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Abstract. The locally best invariant test for the hypothesis of independence
in bivariate distributions with exponentially distributed marginals is derived.
The model consists of a family of bivariate exponential distributions with prob-
ability density function

f9($1, T2, )\1, )\2) = )\1/\2 exp[—()\lscl + )\2562)}9()\1{1:1, )\23?2; 9)

with unknown scale parameter A; (§ = 1, 2) and association parameter 6 which
includes the independence situation. The locally best invariant (LBI) test is
derived and the asymptotic null and nonnull distributions are also derived under
some regularity conditions. The results are applied to the Gumbel (1960, J.
Amer. Statist. Assoc., 55, 698-707), Frank (1979, Aequationes Math., 19, 194
226), and Cook and Johnson (1981, J. Roy. Statist. Soc. Ser. B, 43, 210-218)
families.

Key words and phrases: Bivariate exponential distribution, locally best in-
variant test, test of independence, parametric families of Gumbel (type I and
II), Frank, and Cook and Johnson.

1. Introduction

The exponential distribution has had numerous applications in models involv-
ing time intervals between successive events and in life testing. Gumbel (1960)
proposed some bivariate generalizations that can be used as parametric models
for joint lifetimes of two dependent components. Recently, Genest and MacKay
(1986) and Marshall and Olkin (1988) described general methods for the construc-
tion of bivariate distributions with given marginals. These methods can be applied
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to construct bivariate distributions with an association parameter and marginals
that are exponentially distributed.

A general family of such bivariate exponential distributions with an association
parameter 6 € © is expressed as the family of pdf’s

(1.1) fg (331,1‘2; )\1, Ag) =AM exp[—()\lxl + )\2362)]9()\1.%1, A2Zo; 9),

where z1,29 > 0, A1, A2 > 0. Here, © is an interval regarded as the association
parameter space such that the family (1.1) includes, possibly as a limiting case as
0 | 0, the independence situation

2
(1.2) leiﬁ)l fo(z1,22; A1, A2) = H Ajexp(—A;z;).

j=1

In fact, the family (1.1) with (1.2) includes as special cases the bivariate distri-
butions specified by Gumbel (type I and II) (1960), Frank (1979) and Cook and
Johnson (1981).

In this paper we consider the problem of testing the independence of z; and
z2

(1.3) H:0=0 vs K:0>0

in the general model (1.1) with an iid sample (z1,x2r) (kK = 1,...,n), where
6 = 0 may be viewed as (1.2) sometimes. Under some regularity conditions on g,
a locally best invariant (LBI) test is derived in Section 2 and the null and nonnull
asymptotic distributions of the LBI test statistic is derived in Section 3. In Section
4 the results are applied to the bivariate distributions due to Gumbel (1960),
Frank (1979) and Cook and Johnson (1981) and the LBI tests of independence are
obtained with the null and nonnull distribution.

2. LBl test of independence

The problem stated in Section 1 is clearly invariant under the group G =
R, x R of scale transformations which acts on (215, z2x) and (6, A1, A2) by

(a1,a2) © (T1k, Tar) = (a171k, a2T2x)  and

(2.1) 1y -1
(a1,02) 0 (0, 1, X)) = (6,07 " A1, a5 A2)

where (a1,a2) € G. A maximal invariant under G is clearly

(22) Yy = (yllaayln,yZIa,an) with Yik :xjk/sj

where s; = ZZ:1 Zjk, J = 1,2, and a maximal invariant parameter is 6. Thus,
without loss of generality, assume A\; = Ay = 1. Also, the test sought being
LBI it can be assumed without loss of generality that © is compact. Assume
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that g(xy,z2;60) and Og(xy,x2;0)/00 are continuous functions of (x1,z2,0) on
R, x Ry x © with

(2.3) g(z1,22) = gﬁlag(ml,xz;ﬁ)/é‘&

Finally, assume that (2.7) below and

o] © 5 n e
(2:4) / / %[Hg(blylk,bzy%;w} by by exp(—by — ba)dbidb,
0 0 k=1

exist and are uniformly convergent on the space of (y, ).

THEOREM 2.1. The LBI test of independence for (1.3) is the test which re-
jects H for large values of

(2.5 Tu(y) = = Bafi(byss boyar)]
k=1

where b;, j = 1,2, are independent Gamma variables with pdf b;‘“l exp(—b;)/T(n).

