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Abstract. In this paper we derive the asymptotic normality of L-statistics
with unbounded scores for a large class of time series. To handle the dependence
structure, we use the concept of m(n)-decomposability as an alternative to
classical mixing concepts.

Key words and phrases: Decomposable processes, mixing, empirical processes
for decomposable samples, L-statistics.

1. Introduction

Linear combinations of functions of order statistics (L-statistics) are a well-
established class of statistics in robust and nonparametric theory. Their usefulness
does not remain restricted to the i.i.d. case but extends to other models like time
series; see e.g. Chernoff et al. (1967), Stigler (1969), Shorack (1972), Shorack and
Wellner (1986), respectively Gastwirth and Rubin (1975), Koul (1977), Portnoy
(1977, 1979), Martin (1978) and Martin and Yohai (1986).

In this paper we consider asymptotic normality of L-statistics for a wide class
of time series where we use a new way (m(n)- or asymptotic decomposability) to
specify the dependence structure. On the one hand, this new concept allows us to
avoid the usual mixing conditions that are hard to understand intuitively since they
may fail to hold in very decent cases (Andrews (1984)), and that are occasionally
hard to work with (Pham and Tran (1985)). On the other hand, the concept is
tailor-made for dealing with linear processes or, more generally, processes with a
finite order Volterra expansion (Priestley (1981)), and bilinear processes (Rao and
Gabr (1984), Chanda and Ruymgaart (1990)).

We will focus on L-statistics with score functions that are allowed to grow
indefinitely near the endpoints of the unit interval. This case is technically more
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interesting—and more difficult—than the case of scores that are zero in neighbor-
hoods of the endpoints of the unit interval. For the latter simpler case and a more
elaborate discussion and illustration of m(n)-decomposability we refer to Chanda
et al. (1990).

For ease of reference, however, let us recall the definition of m(n)-

decomposability for a real valued time series. Let Xi,Xs,... be a stochastic
process where the X; are real valued with a common d.f. F. Suppose that
for each n € N we have a decomposition X; = Xj (n) + Xim(n), for some
m(n) € {0,1,...,n}, where the X ;) have a common d.f. F}, (), and where
(1.1) the X; m(n) are m(n)-dependent,

(1'2> 112?’<Xn P<|Xi,m(n)| = e(n)) < 5(”)

for some €(n),é(n) — 0 as n — oo.

Such a process is defined as m(n)-decomposable. It should be noted that the m(n)-
dependence mentioned in (1.1) is the ordinary concept for fixed n. For different
values of the sample size n, however, we allow the order m(n) of the dependence
to be different. In many cases m(n) will increase as a power of n. Working with
decomposable processes for large n typically requires a specification of the orders
of magnitude of m(n), e(n) and 6(n). In interesting examples of time series it is
inevitable that m(n) — oo, as n — oo; yet in many cases suitable rates of e(n)
and §(n) can be obtained for m(n) < n.

To prove the asymptotic normality we use the classical Chernoff-Savage ap-
proach which was first applied by Moore (1968) to L-statistics. In Section 2 we
formulate the assumptions and give the main result. In passing we give a first out-
line of the proof. The necessary tools from empirical process theory that might be
of independent interest are summarized in Section 3, and the asymptotic normality
of the first order terms is dealt with in Section 4. In Section 5 we derive the asymp-
totic negligibility of the remainder term and, finally, in Section 6 we simplify the
expression for the variance under an additional weak-stationarity condition and
give some examples.

2. Assumptions and main result

ASSUMPTION 2.1. The underlying process X1, ..., X, is decomposable and
hence by definition satisfies (1.1) and (1.2). The common d.f. F' of the X; is
continuously differentiable on R with derivative f satisfying ||f|l < oo, and
{z €eR: f(z) > 0} convex.

