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Abstract. In this paper, the joint distribution of some special linear com-
binations of the (internally) studentized order statistics are derived for both
normal and exponential populations; the exact relationship between their pdf’s
is also obtained. The exact sampling distributions of studentized extreme devi-
ation statistic, which has been proposed by Pearson and Chandra Sekar (1936,
Biometrika, 28, 308-320), are derived for these two populations. An applica-
tion to the most powerful location and scale invariant test is discussed briefly.
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1. Introduction

The problem of testing for outlying observations is of considerable importance
in applied statistics, and the proper treatment of outliers has long been a subject
for study (see, Barnett and Lewis (1984) and David (1981) and the references
therein). For testing the significance of the smallest (or largest) observation in a
sample of size n from a normal population, Pearson and Chandra Sekar (1936)
proposed the studentized extreme deviation statistic, and Grubbs (1950) obtained
its exact sampling distribution for the normal population by using two well-known
transformations. The joint distribution of (internally) studentized order statistics
for the normal population is still unknown. In this paper, a very simple and
concise expression for exact sampling distribution of some special linear functions
of these studentized order statistics will be derived for both normal and exponential
populations. It can be used to obtain the distribution of the studentized order
statistics.

Let the proposed nonlinear transformations as follows:
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[ n—i+1 }1/2
= | D=

n—1)(n—1)
(1.1) -[yﬁ_y”+ - :V_jy’“—g"l l1<i<n-2
Sn n—itlis s, ’ - ’
W1 = Yn,
Wo = Snp,

where §, = >0 yi/n, and s2 =30 (g —Fn)?/(n—1) and y1 < g2 < - <y
Note that the summation in (1.1) will be taken as zero for i = 1.

The key point of this paper is the inverse relationship of the nonlinear trans-
formations given in (1.1). The inverse transformations of (1.1), its derivation will
be presented in Theorem 2.1, are as follows:

Yi = Bn { n—i r”

spvn—1  |n—i+1
i—1
N L 1<i<n—-2
Sn—k)n—k+1I2 "7 ;
(1.2) . -
Yn-1"Un _ 22 ITSYE
sivn—1 -k -kt
Yn — 2 t
B ACHI k 12
-1 2[Rkt D2 [fn2/2]
where f, o =1—-13—... —#2_,.

In Section 2, we discuss some properties of these transformations and then use
those results to find their Jacobian which makes the derivation of the pdf of the
related 77, ..., T, statistics possible. A similar transformation that can be used
to deal with exponential population is also given.

In Section 3, the joint pdf’s of the studentized order statistics for both normal
and exponential populations are obtained; the exact relationship between their
pdf’s is also established. An application to the most powerful location and scale
invariant test is briefly discussed in this section.

In Section 4, the exact sampling distributions of the studentized extreme de-
viation statistic are derived for both the normal and exponential populations.

Finally, we note that the approach given here can be extended to deal with a
larger class of distributions; for example, when the original random vector follows
spherical distributions (see Muirhead (1982), p. 37) or is uniformly distributed
over a positive simplex in R™ (see Aitchison (1982, 1985)).
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2. Properties of the proposed transformations

In this section, some properties of the set of nonlinear transformations given
n (1.1) are discussed, and then we show that the transformation is a one-to-
one correspondence between its domain and range except possibly for a set of
n-dimensional Lebesgue measure zero. A similar transformation that can be used
to deal with the exponential population is also given.
In the following, the variables y1,...,y, are assumed not all equal and y; <
- < yp and n > 3. First, we note that the studentized order variables (y; —
Un)/Sny- -+ (Un — Un)/8n are clearly bounded, for example (n — 1)'/2 is an upper
bound for all these studentized order variables. The sharpest bounds for each of
the studentized ordered variables were provided in Theorems 3.8 and 3.9 of Arnold
and Balakrishnan ((1989), pp. 48-49). As a consequence, we have the following
lemmas. Note that their s2 is (n—1)/n times the s2 used in the present discussion.

