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Abstract. This paper contains two results. The first establishes, under mild
assumptions, the validity of an Edgeworth expansion with remainder o{ N -1/ 2)
for a U-statistic with a kernel of degree two using observations from an m-
dependent shift. The second result gives a necessary and sufficient condition
for the distribution of a sum of m-dependent random variables to possess an
Edgeworth expansion. This generalizes a result of Bickel and Robinson from
the i.i.d. case to the m-dependent case.
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1. Introduction

This paper contains essentially two results on m-dependence and Edgeworth
expansions. The first establishes sufficient conditions for the validity of a one term
Edgeworth expansion with remainder o(N~1/2) for a U-statistic with a kernel
h of degree two using observations from an m-dependent shift. More precisely,
let £1,&,... be a sequence of independent and identically distributed random
variables and f : R™™! — R be a measurable function. For j > 1, let

(1.1) Xj=f& s &rm)
The sequence X1, Xo, ... is said to be an m-dependent shift and an immediate con-
sequence is that (X;,...,X,) and (X, Xs11,...) are stochastically independent

whenever s —r > m. Next let h: R? — R be a measurable function symmetric in
its two arguments. We shall assume throughout this paper that for some p > 5/3,

(12) E|h(X1,XJ)|p<OO, Vi<j<m+2.
Then Eh(X;, Xi) exists for all j < k and we write

hj,k<xv y) = h(l"ay) - Eh<Xj7Xk)a Va:,y € R.

* This research was supported in part by National Science Foundation, Grant DMS 89-23071.

147
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Now for N > 2, define a U-statistic with a kernel h of degree two as

N—
(1.3) Z

Theorem 2.1 establishes mild conditions such that

XJ7Xk)

IIF12

sup |P(65' Uy < 2) — Fx(z)| = o(N~Y2)

as N — oo, with Fiv and 6n as in (2.4) and (2.6) respectively. We think that a
result such as the above would be useful in the investigation of the robustness of
U-statistics when the independence of observations assumption is violated in the
direction of an m-dependent shift (of which a moving average process of order m
is a non-trivial special case).

There has been a great deal of research done on U-statistics based on indepen-
dent and identically distributed observations. In this paragraph, we shall assume
that the observations are independent and identically distributed. U-statistics
were first discussed by Hoeflding (1948) who also showed the asymptotic normal-
ity of 5';71UN under very weak conditions. The rate of convergence to normal-
ity was investigated in increasing generality and precision by Grams and Serfling
(1973), Bickel (1974), Chan and Wierman (1977), Callaert and Janssen (1978) and
Helmers and van Zwet (1982). In particular, Helmers and van Zwet showed that
if p>5/3 and (1.2) and (2.3) hold, then

(1.4) sup |P(65'Un < 2) — ®(x)] = O(N~2),

as N — oo where ® denotes the distribution function of a standard normal random
variable. If furthermore we have EhQ(X 1, X2) < 00, then o can be replaced by
the standard deviation of Uy in (1.4).

Berry-Esseen type bounds have been obtained by Yoshihara (1984) for U-
statistics generated by absolutely regular processes, Rhee (1988) for U-statistics
based on m-dependent observations and Zhao and Chen (1987) for finite popula-
tion U-statistics.

Regarding the corresponding more involved problem of Edgeworth expansions,
Callaert et al. (1980) and Bickel et al. (1986) established for a U-statistic with in-
dependent and identically distributed observations, the validity of a one (and two)
term Edgeworth expansion with remainder o(N~"/2) (and o(N~1)) respectively.

With dependent observations, the only result that we are aware of is by Kokic
and Weber (1990) who established the validity of a one term Edgeworth expansion
for U-statistics based on samples from finite populations. Recently Loh (1991)
has obtained conditions for the vaildity of a one term Edgeworth expansion for
U-statistics using weakly dependent observations. However the conditions given
in that paper are stronger than those given here.