Let £, be the empirical d.f. of the X; at stage n and I, the empirical d.f.
of the transformed random variables & = F(X;). Assumption 2.1 entails the
decomposability of the &;, since by the mean value theorem we have

(2-1) gz = F(Xi,m) =+ Xi,mf(Xi,m + HXi,m) = fi,m + gi,ma

for random 6 € (0,1). The common d.f. of the & is uniform (0,1). As usual we
define the corresponding reduced empirical process by

(2'2) Up = {Un(t) = n1/2<f‘n(t) - t)vt € [07 1]}
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Throughout this paper the numbers
(2.3) A, B,C € (0,00),

will be used as generic constants that are independent of all the relevant parame-
ters, as in particular the sample size n, and that may differ from line to line.

For each ¢ > 0 and n € N there exists a continuously differentiable increasing
function 4, : [0,1] — [0,1] with

1 1
(24) 0.1 < g o)
2 2
Lty =t, ten™1-n"1; 0<V <1

The dependence on n is suppressed in the notation. Given a function K : (0,1) —
R we define

(2.5) Kyt) = K(6,(1),  te (0,1,

When K is differentiable we have according to the chain rule that Kél) =
(d/dt) K (2,(t)) = KW (£,())eM (1), t € (0,1), and hence

(26) KO @) < KO, e (0.1)
A particularly useful function is

(2.7) R@t)={t(1 —t)} ', te(0,1).
Let us observe that

(2.8) 0 < max RY(t) < Cn’".

0<t<1

To describe the class of L-statistics that we are going to consider, let J :
(0,1) - Rand ¥ : (0,1) — R be given functions. Assumption 2.1 implies the
continuity of £~ on {z € R: 0 < F(z) < 1}; we write U = U(F~1): (0,1) — R.
We will focus on statistics of the type

(2.9) T = /_ (@) (Ba(2))dEw (x) = %ZCM‘I’(Xi;n),

where J¢ is obtained from J via (2.5) with ¢ = ¢ and ¢,; = J¢(i/n). It is obvious
that

d

(2.10) T, 2 /0 U o () 1o (B (6))dEn (£) = %Zcm\pF(@m).

The latter representation will be used throughout.
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AssuMPTION 2.2. The function J : (0,1) — R is twice and the function
Ur:(0,1) — R is once continuously differentiable. For numbers

1
(2.11) o, > 0such that o + 3 < A, for some 0 < A < o

they satisfy (J© = J, \I/g?) =Up)

|7 < CR*M on (0,1), je{0,1,2};

(2.12) 0 ,
WY’ < CR%* on (0,1), j€{0,1}.

The parameter ¢ in (2.10) satisfies

(2.13) 0<¢<1/{5(1-A)}

Because we use J¢ rather than J as a score function, it should be noted that
the scores stay bounded for each n, but are allowed to tend to oo (near 0 and
1) at a certain rate when n — oo. Since we don’t want to impose any further
condition on the distribution of the &; ,(n), this additional control of the scores
is technically very convenient. As it will turn out, under Assumption 2.1 we may
replace U by ¥, (obtained via (2.5) for a suitable ¢ = r) without affecting the
weak limiting behavior of the statistics in (2.10). This replacement has similar
technical advantages. Let us choose

(2.14) r=1/{2(1-A)},

and consider ¥ . obtained from Up via (2.5) with ¢ = r. Assumption 2.1 guar-
antees the finiteness of the numbers

1

1
(2.15) o= [ eI = [ Vr (0
0 0
Let us introduce
~ 1 ~ A
(2.16) T, = / U (8) T (B (£) ) (1),
0
Jointly with (2.14) it can easily be shown that

(2.17) ATy = pn) — 02 (Th — fin) 20 as  n— oo

Because ¥, is bounded, the statistics Tn are easier to deal with.
It follows from the mean value theorem that for ¢ € [0,1] and 6,(¢) € (0,1)
random, we have

(218)  Je(Pa(t)) = Je(t) + n VUL ()T (+ 0, ()T 2UL(L)).
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By substitution in (2.16) we find
(2.19) 02 (T — fin) = Aon + A1 + Bn,

where the A- and B-terms are first and second order terms respectively given by
_ 1
(2.20) Agn, = / \prﬂn(t)efg (t)dUn (t),
0

22) A= [ GOwe 00 i

(2.22) B, = /O 1 Un(t)\I/F,r(t)Jél)(t + 0, () 20U, ()l () — Ayy.