Lemma 2.1 (1) -1<t; <—-1/(n—1),(2)t1 =—-1ifand only if 1 <y2 =
c=Yn, 3) t1 =—1/(n—1) if and only if y1 = = Yp—1 < Yn.

LEMMA 2.2. (1)0>t; > —[n/i(n—i+1)]}/2, 2 <i < n—2, (2) the mazimum

value of t; can be attained if and only if y; = Yio1 = -+ = Yn, and (3) the minimum

of t; can be attained if and only if y1 = =Y < Yit1 ="+ = Yn-

A non-trivial lower bound for g, /s, which will be used in Theorem 2.2 below
is presented as the following

LEMMA 2.3. For0<y; < - < yp, we have §n/sn > 1/y/n and the equality
holds if and only if O=y1 =+ = Yn—1 < Yn.

PrOOF. The proof of this lemma is straightforward and therefore omitted
here. O

LEMMA 2.4.

Zﬁ ;[\/_TQ”S} [stnr, 1<k<n-2.

ProoF. For convenience, let us define

n—k n—k
w-Sa B
=1 =1
k+1 1/2 1 n—k—1
b = | — _ — 5
k [ A } n—k + rr1 2~ G
=1
1 <k<n-—1, where ¢y,...,c,-1 are arbitrary real variables, and set ag = 0 and

bn_1 = +v/n-c1/vn— 1. Then we have aj, = bi+ag.1, ax = Z?;kl b2, 1<k<n—1.



168 TEA-YUAN HWANG AND CHIN-YUAN HU

Let’s choose ¢; = (y; —Un)/v/n — 1-8,. Then b, ; =t;, 1 <i<n-2, and Lemma
2.4 is established. I

LEMMA 2.5. Let fi=1—t2—-.-—t2 1 <i<n—2. Then the following two
conditions are equivalent.
(A) —-1<t<-1/(n-1),

n—k+2
n—=k

tn—2 S _(fn—2/3)1/21 fn—2 2 0.
(B) —1§t1§—1/(7’b—1),

_ 97172
mw{P—ﬁiﬁ -mqr;ﬁ}gm — 2% ) (n— k).

1/2
] tr-1<tg, 2<k<n-—-2

n—k

PROOF. tn_o < —(fn—2/3)"?and fu 3= fas—t2_;givestn o < — 1/2 3/2,
and combining the last inequality with v/2t,,_3 < t,_», we have Votn_3 < 1/ 2 3/2
and t,_3 < —fi/_24/3 since fr_3 = fp—a — ti_3. For2<k<n-—3,we have

n—k+2 1/2 1/2
2.1 _ o1 <t < — -
) e L ILLE
gives

n—k+2 1/2 1/2

F;j%—] o1 < £/ (n— k).

By the same process, furthermore t5_1 < —f,ig (n—k+1), since fr—1 = fr—2 —
ti_l, and finally for 2 <k <n—3

ik < fl/2 (n — k).

Next, fo—z > 0 implies fn,_3 > t2_, or tn_ fl/2 thus f; > 0 gives
ty > fl/2 for 2 < k < n—2 by the same process. Comblmng with (2.1) we have
for2<k<n-2

—k+2]Y?
max{[n—m} oo =S <t < =1L (0= k).

Hence condition (A) implies condition (B). The converse is obvious, and Lemma
2.5 is established. O

Using the above lemmas, we prove the following main theorem which makes
the proposed transformations useful in the derivation of exact sampling distribu-
tions of the related statistics T4, ..., T, _2. For notational convenience, the vector
(t1,...,tn—2, w1, ws) is denoted by ¢
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THEOREM 2.1. Let tq,...,tn_o and wy, we be defined as in (1.1) and let
fi=1—tf—--—12 1 <i<n—2. Then there exisls a one-to-one correspondence
between the domain D,(y) and the range R, (t) except for a set of n-dimensional
Lebesque measure zero, where

