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Abstract. This paper discusses the topic of model selection for finite-
dimensional normal regression models. We compare model selection criteria
according to prediction errors based upon prediction with refitting, and pre-
diction without refitting. We provide a new lower bound for prediction with-
out refitting, while a lower bound for prediction with refitting was given by
Rissanen. Moreover, we specify a set of sufficient conditions for a model se-
lection criterion to achieve these bounds. Then the achievability of the two
bounds by the following selection rules are addressed: Rissanen’s accumulated
prediction error criterion {APE), his stochastic complexity criterion, AIC, BIC
and the FPE criteria. In particular, we provide upper bounds on overfitting
and underfitting probabilities needed for the achievability. Finally, we offer a
brief discussion on the issue of finite-dimensional vs. infinite-dimensional model
assumptions.

Key words and phrases: Model selection, prediction lower bound, accumulated
prediction error (APE), AIC, BIC, FPE, stochastic complexity, overfit and
underfit probability.

1. Introduction

This paper discusses the topic of model selection for prediction in regression
analysis. We compare model selection criteria according to the quality of the pre-
dictions they give. Two types of prediction errors, prediction with and without
refitting, will be considered. A lower bound on the former type of error was given
by Rissanen (19864), and in this paper (Section 2) we provide a lower bound for
the latter. Moreover, also in Section 2 we specify a set of sufficient conditions for
a model selection criterion to achieve these bounds. Roughly speaking, to achieve
these bounds, a model selection criterion has to be consistent and satisfy some
underfitting and overfitting probability constraints. Section 3 concerns the follow-
ing model selection criteria: Rissanan’s predictive “minimum description length”
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36 T. P. SPEED AND BIN YU

(accumulated prediction error, or predictive least squares), stochastic complex-
ity, AIC, BIC and FPE. We consider bounds on their overfitting and underfitting
probabilities, and therefore their achievability of the prediction lower bounds. In
particular, the selection rule based on the accumulated prediction error and BIC
achieve the two prediction lower bounds, but AIC does not unless the largest model
considered is the true model.

Detailed proofs are relegated to the last section 5. All of our results are
obtained under the assumption that a finite dimensional normal model generates
the data under discussion. This contrasts greatly with most previous discussions,
notably Shibata (19834, 1983b) and Breiman and Freedman (1983), where the
“true” model is infinite-dimensional. More discussion on finite-dimensional models
vs. infinite-dimensional models can be found in Section 4.

2. Model selection and prediction in regression

In order to compare model selection procedures a number of choices need to
be made; these can be critical. Two objectives of regression analysis are data
description and prediction. The focus will be on the second, prediction.

Write y = (y1,...,yn) for the n-dimensional column vector of observations,
and X = (z;;) for the n x K matrix of covariates or regressors. Inner products
and squared norms are denoted by (y,2) = Y. y2; and |y|2 = {(y,y), respectively.
For1 <t<mn,1<k<K,denote by y(t) and X (¢) that ¢ x 1 and ¢ x k subvector
and submatrix of y and X respectively, consisting of the first ¢ rows and, in the
case of X, of the first k£ columns. The subscript k& or the parenthetical ¢ will be
omitted when they are clear from the context, or when k& = K or { =n. The {-th
row of X is denoted by z} and the j-th column by &;, whilst z;(k) denotes the
t-th row of X, with an analogous convention regarding the dropping of ¢ or k.
Parameter vectors are denoted by 8 = (81, ..., 0) , written 5(k) when necessary.

The class of models to be discussed will be denoted by {My : 1 < k < K},
where Mj, is the model prescribing that y is N(X.3,02I) for some § € R* and
o2 > 0. The number K of models is supposed known, and for the present discussion
is held fixed as the sample size n — oo.

One framework for prediction involving regression is the following: (y1,x1),
(y2,22), ..., (ys, x¢) are given. The object is to predict y;,1 from x¢y1. An obvious
approach is to select a model on the basis of the data available at time ¢, and predict
ys+1 from this model with ¢ 4 1 replacing t. The response y; at time ¢ is known
before predicting y;..1, so this framework is called prediction with repeated refitting
because it allows model selection at each time.

A quite different framework assumes the existence of an initial data set
{ty1,21), -, (Yn,Tn)}, often called a training sample, and the regressors Z1,...,
Z.m associated with a number of other units, the requirement being to predict the
corresponding responses {1, ...,Jm- A familiar variant on this would be when
the “prediction” is in fact the allocation of units into predetermined groups. The
standard solution to this problem is to select a model on the basis of the initial
data set, and then predict or allocate using the model selected. This framework
will be called prediction without refitting.
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In this section, the above two frameworks for prediction will be discussed in
detail: lower bounds are given in each case, and sufficient conditions for a model
selection procedure to achieve them are obtained. However, we leave to Section 3
the achievability of these lower bounds by common selection procedures.

2.1  Prediction with repeated refitting
A natural measure of the quality of a sequence of predictions in the repeated
refitting framework is the sum

n

(2.1) APE, = Z(?Jt - Z)t|t—1)2

t=1

where {J;;—; denotes a predictor of y; made on the basis of data up to and including
time ¢ —1, and any covariates available at time ¢. Model selection is thus permitted
at every stage. The predictors which we consider below are §s¢—1 = 2} 81 (ki—1),

where Bt~1(i€t—1) is the least squares estimator based on model M;  at time

t, and we will compare selection procedures leading to different ks according to
the average size of APE which is achieved for large n. For the purposes of our
asymptotic analysis, it is not necessary to specify how we define k; for t < K. In
practice a number of reasonable approaches exist.