The second result of this paper gives a necessary and sufficient condition for
the distribution of a sum of m-dependent random variables to possess an Edge-
worth expansion. This generalizes a result of Bickel and Robinson (1982) {rom the
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independent and identically distributed case to the m-dependent case. Sufficient
conditions for the validity of an Edgeworth expansion for a sum of m-dependent
random variables have been obtained by Heinrich (1982, 1984 and 1985) but we
are not aware of the existence of a necessary and sufficient condition except for
the independent and identically distributed case. On the other hand as Bickel
and Robinson observed, this result does not appear to give a practical criterion
although it does pinpoint the relationship between the smoothness of the distri-
bution function of the normalized sum of m-dependent random variables and its
Edgeworth expansion.

The rest of the paper is organized as follows. Section 2 establishes the validity
of an Edgeworth expansion with remainder o( N ~1/2) for a U-statistic with a kernel
of degree two using observations from an m-dependent shift. Theorems 2.1 and
2.2 contain the precise statements of these results. Section 3 gives a necessary
and sufficient condition for the distribution of a sum of m-dependent random
variables to have an Edgeworth expansion. This condition is stated in Theorem
3.1. Proofs of Theorems 2.1 and 3.1 are found in Sections 4 and 5 respectively.
Finally the Appendix contains somewhat technical lemmas which are needed in
previous sections.

2. U-statistics and Edgeworth expansions

The main objective of this section is to establish, under mild conditions, the
validity of a one term Edgeworth expansion with remainder o(N~'/2) for a U-
statistic with kernel h of degree two using observations from an m-dependent shift.
Let X, j > 1, be asin (1.1) and h and Uy be as in (1.2) and (1.3) respectively.

For N > 6m + 1, we define

g(z) = Blhjx(X;, Xe) | X; =12], VE—j>m,
V(z,y) = hyjp(z,y) —g(x) —gly), Vk—j>m,

N
Uy = (N—-6m—1) ZQ(XJ');
j=1

(2.1) N—-3m—1 N J+3m)AN

N—1{
Av= > oo wXnXe)+ > D hel(X;, Xa)
j=1 k=3m+j+1 j=1  k=j+1
3m N
+> Bm—j+De(X)+ Y
j=1 j=N—-3m+1

(3m +j — N)g(X;).
Straightforward calculations show that Uy = Uy + Ay. We suppose that

(2.2) o; = E |g*(X1) + 2ZQ(X1)9(XJ‘+1) >0
and
(2.3) Blg(X1)|]? < ooc.
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Let 6% denote the variance of Ux. Then by the stationarity of the X ;’s, we have

(24) 6% =(N—6m—1)’E | Ng*(X,) +2Z )9(X1)9(Xj41)
— N32 + O(N?),

as N — oo. Next let

(25) Hs:Ug_SE{ °(X1) +3ZQ(X1 9(Xj41) + 9(X1) g (Xj+1)]
m—+1 J—%—Jm

—I—GZ Z 9(X1)g(X;)9(Xy)

J=2 k=j+1

2m—+1 5m—+2
+32 Z ¢(Xm+1,X4m+2)9(Xj)g(Xk)}-

j=1 k=3m+2

We observe that if E|h(X;, X3)|® < co whenever j < k, then k3N /2 is an asymp-
totic approximation (with error O(N~3/2)) for the third cumulant of 65 Upn. De-
fine

K3

(2.6) Fy(z) = ®(z) - ¢(z)—

6 N_1/2<',L.2 - 1)7

where ¢ and ® denote the standard normal density and distribution function
respectively. Then we have

THEOREM 2.1. Suppose (1.2), (2.2), (2.3) are satisfied and

. m41 ]
(2.7) lim sup ElE[ewZF1 9(%) | €15 &msEmta, - Sampa]] < 1.

ftl—oo

Then
sup |P(65'Un < 2) — Fn(z)] = o(N~V/?),

as N — oco.

Theorem 2.1 though simple to state, has a somewhat tedious proof and hence
we shall defer the proof to Section 4.

Remark. Gotze and Hipp (1983) showed that (2.7) holds if & has a prob-
ability density fe, with respect to Lebesgue measure and gf : R™t1 & Ris
continuously differentiable such that there exist y1,...,%2m+1 € R and an open
subset Q D {y1,-..,Y2m+1} satisfying fe; > 0 on Q2 and :

m+1
Z gf(x]J e 7x1+m)‘(rl,...,;c1+m):(yj,.‘.,yj+m) # O
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Remark. If the observations are independent and identically distributed (that
is m = 0), (2.7) reduces to the well known Cramér’s condition.