The next assumption prescribes suitable orders of magnitude for the sequences of
parameters in (1.2), depending on A in (2.11).

AssuMPTION 2.3. Let ¢ satisfy (2.13). There exist m(n) = O(nf), e(n) =
O(n™7), as n — oo, with

(2.23) 0<p<((l-247), 7>1+1/{2(1-A)},
such that §(n) =n"7, as n — oo, with

(2.24) o>1+1/{2(1-A)).

Let us write, for brevity,
1
(225) Rn(t) = Up, (H)Jc(6) + / (og(t) = 5} Ura(5)J P (s)ds, € [0,1],
0

so that Ag, + A1, = Z?zl{f(n(gz) — fin}, and consider the triangular array of
m(n)-dependent centered random variables

Under the assumptions made above, we will prove (Sections 3 and 4)

(227)  App+ A - VY 2,
i=1
= n_1/2 Z{(Kn(&) - ﬂn) - ( ~n(€z,m(n)) - ﬁ”)} }i)o
i=1
as mn — 00,
(228) B, B0 as n— oo

To prove the asymptotic normality of n=*/23"" | Z,; we may apply Berk (1973)
(see also Rao (1984)), provided that the next assumption is satisfied.
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AssUMPTION 2.4. The following conditions are fulfilled:

k
(2.29) Var | Y Zni | <Ck—j) forall jke{0,1,...,n}).

i=j+1
1 - y
(2.30) nh—>Holo —T;Var <2 Zm-) =9 € (0,00).
1=

THEOREM 2.1. When Assumptions 2.1-2.4 are satisfied we have
(2.31) 22T, = i) S N(0,72)  as n— oo,
where fi, may be replaced by py, (see (2.15)) and ©? is defined in (2.31).
3. Tools from empirical process theory

Some properties of empirical processes based on decomposable models will
be reviewed here. Proofs will not be given since they are very similar to those
in Nieuwenhuis and Ruymgaart (1990); see also Chanda and Ruymgaart (1990).
Since these properties hold true for arbitrary n there is no need to specify the
dependence on n of the parameters; in particular we will write m, €, § for the
parameters in (1.2). In applications, however, these parameters will usually depend
on n in a suitable way. We will then e.g. choose € = ¢(n) in such a way that
P(Q¢, ) < né(n) = O(n'="") — 0, as n — oo, where 0 A 7 = min{o,7}. To

e(n)
formulate the results we need the function

A
(3.1) w()\):2/\‘2/0 log(1+2z)dz, A>0; (0)=1.

It should be noted that ¥()\) | 0 as A T oo. For further properties and the role
this function plays in precise asymptotic considerations the reader is referred to
e.g. Shorack and Wellner (1986). We start with a basic fluctuation inequality that
might be of independent interest.

THEOREM 3.1. Suppose that Assumption 2.1 is fulfilled. For all n € N we
have

(3.2) P (QE N { sup  |Up(t) — Un(s)| > A})

a<s<t<h

< Cmexp <m?;4_)\1)1/} <n1/2l(gb/\— a)>> ’

where Qe = {maxi<;<n | Xim| < €}, provided that

(3.3) A>Cnt2(e+6), b—a>Ce+6).
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Because Nieuwenhuis and Ruymgaart (1990) only exploit the decomposability
property of the linear process the proof for the present Theorem 3.1 can be just
copied. The proof of the next theorem requires only a minor modification of the
slightly different weight functions that will be used. For arbitrary 0 <~ < 1/2 and
q > 0 consider the function R (see (2.4)-(2.8)). For the proof of the next theorem
the pattern of the proof of Nieuwenhuis and Ruymgaart ((1990), Theorem 3.1) may
be followed by using (2.8) in particular and by partitioning [0, 1] into intervals of
length [n9]~1.

THEOREM 3.2. Suppose that Assumption 2.1 is satisfied. For any 0 < v <
1/2 and g > 0 we have

(3.4) P (Q N { sup R} (1)|Un(t)] > A})

0<t<1
—A)\2 Ban21-7)
< Cmnfexp ( A W < )\nl )) ,
m nt/?

where ), is as above, provided that

(3.5) A>COn 209 (e +8), n>Cle+6).