Our comparison is based upon a general inequality derived by Rissanen
((19864a), p. 1087). As in Sections 3 and 4 we denote by k* the dimension associ-
ated with the true model, and ;—q is any predictor of y; which is a measurable
function of y1,...,%-1, and x1,...,z;. Although all our discussions so far have
supposed that the error variance o2 is known and equal to unity, we will state
the inequality for an arbitrary unknown o2. It asserts that for all k* there is a
Lebesgue null subset A(k*) of R¥" such that for 3* ¢ A(k*):

Eﬁ*{ng(yt - Z?t|t—1)2 - "02} > 52

2.2 limi
(2:2) g&gf k*logn

We say that the lower bound (2.2) is achieved by a model selection criterion if it
is achieved by the corresponding predictor y;;—1.

We need some assumptions before we can state our results on the achievability
of the prediction lower bound (2.2).

Assume (cf. Lai et al. (1979)) that there exists a positive definite K x K matrix
C = Ck such that

M+N
(2.3) Jim NP> map=C
e t=M+1

uniformly in M > 0. If M = 0, the left-hand side is just limy N !X (N) X(N). A
further specialization gives limy N 71Xy (N) X (N) = Cy, where Cy denotes the
principal & x k submatrix of C. Assume also that

(2.4) M+ C Mg is the smallest true model, and F(k™) the true parameter.



38 T. P. SPEED AND BIN YU

With this background we can now state the following result, proved in Section
5 below.

THEOREM 2.1. Suppose that (2.3) and (2.4) hold and that ky, the dimension
defined by a model selection procedure, satisfies:

(i) pr(k, <k*) = O(n™2(logn)~¢) as n — oo, for some ¢ > 1, and

(i) pr(k, > k*) < O((logn)™) as n — oo, for some a > 2.
Then the predictor §y;—1 = = 2, By—1(ks_1) achieves the lower bound (2.2).

2.2 Prediction without refitting

Now let us suppose that we have observed (y1,x1),...,(yn,Zs) and are re-
quired to predict the responses 91, ..., % corresponding to units with covariate
vectors Z1,...,%Zm. In most discussions of this aspect of model selection, see e.g.
Nishi (1984) and Shibata (1986a), m = n and z; = Z;, 1 < ¢ < n. Our framework
is more realistic and although the general conclusions do not seem to be different
from Shibata’s, this was not obvious a priori.

Our predictors will all be of the form #, 3(k), w = 1, ..., m where k corresponds
to a model selected on the basis of {(ys,2:) : t = 1,...,n}. Given that k = k, a
natural measure of the quality of our set of m predictions is given by the prediction
error

PE(k) = E{|§ - XuB(k)] | y} = mo® + | Xy B(") — XxB(R) P,

which averages over the new observations and conditions on the initial data. Fol-
lowing this line of thought, an equally natural measure of the effectiveness of the
model selection procedure leading to k is E{PE(k) — mo?}, where this time the
expectation is over the possible initial data sets. What we now do is give some
results on the behaviour of this quantity under a range of assumptions about X.

Our results are asymptotic in both n, the size of the initial sample, and m,
the number of predictions being made. For this reason we need to supplement
assumption (2.3) with an analogous, but weaker hypothesis concerning X namely:
that there exists a K x K positive definite C = Ck such that

(2.5) lim M~ z,i, =C.

In the theorems which follow, k = {IAcn} is the index resulting from a procedure
selecting from the models {M} : 1 <k < K}.
The components of condition (B) below are defined by the partitioning

Croy = Cr  Drkt1
* Dpr+1 Brktt
where Cy, k < K is defined following (2.3).

THEOREM 2.2. Assume conditions (2.3), (2.4) and (2.5). Then under any of
the following conditions:
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A) lim, pr(lAcn <k*) > 0;

B) Ci'Di i1 = C; Dy jy1, k* <k < K;

(C) k= l%FpEa for a sequence o = (o) with n™lay, — 0 where FPE, is the
Final Prediction Error criterion defined in Section 3, we may conclude

(2.6) im nm *E{PE(k,) — mo?} > tr{C;} Cy- }o.

The proof will be given in Section 5. It can be seen from the proof of this
theorem that there will be other “symmetric” selection rules other than FPE, for
which the conclusion holds.

The next question of interest is the following: what kinds of selection rules
attain the lower bound (2.6)?

THEOREM 2.3. The lower bound (2.6) is attained for any consistent selection
rule whose underfitting probability pr(k, < k*) is o(n™2) as n — oco.

3. APE, stochastic complexity, and FPE

In this section, we consider the achievability of the two lower bounds in Section
2 of some commonly-used model selection criteria. We derive upper bounds on the
underfitting and overfitting probabilities of these criteria and then use Theorem
2.1 or Theorem 2.3.

First, we consider the criterion based upon accumulated (one-step) prediction
errors (APE) (or predictive least squares). This criterion is the predictive MDL
criterion introduced in Rissanen (1984, 19865). Many authors have discussed this
criterion as detailed in the remark after Theorem 3.1.

