; -~ 2+ 1)(d—2i+2
(4.9) d 22_{,—2§b4 la—2 Y (d z+. I : i+ 2) ,
d— 21 td_gH_g 4Z{d - 2)
if ¢ <k, and
dd+1)—2-2 d—2i+1 | tass |°
4.10 < T —
(4.10) dd+1)—2 d-2i—-1"~ td—2i—2

J[aG+D)(d-i-1)1?
=0 4[(d—22‘—1)(d—2i)]

if 2 > k. Here we used the well known representation

(4.11) ltgns| = d - 2412 (j(dZ—zzl))l

for the coefficients of the Chebyshev polynomial of the first kind (see e.g. Rivlin
(1990)). Observing that the left hand sides of (4.7) and (4.8) are increasing func-
tions in k& we obtain that (4.9) and (4.10) are implied by (4.7) and (4.8) and the
assertion of the Corollary follows by an application of Theorem 4.1. [

Remark 4.1. Note that a similar argument as given in the proof of Theorem
4.1 shows that the conditions (4.2) and (4.3) will never be fulfilled if the maximum
of the absolute values of the coefficients t4_5;|/69~% is obtained for two indices
d—2kq, d—2ky € I. It is also worthwhile to mention that the index d — 2k where
the maximum is attained will depend heavily on the size of the interval [—b, b].
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Finally, if the index set I consists only of indices that differ from d by an even
number, then a detailed investigation of the proof of Theorem 4.1 shows that the
assertion of this theorem holds for all b > 0.

Ezample 4.1. Let a,b] = [-1,1], I = {0,...,d} and 1 < d < 15. Straight-
forward calculations show that the conditions of Corollary 4.1 are satisfied except
in the cases d = 4,5, 11 (note that for d = 4 and 11 the maximum of the absolute
values of the coefficients of Tz(x) occurs at two positions (see e.g. Davis (1963)).
Corollary 4.1 yields that for d = 1,2,3 the design &}, for d = 6,7,8,9,10 the
design &)_, and for d = 12,13,14,15 the design £ _, is minimax optimal for the
full parameter set {9;}%_,. By the results of Studden (1968) all these designs are
supported at the Chebyshev points s, = cos(({(d — v)/d)r) (v =0,...,d) and the
masses are given by (3.3). Finally in the case d = 5 we obtain by direct calcula-
tions that £ is minimax optimal which shows that the conditions in Theorem 4.1
and Corollary 4.1 are only sufficient but not necessary.

To give an example for the application of Theorem 4.1 consider the case d = 6
and the interval [~1,1]. Here Tg(z) = 32x% — 48z* + 1822 — 1 and we obtain
that for the index sets {0,4}, {2,4} {4,6}, {0,2,4}, {0,4,6}, {2,4,6}, {0,2,4,6}
the minimax optimal design for the parameter subsystem {J;};c; is given by &£
while for the index sets {0,6} and {2,6}, {0,2,6} the optimal design for the highest
coefficient £% is minimax optimal. Finally, for the parameter {9, ¥} the minimax
optimal designs is given by £5. All minimax optimal designs for these subsets are
supported at the Chebyshev points —1, —\/§/71, —0.5, 0, 0.5, /3/4 and 1 while
the masses will depend on the particular index set I and are given by (3.3). The
results still hold if the index sets I contain also indices d — 2¢ — 1 according to
condition (4.1).

5. Minimax designs on nonnegative or nonpositive intervals

Throughout this section we will assume that 0 < a < b. The case a < b <0
can be treated in exactly the same way and is omitted for the sake of brevity. The
arguments are essentially the same as in Section 4 (involving more complicated
algebra) and we will only sketch the main steps. In what follows let

d .
Ti(@)=Tu2e—1)=> ty 2%, ze01]
3=0

denote the Chebyshev polynomial of the first kind on the interval [0, 1] (orthogonal
with respect to the measure dz/+/z(1 — z) with T;(1) = 1) and let

o - (b—a)cos(((d —v)/d)ym) + (b+ a)
v 2
be the transformed Chebyshev points on the interval [a,b]. It is well known (see
e.g. Abramowitz and Stegun (1964), p. 775, 22.3.3) that

V7dl'(2d — j)
TG+ DI0(d~j+1I(d—j+1/2)

(v=0,...,m)