In the case where ER?(X;, X;) < oo whenever 1 < j < m + 2, the variance
0% of Uy exists and o3 = N302 + O(N?) as N — co. Then we have

THEOREM 2.2. Suppose that (2.2), (2.3) are satisfied,

ER*(X1,X;) <00, Vl<ji<m+2

and
. m-+1 .
thUpE}E[elthzl 9(X;) ‘ Elv e ,gm,§m+2, A 7€2m+1]| < 1.
[t]—o0
Then
sup |P(oy' Uy < x) — Fy(z)| = o(N~'/?),
as N — oo.

Proor. The proof of Theorem 2.2 is similar to that of Theorem 2.1 and
hence is omitted. O

3. Smoothness and Edgeworth expansions

This section gives a necessary and sufficient condition for the distribution
of a normalized sum of m-dependent random variables to possess an Edgeworth
expansion. We begin by recalling the definition of m-dependence.

DEFINITION. A sequence Y7,Ys,... of random variables is m-dependent,
where m is a nonnegative integer, if for any two subsets A4,B C {1,2,...} for
which inf;c 4 jep |1 — 7| > m holds, the sets of random variables {X; : i € A} and
{X, : j € B} are independent.

From the above definition, we note that an independent sequence of ran-
dom variables is 0-dependent and an m-dependent shift is also m-dependent.
Let Y1,Y5,... be a sequence of m-dependent random variables with EY; = 0,
1=1,2,.... We write

S, =Yi+ -+, B% = ES?,
— V. |k — . I/ (G-2)
Min lréljagnEl il% ok = Sf;lgg+3(nMg,n/ Bj)

Let Fs, /g, denote the distribution function of S, /B, and I', (S,) denote the v-th
order cumulant of S,.
Next, for any G : R — R and ¢ > 0, we define the first difference operator A,
by
AsG(z) = Gz + o) ~ G(z),
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and the k-th difference operator AX as the k-th iterate of this. Thus

AFG(z :i ( >G(x+]o)

Jj=

The interpolating polynomial to G(y) of degree k at the points z,z+o,...,x+ko

18
k

Poo(ys2,G) = G(@) + 3o (1) ALG@) [[(y -2 = (1= 1)o).

=1

It is well known (see for example Bickel and Robinson (1982)) that if G has a
bounded (k + 1)-th derivative, then for all z and y,

(31)  1Gy) — Peoly;z,G)| < Colly — 2l + o) sup |GFHY(2)),

where Cj is a positive constant depending only on k and G*+1(2) = d*T'G(z)/
dz*t!. Also in the remainder of this section, the symbol C is used generically as
a positive constant independent of n.

THEOREM 3.1. LetY1,Ys,... be a sequence of m-dependent random variables
with EY; =0, j = 1,2,.... Suppose o, — 0 as n — oo. Then the following
statements are equivalent:

(a) Fs, /B, Dossesses an Edgeworth expansion to k terms. More precisely,

sup |Fs, /5, (%) — exn(@)| < Coptl,
x

where
k 1 20 e 1
MORLIOEDY - QZ—
v=1 Bl/ = q
v;+2,mn
X Z 1/+2q 1 H(Vz—|-2"
vi+trg=v,p;>1
with

/2] i

(—1)tzv =2 T, (Sn)

Sz =S T d  byn= .
Hy(z) =v < il —2027 " : B2

i=

(b) For all z, y and n, there exists a constant Cq, independent of x, y and n,
such that

|Fs./8.Y) = Prown (432, Fs, /) < Cully — 2l + ot h).

Remark. H,,v=1,2,... are the Chebyshev-Hermite polynomials.
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We now specialize Theorem 3.1 to the case of a stationary sequence of m-
dependent random variables.

DEFINITION. A sequence Y7,Y5,. .. of random variables is said to be station-
ary if, for every pair t, 7 of natural numbers, the sequence Y;11,...,Y;,; has the
same distribution as Y7,...,Y;.