We now introduce the definition of APE. Only ordinary least squares estimates
will be used. For 1 <k < K, k+1 <5 < n, write

Ba(k) = (Xu(s) Xr(s) 7" Xa(s) y(s)

and B(k) = Bn(k). All of the matrices Xj(t) will be assumed to have rank k
when ¢ > k. The recursive residuals, also called one-step prediction errors, based
on My, are ey(k) = y; — x:(k)'Bi—1(k). The ordinary residuals are 7y, (k) = y: —
z (k) Bn(k) The parenthetical £ will be dropped if its value is clear from the
context. '

For any fixed & < K, consider the accumulated squared prediction error
APE,(k) = Y1 1 et(k)?. Obviously, APE, (k) is the same as the prediction
error with refitting (2.2) when the model My is fixed through time ¢.

Expression APE, (k) will lead us to a model selection criterion: choose that k
which minimizes APE, (k) over all k < K.

For the remainder of this section o2 is supposed known and so, for simplicity,
is taken to be 1. This is possible because, unlike many model selection criteria, the
one based on APE does not require knowledge or an estimate of ¢2. The numbers
{br} which appear in the following theorem are normalized limiting (squared) bias
terms defined by

b, = tI‘{(Ek:k* — D;c,k* Ck_le,k*)C(k)C(k)/}



40 T. P. SPEED AND BIN YU

where for k < k* the principal submatrices Cy and Cp« of C are written

Ck Dk k*
C Pa— ’
F [Dk,k* By |’

and G(k*) = (B(k)’ | ¢(k)")’ is the corresponding partitioning of 3(k*). It is shown
in Section 5 (Lemma 5.3) that by > bg > -+ > bg+_1 > 0.

THEOREM 3.1. Under assumptions (2.3) and (2.4), as n — oo, let k, de-
note the dimension selected by minimizing APE, (k). Then we have the following
bounds: R

(i) pr(k, <k*) <

(i) pr(k, > k*) <

O(exp(—bn)) as n — oo, for b = min(bg«_1/3,b%._;/18).
O(n=1/%) as n — oo.

Remark. The upper bound in (i) shows the interplay between the bias term by,
and the sample size n; the product of them determines the underfitting probability,
not the sample size n alone.

COROLLARY 3.1. The lower bounds (2.2) and (2.6) are attained for the APE
selection rule.

ProoOF. Straightforward from Theorems 2.1, 2.2 and 3.1.

Remark. (a) Convergence in probability of the APE selection rule was estab-
lished by Rissanen (1986b) under essentially the same conditions as we have used
here. Other writers who have suggested the use of APE or a related criterion to
select regression models include Hjorth (1982) and Dawid (1984, 1992). The latter
describes a generalization of the use of APE as the prequential approach to sta-
tistical analysis. (b) There is no doubt that our assumptions could be weakened,
but the derivations of the same results are expected to be much more involved. In
the context of time series, Wax (1988) derived the weak consistency of an anal-
ogous estimator of the order of an autoregressive process without the Gaussian
assumption, and Hemerly and Davis (1989) strengthened it to the a.s. consistency.
Moreover, Wei (1992) obtained the a.s. consistency and asymptotic expansions of
APE under stochastic regression models.

Now we turn to selection rules based on the residual sum of squares, which
is RSS,,(k) = >_7 7¢,n(k)? where the ordinary residuals 7, (k) are defined above.
When o2 = 1 in the regression models M, the final prediction error (FPE) criterion
is FPE,, (k) = RSS,,(k) + ank where () is a sequence of positive numbers. For
AIC, a, = 2. For BIC (Schwartz (1978)), o, = logn. When o2 is not known,
we may replace it by its usual estimate from the largest model Mg . Our results
should still hold in that case.

Rissanen (1986a) introduced stochastic complexity (SC) of a set of data rela-
tive to a model as variant of his MDL and PMDL expressions, and in many cases
it is asymptotically equivalent to the latter, whilst being easier to calculate. We
refer to his paper for definitions of these quantities. For our regression models
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with error variance equal to unity, SC takes a particularly simple form if the prior
distribution for the parameter 5(k) is taken to be N(0, 71x) where 7 > 0 is a scale
parameter, k = 1,..., K. A simple calculation yields the expression

1 1 1 _
(3.1)  SCu(k) = 5nlog 27 + 5 log det(I, + 7Xp X}) + 5;/(1“ + T X XE) .

From Lemma 5.5 in Section 5 we see that as n — oc,
1
SCL(k) — inlog 27 = klogn + RSS, (k) + O(1) as.

and so any discussion of mode] selection based upon stochastic complexity is sub-
sumed under that of BIC.

The FPE criterion has been discussed by Akaike (1970, 1974), Bhansali and
Downham (1977), Atkinson (1980), and Shibata (1976, 1986a) amongst others.
Geweke and Meese (1981) discuss the problem quite generally, but with random
regressors, whilst Kohn (1983) considers selection in general parametric models.
Shibata (1984) may be consulted for further details on some cases of FPE. The con-
sistency of FPE’s, with a,,’s satisfying lim n~!a,, = 0 and lim(2loglogn) ~'ay, > 1,
was established in a time-series context by Hannan and Quinn (1979). Moreover,
the equivalence of BIC and APE has been shown by Hannan et al. (1989) for the
finite-dimensional autoregressive models and by Wei (1992) for finite-dimensional
stochastic regression models.