As a corollary to Theorem 3.2 let us prove the useful property that, for any
0< @<l :

. —Anpl—q
(3.6) P <Q€ N {Fn(t) >0t forn™9 <t < 1}) >1 - Cmniexp (ﬁ——) ,

m

provided that (3.5) is satisfied with A = An(l‘q}/? As a matter of fact we have
PT,(t)>pt forn 1<t<1)= P(inf,oc;<1 Fn(t)/t 2 5) = P(supnfqgtgl(t —
Ba)ft € 1= 8) > 1= P(supy-syey [Un(lft = n'2(1 - §)) > 1 -
P(sup, o <ycr [Un()I/t12 2 n=92(1 = 8)) 2 1 = P(supge,< Ry [Un(t)] >
An(1=9)/2). The lower bound in (3.6) follows by applying (3.4) with v = 1/2 and
A= An(—9)/2

4. The leading terms
In this section we will be concerned with proving (2.27) and the asymptotic

normality of the standarized sum of the Zm. It follows from Assumptions 2.1-2.3,
(2.1) and (2.23) that

@) { e Gy < )} 5 Oy By < O

The definition of K,, in (2.25) implies that, for i = 0, 1,

(4.2) K| < CR;R;P~ on (0,1),
(4.3) max [KO (1)) < Cnéorr@+i),

0<t<1



694 MADAN L. PURI AND FRITS H. RUYMGAART

where we use the fact that 0 < { < r.
Employing (4.1)—(4.3) and the mean value theorem we see that

(44) n_1/2 ZEIKn(gz) - Kn(§zm(n))| < n-l/ZnCa+r(B+1) Z E(gz,m(n))
i=1 i=1
< nl/2+§a+r(,@+l)—a/\7'-

According to the asssumptions and (2.14) we have c A7 —1/2 = (o —r(f+1) >
1/2+1/2(1 -~ A) —7A—-1/2(1 ~ A) = 1/2 —rA > 0, so that the upper bound in
(4.4) converges to 0, as n — co. Because |EK, (&) — EKn (& mm))| < B|Kn(&) —

f{n(fi,m(n))! we have proved (2.27).
Let us now choose an incidental parameter

(4.5) vy=1/A—-2.
For such a v we have, again using 0 < { < r,
(4'6) Siuf E‘Zm"zml < CSzuTE)E‘Kn(gz,m(n))F_IJY
< Csup B(RZ®ET . RACT) (g, = & )
X0
1
<c / R@0@) (1) gy
0

+ Cn =N pSa2+7)+rB(2+7)+r

Since cAT—1— (Ca+7r8)(24+7) > o AT—r—TA2+1/A-2)=0cAT—-2r > 1+

1/2(1-A)—1/(1-A) =1-1/2(1—A) > 0, it follows that the upper bound in (4.6)

is bounded by a finite number because, moreover, (a+ 3)(2+v) < A2+ ~v) = 1.
Finally, let us note that the choice of p in (2.23) implies

(4.7) n~Hm(n)}? 7 =0 as n — oo,

because p(2+2/7)—1 < {(1-2A)/5(1-A)}H{2(1-A)/(1-2A)}-1=2/5-1 < 0.
Assumption 2.4 jointly with (4.6) and (4.7) suffice for application of Berk
(1973), which yields n=Y2 3" | Z,; 2 N(0,72) as n — oo. Since we have also

proved (2.27), it follows that Aon + Arp in/\/(O, #2) as n — oo, which settles the
asymptotic normality of the leading terms.