COROLLARY 3.1. LetY:,Ys,... be a stationary sequence of m-dependent ran-
dom variables with EY; =0, EY2 =1 and lim B2 /n > 0. If E|Y1|*"3 < o, then
the following statements are equivalent:

(2) sup, |Fs, /5, (x) — exn(@)] < Cn~ D/,

(b) For all z, y and n, there exists a constant C1, independent of z, y and n,
such that

|Fs,. /8, () — Pea,ymlyiz, Fs, p,)| < Cilly — afFH 4+ n=*FD/2),
We shall defer the proofs of Theorem 3.1 and Corollary 3.1 to Section 5.
4. Proof of Theorem 2.1
Proor oF THEOREM 2.1. Without loss of generality, we assume that 5/3 <
p < 2. To prove Theorem 2.1, we shall study the characteristic function (c.f.) of
65 Un. Let ¢ denote the c.f. of 63 U, that is
on(t) = Eexp(ito 5 Un),

and for k3, as in (2.5), let
) = e /2 (1 m_BN—l/zts
on(t)=e 6

be the Fourier transform [ exp(itz)dFy(x) of Fy in (2.6). By the smoothing
lemma of Esseen (see for example, Feller (1971), p. 538), it suffices to show that

NY2log N e
—N1/2log N

as N — oo. However (4.1) is an immediate consequence of Propositions 4.1 and
4.2 whose statements and proofs are provided below. O

PROPOSITION 4.1. Let5/3<p<2and0<e < (3p—>5)/(2p). Then

/NE
—N¢e

o (t) — P ()
t

} dt = o(N~1/2),

as N — oo.
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Proor. It is well known that

(4.2) eim—z(%)] < min { |z|"+?, k}i} Vo € [0,1).

= r+1)!

Hence
(4.3) on(t) = Ben UN(1 4 ite 5 Ay) + O(E|to 5 An|P)
= Ee'on UN(1 1 ito " An) + O(Jt[PN?32/%),

The last equality uses the fact that E|Ax|P = O(N?) (see for example Lemma 5-1
of Rhee (1988)). Define for 1 <a <b < N,

S = (N=6m—1) > g(X)), W=,

L<GEN, |j—alAlj—bl>vm

As Uy = Si g, for all a < b, it follows from (4.3) and Lemma A.1 (see Ap-
pendix) that

(4.4 on(t) — e (1 -y '”%3)

= Eito ' Aye'ton Ov
+ O(ItPN>7*72) ol (8] + [f*)e /AN /2],
as N — oo uniformly over || < N¢. It remains to approximate the term
Eito 5 Ayette ~ U~ Following a method of Tikhomirov (1980), we write

N-3m—1

N
(4.5) > > Bitoyl (X5, Xe)en U
j=1 k=3m+j+1
N-3m-—1 1 (D)
S YR ol e
7=1 k=3m+j+1

1
—1,a(l—1) (l) 1 (1")
[ezta (S S 1}61150' S

\:
|

M"“

+ ité (X, Xk)

ﬂ
U
[3v]
Il
s

::]%

—1l/gl-1) [} 1 o(4)
it (X, Xi) TTeen Six " =8i) — 1)¢#*0 SM}

)
L

N-3m—1 N 4

_ ya—1

= > Z Z'wa
j=1 mAj+1r=2

L

T o _1 )
x < Ey(X;, Xi) [eztoNl(S§fk Vst _ 1]}
1=

—

P )
x [Be™ ' SJk] 4+ O(t PN 2),
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as N — co uniformly in £. The last equality uses Lemma A.3 and the independence
—1 ge—t(gl-1_g® .