(2.2) Do(y)={y:y < <un}
and
' -1<t <=-1/(n-1)

1/2
max {Mﬁ} et —f,iii
(2.3) R.(t)=<(t: n—k

<ty <—fil3/(n— k)
2<k<n—-2, w €R, wa>0

Furthermore, the inverse transformation is given as in (1.2), and the absolute value
of Jacobian is

(2.4) | = yA-(n— 1) D2 yn=2. g2

n—

ProoF. The set of transformations can be divided into the following three
sets of transformations:

Vi = Yi — Un, 1<i1<n-2 Upn—1 = Yn, Un = Sn

and
. 1/2 i—1
n—i+1 1
U; = | ——— v+ —— v 1<i:<n—2
e M R S IR
Un—1 = Un—1, Up = Un
and
Ug .
t; = 1<:1<n-—2, W1 = Un—1, W9 == Up.

Vi —=1u,’

Thus their Jacobians can be respectively computed as follows:

Ji=n(n—1)sn/(Yn — Yn-1),
Ty = (2/n)/?,
Jz = (n —1)(n=2/2 . 4p—2

and the multiplicative theorem of Jacobians and Lemma 2.4 with k = n — 2 yields
the absolute value of Jacobian given in (2.4). Similarly, the inverse transforma-
tion {1.2) can be obtained by using the inverse relationship of the above three
transformations and Lemma 2.4.

The proposed transformations actually is a one-to-one correspondence between
D, (y) and R, (t) except for a set of n-dimensional Lebesgue measure zero since
the Jacobian (2.4) is not equal to zero on D, (y) except that g, =0 or s, =0 or

fn42 = 0.
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To show the onto part, it follows from Lemma 2.4 with k¥ = n — 2 that

Zt2—1— n—1) ) 7 <1

or equivalently f,_o > 0. Note that f,_o = 0if and only if y,,_1 = y,. By inverse
transformation we have for 2 <i<n — 2,

. q1/2 . 1/2
n—1i n—1i+2
yi“yi—lz\/n‘l'wz'[{—.} 'ti_|:—:| ‘ti—1:|»

n—i1+1 n—i1+4+1

(2.5) 3 ths

yn—l“yn—ZZVn_l'wQ'{— NG
yn"yn—l:Vn"l’w2'(2'fn~2)l/2-

Since ws is non-negative, thus we have y; < ys < .-+ <y, if and only if yp—yr_1 >
0 for 2 < k < n; therefore we have from (2.5) and Lemma 2.2

- <fn_2/2>1/2} |

o7l

[&] tio1 <t;, 2<i<n-2
n-—i

ln_2 < _(fn—2/3)1/2-

Combining the above arguments and Lemmas 2.1 and 2.5, the desired result follows
and the proof of Theorem 2.1 is completed. O

From Lemma 2.3 and the same arguments as that of Theorem 2.1, we have
the following theorem.

THEOREM 2.2. Let ws = /8, and wy and t;’s, 1 <i < n—2 be as defined
n (1.1). Then, there exists a one-to-one correspondence between D (y) and R} (t)
except for a set of n-dimensional Lebesgue measure zero, where

(2.6) Diy)={y:0<y < <yn}
and
max{—l,————\/ﬁ-w?’} <t < —_1
n—1 —
ﬂ—k+2 1/2 1/2
(2.7) Ri(t)y=<t: max{{—n—_k—“} “lg—1,— k£1
<t < fl/Q (n—k)
2<k<n-2, w >0, w3 >1/y/n

Furthermore, the inverse transformation is exactly given as in (1.2), and the ab-
solute value of Jacobian is

|J| = n-(n—1)n=D/2. wt e wg™ f;_lféQ-
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3. The joint pdf of studentized order statistics

In this section, we derive the exact joint pdf of linear combinations of the
studentized order statistics defined in Section 1 for both normal and exponential
populations; the relationship between their pdf’s is also established. The ap-
proach given below can be extended to deal with a larger class of distributions,
for example, when the original random vector follows spherical distributions or is
uniformly distributed over a positive simplex in R"™. Finally, an application to the
most powerful location and scale invariant test is briefly discussed.