5. The remainder term

This section is devoted to a proof of (2.28). This may be done with the
help of the properties in Section 3 in a way similar to that in the i.i.d. case.
As in Nieuwenhuis and Ruymgaart (1990), however, the present situation of a
decomposable process is more complicated and requires control over a larger set
of parameters.
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Let us introduce the intervals

3

(5.1)  I(1)y=[0,2n"%], I(2)=[2n"%1-2n"°%, I(3)=[1-2n"¢1],

and write, for brevity,

(5.2) t+ 0, (O 2UL() =t + 0, () (T (1) — £) = Ty (2),

and note that I',,(t) is a random point between ¢ and I',(¢). Now the remainder
term will be decomposed into B,, = Z?:l B,,j, where

(5.3) an:/l(_) Un®¥r, () { I (Talt)) = IO () b dPa(t), G e {1,2,3);

1
(5.4) Bpy= /0 Un(8) 0, (8) IV (#)d{ T (t) — 8}

Let us single out the subsets

(5.5) Q1 = { sup RY2(8)|U,(t)| < n”/Q},
0<<1
(5.6) Qno = {fn(t) > %t Vte [nS, 1]},

where the incidental parameter v satisfies
(5.7) v=_((1-2A).

Jointly with (2.14) and (5.7) conditions (2.23) and (2.24) imply that the conditions
for application of (3.4) and (3.6) are satisfied and that

(5.8) P(Q,) —1asn-—o00, with Q, = Qetny N Qp1 N Qo
Consequently it suffices to prove that
(5.9) Cnj=10,Bn; 50 as n—oo, for j=1,2,34.

Our assumptions entail that (note that ¢ < r)

RE(HRT(¢
(5.10) E|Cpi| < Cn¥/? / (—)W&th <cn? | RIPHPmyar
I(1) R7(t) I(1)

< Opr/2HCetB)=C/2 g a9 00,

because v/2 + ((a -+ ) — (/2 = ((a+ ) — A < 0. Since J; = J on I(2), we may
apply the mean value theorem once more, which yields

(5.11) IO Ea1) — I () = Talt) — )2 (Ta(t),
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where fn () is also a random point between ¢ and T',,(¢). It follows that

(5.12) 1o IV (Ea) - IO (0] < Cla, IDa(t) — 1 RETA(Ta(t)
< Cn VP ULBIRETA(),  teI(2).

Hence we find by substitution (note that ¢ < r)

RE(H)RIT*(t)
5.13 E|C,2| < Cn‘l/zn”/ B S
(5-18) G 1(2) R.(t)

S Cn—1/2+u/ R?T5+l(t)dt
1(2)
< Cn~Y2tr+letlf) 0 a5 n — o0,

because —1/2+ v+ ((a+ ) < —1/24+ (1 = 2A)+CA = -1/2+¢(1 - A) <0
by (2.13). The random variable Cj,3 may be dealt with in a way similar to that of
Chi.

Let us now consider 4 and introduce the parameter
) 5 1
(5.14) 6=1-C—-28)+5p>1~

Partitioning the unit interval into subintervals of equal length [n?]=1, we define
the left continuous step functions

1
W’ fort—O—to,
k k—1 k 1
={ — Q= <t< — 1<k < =[n?;
(5.15) Sn(t) ]’ for 51 rT < Sper s _~2[n l;
kE—1 -1 k1
L ZIp?® < [né
] for ] <t‘[n¢] 2[n]<k_[n]

We need to decompose Chy into

1
(516) Dy = 1gq, /0 Un(Sn (8)) 0 (S (8)) I (S (8))d{ T (t) — 1},

(617) Dy = lg, / (U ()T (1)
— Un(Sn(®))¥ 5 (S ()T (Sn (8} (1),
(518)  Dus=1lo, /O (U (S ()T, (S ()T (S0(1)

— Un()Tr ()T (1) }dt.
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Let us note that

(n®]

Z{Un(sn(tk))wﬂr(sn(tk))

k=1

IO (Sat) HU (1) - Un(tm)}.

(5.19) | D] = 1g, n~Y/2

< Cn~ Vvt g, max |Un(t) — Un(tkkl)}}

) RA(S,(t4)) R (S0 (1))
[ R (Su(ts))

< COpo M/ {mn max [Un (ty) — Un(tk_al}

. {/OIRC“W“/Z(t)dt}.

Choosing another parameter

1
n?]