of S](Tk) and ¥(X;, Xi) ;le[eZt”Nl(stk %) — 1]. Furthermore using Lemmas

A.1,A.2 and A.3, we have

N—-3m-—1 N 4
(4.6) > S0 itey! {Egb(Xj7 X)

k=3m+j+1r=2

L,
—

r—1
. (-1 (z) (r)
% [ezta l(S S W) ]}[E (17 IST]
=1

N—-3m—1

. p— 2 p— —
Z Z i3e~t /20g3N 5/2
j=1 k=3m-+j+1
j+m (k+m)AN

x |E Z Z Y( X, Xi)g(Xa)g(Xp)

a=(j—m)V1l b=k-—m

of|t|P(|t])e~ /AN

as N — oo uniformly over |t| < N¢, where P(Jt|) is a generic linear combination
(not depending on N) of non-negative powers of |t|. Also for convenience of nota-
tion, P may represent different linear combinations at different occurrences. Thus
it follows from (4.5) and (4.6) that

N-3m—1

(4.7) 3 Z Bito yMb(X;, Xy )etton Un

j=1  k=3m+j+1
— _6_t2/2éN_1/2t3E

2m+1 5m+42

309_32 Z w(Xm+1,X4m+2)g(Xj)9(Xk)

G=1 k=3m-+2

+ Ot N %) +oltIP(lthe " /AN 12,

as N — oo uniformly over |t| < N°. In a similar though less tedious way, we have

N—1(+3m)AN
48) Eitont > N hyu(X;, Xp)elon' On
j=1  k=j+1
N—1(j+3m)AN .
—iton S S B{ha(X;, Xp)eon i
j=1 k=j+1
—IS(1>

by k(X Xi)[e 0N (SR80 _ q]¢on
— O(tPN"Y)

“}

and
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3m
(4.9) Be™~Uvitg |3 (3m — j + 1)g(X;)
=1
N
+ Y (Bm+j-N)g(X;)| = O([tIN ),
j=N—3m+1

as N — oo uniformly in [¢{. Thus it follows from (2.1), (4.7), (4.8) and (4.9) that

Eité i Ay ey On
o o 2m+1 5m—+42
— _et /26N_ 123 | 30;3 Z Z V(Xmt1, Xamt2)9(X;)9(Xk)
G=1 k=3m+2

+ O(lt]N_3/2 _|_ ’tIZN—l + ’t|6N—2) + 0[!t|P(|t|)e_t2/4N‘1/2]’
as N — oo uniformly over |t| < N€¢. Hence we conclude from (4.4) that
* 42 1K _

on(t) — S (1) = g (t) — e ™12 (l Moy 1/2t3>

= O([tIN =32 + [tPN 1 + [fP N2+ [t N2 5072)
+ o[t P([t)e~" /AN,

as N — oo uniformly over [t| < N¢ and hence
NE'
.

as N — oo. This completes the proof of Proposition 4.1. O

o)~ 50 g _ o9
t ,

Next we observe from (2.7) that there exists a constant 0 < v < 1 such that

m-1

% X;
(410) E]E[@ ' i=t 8(%) ‘ 61)"'7§m7§m+27-~'7§2m+1]| S 1 -,

for all |t| > 1/(20,). Also it follows from Lemma 3.2 of Gétze and Hipp (1983)
that there exists a constant p > 0 such that

. m+41 .
(411) E“E[euzj:l 90%5) 1 gl7-~~7£m7£m+2;---7€2m+1]| < e_ut27
for all [t] < 3/(20y).
PROPOSITION 4.2. Let € be as in Proposition 4.1. Then

\CbN(t) — o (t) ‘ dt = o(N~V/2),

[ngltISNl/zlogN t

as N — oo.
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Proor. Let n be a positive integer such that for sufficiently large N
n—2m 5 log N 1
2(m+1) | log(1 —7)

if NY/2 < |t| < N/21log N, and n = Kt~2Nlog N if N¢ < |t| < N'/? where K is
some constant to be chosen later. Define

S(n) = (N — 6m—12g
7=1

and
nA(N—3m—1)
Anm)= > Z (X, X)
j=1 k=3m-+j+1
nA(N—1) (j+3m)AN 3m
+ Z D he(X5, X)) (3m - j + 1)g(X;).
k=j+1 =1
Then

(412)  [on ()] = BN OV ANOD[L it Ay ()] + O(JHPnN'5#12)

as N — oo uniformly in ¢, since E|An(n)|? = O(nN) (see Rhee (1988)).

