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Abstract. A state-space model to perform discrete thin plate smoothing for
data on a two-dimensional rectangular lattice is proposed with the use of the
Kalman filter. The use of the Kalman filter reduces computational difficulties
in the maximum likelihood estimation of a smoothing parameter. A procedure
to reduce computational difficulties in the estimation of trend is given also.
Numerical illustration is provided using two sets of artificial data.
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1. Introduction

Let ys¢ be an observation at the (s,t)-th site on a two-dimensional rectan-
gular lattice, where s,f = 1,...,n. We consider to estimate the trend z =
(®11y- -+ Zn1, 212, - -, Tpn) from the data ¥ = (Y11, ., Yn1, Y12, - -, Ynn)' by the
discrete thin plate smoothing method (DTPSM). In the DTPSM, the trend is
provided by minimizing the following cost with respect to z’s.
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where A (> 0) is a smoothing parameter and b(z.’s) is a function to impose
additional constraints on z4’s. The name of the method, DTPSM, is due to the
fact that the form of the difference constraint in the second term of (1.1) is derived
by discretizing the potential energy function in thin plate bending. Difference
constraints have been employed for smoothing by many authors, especially in
the analysis of time-series data (e.g., Whittaker (1923), Shiller (1973), Kitagawa
(1987), Kashiwagi and Yanagimoto (1992)).
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In the DTPSM, when A is known, our task is only to minimize the cost.
However, A is generally unknown, and the estimated trend is greatly influenced by
A. The selection of A is an essential problem in the DTPSM. One solution to the
problem is to use likelihood. The likelihood function for selecting A is derived by
assuming a statistical model which corresponds to the cost function. To explain
this, we specify b(zs’s) as

b(ﬂfst’SP\) =) Z (4$st — Ts—1,t — Tst+1,t — Tst—1 — fﬁs,t+1)2
(Sat)eaB

where 0p = {(s,#)|[1 <s<n, t=1nors=1,n, 1 <t<n}and it is assumed
that the first difference along the external normal at a point on the boundary is
equal to zero, that is, Zo: = Z1t, Tnt1,t = Tnt, Tso = To1 ANd Zs 41 = Tsp. In this
case, the cost function can be written as

n

n n n
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The corresponding statistical model is given in the density form as

2 1
pole,?) o~ exp{ - ay- 2 (- 9) |
p(z|A, 02) oc o~ TDAMID/2 e {—é—ft—z(pxypx} ,

where D is the n? x n? matrix of rank n% — 1 such that the components of Dz
are the linear combinations appearing in the second term of (1.2). Actually, the
cost function (1.2) can be derived from this model as the function to obtain the
posterior mean of . The posterior density of z is given by

p(z|y, A, 0%) o< p(y|z, o%)p(z|), %)
x 0—(2112—1))\(712—1)/2

X exp [~§§—2—{(y —z)'(y — z) + A\(Dz)' Dz}| .

The likelihood function for selecting A is derived by using Akaike’s integral form
(Akaike (1980)) as

Lo\ o%ly) = /  Pvle. (el o%)da
R(x

o O_—(nz—l)A(nz—l)/Q ’ I'n,2 +)\D,D |—-1/2

X exp [—iég{('y ~2)Y(y— &)+ ADz) Dz}

where R(z) is the support of z, I,z is the n? x n? identity matrix and # is the
posterior mean of & given X. The maximum likelihood estimate of o2 can be written
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as 62(\) = (n? = 1)"Y(y — 2)'(y — &) + A(DZ)’' D2}. Therefore, the maximum
likelihood estimate of A can be obtained by maximizing Lz (), 52()\)|y).

However, the estimation of A by Lg(X,52()\)|y) is not always feasible because
of the computational difficulties. For example, if we take n = 1000, the order
of E (= I,2 + AD'D) becomes 10° (in image engineering, n = 1000 is frequently
employed, as recent ordinary graphic terminals have about 1000 x 1000 resolution).
This suggests that the number of elements in F is equal to 10'2. Fortunately, E is
a band matrix, and therefore, the number of the elements which need to be stored
is reduced to const. x 10% (= const. x n®). However, even this size exceeds the
limit of what can be solved at a reasonable cost.