(5.1) to_; = (-1Y (j=0,...,d)
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(e.g. Ty (z) = 822 — 8z +1). If L,(z) = Z 0 f’;]aﬂ denotes the Lagrange inter-
polation polynomial corresponding to a = s < s7 < -+ < sj_; < 8; = b, then we

obtain in the same way as in Section 4 for every polynomial Py{z) = Zj:o a;z’
of degree d that

d
(5.2) aj =3 Py(s))ly; (G=0,...,d).
v=0

Consider the interval [0, 1] and insert in (5.2) the two polynomials (1 — z)U%_, (z)
and zU]_,(z), where

Ui-a(e) = Uses (22 1)

d—1 .
ki Z( N ES DN E Nk

is the Chebyshev polynomial of the second kind transformed to the interval [0, 1].
Thus a straighforward calculation yields that the Lagrange interpolation polyno-
mials L([)O’l] (z) and Lgo’l](:v) with knots s} = (cos(((d — v)/d)m) + 1)/2 on the
interval [0, 1] have coefficients (u*; = u}; = 0)

oy _ (17 (=W I'(3/2)T(d+j) 2 J
foi =g m ) =g r<j+3/z>r<d—j+1)r(j+1>{ *2} ’
01 _ (—U‘“ju,f _ (=1t I'(3/2)I'(d + j)

d.j d it d T@E+1/2TETd-j+1)

The coeficients of the Lagrange interpolation polynomials Lo(x) and Ly(z) with
knots s < --- < s for an arbitrary interval [a, b] can now easily be obtained by a
linear transformation

. 1) ai™t (j I'(3/2)I'(d + j5) j
fo. = Z —a) ( )F(J +3/2)T(d~j+ DI+ 1) {d2 * 5} ’

(5 .
. (—1)‘“rz a”" (J) I'(3/2)r'(d+ )
i g —(b-a) \i T(HT(G +1/2)T(d—-j+1)
and for the coefficients of the Chebyshev polynomial Ty(z—a)/(b—a) = Ej 0 tga b,
z7 we have
sl _ S (1) _al7*
(5.4) ty =Z< )(b 271 lt;]  (kel).

j=k

We are now in a position to state a result analogous to Theorem 4.1. The proof
uses the same arguments as the proof of the corresponding result in Section 4
(where Lemma 3.1 has to be replaced by Lemma 3.2) and is therefore omitted.
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THEOREM 5.1. If I # {0} and there exists an index k € I such that

g% la,b]
0,2 tk . 1
(5.5) S s, foralli <k withiel
.k "
and
7/ [a,b]
d,i tk . . .
(5.6) | S e foralli >k withie I
ed,k t;”

hold, where the quantities £3 ;, £3, and tga’b] are defined in (5.3) and (5.4), then
the optimal design &; for estimating the individual coefficient ¥y is also minimaz
optimal for the parameter system {U;}icr.

Remark 5.1. As in Section 4, the only appropriate candidate k£ in Theorem

5.1 is the index k& € I where the absolute value of the coefficients of the Chebyshev
polynomial Ty(z—a)/(b—a) = Z?:o tg“’b] 27 is maximal. The conditions (5.5) and
(5.6) are easy to verify on a computer using the representation for the I ; and

tg-a’b] given in (5.3) and (5.4), respectively.

Ezample 5.1. Consider the interval [a,b] = [1,2], I = {0,...,d} and poly-
nomial regression models of degree 1 < d < 20. Then it can easily be shown
that the conditions (5.5) and (5.6) are satisfied except for d = 1 and d = 4. In
these cases a direct calculation shows that the minimax optimal designs are given
by & and &3, respectively. All other cases are covered by Theorem 5.1, and we
obtain the following minimax optimal designs for the full parameter set {9;}%_,;
for d = 2,3 the design £;_,, for d = 4,5, 6 the design £_,, for d = 7,8 the de-
sign &_5, for d = 9,10,11 the design £;_,, for d = 12,13 the design & 5, for
d = 14,15,16 the design &}_g4, for d = 17,18 the design £;-7 and for d = 19,20
the design £%_g. All these designs are supported at the Chebyshev points on [1, 2],
sy = (cos(((d—v)/d)m)+3)/2 (v =0,...,d) and the masses of {}_, at the support
points s, are proportional to |£} ; ;| (see Studden (1968)).

The situation in Theorem 5.1 becomes more transparent in the case a = 0,
where Z?:z () (a?=/(b — a))|t3| (€ = %, k) reduces to the term [t}] - b~¢ and the
conditions (5.5) and (5.6) have the same form as the corresponding conditions in
Theorem 4.1. For the full parameter set I = {0,...,d} we obtain in this case an
analogue of Corollary 4.1 which is stated here for the sake of completeness.