THEOREM 3.2. Let l%n denote the dimension selected by FPE,, for some
sequence oy, such that n ‘o, — 0 asn — 0o. Then

(i) ky, overfits with probability approaching unity as n — oo. More precisely,
for any constant 0 < b < by /4, pr(k, < k*) < O(exp(—bn)) as n — oo.

(ii) If ¥* < K, and liminf(2loglogn)~ta, > 2, we have, for some v > 2,
pr(k, > k*) < O((logn)™) as n — oo.

We omit the proof of this theorem in this paper because Woodroofe (1982)
and Haughton (1989) contain smilar bounds for BIC under more general models.
Moreover, a lower bound, instead of an upper one, on the overfit probability (ii)
is given in the Appendix IT of Merhav et al. (1989) for BIC. Their result suggests
that the overfit probability of BIC tends to zero slower than exponentially as n
tends to infinity.

COROLLARY 3.2. (i) The selection rules defined by BIC and SC all lead to
predictors which achieve the lower bounds (2.2) and (2.6);

(i) If lim(2loglogn) ey, < 1, the selection rules defined by FPE,. do not
achieve the lower bounds (2.2) and (2.6) unless k* = K; in particular, AIC does
not achieve the lower bounds unless k* = K.
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4. Discussion

The results presented seem to suggest that if prediction is part of the objec-
tive of a regression analysis, then model selection carried out using APE, BIC,
SC or an equivalent procedure has some desirable properties. Of course there is
a qualification: in deriving these theorems we have assumed that the model gen-
erating our data is (i) fixed throughout the asymptotics; (ii) finite-dimensional;
and (iii) belongs to the class of models being examined. Before commenting on
these assumptions, let us see that our theorems are at least in general agreement
with a number of analyses and simulations in the literature. The first paper to
point out clearly that consistent model selection gives better predictions seems to
be Shibata (1984), although he does not emphasize this conclusion. Atkinson’s
(1980) results also suggest the conclusion we have reached, but again this is not
emphasized. The simulation results of Clayton et al. (1986) led them to conclude
“that if the ‘true’ or ‘approximately true’ model is included among the alternatives
considered, all reasonable model selection procedures will possess rather similar
predictive capabilities”. We feel that this conclusion is more a reflection of the
limited scope of the simulations conducted rather than the true state of affairs.
Indeed a close examination of the sample sizes and models these authors studied
suggests that there was little opportunity for the procedures (not the models) to
be distinguished, as far as the squared prediction error of the resulting choices
is concerned. More recently, Rissanen (1989) reported clear differences between
cross validation and SC, and to the extent that cross-validation and AIC perform
similarly, Stone (1977), this is explained by Corollary 3.2.

Shibata (1981, 1983a, 19835, 1984, 19864, 1986b) presents a number of theo-
rems demonstrating the optimality of AIC or other forms of FPE,  with bounded
sequences (a, ), as well as arguments rebutting the criticisms that such procedures
are unsatisfactory by virtue of their inconsistency under assumptions (i), (ii) and
(iii). Shibata (1981), and Breiman and Freedman (1983) using random regressors,
suppose the true model to be infinite-dimensional rather than finite-dimensional.
Shibata (1981) also offers an optimality result for AIC valid under a “moving
truth” assumption.

Clearly, the prediction optimality of BIC and its analogues like APE depend
on the assumption that the true model is finite-dimensional, i.e., the bias term
b = 0 for k > k*. When the true model is assumed to be infinite-dimensional,
i.e., by, > 0 for all k, Breiman and Freedman (1983) showed that AIC’s equivalent
is optimal in terms of one-step further prediction. We now show by the following
three simple examples that the decay rate of the bias term plays a determining
role in the battle of AIC vs. BIC.

For simplicity, let us take the framework of Breiman and Freedman (1983)
where an infinite-dimensional model with Gaussan N (0, 1) independent regressors
is assumed with the error variance 0 = 1. Then the one-step ahead prediction
error for the (n + 1)-st observation based on model M, is roughly PE(k) = by +
kn—1. Moreover, AIC approximately minimizes by + kn~!, while BIC minimizes
br + kn~llogn. By the result of Breiman and Freedman (1983), asymptotically,
PE(IACBIC)/PE(I%AIC) > 1, where ka1 is the model selected by AIC, and similarly
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for ];?BIC-

Ezample 1. Assume by = k™. Straightforward calculation shows that, as
n — oo, PE(k)Blc)/PE(kAlc) — OQ.

Ezample 2. Assume by = e *. Then as n — oo, PE(I%BIC)/PE(I%AIC) — 2.
Ezample 3. Assume by, = e=¢". Then as n — oo, PE(kgic)/PE(karc) — 1.

To summarize, as the decay rate of the bias term increases, the prediction
performance of BIC catches up with that of AIC. And, as we have seen, BIC
out-performs AIC when by = 0 for k > k¥, i.e. when the model is finite.

Finally, all three of APE, BIC and SC derive from general approaches to the
model selection problem and have extensions to situations where one or more of (i),
(ii) and (iil) are dropped, see Sawa (1978) for some remarks about this situation.
When something is known about these extensions, it will be of interest to compare
them with AIC or, more generally FPE,,

5. Proofs

Most of the arguments given below are straightforward. We have tried to be
explicit wherever possible, and have included some proofs which may be found
elsewhere in order to keep this paper self-contained.