We shall now approximate the first term of the r.h.s. of (4.12). For simplicity
we let A; 1, denote the o-field generated by the random variables &, [ € [4,7 +
m] U [k, k +m] U [n+ 1,00). We observe from Lemma A.4 that K can be chosen
such that

(Bt (X, Xi)elton (U ()
_ ’Eit&&llﬁ(Xj, Xk)eiw;,l(UN—S(n)'AN(n))E[eitc‘f&lS(n) | Aj,k,n”
< [tloN" Bl (X5, Xe)|N 7Y

and hence

n

N
@13) DY Bty (X, Xi)eln Un—Ant)| — O(|tlnN3/2),

=1 k=3m+j+1

as N — oo uniformly over N° < |t| < N'/2]og N.
In a similar way, we have

(4.14) B 7w O max)] = oY),
n  J+3m .

(4.15) > > Bitothyp(X;, Xp)en Un—Ax0D| = O(|tjnN—5/2)
J=1 k=j+1

and
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3Im
(4.16) | Eitoy'(3m -+ 1)g(X;)etton Wn=An(m)| — O(|¢| N=5/2),
i=1

as N — oo uniformly over N¢ < |t| < NV/2log N. From (4.13), (4.15) and (4.16),
we get

(4.17) |Bito Ay (n)eton Un=An()| = O(|tlnN~3/2)

3

as N — oo uniformly over N¢ < [t| < N'/2log N. Now it follows from (4.12),
(4.14) and (4.17) that

|on ()] = O(NT + [t|nN =2 + PN =20/2),

and from the definition of n, we have

(4.18) | () /t|dt = o(N~1/2),

/NE_<_[t‘§N1/210gN
as N — oo0. O
5. Proof of Theorem 3.1

First we shall state a key result due to Heinrich ((1984), p. 14). We refer the
reader to his paper for a sketch of the proof.

LEMMA 5.2. Let Y1,Y5,... be a sequence of m-dependent random variables
with EY; = 0 and E|Y;|F™ < co whenever j = 1,2,..., for some k > 0. Then
there emists positive constants By and Bg, depending only on k and m, such that
for all |t| < Blo,;iw we have

IF5,/8, (1) = €in (O] < Baop 2 (181572 + [1204D) exp(—17/6),

where an/Bn and e, ,, denote the Fourier-Stieltjes transform of Fs, /p, and exn
respectively.

ProoF OF THEOREM 3.1. The proof closely parallels that given by Bickel
and Robinson (1982) for the i.i.d. case. However we need to make the following
changes in their proof to adapt it to the m-dependent case. First replace their
equation (2.3) by that of Lemma 5.2. Also we observe from Heinrich (1985) that

|6l/,n| S CnMV,'I’Z/B'fz'LJ

and hence

q
<C[InMirom/Brit? =0

=1

g
H 6Vi+2,n/Brl;i
=1
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as n — oo since o, — 0. Thus we conclude that sup, |e k+1)( )] < C and it
follows from (3.1) that

lenn(¥) = Proonn (U3 T, €x,0)] < Cally — 2FT + 000,
where Cj is some positive constant independent of z, y and n. O

PROOF OF COROLLARY 3.1. Since lim B2 /n > 0, it follows from the defini-
tion of o, that 0 < lim oy /7 < 00. Now the proof proceeds as in Theorem 3.1
with oy, replaced by n~2. g

Appendix

LEMMA A.1. Suppose that (2.2), (2.3) are satisfied and r is a fized nonneg-
ative integer. Then

Eeton'5h = o=t /2 (1 - Z'%N—”%?’) +of ([t + [t%)e /AN,

as N — oo uniformly over 1 < a < b< N and |t| < N¢, where

/%gza;‘Q’E{ (X1) +3Z (X1)g(X +1)+9(X1)92(Xj+1)]

m+1 j+m
63 Y <Xk>}

j=2 k=j+1

Proor. Let &(rg denote the standard deviation of S, (T) . We observe that the

third cumulant of (O'(T)) 15’(  is asymptotically A3N~ 1/2 with error O(N~3/2)
uniformly over 1 < a < b < "N. Hence it follows from Heinrich ((1982), p. 513)
that

i G ) R !

as N — oo uniformly over 1 < a < b < N and |t| < Nt where § is a small
positive constant. We remark that Heinrich stated his result only for the case of a
sum of 1-dependent random variables. However the extension to m-dependence is

straightforward. Since 1 — (& (T)/O'N) = O(N~1) uniformly over 1 < a < b < N,
we have

Ee'on rs — FeiteR'e EAICIES s

— ot/ (1 - %N—Wﬁ) o[(Jt]? + [¢)e /N1,

as N — oo uniformly over 1 <a <b < N and [¢{| < N¢. O
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LEMMA A.2. Let5/3 <p <2, p!