The part of linear combination of the studentized order statistics 73,...,T,_2
given as in the non-linear transformations (1.1) is equivalent to the studentized
order statistics (Y(1) — Y,.)/Sn, ..., (Y(m) — Yn)/Sn- This fact can be seen from the
following two conditions:

n n

S Yoy = Va)/Sn=0, > (Vo —Ya)/St=n—1

=1 §=1

First, we will show that the joint distribution of (T1,...,7,_2) is uniformly dis-
tributed over a subset of the unit sphere in R” ! under the normal parent distri-
bution. This remarkable property can be seen from the following theorem.

THEOREM 3.1. LetYy,...,Y, be iid random variables from standard normal
distribution, and let Y1y < Yoy < -+ < Yy, be their order statistics. Then

. 1/2 > i1 >
(3.1) T - n—t+1 / Yoy —Ya 1 ZY(;C)—Y,L
’ ! (n—1)(n—1) Sh n—i+li= 5, ’

1 <4< n—2, have joint pdf as follows

(3.2) n!-I‘(n;1>

9. pin-1/2. 12 EACT

7n—

where I is the indicator function and

(3.3)  R*(t1,....tn_2)
1<t < -1/(n—1),

n—k+2]"* 12
= (tl, e 7tn—2) : maX{ {W} : tk—la _fk_]_

<te < =112 )(n— k),
2<k<n—-2

and fi=1— B~ 2, 1<i<n—2,
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ProOF. By Theorem 2.1, we have the joint pdf of (T3, ..., Th—2, W1, Wh) as
following

nl-y/n-(n—1)0"0/2 . 402 -1
T A T P RO
—92°

T
where (t1,...,tn—2) € R*(t1,...,tn—2), —00 < w; < +oc and wy > 0. Since

Sy =3 (yi—¥n)?+n 2. Theorem 3.1 follows immediately by integrating
out wy and wy. O

A simple and concise expression of the joint distribution of (T1,...,T,_2)
for the normal population is given in the following Corollary 3.1; its proof is
straightforward and omitted here. For notational convenience, we define a statistic
T,_1 using (3.1) with s =n — 1, and it can be shown that T2 + - + T2_; = 1.

COROLLARY 3.1. When the parent distribution is normal, the joint distribu-
tion of T1, ..., Tn—1 gwen in (3.1) is uniformly distributed over the subset A of the
unit sphere in R"™*, where

B4+t =1,
(34) A= (tl,...,tn_l)I <n—k+2

1/2
> -1 <t <0, 2<k<n~-1
n—k

Tt is well-known that the uniform distribution on the unit sphere
A1 = {(tl,...,tn_l) Zt% +"'+t$z—1 = 1}

in R" ! is the unique distribution on A,_; which is invariant under orthogonal
transformations (see, for example, Muirhead (1982), p. 37), and that the surface
area of the unit sphere A,_1 in R"™*, denoted by |A,_1], is given by

2 . 71_(71—1)/2
n—1Y\"
T{—=
(=)
Similar result of the surface area of the subset A of the unit sphere in R*™', given
as in (3.4), can be computed from Theorem 3.1; that is

|An—1’ =

9. p(n=1)/2 1

o (P—L =
' 9

For convenience, we give the following notation.

A} =

DEeFINITION. The uniform distribution over the subset A of the unit sphere
in R"* is denoted by o, 1(A), where the subset A is given as in (3.4).
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Similar approach, as mentioned before, can be used to deal with a larger class
of distributions by using the main Theorem 2.1. For example, it can be shown
that Theorem 3.1 and Corollary 3.1 still hold, when the original random vector
(Y1,...,Y,) follows a spherical distribution (see, for example, Muirhead (1982),
p. 34).