The purpose of this paper is to propose a state-space model to perform discrete
thin plate smoothing, and to show that, if we use the Kalman filter (Kalman
(1960) and Schweppe (1965)), the maximum likelihood estimation procedure for
A can be constructed with the computer memory size of O(n?). The reduction of
the required memory size is also possible by using an appropriate iterative method
to calculate &, by using an appropriate orthogonalization method to calculate |E|
and by considering a computer program. However, the number of operations in
this method is greater than that in the Kalman filter.

Wahba (1979) discussed thin plate smoothing by using splines and suggested to
use Generalized Cross-Validation (GCV) instead of likelihood to select the smooth-
ing parameter. However, the likelihood approach enables us to solve various prob-
lems including non-Gaussian smoothing and even a test problem by natural exten-
sion of the method. In addition, when the size of data is large, the computational
difficulties also arise in the calculation of GCV.

In Section 2, a state-space model for the DTPSM is proposed. In Section 3, the
maximum likelihood estimation procedure for A is presented, and it is shown that
the required computer memory size is given by O(n?). A procedure to estimate
the trend is also presented. Finally, numerical examples are shown in Section 4.

2. Model

In this section, we propose a state-space model for the DTPSM, which is
derived by regarding only one suffix among (s, t) as a time-suffix. Here, ¢ is assumed
as a time-sullix, and the additional trend components z, . and x50 (s = 1,...,n)
are introduced to use the Kalman filter. This derives an irregular b(z;’s), which
is shown in the last part of this section.

Let y = (y1e,--,ynt)’, & = (%16, -, Tne)’ and py = (f,x/_;)". The pro-
posed model is

3

Y = F/‘l't + Vg, Vg~ N(0n702In)

P
pe = Gy + wy, thN<02n77H> )

t=1,...,n,
to ~ N(a, B1a,),
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F=1[,0], G= -1 4 -1 ’ H:{In @}7

I, o

where 0,, is the n x 1 zero vector, @ is the n X n zero matrix, « is the 2n x 1 vector
(a,...,a), and o and B are unknown parameters. The selection of a and 3 will
be discussed in the last section.

The above model can be written in the density form as

_n 1
plutl o) o o™ exp { = (s = F (= P .
2 —nyn/2 A
P(Belpe—1, A, 0%) oc a7 A™M “exp “5—3( ~Gpe_1) (e ~ Gpe1) ¢

_ 1
P(po) ox B exp {—‘2‘5(#0 —a)(po — a)} :
By Bayes’ theorem, the joint posterior density of y,,, ..., 4o is obtained as
p(“n? v Hu'0|y’ /\s 0-2)

o [ [ p(welae, ) - ] pleleo1, X, 0®) - plpo)
t=1

~2n%yn? -n 1 "
o2 X267 exp [—%— {Z(y Fuy)'(y — Fi)
t=1
2

+/\Z ~ Gpe_1) —Gut_1)+%(uo—a)’(uo—a)H-

We estimate the trend by using the posterior means of p,,, ..., g, which can be
obtained by minimizing the cost

Z(y Fy)'(y — Fu) ‘f‘)\z — Gus—1) (s — Gpag—1)

n %2‘“0 — 0 (o — ).

This cost function can be written as

n n-—1

21) Zzyst“l'st +>\ZZ4$st—Is 1,t = Ts+1,t — Tst—1 — mst+1)

s=1 t=1 s=1

n 0
Z > (@ —a)?
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with the condition, zo; = #1¢ and @p41¢ = Zns. Therefore, our b(zy’s) is

b(Ist’S'NUZ) = A Z (417st — Ts—1,t — Ts+1,t — Lst—1 — xs,t+1)2

(s,t)€Bs
0_2 n 0
‘|‘FZ Z(l‘st_a)z
s=1t=-—1

where 95 = {(5,t)|[1 <s<n, t=0,lors=1,n, 2<t<n-—1}
3. Procedure

3.1 The Kalman filter

In this section, we review the Kalman filter, and show that the maximum like-
lihood estimation procedure for A can be constructed with the computer memory
size of O(n?). We refer to Anderson and Moore (1979) and Kitagawa (1987).