1 3(1-—2A)

(5.20) A= Ny

(1-24)> > 0,

l\3|H
l\')IOO

it follows from (3.2) that

G21) P (Q N {mgx Un(t) ~ Un(tin)| > n—A}>

te—1<t<tk

]
P ( sup \Un(t) = Un(s)| > n_)‘>
tho1<s<t<ty

1
—An=%* [ Bn=A

¢+p Payny—C

Cn exp( e ¢<n1/2_¢>>+n nn°.

Condition (3.3) is indeed fulfilled, since =A —1/2+cA7>0and —¢+o AT >0
as follows easily from the choices we made. In order to show that the upper bound
in (5.21) converges to 0 as n — oo note that ¢ — p — 2X = 1 — (5/2)¢(1 — 2A) —
p/2—1+3¢(1—2A) > 0 by (2.23), and that

SP(IﬂkaX sup  |Un(Sn(t)) = Un(t)] 2 n~ >

A
&> I
i N

IA

1 5 1 1 3
d—5—A=1-5C1-24) - 5 — 5+ 5¢(1-24) <0.

Combining these results we may finally conclude that

(5.22) |Dp1| = Op(n V2H0/256=2) = 5 (1) as n — oo,
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because
1 1 1 5 1 1 1 3
§u—|—¢—§—)\~5{(1—2A)+1——§§(1—2A)+§p—§—5+§C(1~2A)

1 5 1 3
< 50(1—28) = SC(1 = 28) + 5¢(1— 28) + Z¢(1 - 24) =0,

By taking expectations of a suitable upper bound it follows that D, . may
be dealt with in a similar way as D3, so that we restrict attention to the latter
random variable. With the intervals I(j) as in (5.1) it can be shown as in the
proof of (5.10) that the parts of D,3 corresonding to a restriction of the integral
to either I(1) or I(3) converge to 0 in probability as n — oo. Hence it remains to
consider the part of D,3 corresonding to a restriction of the integral to I(2); this
part will be decomposed into the sum of the random variables

(5.23) Hy = 1o, /I o, [a(50() = U} La(S: (0

(5.24) Hoy = 1o, /I o Un) (Ba(Su0) ~ La(@}

where Ly(t) = Up,()J (1), t € [0,1].

Due to the way in which we have defined S,, in (5.15) it follows that |L,, (S, (%))]
< CRE(Su(1))RETH(Sn(t)) < CROFATL(S, (1)) < CR*MOHY(t), for all t € I(2).
Hence it is clear that

(5.25) |Hni| < Clg, {0221 U (Sn(t)) — Un(t)|} {/1(2) Ra’LﬁH(t)dt}

< Clq, { sup |Up(Sn(t)) — Un(t)|} néath),

0<t<1
Reasoning as in (5.21) we see that
(5.26) |Hpy| = Op(nS@ "2 =0,(1)  as n — o,
because A — C(a+3) > 1/2—(3/2)¢(1 —2A) —CA > (2—A)/{10(1 — A)} > 0 by
substituting the upper bound for ¢ in (2.13).

For H,, let us apply the mean value theorem and employ the special construc-
tion of 5, to find

(5.27) | L (Sn(t)) — L (t)] < Cn~Pns(@tB+2),
This entails
(5.28) |Hpa| = Op(n?/?797¢(@4B82)y — 5 (1) as n — oo,

since ¢ — Cla+8+2)—v/2>1—(5/2)¢(1 —2A) = (A +2) —(1/2)¢(1—2A) > 0
by substituting the upper bound for ¢ in (2.13).
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6. Concluding remarks

A, Sinplification variance
In many special cases (see, e.g., Chanda et al. (1990)) the process X1 (5, - - - »
Xn,m(n) and hence the process

(6.1) §1,mn)s - - > En,m(n) 18 strictly stationary.

Note that this condition which is not implied by (1.1) and (1.2) will be needed
below.