ProOOF. Since an invariant test is a function of y, let the distribution of y
under 6 be PY. Clearly, the null distribution P does not depend on any unknown
parameter. Then, the density of y with respect to Py is given by

(2.6) dPy/dP] = h(y | 6) = H(y | 0)/H(y | 0)

where

(27) H(yl0) / / ap”tay ! {H Jolar @1k, aawar; 1, 1)} daidag
= Sl_nSQ_ / / bn lb exp[—(bl -+ bg)]
: {H 9(bry1k, bayar; 9)} dby dby

k=1

(see, e.g., Wijsman (1967)). Therefore, the power function of an invariant test ¢
is

(28) 7(6,6) = [ 6(y)hly | 6)aP.
Since h(y | 8) and Oh(y | 8)/90 are continuous functions of (y,8) and since the
space of (y,#) is compact,

(2.9) 0m(6.6)/96 = [ o(y)oh(y | 0)/064y.
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Therefore, the test function ¢(y) that maximizes the slope of w(¢,0) at 0 is the
test which rejects H whenever 0h(y | 0)/00 > k. Note that under H, H(y | 0) =
I'%(n)/s?s%. Hence, differentiating H(y | #) under the integral sign we obtain via
(2.4)

(2.10) Oh(y | 0)/06 = _ Ey [§(bryak, bayar)]
k=1

where b = (b1, b2)’ and b,’s are independent Gamma(n) variables. The uniqueness
of the LBI test comes from the necessary condition of the Neyman-Pearson lemma,
completing the proof. O

3. Distribution of the LBI test

A difficulty in deriving the asymptotic distribution of T}, is that even though
the summands in (2.5) are identically distributed, they are not independent. The
asymptotic distribution of T, under § is derived under the following assumptions
and proved in the appendix. Let Ij, .+ denote the indicator function

Ijk — 17 if (], k) = (jlakl):/
3K 0, otherwise.

ASSUMPTIONS.
(1) g1, 72) is twice continuously differentiable with partial derivatives de-
noted by g; and gjx.
(ii) The expectations Eplg(z1,2)], Eolz;g(x1,z2)] and Eg[z;g;(x1,22)] are
finite (j = 1, 2).
(iii) There exists a function

Gjn(z1,22) Z Z Aaﬁxlxz’
a=—a 3=—b

where a = 2% + 1% 4+ [JF and b = 2I3F + 5 + I}{ such that |§;x(z1,72)| <
Gjk(z1,72) and Fylz;2:Gjp(21, 72)] < 00, (J, k= 1,2).

THEOREM 3.1. Suppose Assumptions (1)—(iil) hold. Define

Cj(e) = Ee[xjgj(xlvl?)]v ;=12
1(8) = Eplg(z1, z2)]-

Then, v/n|[T, — u(0)] has a N(0,v(0)) limiting distribution where
v(9) = Varglg(z1, z2) — 21(1(0) — z2(2(6)]-

Consequently, the asymptotic null distribution of /n[T;, — 1(0)] is N(0,v(0)).
The proof of Theorem 3.1 in the appendix consists in writing \/n[T,, — p(0)] =
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V1T + v/n(Rin + Ray) where T is an average of iid variables with mean 0 and
variance v(f). Assumptions (i)—(ii) ensure that v/nT,o — N(0,v(6)) in distribu-
tion and Ry, is 0,(n"%/2). As for Assumption (iii), it is a sufficient condition for
Ry, to be o, (n=%/2). Although stated for fixed §, Theorem 3.1 remains valid for
6, = wn"1/? as well.

COROLLARY 3.1. If () is differentiable at 6 = 0 and v(0) is continuous
at 8 = 0, then the asymptotic nonnull distribution of v/n[T, — pu(0)] with respect
to contiguous alternatives 0, = w/\/n, w > 0, is N (wu'(0),v(0)) where /(0) =

d(0) /9.

PrROOF. From /n[T;, — u(0)] = /n[T}, — p(0,,)] ++/nfu(6,) — 12(0)], the result
follows from the fact that \/n[u(6,) — 1(0)] — wp/(0) and v(8,) — v(0) as n — co.

O
4. Examples
4.1  Gumbel’s type I family
The p.d.f. for the bivariate Gumbel type I distribution is
(4.1) fg(a?l,xg;)\l,)\g) = )\1)\2 exp[—()\lzm -+ )\2332)}
-[14+0(2exp(—A1z1) — 1)(2exp(—Agm2) — 1)],
where § € © = [—1,1]. It is clear that 6 = 0 corresponds to the independence.