Let Y: = (y1,...,¥i). To clearly explain the derivation of the likelihood
defined in the Kalman filter, we first present the prediction and filtering formulas
in the state-space approach, which are given, respectively, as

p(#t[Yt—h)\,Uz):/R( )p(.u‘t‘iu‘t-1a>\70-2)p(ut~1|Yt—l-,)‘aO-Z)th—la
Ht—1

p(;u’t) Yta /\a 02) = p(yt“‘tt’ UQ)p(iu't‘ Yt~la )‘7 UQ)/P(yt! Yt—l; )\7 0-2)

whore p(3| Vo1, 0%) = [y Pl 20p(p] ¥i1, 0, 0%y The time suff 1
runs from 1 to n with the initial condition p(ug| Yo, A, 0%) = p(pg). The likelihood
of the model is defined by

n

LSO‘) 02|y) = Hp(yt| Yt*b )‘7 02)'

i=1

The above formulas can be rewritten by using the conditional means and
covariances of p,’s, since the conditional distributions of u,’s are Gaussian in our
case. Let fi;/, and o0, /i be the conditional mean and covariance matrix of p,

given Yy, A and o2, respectively. Then, the prediction formula can be written as

N N 1
Bojpo1 = Giby_1p1,  Qppo1 = XH+ G141 G
and the filtering formula can be written as

Boje = Bojeg + Qupp 1 F(FQp oy F 4+ L) " (g = Fligj_y),
Qe = Qo1 — Qpe1 F'(FQupp 1 F + L) T FQy g

Following this, the log likelihood of the model can be written as

—2log Ls(A, 6°(N)|y) = n’log 6% (A) + > _log |[FQyye_1 F' + I,| + const.
t=1
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where 6%(X) =772 30 (ys — Fiyjp—1) (FQupen F/ + 1)y — Ffiigss_1). These
formulas agree with those in the Kalman filter. The maximum likelihood estimate
of A can be obtained by maximizing log Lg(}, 62(\)|y).

The matrices which need to be stored at a time in the Kalman filter are the
two matrices, {3;/¢_; and €;/;. Each of them is a 2n x 2n matrix. Therefore, the
required computer memory size is given by O(n?).

3.2  Smoothing

Once the maximum likelihood estimates of A and o2 are obtained, the trend
can be estimated by minimizing (2.1). However, the trend also can be estimated
by using the smoothing formula in the state-space approach. In this section, we
review the smoothing formula, and present a procedure to reduce the computer
memory size required in smoothing.

The smoothing formula is given by

p(#t+1|ya Aaaz)d/‘l’t—}‘l'

p A 0%)p Y, A, 02
ppsly, A, 0%) =/ (Bega e }Z (i‘tl 2t )
Rpe+1) p(pe1| Y, A 0?)

The time suffix ¢ runs from n — 1 to 1 with the initial condition p(u,|y, A, o?) =
p(it,) Y, A, 02). Since the conditional distributions of w,’s are Gaussian in our
case, this formula can be rewritten as

ﬂ't/n = ﬂt/t + At(ﬂt+1/n - p’t+1/t)7

Qi/n = Qpp + Ae(Qiq1/m — Qei1/¢) A
where A; = Q;,G’ Q;:l It The trend can be estimated by using fi,’s, since
p(ie]y, A, 02) can be regarded as the marginal posterior density induced from the
joint posterior density p(fy, - - ., tol¥; A, 02).