The proofs are presented in the following order: Theorem 3.1, Corollaries 3.1
and 3.2, Theorem 2.2, Theorem 2.3 and Theorem 2.1. We continue to use the
notation introduced in Section 2 above. It is straightforward to show

LEMMA 5.1. Fork < s <t < n and c € R(Xy(t)), we have cov(esi1(k),
c'y(t)) =0.

It follows from the lemma that

COROLLARY 5.1. (a) For all k < s < t < n, we have cov(es(k),es(k)) = 0.
(b) For all k <t <n, and ¢ € R(Xy), cov(e(k),c'y) = 0.

Let us erte (k) = E{ei(k)} and pi(k) = Var{e,(k)} — 1, ¢, = y; — E{y;}
and Hy(k) = X, (k) (X, (k) X,(k)) "1 X, (k)', and define the following quantities:

k)= Y ), Bab)= 30 NP, Na(k) = |Halh)e?
t=k+1 t=k+1

= S e [ = 22

Nnl8) t;f“(k)[ w1

=2 Z (es (k) = Me(k))As (k).

t=k+1
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It is clear from the proof of the result we state shortly that V is a variance term,
B is a bias term, and N is a noise term, whilst N1 is a second noise term and Bt
a part-noise part-bias term.

LEMMA 5.2.  With the above notation

n

(5.1) > eulk)® - Z €2 = Vi, (k) + Bn(k) — Na(k) + Bl (k) + Ni(k).
t=1

t=k-+1

PRrROOF. It follows from Corollary 5.1 that {ex.1(k),...,e,(k)} are pairwise
uncorrelated, and uncorrelated with ¢’y for all ¢ € R(Xj). Thus we can make an
orthogonal transformation and obtain

(2 — o2  [ec(k) ~ Efe(k)})?
(5.2) | = [H (k)e| +t:ch+1 Varle(8)]

The lemma. then follows from this equation and the comparing two sides of (5.1). O

In the lemmas which follow, (2.1) and (2.2) will be assumed without comment.
Moreover, to state our next result we need a little further notation. For k < k¥,
write the principal k x k submatrix Cy, of C given by (2.4) in the form

and we write B(k*) = (8(k)’ | ((k)') and X-(n) = [Xp(n) | Zk(n)]-
LEMMA 5.3. n 1B, (k) — by as n — oo, where
b, = tr{(Erx+ — Di, - Gy " Die JC(k)C (R)'}
satisfies by > by > -+ > by > 0.
PROOF. We begin by observing that for k < k*, (k) = A(2)'C(k), where
Ap(t) = 2 (k) = 2e(k) (Xt — 1) Xi(t — 1)) " Xi(t — 1)/ Zi(t - 1).
It follows that A\;(k)? = tr{Ag(¢t)Ax(¢)'¢(k)¢(k)'} and so

Y At(kf:tr{n—l > Ak@)Ak(t)'c(k)c(k)’}.

t=k+1 t=k-+1

Using (2.4) and the notation introduced above, ¢! Xy (¢)' Xy (t) — Cr, t~ Xy (t) -
Zy(t) — Dy g+, and t ™' Zy(t)' Zi(t) — Ex k- as t — oo, and so it follows that

n-! Z Ak(t)Ak(t)l — Ech* — Dk,k* Ck_le,k*
t=k+1
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as n — oo, giving the expression for by stated. The monotonicity of by can then
be checked using the partial order of positive definite matrices. O

For the next lemma we need some notation paralleling that used in Lemma
5.2 above. Write \;(k) = E{ri(k)} and B, (k) = Y7 M\(k)%. Furthermore, put
B} (k) = 23°7 M\i(k)e:. By variants of the proofs of Lemmas 5.2 and 5.3 and by
the law of iterative algorithm, we obtain

LEMMA 5.4.
(5.3) > re(k)? =" € = Bu(k) — Na(k) + B} (k)

where fork < k*, n~* B, (k) — bx, and B}, (k) = O((nloglogn)'/?) a.s. asn — co.
LEMMA 5.5. In the notation introduced prior to equation (3.1)
logdet(I, + 7 X, (n) Xk(n)) + y(n) (I, + 7Xe(n) Xp(n)) " 1y(n)

=klogn+2rt(k)2+0(1) a.8. m — .
1

Proor. Straightforward from assumption (2.3) and Rao ((1973), p. 33). O

In the following lemmas we use the notation pr = &xr1 — XiYk, P = £k+1 —
Xy and 1y, = Xpp( XL Xe) " XL pr, where v = (X4 X3) ' Xp€psn. It is evident
that 4y is the regression coefficient of the (k + 1)-st variable on the previous k,
and so pi and py, are essentially residuals when the current model is My, whereas
Mg is part residual and part fitted value.

LEMMA 5.6.
X1 (X1 X k1) T K€ = Xi (X X5) 7 Xe + o] ™2 (pr €) e

Proor. This is a straightforward consequence of the formula for the inverse
of a partitioned matrix, see e.g. Rao ((1973), p. 33). O

If we write Npmn(k) = |Xx(XLX1) " XLe|? by analogy with the noise term
introduced just before Lemma 5.2, then we have

COROLLARY 5.2.
Nn(k + 1) = Ny o (k) + 2lpe] ™2, €) ok, €) + ok 451 (0k, €)2.

