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Abstract. Consider the construction of an interval estimate for a scalar pa-
rameter of interest in the presence of orthogonal nuisance parameters. A con-
ditional prior density on the parameter of interest that is proportional to the
square root of its information element, generates one-sided Bayes intervals that
are approximately confidence intervals as well, having coverage error of order
O(1/n), where n is the sample size. We show that the frequency property of
these intervals also holds conditionally on a locally ancillary statistic near the
true parameter value.
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1. [Introduction

Let Y, Y7, Y5, ... be independent and identically distributed random variables
with density function that depends on a p-dimensional parameter = (01, ...,6,).
Given a set of observations y, = (y1, ..., yn) we write [(8, y,,) for the log likelihood
function and L(6, y,) = (8, y.)/n for its standardized version. The derivatives of
1(6,Y) and the corresponding cumulants are denoted by

l, =0l(8,Y)/00,, I.,=0%18,Y)/06,00,,

HT‘:E(Z’I";G)) Fors :E(lrs;0)>

frst = cOV(lrs, 130),  fp s = cum(ly, I, 14; 6)
and so on. Interest centers on one particular component of the parameter, 6;
say, treating the remaining components as a nuisance parameter. We assume that
the nuisance parameter 8, = (f,,...,0,) is orthogonal to 6; with respect to the
expected Fisher information matrix; that is k1, = 0 for » = 2,...,p (Cox and
Reid (1987)).

The upper bound for the parameter of interest #; of Bayes size «, that is
generated from the prior density

(11) 7!'(91,92) = /1171(91,02)9(02),
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where s71,1 is the information element for #; and g(-) is an arbitrary function of
the nuisance parameter, also has probabilistic properties of interest in a frequency
approach; it is an approximate confidence bound covering the true parameter
value with sampling probability a+O(1/n) (Peers (1965), Stein (1982), Tibshirani
(1989), Nicolaou (1991)). The specified part of the prior density (1.1) coincides
with the reference prior for 6, with 0, given, derived by Bernardo (1979) on the
grounds of information concepts. In some cases, a specific choice of the marginal
prior for the nuisance parameter reduces the coverage error to order O(1/n/n).
However, the resulting joint prior need not yield sets with good confidence proper-
ties for the nuisance parameter as well. In the case of a scalar nuisance parameter
a conditional prior for it can be proposed by a similar argument considering vise
versa 0y as the parameter of interest. Then, if the ratio of the information ele-
ments for 61 and 65 can be written as h(61)/g(f2) for some functions h(-) and g(-),
a unique joint prior good for inferences about both parameters and consistent with
their conditional priors is given by \/ k1,1(01,02)9(02).

In the single-parameter problem Welch and Peers (1963) have shown that the
appropriate choice is the Jeffreys’ prior. A normal approximation to the corre-
sponding posterior distribution of § (Johnson (1970)) yields a pivotal quantity W,
that can be used to construct approximate confidence limits with coverage error
of order O(1/n). The statistic W, is a transformation of the maximum likelihood

pivot of 6, T, = v/ —nL" (6 — é), of the form

Wn:Tn+

vV —nlL" 6L"

where 13(0) = E((I')%;0). The dash denotes differentiation with respect to § and
the hat evaluation at the maximum likelihood estimator . The asymptotic ex-
pansion for W,, in terms of the log-likelihood derivatives and their cumulants gives
W, = —5/\/12+0,(1/n), where S is the locally sufficient statistic for 8 introduced
by McCullagh ((1984), Formula 26). His approach is to form a pivotal statistic
that is independent of a locally ancillary statistic at p; then, inferences based on
the marginal distribution of this statistic are automatically conditional. Hence, the
frequency property of the Bayes intervals that are generated from Jeffreys’ prior
also holds conditionally given a locally ancillary statistic. A parameterization in-
variant form of § is obtained by expressing it in terms of the signed likelihood

1 (fi'"(TEL +2) + 32’2>

ratio statistic zqev = sgn(fy — é)\/2(l(é Yn) — (00, yn)), adjusted by its mean, as

S 1
——— = 24ev — E(2dev) + Op | — | .
T 2d (Zd )+ ol <n>

Furthermore, S/,/t2 agrees to the order Op(1/n) with the modification of the
signed likelihood ratio that Barndorff-Nielsen derives ((1986), Section 3.5), using
a different approach based on approximations of the conditional distribution of the
maximum likelihood estimator given the observed value of an approximately an-
cillary statistic. In fact, Barndorfl-Nielsen’s conditional confidence intervals have
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coverage error of order O(n*?’/ 2) and his methods extend to encompass the possi-
bility of nuisance parameters (Barndorfl-Nielsen (1991)). However, their derivation
requires specification of the approximate ancillary statistic.

In this paper we show that the conditional probability of coverage of the
one sided Bayes intervals for the parameter of interest that result from the prior
density (1.1), still differs from the nominal probability of coverage by O(1/n), given
a statistic that is second order locally ancillary near the true parameter value 6.
The description of the argument is presented in Section 2. Some technical details
are given in the Appendix.