THEOREM 6.1. Let (6.1) be satisfied. Under the conditions of Theorem 2.1
we have

(6.2) 0% = Var(Kn(é)) +2 lim > Cov(Kn(&1), Kn(¢))):

PROOF. Relation (4.6) entails that F|Z,1Z,;] < C, for some C € (0,)
independent of n, where the Z,; are defined in (2.26). Due to the m(n)-dependence

EZnkZnj = 0 for |k — j| > m(n). Writing 72 = EZ2, +2 Z;n:(g”) EZp1 Zy; we see
that

1 -
. ~V: Zpi | — 02
(6.3) ln ar(é > (0

because 1 —p > 1 — (1 —2A)/{5(1 - A)} > 0. . ) )
The next step is to show that we may replace Z,; = Kn(& mm)) — i, by

=0n™) =0 as n— oo,

Kn(&) = fin. For arbitrary 1 < j < n, we have

(6.4) [E{(Kn(&1) = i) (Kn(&5) — fin)
— (En(&1,mm)) = i) (K (&m(m)) — i) }]
< |E{Kn(6)Kn(&)) — Kn(Epmm)) Kn (& mm) }]
Vi = fin i + |
< EIEn(&)1Kn (&) = Kn(E1mem)]
+ E|K (&1, mm) || Kn(€5) = K& mim))]
+ i = i |fin + -
By application of the mean value theorem we find that |fi, — fi,||fn + fi,| <
Cn—oAm+r(B+1+¢e and that both expectations on the right in (6.4) are bounded

by Cn=o/T+2(rB+Ce)+7 Tt is clear that we may carry out the replacement men-
tioned above, provided that

(6.5) p oA g a5 p— oo
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The assumed restrictions on the parameters entail that c A7 —2(r+(a)—7—p >
L+1/{2(1-A)}—28/{2(1-A)} —2a/{5(1 - A) } = 1/{2(1-A)} = (1 -24) /{5(1 -
A)} > (4—-8A)/{5(1 — A)} > 0 indeed. O

B. Relations among parameters

The parameter p measures how strong the dependence is among the first order
parts of the sample elements, the i.i.d. case being covered by p = 0. Even in the
ii.d. case the value a 4 3 or A should remain strictly below 1/2 in order to make
sure that the limiting variance exists. It is clear that this asymptotic variance will
increase with p for constant o + §. Therefore we expect that a large p requires
a small A, a relationship which is indeed expressed by (2.23). The parameters
T, 0 control the amount of noise around the tractable m(n)-dependent first order
components of the sample elements. These noise components have a bearing on
the values of random functions like J¢(F,(z)) in (2.9). The larger 7 and o, the
smaller the influence of the noisy parts and the larger the value of A that we can
afford.

C. Ezamples

In the examples below we consider L-estimation of the symmetry point ¢ € R,
assuming that the X; have the d.f. F(- — ) for some F' symmetric around 0. We
take for simplicity

(6.6) U(z) =z, z€R, sothat Up(t)=F"'(t), te(0,1).

Due to symmetry we may focus on the left-hand tail of the distributions and on
values of ¢ near 0. Let e and 3 be the parameters in Assumption 2.2 that control
the growth of |J| and |F~!| near 0.

First let us take f(z) ~ alz|~1"Y#, as z — —oo, for some 0 < a < oo, which
yields |F~1(t)] ~ bt=P, as t | 0, for some 0 < b < co. For densities of this type
the efficient score remains bounded, so that we may take any 0 < ( < 2/5 and «
arbitrarily close to 0 and hence 3 in the entire range (0, A).

Now let us take f(z) ~ aexp(—|z|7), as £ — —oo, for some 0 < a < oo and
~ > 1. In this case both F~! and the efficient scores are of logarithmic order, as
t | 0, and hence any small but strictly positive value of @ and any 0 < ¢ < 2/5
are suitable where also a small strictly positive value of 3 suffices. We can exploit
this freedom by allowing a strong dependence i.e. a large value for p in the range
[0,2/5), see (2.23).

Finally let f be concentrated on a finite interval [—A, A], so that the density
has zero tails. More specifically let f(z) ~ a(z+ A)~1TY/. Then F~! is bounded,
of course, with F=1(t) ~ —A + (t/a)®, as t | 0. The efficient score function is of
order t7%, as t | 0. Since we can take § arbitrarily small positive, for « the range
(0, A) is available.
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