+gt=1and1<a<b< N with
b—a>3m. Then

Bt (Xa, Xp){explitoy (S — 500 - 1}

a+m (b+m)/\N

—it* s ANTIPE Y Y (X Xp)g(X;)g(X)

j=(a—m)V1l k=b—m

(it|3N_7/2 + 1t|2+3/qN—2—3/(2q))’

as N — oo uniformly in a, b and t

PRrROOF. We observe that
L at+m (b+m)AN
0
S(S,,b - S(S,b) = (N —6m— 1) Z Q(Xj) + Z Q(Xk)
j=(a—m)V1 k=b—m
For 1 < ¢ < N, we define
(e+m)AN
(A1) R.=ito (N —6m—1) >  g(X;).
j=(c—m)V1
Then
(A.2) Bito 3 (Xa, Xp){explitoy (S — S0 — 1}
= Eit6 5" ¥(Xa, Xp)[(efe — 1= R,)(ef* — 1 — Ry)

+ R,(ef —1— Ry) 4+ Ry(e™* — 1 — R,) + RoRs).
The last equality uses the observation that

Ew(XaaXb) = E[w(Xava) t Ra] = E[¢(Xava) l Rb] =0
Next we observe that

(A.3)  Eitéy'v(X,, Xp)RoRs

—it*6 (N — 6m — 1)°E
a+m (b+m)AN
D DD D

Xi)h(Xa, Xs)
j=(a—m)V1l k=b-m

a+m (b+m)/\N
e 3OS

(X3)9(Xk) (X, Xp)
j=(a—m)Vvl k=b—-m
O(|tPN=T/2),
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as N — oo uniformly in a, b and t. Furthermore it follows from (4.2) that
(Ad)  ERoy"v(Xa, Xo)[(e® — 1 — Ry)(ef —1 - Ry)
+ Ra(ef — 1 — Ry) + Ry(eBs —1 - R,)]|
< 6Bty (X a, Xo)Ra R Y| + 2E|t6 7 4p( X4, Xo) RyRY |
< 6[t15 5" [El(Xa, X5)P1VP(E| Ra| )4 (E| Ry |*)1/
+ (E|Ry|%)Y9(E|R, ")V
= O(|t|>3/aN—2-3/(29)),

as N — oo uniformly in a, b and ¢. Lemma A.2 now follows from (A.2), (A.3) and
(A4). O

LEMMA A.3. Letr be a fized positive integer, 5/3 <p<2andl <a<b< N
with b—a > 3m. Then
o ia—1(g(=D
Eito 5 (X, X3) H[eztaNl(Safﬁ —S0 1)
=1

- O(|t|3N“5/2ltN_l/2|T_1)

and
-

it —1rgl=1)_ g1 a—1 g(T)
Eit&;,li/)(Xa,Xb) H[eltONl(Sa,b _Sa,b) —_ 1]6”01\71‘5@,1;
=1
— O(|t!3N_5/2|tN_1/2|T_1),

as N — oo uniformly in a, b and t.

PRrROOF. Let R, and R; be defined as in (A.1). We observe that

T
Eito 3 (X a, Xo) H[e”le(saib =S 1]

=1

(A.5)

Eitoy'$(Xa, Xp)[(e"* =1 — Ra)(e®* — 1 — Ry)

+ Ro(e™ —1— Ry)
+ Rb(eRa —-1-= Ra) +RaRb] [eit&;rl(sf(zl,gl)_sg)b) _ 1]’ )
=2

.
t6—1(gl=1 _g®
<9E|t6 5" (Xa,Xb)RaRbH[eltaNl(Sa,bl =S80 _1g].