COROLLARY 5.1. IfI={0,...,d} and there exists an index k such that

(d - k)2(d + k)2

(37) R D 2E S
and
(5.8) (d+k-1)2d-k+1)2 24 +k > 2

k2(k2 —1/4) 24 k~1 7
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holds, then the optimal design & for estimating the individual coefficient of a
polynomial regression on the interval [0,b] is also minimaz optimal for the full
parameter set {9;}¢ . Moreover, the only index k where (5.7) and (5.8) could
be satisfied, is the index where the mazimum in the set {|t3|/b7 | j =0,...,d} is
attained.
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Appendix

Proor or LEMMA 3.1. Observing that the coefficients of the Lagrange in-
terpolation polynomials have the sign pattern sign(4, q—2;) = (—=1)%"¥*% (see e.g.
Pukelsheim and Studden (1993)) we obtain that the assertion of the lemma is
equivalent to

Eu d—21 eu-{—l d—2¢
Al g ’ >0
( ) l (ev,d—2i~2 £u+1,d~2i—2 -

where v € {0,...,d/2| — 1} (here |A] denotes the determinant of the matrix A).
Recalling the definition of F' <IJ/ > in (3.1) we see that (A.1) is equivalent to

d—2i d—2
ool 2 5D

In the following we will make use of the fact that

d—24 d
(A.3) F( v ) = c2i(30’---a3V—173u+17'--’3d)F(V)
where ¢;(s0,...,9,-1,8u+1,--.,54) is the j-th elementary symmetric function of
805+ +-3Su—1,8u+1,- -, 54, that is the coefficient of 2¢~7(~1)?~7 in the polynomial
H;lzo‘#y (z — s;). To prove (A.3) observe the identity
1 ... 1 1 .. 1 1
80 Sy—1  Su+41 84 xT
5§ sg_1 Spay oo 8§
d
d
= II (x—sj)'F<V)
3=0,57v

d
D) 5 i1y
:F(V> . : Oxd J(-I)JCJ’(SOJ---,8y-1,5y+1,...,8d)
j=
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(both polynomials have the same zeros sg,...,Su—1,8u+1,.--,54 and the same

leading coefficient) and equate the coefficients of 42!, For any symmetric set

a1 < -+ < g we obtain for the corresponding symmetric functions
coir1(01, ..., aq) =0, exlan,...,aq) = (—1)c(ad,...,03)

if d is even and

ci(ozl, e ,ad) = ci(al, e 70‘(d—1)/2> 0, C(d43)/2s -1 Oéd)
ci(al, ey a(d_l)/2, Q(d43)/2y - - - ,Oéd)

fi

if d is odd (here we used that c(441)/2 = 0). This shows that (note that s, = —s4-,,
and that v € {0, ..., |d/2]})

C2i(80s -« s Sy—1,Syt1s---,5d)
= Czi(s(), ey Spy—~1,8u+1s--938d—pv—13Sd—v1ls- -y sd)
-+ Sd_yC%_l(Sg, ey Sp1y 841y s -3 Sd—p—1y Sd—~p+1y .- - ,sd)
= (=1)'c;(s2,.. ., 82 1,82 41,.-.,55).

Observing the last identity, (A.3), (A.2) and (A.1) the assertion of the theorem
can now be written as

2 2 2 2 2 2 2 2
(A.4) cz-(so,Q...,sugl,syg_l,...,sdg ci(50,2...,5,,,25,,+2,...,sd% >0
Cit1(88s 1801501 1s-+185) Cix1(88,.. ., 80,8040, --+253) )| T
Finally, we remark that
2 2 2 2Y (a2 2 2 2
Ci(85, 180 1,501,---,53) = Ci(55, -+, S0_1, Sty > 5q)
2 2 2 2 2
+ 55, 1Ci—1(80s 58515 Sp425+ - > Sg)

and straightforward algebra shows that (A.4) and (therefore the assertion of the
lemma) is equivalent to

(312/ - 33+1>

2 2 2 2 2 2 2 2

Ci(SE, . Sh1,S040:--253)  Ci1(SGy .-+ 51,5049+ 55) >0
i (2 32 2 82) C,( 2 2 s 32) = Y
C’L+1 So,..., V—178V+27"'7 d 7,80,-..,81/_1, I/-|—27"'7 d

We have s2 — s2.; > 0 {(because v € {0,...,|d/2] — 1} and the nonnegativity of
the second factor is a well known result in the theory of symmetric functions (see
e.g. Beckenbach and Bellman (1965), p. 11). This completes the proof of Lemma
3.1.
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