Now let us write Xy« = [f(k | Z;C] and Ry = Zj — Xk(X,’CXk)‘lX,’CZk. Fur-
thermore, for k > k*, write

Ck Dy g1

Crt1 =
Dy k41 Ei g
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and similarly for Cj,;. Finally, denote by Ap k+1 and Ay, the differences C~'k' 1.
ijy;ﬁ_l - Ck_le,kH and C’k'l_ljhk* — Ck—le,k*, respectively.

The following formulae bear a close resemblance to ones obtained in a similar
context by Box and Draper (1959, 1963). There, however, the emphasis is on
design: the choice of x vectors. It should be clear from the context whether or not
k < k¥ is required to give a non-trivial result.

LEMMA 5.7. Asm,n — oo we have
() _leRk — CkAk
(ii) m 'R Ry — Ex — D}, 1. Cy ' Dy e + ALCT A
(it)) m |fxl? = Eipsr — Dy ur O iyt + Ak g O D
(iv) nHok|* = Eg ki1 — Dy k+ICk_1Dk k+1
(v) nm=2ny|* — Ak k+1CkC 'O A k1

ProoOFs. These are all straightforward consequences of the relevant defini-
tions. OJ

Next we extend some earlier notation, writing By, » (k) = tr{ R} RkC(k)¢(K)'},
and Sy, (k) = 2(Rk((k), Xr(X}, Xx) " X,€). Clearly the first term is the analogue
of the bias term introduced prior to Lemma 5.2, and reduces to it if m = n and
X = X. For the definition of PE(k), see Section 2 above.

LEMMA 5.8. In the notation just introduced, we have

PE(k) — mo? = B (k) + Nn(k) = Smn (k).

PROOF. PE(k) — mo? = | Xy-8(k*) — X 53(k)|?, where we may write

Xy B(k") = XiB(k) = Xpe B(k") = X (X}, Xk) 7" X (Xpe B™) + €)
= (2 — Xn( X1 X0) XL Z0)C (k) — X (X1 X) ™ X e

The result now follows upon taking the squared norm of this vector. 0

LEMMA 5.9. Asm,n — oo we have .
(i) m ' Bpn(k) = tr{(Ex — D 4 C D - + ALCy M Ak (R)C(R)'}.
(i) m nE{Npn(k)} — tr(CrCH).
(ili) m™InNp, (k) = O(loglogn) a.s.
(iv) m™nSm (k) — 0 a.s. if A = 0.
(v) M~ 1S (k) = O((n~'loglogn)/?) a.s. if Ay # 0.

ProoF. (i) is an immediate consequence of Lemma 5.7(iv); (ii) and (iii)
are straightforward calculations; (iv) follows from the definitions, whilst (v) is a
now-familiar form of the law of the iterated logarithm. O
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Proor oF THEOREM 3.1. (i) We begin by obtaining some probability in-
equalities concerning the terms in APE,(k), cf. Lemma 5.2. Since N,(k) =
|H,(k)el? is a chi-squared r.v.,

pr(Nn(k) > Bn) < O(exp(—3,)) as n— oo.

Similarly, B} (k) is a sum of independent zero mean normal r.v.’s whose variance
is O(n), and so pr(|Bf (k)| > ) < O(v;'n'/ exp(—~; /2n)).

Finally, W,,(k) = V,,(k)+ N, (k) is a sum of n—k independent squared normals,
the t-th of which is scaled by p:(k), and so

pr(Wa(k) > 6) < exp(=8) [[ (L = 2ue(k))™/2 < exp {—&L + Zm(k)}

k+1 k+1
= exp{—06, + klogn + o(logn)}
< nfflexp(—6,), as n— oo.

We now put these inequalities together, select (5,), () and (6,), and obtain
(i). For simplicity, we drop subscripts n where no confusion will result. If k < k*,

pr(k = k) < pr{APE(k) < APE(k*)}
= pr{B(k) — N(k) + W (k) + Bl(k)
< B(k*) = N(k*) + W (k") + B'(k*)}
< pr{W (k") > B(k) + BY(k) - N(k)}
since W(k)>0 and N(k*)>0,
< pr{W (k) = nby, + o(n) — v, — Bn}
+ P{N(k) > B} + P{|BY (k)| > 7.}
< nF*1 exp(—nby + o(n) + yn + Br)
+ O(exp(—Fn)) + Oy, 'n'/? exp(—7 /2n)).
We now see that if 3, = byn/3 and ~,, = byn/3, the desired conclusion follows
since by, decreases as k increases to k* — 1. R
(ii) For the overfitting probability, we estimate pr(k = k) for k > k*, noting
that in this case APE(k) = V(k) — N(k) + NT(k), i.e. the bias terms disappear.

In this proof we bound —~NT(k) and N¥(k*) from below by the same quantity, 3,
say, and calculate the tail probability as in the first part of the proof. We find

that .
pr(NT(k) < —B,) = pr(~NT(k) > 3,)

< exp(—Ba) [ [{(1 + 2me(k)) /% exp e (k) }
k+1

< O(exp(—fn))-
Similarly we have pr(NT(k*) > 3,) < O(exp(~f,)), and since N (k) — N(k*) is a
chi-squared r.v. on k — k* degrees of freedom,

pr(N(k) — N(k*) > v,) < Oy, T *=,D/2 exp (=, /2)).
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Thus if & > k¥,

pr(k = k) = pr{APE(k) < APE(k*)}
=pr{V (k) — N(k) + NT (k) < V(k*) = N(k*) + NT(k*)}
< pr{V(k) = Bn — (N (k) — N(E")) <V (k") + 5.}
+pr{NT(k) < —=8,} + pr{NT(k) > G,}
< Oy, T2 exp (=, /2)) + 20(exp(= ),

where v, = (k — k*)logn + o(logn) — 28, since V (k) = klogn + o(logn), and
sim}larly for V(k*). If we take 3, = Blogn for 3 = 671, say, then we deduce that
pr(k > k) < O(n~Y8). O

Corollary 3.2 can be shown by an argument similar to Theorems 2.1 and 2.3.
Note that when the selection rule is not consistent, the inequality is sharp since the
prediction error based on M}, for some k > k* is strictly larger than the one based
on My, and underfitting does not cause any problem since all FPE’s underfit with
a probability vanishing exponentially fast (Theorem 3.1(i)).