Next, we will deal with non-normal parent distributions by means of Theorem
2.2. In order to avoid complications, we confine ourselves to the case when parent
distribution is exponential. Now, by the same approach as mentioned before, we
have

THEOREM 3.2. Let Yi,...,Y, be iid random variables from the exponential
distribution with parameter 0, and the statistics T;, 1 < i < n—2, be defined as in
(3.1). Then, the joint pdf of (T1,...,Th_2) is given by

bn(—tl)ﬁ(nﬁl)
e N
=i

(3.5)

where the set R*(t1,...,tn_2) s given as in (3.3), and

(n)?

(3.6) by = n(+2)/2 . (n — 1)(n+D/2"

Proor. From Theorem 2.2, we have the joint pdf of (T4,...,T,_o, W1, W3)
as following

0™ -nl-\/n-(n—1)n"D/2 . 40t
= (n 1)/2 - oxp{—nfun} - Iny (s
wy - [l

where R} (t) is given as in (2.7). Thus Theorem 3.2 is established by integrating
out wy and ws. Note that wg > —(n — 1)t1/v/n by (2.7). O

A concise expression of Theorem 3.2 is the following corollary, its proof is
straightforward and therefore is omitted.

COROLLARY 3.2. Define T,_1 by (3.1) with i = n — 1 and assume that the
conditions of Theorem 3.2 hold. Then the joint pdf of (T,...,Tph—1) is

(3.7) by, - (=)~ - doy 4 (A)
where the constant by, is
2.p!. gn—1)/2

n(n+2)/2 . (p — 1)(n+1)/2.T (” ; 1)

(3.8) bt =

n

By a similar approach, it can be shown that Theorem 3.2 and Corollary 3.2
still hold, when the original random vector is uniformly distributed over a positive
simplex in R™.
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Finally, we establish directly from Corollaries 3.1 and 3.2 an exact relationship
between the joint pdf’s of (73,...,T,—1) for the normal and exponential popula-
tions.

THEOREM 3.3. Let fV) and fB) be the joint pdf’s of (T4, ..., Tn_1) for the
normal and exponential populations, respectively. Then, we have

(3.9) FE by, .o tpy) =05 - (=) "V N )

where the constant bl is given as in (3.8).

Theorem 3.3 can be used to find the most powerful location and scale in-
variant test of normality against the exponential alternative. This most powerful
invariant test is already obtained by Uthoff (1970). His method of derivation is
an application of a technique originated by Stein (1956) and further developed by
Wijsman (1967), Hajek and Sidak (1967), and Koehn (1970). Here we provide an
alternative derivation of the test. The advantage of our approach is that the exact
sampling distributions of various test statistics can be found out directly for some
cases from Theorem 2.1.

For testing nmormality against the exponential alternative, it can be shown
that (T1,...,T,—1) is a maximal invariant for the group of translation and scale
changes, and hence the following corollary follows immediately from the Neyman-
Pearson lemma and Theorem 3.3.

CoroLLARY 3.3. (Uthoff (1970)) For testing normality against exponential
alternative, the most powerful location and scale invariant test is based on the
T -statistic.

The exact sampling distributions of the T} statistic under both null and alter-
native hypotheses will be discussed in the next section; and the complete descrip-
tions of our approach is deferred to a future article.

4. The marginal pdf of T3

In this section, we discuss the sampling distributions of the 77 statistic for
both normal and exponential populations.

For the normal population case, the exact sampling distribution of T; already
provided in the works of Pearson and Chandra Sekar (1936) and Grubbs (1950) and
Barnett and Lewis (1984). Incidentally, Shapiro and Wilk (1972) and Stephens
(1978) gave a test for exponentiality by using statistic Wg, which is equal to
the statistic 72 in our notations. The exact sampling distribution of Wg (or
equivalently T;) for exponential population is still unknown (see, Stephens (1978),
p. 33). This distribution will be given below (see, Theorem 4.2).