Since §(z1,72) = (2exp(—z1)—1)(2exp(—z2)—1), the LBI test rejects H for large

values of
mn

T = (0 )™ — U201+ )~ 1]
k=1

Assumptions (i)—(iii) are satisfied as g, g; and g, are all bounded by constants.
For the asymptotic distribution, the calculations of the moments in u(8) and v(4)

can be done most easily using the moments equality for (4.1) with A\; = Ay = 1
given by

(4.2) Eg[hl(x1>h2($2)]
= Eglhi(z1)|Eg[ha(x2)]
+0Balln (1) (2 exp(—1)  1)]Bylfhale2) (2 expl ) — 1),

where h;’s are arbitrary functions such that Fy|h;(x;)| < co. These calculations
vield p(6) = 6/9 and v(9) = (6% — 846% + 648)/5832. Therefore the asymptotic
null distribution of /nT, is N(0,1/9) and the asymptotic nonnull distribution of
V1T, with respect to 6, = w/y/n, w > 0, is N(w/9,1/9).
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4.2 Gumbel’s type 11 family
We refer to Gumbel type IT as the bivariate distribution with p.d.f.

(4.3)  folz1, m2; A1, A2) = MAzexp[—(Mz1 + Aaw2)]
' exp(—@)\l)\2x1x2)[(1 + 9)\11‘1)(1 + (9)\2332) — 0],

where § € © = [0,1]. The independence is achieved at § = 0. Here, g(z1,22) =
—1+4+ 21+ 22 — z129. Hence H is rejected for large values of the LBI test statistic

n
Tn=1- nzylkyzk-
k=1

An equivalent test statistic rejects H for small values of 1 — 1T, = T12/%1 X2,
where 15 = Y p_, Z172/n. It can be easily checked that Assumptions (i)—(iii)
hold with Gjx(z1,22) = 1, j,k = 1,2. Calculations for u(0) and v(f) show that
V[T, — u(0)] — N(0,v(0)) in distribution where

pu(0) =1 - Ju(0),
() = 2J3(6) + 3J2(0) + 4[20J2(8) + (1 — 6)J1(0) — 1] /67
and
_ [7 exp(—z)
0) _/0 o)
Note that as § — 0, Ji(6) — 1, J{(0) — —1 and J{(#) — 4. Since u(0) = 0

and v(#) — 1 as § — 0 via de ’'Hospital’s rule, the asymptotic null and nonnull
distribution of v/nT}, are N(0,1) and N(w,1), where 6, = w//n.

4.3  Frank’s family
A family of distributions whose properties in survival models are thoroughly
described in Genest (1987) is in our context of exponentially distributed marginals

(4.4)  fo(m1, 725 A1, A2) = M Az exp[—(Arz1 + Ao2)]
Oln(1+0)(1 + g)F(AmHF(Am)
[0+ ((1+6)FCaz) — 1)((1 + )Faz2) — 1)]2

0 € ©® = (—1,00), where F(z) = 1 — exp(—z). The lower and upper Fréchet
bounds result as @ — oo and @ — —1 respectively, and as 8 — 0, (4.4) reduces to
the independence situation. A Taylor series of dg(z1,z2;6)/00 around 6 = 0 gives

Og(1,2:0) /00 = —%[1 9P (31) — 2F(w3) + 4F (21)F(2)] + O(0).

Hence, the LBI test, after evaluation of the expectations with respect to the
Gamma(n) variables, is

3

T = g D )™ 20 )™ 1
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Sorted Data

Quantiles of Standard Normal

Fig. 1.

Since T,y = —2T,, is the LBI statistic for Gumbel type I, it follows that the LBI
test rejects for small values of T, whose null asymptotic distribution is \/n7T;f —
N(0,1/9).

4.4 The family of Cook and Johnson
As a last example, the family of Cook and Johnson (1981) used in bivariate
survival analysis by Oakes (1982) has a p.d.f.

(4.5)  folz1, 25 A1, A2)
_ A1As eXp[—()\1$1 + )\2$2)1<1 + 9)
[F(\z1)F(Aoz2)] PP [F(Az1)~? + F(Agzo) ¢ — 1]2+1/0°
6 > 0, where F(z) = 1~ exp(—z). As § — oo, the Fréchet upper bound is reached

and as 6 | 0, the marginals become independent exponential variables. It can be
shown that

(4.6) g(z1,22) = [1 +In F(z1){[1 + In F(x2)]

and

Ey [IH F(blylk)] = —wn(ylk)

where
o0

1 1
n = ——‘ 9 1.
W)= 2 S g 0<YS
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Hence, the LBI test rejects for large values of

1 n
(4.7) - E [1 — way1e)][1 — wn(y2r)]:
k=1

3

Assumptions (i)-(ii) are satisfied but there does not seem to be functions G (1,
x3) such that (g (21, 22)| < Gje(z1,22) and Eplz;z,Gjk(z1,22)] < 00 as in As-
sumption (iii). If it could be shown, otherwise than by verifying Assumption (iii),
that R, in (A.4) is 0,(n~1/2) then it would follow from moment calculations that,
under H, \/nT,, — N(0,1) in distribution as p(0) = 0 and v(0) = 1. A simulation
when n = 50 of 500 values of z = \/nT}, resulted in the normal probability plot
below which supports the N(0,1) asymptotic null distribution.