=2

The last inequality uses (4.2). By Hélder’s inequality, the r.h.s. of (A.5) is less
than or equal to
pY /P
[}

1 1/q
{Elrr ey,

(A.6) 9Jt]6 3t {E ’zp(Xa,Xb)H’[eit&;1<s§f;1>—5253,> ~1
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where p~! + ¢t =1, H' denotes the product over all even integers [, 2 <[ < r
and H” denotes the product over all odd integers I, 3 < [ < r. By virtue of
m~dependence, the r.h.s. of (A.6) is bounded by

(A7) |65 (B¢ (Xa, Xp)[F]Y/P(E|Ra Ry 1)/
T L1 o= _ (D)
% H[E‘ewoz\r (Sap " =Sap) —1P311/3
1=2

< 9ltl& 5" [B[w(Xa, Xo)P]/P(B| Ry Ry |1

T
~— I—
x [TIEI67 (SE Y — s4)1e.

Since [Ejtoy" (S, (l R S(l))l 11/3 = O(|t|N~1/?), as N — oo uniformly over 1 <
a<b<N,2< l < r and t it follows from (A.7) that

Bt (Xa, Xp) [J[e% o520 — )| = O(1PN=5/2)en =172,
=1

This proves the first statement of Lemma A.3. The proof of the second statement
is similar and is omitted. O

LEMMA A4, Letl <a<b< N. Then with the notation of Proposition 4.2,
there exists a constant K such that

|E[eita—;,15(n) | Ag ]l < N1
for sufficiently large N uniformly over 1 < a <b< N and N° < |t| < N/21log N.
PrOOF. We observe that
(A.8) B[N 50 | A, ]

oa—1 n . *
—E /eztaN (N—6m—1) Zj=1 Q(XJ)H dF(gl(m-H)) |Aa,b,n:l ’
{

where F(§)(m+1)) denotes the distribution function of the random variable §;(m+1)
and [, denotes the product over all positive odd integers [ satisfying I(m + 1) ¢
[a—m,a+2mlU[b—m,b+2m]U[n+1—m,o0). Thus the absolute value of the
r.h.s. of (A.8) is bounded by

(A.9)

|Aa,b,n:|

t(m-+41) :
H ‘/ it6 " (N—6m=1) ) z<m+1)—mg(XJ)dF(§z(m+1))

1(m+1)
— H E H/ezto'N (N—Gm—l)Z] —l(mt1)— .9 J)dF(gl(m-i-l))
l

a1 —6m— m+1 .
— {E‘E[em’z\r (N-6 1)23':1 9(X;) | &,

\Aabn}

.- 7€m7£m+27 .- '3§2m+1]|}k0’
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where kp equals the number of terms in the product [];. The second (last) equality
uses the independence (stationarity) of the &;’s respectively. Now we consider two

cases.
Case 1. Suppose that N2 < |¢t| < N'/?log N. Then for sufficiently large

N, n satisfies
n—2m‘|_3_(_ log N ]
2(m+1) T log(l—) |

n—2m
SO AL
ko 2 [2(m+ 1)J 3

and it follows from (4.10) and (A.9) that

Since

‘E[eit&;,lS(n) ‘ Aas n” <(1- 'Y) L(n—Qm)/[2(m+1)]J—37
whenever (N — 6m — 1)é ' {t| > 1/(20,). Thus we conclude that
Bl S0 | Agpa]| < N7,

for sufficiently large N uniformly over 1 < a < b < N and N/ < It| > N 1/210g N.
Case 2. Suppose that N¢ < |t| < N'/2. Then for sufficiently large N, n =
Kt=?Nlog N. We observe from (4.11) and (A.9) that

}E[eita—;,ls(n) I-Aa,b,n“ < e—pkotz(N~6m——1)26r;,2

?

whenever (N —6m — 1)6'[t| < 3/(20,). Now it can be easily seen that K can be
chosen so that L
|Ble™x S0 | g p]| < 1/N,

for sufficiently large N uniformly over 1 <a < b < N and N¢ < |t] < NY2 o
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