2. Main result

For each set of observations we generate the posterior distribution function of
61, p(- | yn), corresponding to the prior density (1.1). This evaluated at the true
parameter value fp; can be approximated by the standard normal distribution as

1

ploos | 1) = 232+ 0, (£).

where, summing over any index that is repeated,

: =T, - —(T? — — J
(2.1) Wn = Tn \/ n (ael 2%11 (T =) 6 2 ’

T, = v/n(fo1 —01)/v/—L'* and L¥ is the matrix inverse of L;; (Lemma A.1 of the
Appendix). The distribution of the adjusted pivot W,, can be approximated by an
Edgeworth expansion that has the standard normal distribution as a leading term.
By virtue of the chosen prior density the 1/1/n term of the expansion vanishes, and
hence the normal approximation holds up to O(1/n). Consequently, p(6o1 | ¥»)
is, under repeated sampling, approximately uniformly distributed over the range
(0,1) and the corresponding posterior quantile covers the true parameter value
with sampling probability o 4+ O(1/n) (Welch and Peers (1963), Peers (1965)).

This result remains valid conditionally on the observed value of a statistic
A = A(yn,8y) that is locally ancillary to the second order near 8, i.e. whose
distribution at 8y+6/+/n, for some fixed 8, differs from that at 6, by terms of order
O(1/n). The construction of locally ancillary statistics is discussed by Cox (1980)
and McCullagh ({1984, 1987), Chapter 8). To proceed some additional notation is
necessary. Consider the linear functions of the log likelihood derivatives V;. = [,
Vys = lps— B%4l; and denote their cumulants by v’s. The coefficients 87, = k; k5",
are defined so that v, s = cov(V,, Vi) = 0. In the following, when we suppress
the dependence of the cumulants on the parameter value we mean that they are
evaluated at 8y. Define the asymptotically normal random variables of zero mean
and constant variance

Z?zl lr (607 sz)
\/ﬁ 3

Z?:l (lTS(007 Yz) - '%rs)

Zy =
N

er =
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and their transformations R, = Z,, Rys = Zps — 8.,Z;. A second order ancillary
statistic A is an array with components of the form

Ars = Rrs - ZJR R - _/62 kR Rjk: +0

1 1
Sins - sons (1)
where the coefficients

09 = (Vrs ot + Vrs i)V 0012,
(BE3% Vst + BEI Vit Wie = Vs tun

are determined by the ancillarity requirement. The solution to the second equation
is not unique.

For the a-quantile of p(- | ¥,) to be an approximate conditional confidence
limit for #;, it suffices to show that the statistic W, is independent of the ancillary
A to second order, locally at 8y. The second order independence follows if the
third-order joint cumulants of W,, and A satisfy

(2.2) cov (W, Ary) = O <%> cum(Wi, Wi, Avs)
1 1
=0 (E) cum(Wy, A5, Azy) = O <—) .

n

We now proceed deriving approximations for these cumulants to show that they
vanish up to the required order. An asymptotic expansion of W, in terms of the
O, (1) quantities R’s is obtained as

. C 1
o wo=wie Covo, (1),

Wy =~ {Rl tovn (2W(Ru + L) Ry + v v v, RiR;

—vP Ry (R + ﬁilRt + v v Ry) + (Vl’lRl)QTl) } 7
and C is a constant function of 8y, not depending on n
1

1 31/11 I/i’jyh-- 1% ’1V111
C =Vl |- — J ,
v ( 21/11 891 2 + 6

by substituting into (2.1) the following expansions

5 269 74, 75 + K5 R ks Zi 2 1
g = kbl [ 7 14 rs il o, (=),
\/5(901 1) K ( 1+ 2\/,5 -+ D o

o } 1 g 1
(=LM)y~V2 = (51112 {1 — —Qﬁnl’l(zn + Kinlk ,ng)} +0p (E) ;

. 1
Lijk = Rijk T Op (ﬁ) .
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Combining the orthogonality condition with the cumulant formulae, derived in
Lemma A.2 (see the Appendix), we obtain, after some algebra, that

1 .. 1
COV(Wna-Ars) = -Vl <V1,rs + %V%jﬁ{iyj,rs) +0 (ﬁ) 3

cum(W,,, W, Ars)
1,1
v . ;s 1
3 171 3.
T (V11,08 + 207701 j0es 1 — VO V1 1Vs 11 — 200 101 5) + O <5> ’
cum(W,,, Ay, Ap,)

Ll ik ik 1
- n (VL”'S,“L - I/Li(ﬁrz‘g Vtu,jk T+ ﬂtuj Z/jk,rs)) +0 <E> .

At this stage we substitute the explicit formulae for the constants ’s and take
into account that v, o = 0, to deduce that

cov(Wy, Ars) = O <l> ,

n
cum(W,,, W,,, A.s)

1,1
v . .
_ i,k
= (Vl,l,rs 21/1"3,11 Vrs,11 (Vrs,k:l Vr.s,k,l)y v

vn

~0(3)

Vl’l

1
- = r8 rs - rs rs O -
NG (V11,08 + Vrs11 — (Urpsa1 + Vrs,1,1)) + (n)

o(3)
n
pL1

1 1
Cum(WnaAr57Atu) = - W(Vl,rs,tu - Vl,rs,tu) +0 <E> =0 <_>

!
V1,iV1,5)

as had to be proved.