Appendix

PROOF OF THEOREM 3.1. Define

n

(A1) Th= L Z[Q(l’w, Tok) — T16€1(0) — 2212 (0) + C1(6) + (2(0) — p(0)].

"=
Since Ty is an average of iid variables with mean 0, it follows that n'/?T,, —
N(0,v(6)) in distribution. Thus, it suffices to show that n/2[Ty, — u(6) — Tro) is
0p(1). Let Lj = ny;r/x;x =n/s; (j =1,2). Since L; — 1 a.s. and bj/n — 1 ass.
as b; ~ Gamma(n), expand §(b1y1x, boy2k) in a neighborhood of b;L;/n =1 as

b1

by . b .
(A2) ¢ < Lizig, — L2$2k> = g(z1k, T2r) + (Ellq — 1> 1k G1 (T 1k, Tok)

b
+ (;Lz - 1) Takg2(T1k, Tok) + Eng

1/b S
(A.3) En = 3 ( Ly — 1) 23 011 (MET1k, N2kTak)

b .
L, - ) ( 2Ly — 1) T1pTorg12(MET1k, N2kT2k)

+
N
=
T

n
L1 S
5 ( 2Ly — 1) T3 602 (MK 1k, N2k Tak),

where 0, = v(bj/n)L; + (1 — ) = 14+ v ((bj/n)L; — 1), 0 < v, < 1. Then,
using L; >y _, zj/n=1, j = 1,2, T}, can be expressed as

(A4) T, — ,U,(@) =Tho + Ry + Ro,.,
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where T, is given by (A.1),

-1y

) b .
( L — 1) 1k (T 1k, Tok) + <52L2 - 1> Tokd2(T1k, T2k)

— (L1 = D)x1x6i(0) — (L2 — 1)@1&2(@}

To show Ry, = op(n_l/ 2), note the equivalent expression

I ,
Rin = (L1 — 1)}; > [zikdn @ik, 7o) — 716C1(6))]
k=1
1 ks
+ (L2 —1)= Z T21.92(T1k; T2k) — T2xC2(0)].
k=1

3

Hence, since n'/?(L; — 1) is O,(1), j = 1,2, and (1/n) 3 7_,[zjxg;(T1k, T2k) —
z;5C;(8)] is 0p(1) as it is an average of iid variables with mean 0, it follows that
Ri, = op(n_l/z). Next, to show Ry, = op(n_l/Q), note

o (1+b1L1/n), Oc:1,
Mk = (1 +7’L/(b1L1)), o = —1,

and Eb(ngk) < (1+2L)° (B = 0,1,...,2N) for n large enough. Hence, by
Assumption (iii), the first term in Ry, is bounded above as

n
> By
k=1
<13 5 Aletied,
k=1

a=-—2 =0

b 4
<1L1—1) nie

1 n
- Z 23:G11 (1, 932k)} K(n,L1)(1 + 2Ly)Y,

k=1

(A.5) %

b >
( 2L, - 1) $%k911(771k$1k,?72k$2k)} |

FL/2

1/2
b E/ [UZk}

where K (n, L1) is an upper bound such that

b 4
< —L —1> 77%4

1/2
(A.6) B}/
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1/2 b1 * n \*
< max Eb/ <EL1_1> <1+b i3 > ,
111

b 4
Ey/? <51L1—1> (1+byLy/n)*M

=K(n,L;), (a=-2,-1,0,...,M).

The factor K(n, L1) is 0,(n"1/2) as can be seen from

by ‘ XMooMY\ |6 (b 4
Ey <EL1—1> (1+b1Ly/m)?™ | = )LlEb n—li(glLl—1> ,

; 1
=0

where Ep(b%/n’) — 1,1 > 0, and (L; — 1)* is 0,(n™"). The other term in the
max{ } expression in (A.6) can be dealt with in the same way. Hence, K(n, L;)
is 0,(n"1/2).

Since the other two factors (1/n) > p_, 22, G11(z1k, z2k) and (1 + 2L3)" in
(A.5) are Op(1), it follows that the first term in Ry, is 0,(n"1/2). Similarly, the
other two terms in Ry, can be shown to be 0,(n~/2). Therefore, from (A.4)
nY/2 [T, — u(0)] = n*/?T,0 + 0p(1) which completes the proof. O
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