Let {H; : j = 1,...,n} be a set of pairwise orthogonal rank 1 projectors
summing to the identity, such that for all k = 1,..., K we have Z;Zl H, = H(k),
where R(H(k)) = R(Xy(n)). Let € = (&) be an n-tuple of iid N(0,1) random
variables, F any function of |He|? for a fixed i € {1,...,n}, and &, n fixed vectors.

LeMMa 5.10. E{(z;, Hie)F(|H;e|>)} = 0.

ProoF. The lemma is an immediate consequence of the symmetry of the
normal distribution. O

COROLLARY 5.3. Let f be a function of |[Hye|?, ..., |Hye|?. Thenif1 <1i,j <
k, we have

E{{(&, Hie)f(|Hre,.... [Hye[*)} = 0,
E{(¢, Hie){n, Hye) f(Huel®, ..., |Hyel*)} = 0.

PrOOF. The identities follow from the lemma by a suitable conditioning. O

In the lemma which follows we use the expressions pg and 7 defined prior to
Lemma 5.6 above.

LEMMA 5.11. Let k,, denote the dimension selected by FPE,, and suppose
thatl > k > k*. Then we have

(5.4) lim m ™" n|pg| 2 E{{pk, €) (M, €) 15—y} = 0.

PROOF. We begin by replacing k,, by &, that k which minimizes FPE~(/€) over
the range {k*,k* + 1,...,K}. From Theorem 3.2 we know that pr(k, # kn) — 0
as n — 0o.



MODEL SELECTION AND PREDICTION: NORMAL REGRESSION 49

Now recall the definition of FPE(k) and note that if k < I, FPE(k) < FPE(()
if and only if ZZH |Hyel? < (I — k)a. Thus the event {k =1} is the intersection
of the two events: {ZP ot [ Hpe? > (I = B)as k* < h < I} and {ZZ 141 Hpel? <
(h —Dea,l < h < K} whose indicators we denote by f; and g; respectively. Our
aim is to show that

(5.5) E{{(pr,€)(n,€) figi} =0

and then deduce the conclusion of the lemma.

Since n, € R(Xy), we may write (ng,€) = Zf:1<77k,H¢6>. Similarly, px €
R(Xy)* and so (pg,€) = D7 1(Pk, Hje). Thus our interim objective will be
achieved if we can prove that for all 4, j, 1 <i <k, k+1 < j <n, we have

(5.6) E{(n, Hie){pr, Hj€) figi} = 0.

Note that f; is a function of {|Hye|? : k* < p < I} whilst g; is a function of
{|Hpel*> : 1 < p < K}, and so if 1 < k* or j > k, (5.6) is trivially zero. If we
take the case k* < 4,7 <[, we can split off g; by independence and use Corollary
5.3 to get the conclusion. Similarly if £* < i <l and [ < 7 < K, we can again
use independence this time splitting off {n, H;e) fi, and again getting zero by the
same corollary. Thus (5.6) and hence (5.5) are established.

The proof is completed by noting that limmnm™ Yn) okl T2 E {1k, €) (pk, €)] is
finite, and so we can combine the result pr(k, # kn) — 0 as n — oo with (5.5) to
obtain (5.4). O

PROOF OF THEOREM 2.2. We obtain (2.6) under each of the three conditions
in turn; in all cases making use of Lemmas 5.8 and 5.9. Then by Lemma 5.8, the
left-hand side of (2.6) will be O(n) as m,n — oo, since the bias terms nB,, ,,(k)
for k < k* are not all eliminated, and these are O(n) as m,n — oo, and cannot
be canceled by either of the noise terms. Thus (2.6) is trivially true. Now let us
assume (B). By virtue of the result just established, we may also suppose that
pr(kn < k*) — 0 as n — oco. Otherwise we make no assumptions concerning the
selection procedure k. On the set {k > k*}, Bpn(k) = Spmn(k) = 0, and so
PE(k) — mo? = Ny, n(k)

Our proof begins by observing that

lim nim ™" E|| pg| = (i €) {px, €)]
< limnm ™ o] (B, €)° B (pr, €)*}/2
= }jbrrrllnmﬁlIPkl_z{Mkaklz}lﬂa

and this limit is zero by Lemma 5.7 and (B).
Repeated application of this result and Corollary 5.2 give a series of inequali-
ties, which imply that for k£ > k*:

. —1 s —_ *
%nm E{N,, (k)1 }zmnm YE{Npn (k") iy b

{k=k}
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whence lim,, , nm_lE{Nm,n(l%)l{,;Zk*}} > limp, nm”lE{Nm,n(k*)l{,;Zk*}}.
Since pr(/%n > k*) — lasn — oo, and Ny m(k*) > 0, limy, , nm ™ E{N,, ,(k*)}
= tr{Cy+~C;.'} implies (2.6) in case (B).