First, we note that the sampling distribution of 77 for the exponential popu-
lation case can be derived directly from the normal population case by means of
the following relationship,

(4.1) B () = b7 (—t2) "0 - 50 (8)
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where f%v) and fj(? are the pdf of 77 for normal and exponential populations,
respectively, and the constant b7 is given as in (3.8). The relationship (4.1) follows
immediately from Theorem 3.3 by integrating out t3,...,t,—1 in (3.9).

For the sake of completeness, in the following we will derive somewhat new
formulations of the exact sampling distributions of 77 for both normal and expo-
nential populations; the formulation of the normal population case is essentially
different from that of Grubbs (1950) and Barnett and Lewis (1984).

For that purpose, we define a function G7, as follows: Let G%(t1) = (1—12)~1/2
for —1 < t; < —1/2 and zero otherwise; and for n > 4,

(4.2) GE(ty) = / / FM%dty - dty, o
Ry, (t1)

for —1 < t; < —1/(n—1) and zero otherwise, where R (t1) is the set by integrating
out ta,...,th—g over R*(t1,...,t,—2), given as in (3.3), for each fixed ¢;.

The function G}, defined above plays an important role in the derivation of
the sampling distributions of T for both the normal and exponential populations.
It is clear that the function G, is well-defined and continuous on the open interval
(=1,—-1/(n — 1)). The following lemma gives an iterative relationship for the
function G},

LEMMA 4.1. Let G5 (t1) be defined as in (4.2), and let G5(t1) = (1 —t3)~1/2
for =1 < t1 < —1/2 and zero otherwise. Then, for n > 3

—1/(n-1)
raa(t) = (1 -t 3/2 / Gi(z)de, —1<t;<—1/n,

gn(t1)

and zero otherwise, where
1/2
1 t
(4.3) gn(tl):ma}({{z_‘_l} NS —1}.

Proor. Use the definition of G}, ; and apply the transformation (¢1,%s,. . .,
tn—1) — (t1,22,...,Tn_1), where z; = t;/(1 —13)1/2, 2 < i < n— 1, which has the
Jacobian |J| = (1 —2)(»=2)/2_ and the result follows by an application of Fubini’s
theorem and a convenient change of variables. O

From Theorem 3.1 and the definition of G}, the pdf of 77 for the normal
population can be rewritten as

n!-T (ng 1)
N *
(4.4) R () = 7 Az Calty).

The following Theorems 4.1 and 4.2 give the formulations of the pdf of T}

for both the normal and exponential populations, respectively. For notational

convenience, the suffix in f,}]lv) and f:(F;E) will be omitted.
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THEOREM 4.1. (Normal case) Let f, be the pdf of T1 for the sample size n.
When the population is normal, for n > 3,

—-1/(n—-1)

(1 - )92, / fu(@)d,

gn(t1)

BCERRS (E)
frt1(ts) = T (n;21>

—1 < t1 < —1/n, and zero otherwise, where g, (t1) is given as in (4.3). The initial
pdf forn =3 is f3(t1) = (3/m)(1—13)"Y2, for —1 < t; < —1/2 and zero otherwise.

Proor. This theorem follows from Lemma 4.1 and (4.4). O

THEOREM 4.2. (Exponential case) Let f, be the pdf of T1 for the sample of
size i from the exponential population. Forn > 3,

()"t folx)dz,

—_1\(n+1)/2 (1 _ 42y(n—=3)/2 —1/(n—1)
fry1(t) = =1 (nA1>(/12 4 /
(n + 1) : (—tl)n gn(t1)

—1 < t1 < —1/n, and zero otherwise, where g,(t1) is given as in (4.3). The initial
pdf forn =3 is f3(t1) = (1/V3)t72- (1 —3)~Y2, for —1 < t; < —1/2 and zero
otherwise.

PrOOF. This theorem follows from (4.1) and Theorem 4.1. O

Finally, we note that Theorems 4.1 and 4.2 still hold, when the original random
vector follows a spherical distribution and the uniform distribution over a positive
simplex in R", respectively. The proofs are essentially the same as given here.
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