Remark 1. Assume for simplicity that the nuisance parameter is one dimen-
sional and consider the signed log likelihood ratio statistic for testing a given value
of (91

Zdev = sgn(fo1 — él)\/Z(l(éh 02, yn) — (001,02, yn)),

where 52 is the restricted maximum likelihood estimator of 85 with 8; fixed at 0p;.
Regrouping the terms of the modified pivot W,, we obtain

W, = {Tn——

- (_£11)1/2 _f/llfjnl dkyy 1 _]3122[A/22
\/ﬁ 3 (991 2/%11 2 ’
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The espressions in the square brackets are the asymptotic expansions in terms
of the derivatives of I evaluated at é, of z4ev and its posterior mean E,(z4ey)
respectively (see Ghosh and Mukerjee (1992), for the derivation of the posterior
distribution of z4ey). Therefore, W,, has a parametrization-independent expression
as Wy, = zaev — En(zdev) + Op(1/n). Note that in proving the local sufficiency of
W, we used an alternative expansion in terms of expected rather than observed
quantities; W in (2.3) is the asymptotic expansion of z4e, about the true param-
eter point, and —C/+/n is its approximate expected value.

Remark 2. The assumption that #; is orthogonal to the nuisance parameter
is nontrivial; for a general non-orthogonal parameter the frequency property of the
Bayes intervals for 81 does not hold conditionally on the locally ancillary statistic.

Example. Let yi,...,y, be a sample from the gamma distribution
fly, k1) = (u/k)*y" L exp(—ky/u) /T (k) and suppose that the parameter of in-
terest is the mean p, the shape x being a nuisance parameter. The joint prior
density for which the posterior quantiles are approximate confidence limits with
coverage error O(1/n) conditionally on a locally ancillary statistic as well as un-
conditionally is

/
(o, 1) oc YL 1/
1
where U/(k) = 372 (x +1) 72 is the trigamma function. An approximation to the
a-posterior quantile for the mean, derived by inverting the asymptotic series of
Lemma A.1, is

Zo 222 +1
2.4 ol 14+ —— a ,
(2.4) u<+ ca m)

where z, is the a-quantile of the standard normal distribution.
Alternatively, Barndorfl-Nielsen’s ((1986), Example 3.3) modified signed like-
lihood ratio statistic for u, given to the order concerned by

r*(p) = sgo(p — ﬂ)\/iz(l('%’ﬂ’ ) = i ) + 3\/27/

follows the standard normal distribution to O(1/n) conditionally on an approxi-
mate ancillary statistic. Therefore, an approximate conditional confidence bound
may be determined by solving 7*(u) < z,. Taking into account that the orthogo-
nality of the parameters implies that &, = & 4+ Op(1/n) and expanding

. . % . 45 . 1
LA, iy yn) = LAy, by Yn) — ﬁ(u —p)?+ T (=) +0p (—) ,

n

we find that the asymptotic expansion of the resulting bound agrees with expres-
sion (2.4).
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Appendix

The following lemma gives the asymptotic behavior of p(fo1 | yn) (Peers
(1965), Johnson (1970), DeBruijn (1981)).

LEMMA A.l. Under certain reqularity conditions (Nicolaou (1991)) if Tp, =

V1 (001 —él)/\/ — L1 the posterior distribution function of 0, evaluated at the true
parameter value 8g1 is approximated as

[—Ln [ 8 . 5 LML ﬁijiuj
p(Bo1 | Yn) = (Th) — - <8—91 log7 — (I); — 1) 6 3 &(Th)
L0 <i> ,
n

where T 15 the corresponding prior density and ® and ¢ are the standard normal
distribution and density function. The hat denotes evaluation of the functions at
the mazimum likelihood estimator 6.

LeMMA A.2. The ordinary and generalized cumulants of R,, R.s ignoring
terms of order O(1/n) are

ERT = 07 COV(RT’ RS) = ]/’1"757 Cum(R’f‘7 R57 Rt) = V\;;th ?
COV(RryRst) = O, COV(RT7Rth) = %7 COV(RT57RtRu) _ V:;%u’
Vr s tu Vrs tuw
COV(RT’ Rthu) = \,/’ﬁt ) COV(Rrsa RtRuv) = j;% s

Cum(R'I‘87 Rta RuRv) = 07

COV(R’I"RS7 RtRu) = VrtVs + Ve uVs,ts Cum(Rrsa Rta Ruva) = Ve ulrs,ows

Cum(Rra Rs; Rtu) = V%u ; Cum(RTSa Ruva Rtsz) = 0.

The proof of Lemma A.2 follows from tedious, elementary calculations us-
ing the formulae (3.2) of McCullagh (1987) to express generalized cumulants as
combinations of ordinary cumulants.
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