Finally we consider case (C). The proof goes as for case (B), and in particular
the selection rules k& based on FPE,, for a;, such that n"'a,, — 0 as n — oo,
overfit with probability approaching unity by Theorem 3.2. The chain of inequal-
ities leading to the final conclusion is also true, but this time the individual steps
are justified by Theorem 3.1, and the proof is completed exactly as it was in case
(B). Any other selection rule for which the same symmetry argument is valid also
has the lower bound. O

PrOOF OF THEOREM 2.3. (i) We begin by proving that the underfitting
contribution to the left-hand side of (2.6) is asymptotically negligible. This follows
from the readily checked fact that when k < k*, nm™ 1 E{(PE(k) — mo?)} < O(n)

as m,n — oo. Thus for all k& < k*,
nm ' E{(PE(k) — m02)1{,;€:k}} < Om)y/prkn, = k) — 0

as m,n — oo, and so nm ™' E{PE(k) — moz)l{kk*}} — 0 as n,m — 0.

Turning now to the overfitting contribution, we begin by proving that in the
chain of inequalities used to prove the lower bound in cases (B) and (C), the terms
dropped—the second and third terms of the right-hand side of Corollary 5.2—all
have absolute expectations which are O(mn~!). The argument at the beginning
of the proof of case (B) of Theorem 2.2 shows this for the second term, for even
without the hypothesis (B) we get a constant at that stage by Lemma 5.7(v).
Similarly for the third terms,

lim nin ™ E{| o ~* |2 |* (s, €)*} = O(1)
by Lemma 5.7. Thus we may use the consistency hypothesis and get

lim nm ™" B{(PE(k) ~ mo*) 155 -1}

K
- Z }jlmnnm_lE{(PE(lAc)—m02)1{,~€:k}}
k=k*+1
K
= > limnm ' B{(PE(*") —mo®)1;_,,}
k=k*4+1

= limnm ' E(PE(k*) — mo?) = tr{Cr-C;. ],

the second last step following from our assumption that pr(k, = k) — 0asn — o
for all k£ > k*. This completes the proof of (i).

(ii) Now we suppose that % is obtained by minimizing FPE,_ for a sequence
o < 2loglogn. We know from Theorem 3.2 that pr(k < k*) = o(n™!) and so
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need only consider overfitting. By Shibata (1984), lim inf'pr(fcn =k*+1) > 0.
We next simplify lim,, , nm ™! E{(PE(k) — mo?)} in the now familiar way, noting
that (as in the proof of Theorem 2.2) it coincides with

limnm ™~ E{(PE(k) — m02)1{fc>k*}}
m,n -

> (G- O} + limnm™ B lpae || P01 021 gy}

Now the second term above is zero only if pg« = 0, which implies £* = K, since
we have assumed all design matrices to be of full rank. Thus the inequality (2.6)
is strict for selection rules based on FPE, with liminf(2loglogn) o, < 1. O

PRrROOF OoF THEOREM 2.1. Since ¢ is independent of l%t_l and ﬁt_l for all
t>1,

E {Z(yt - Iiﬁt—l(fﬂt—l))z} =no® + ) E(@,8" — zyfi-1(ke-1))".
1 1

Write

n

Un =Y E{(@}8" — 2{B-1(ke-1))"1 (5, corr b
1

vV, = ZE{(m;ﬁ* - x::/ét—l(kt—l))zl{fct_1=k:*}}’

1
W, = Z E{(z,8* — w;ﬁt—l(’;t—l))zl{fct_1>k*}}‘
1

We deal with each of these three components in turn. Let us temporarily denote
TH{(Xp(t — 1Y Xp(t — 1)) 71Xk (t — 1)’e(t — 1) by d’e. Then

Now for k < k*, 37 M(k)? = bpn + o(1) as n — oo, whilst pr(k;—; = k) <
O(t%(logt)™¢) as n — o0, ¢ > 1. Summing by parts we thus conclude that
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Furthermore, E{(d'e)*} = 3E{(d’¢)?}, and since E(d'¢)? = |d|?0? = u:(k)o?,

kE*—-1 n k*—1 n
> Y E{{@ g —it < D0 D Va3 (k) {prik_s = k)}/?
k=1 t=1 k=1 t=1

=0(1) as n— oo,

as argued above, but this time using >} (k) = klogn(1+0(1)) as n — oco. Thus
U, =0(1) as n — 0.

Turning now to the overfitting term V,,, we find only the quadratic form (d’¢)?,
as the bias term vanishes. Thus we can argue as above, giving

Wo= D > B Ly}
k=k*+1 t=1
K n
<VBo® Y D m(kfpr(ker = k)} = 0(1),

k=k*+1 t=1
since pr(k;—1 = k) < O(logt™) as t — oo, where a > 2.

_Finally, we examine the term corresponding to getting the model correct. Since
pr(ks_; # k*) < A(t2(logt)~¢) + B(logt)~® for large t,

Vo

I
NE

E{(wiﬁ* - xéﬁt_l(k*))Ql{,;hl:k*}}

it
I

[
NE

E{(de)’} =) E{(def 1, 1y}

t=1
logn(l+0(1))+0(1) as n— . O

k

*
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