To calculate every fi,/,, by the above formula, it is necessary that all of the
quantities fi, s, fly1 1/, and A; are known. They can be obtained only after com-
pleting the Kalman filter. The number of the matrices A; is n, and each A, is
a 2n x 2n matrix. Therefore, the memory size required in smoothing is given by
O(n3). However, it is possible to practically reduce this size. Let m be the number
of A,’s which can be stored at a time. The flow of the procedure to reduce the
required memory size is as follows:

0. Set K —n~1and J +— K —m.

1. The Kalman filter
1.0 (initial prediction) Calculate fi,,, and €0 and set ¢ — 1.
L.1 (filtering) Calculate fi,,, and ;.
1.2 (prediction) Calculate i/, and Qiyy -

1.3 Ift > J, then calculate A; and store it with fi;,, and 1, ,; for smoothing.
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1.4 If t < K, then set t < ¢+ 1 and return to Step 1.1.
2. Smoothing
2.0 If K = n — 1, then calculate i, .
2.1 Calculate piy ), for t =K,...,J +1.
3. If J > 0, then set K « J and J « max(J —m,0) and return to Step 1.0

We call this procedure the split algorithm. The split algorithm reduces the
required memory size by repeating the Kalman filter in Steps 1.0 ~ 1.2. Therefore,
the amount of computation increases. Roughly speaking, if we take n = 1001 and
m = 100, the amount of computation for the Kalman filter increases by a factor
{(n —1)/m + 1}/2 = 5.5, while the memory size required for A; decreases by a
factor m/(n—1) = 0.1. (The factor of increase of the total amount of computation
is about half of the above factor, as the amount of computation for smoothing does
not increase.) However, if m is large enough, this increment is allowable, since the
Kalman filter is a fast method.

4. Numerical examples

In this section, we show the results of application of the proposed method to
two sets of artificial data. The size of each data set is 129 x 129, that is, n = 129.
In the estimation, a line search method was used to maximize log Ls(\, 62(\)|y),
and the split algorithm was employed with m = 64. The values of o and 3 were
assumed as « = (sample mean of y,;) and § = (sample variance of ys). There
are several different ways of selecting o and . For example, one is to assume a
large value for 3 with an appropriate value of o to decrease the effects of these
parameters, and another is to select them using likelihood. However, the above
assumption has the merit that suppresses an oscillation of the estimated trend
near t = 1, and it can be calculated easily. Consequently, we employed it.

Ezample 1. The first data set was generated as follows. Let ¢(s,t|&,, &, 02,
02,p) be the probability density function of the bivariate normal distribution,
where &, &, 02 and ¢ are the means and the variances of s and ¢, respectively,
and p is the correlation coeficient. We first generated the true image x4 by

T = — 10000 x B(s,t]41,41,16% 162, 0.3) + 10000 x ¢(s,t|41,89,16%, 162, 0.5)
+ 7500 x ¢(s,|89, 41,162,162, —0.5) + 5000 x (s, t|89, 89, 16,162, 0).

Then we generated the artificial data ys; by
Yst = Lgt + €gt, €t ™~ ZZdN(O, 1)

The contour map and the stereogram of the true image are shown in Figs. 1 and
2, and those of the artificial data are shown in Figs. 3 and 4.
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Fig. 1. A contour map of the true image in Example 1.

Fig. 2. A stereogram of the true image in Example 1.

The obtained maximum likelihood estimate of A was 33.28, suggesting that the
variance of the observation noise is about 33 times as large as that of the system
noise. The contour map and the stereogram of the estimated trend are shown
in Figs. 5 and 6. Although the estimated trend oscillates near the boundary,
especially at £ = 129, the main shape of the true image seems to be reconstructed
well. The oscillation near the boundary may be acceptable, since our primary
attention is usually paid to the inside of the domain. The oscillation at ¢ = 129
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Fig. 3. A contour map of the artifical data in Example 1.

Fig. 4. A stereogram of the artifical data in Example 1.

is mainly caused by the fact that no boundary condition is assumed for z4’s at
t = 129.

Ezxample 2. The second data set was generated by

Yst = Tst + €sty €gt " ZZdN(O, 1)
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Fig. 5. A contour map of the estimated trend in Example 1.

Fig. 6. A stereogram of the estimated trend in Example 1.

with the true image

2 if (s—97)% + (¢t — 33)2 <232

Tse =41 if (s—97)2+ (t—33)2>232 and (s—65)+ (t —65)% < 462
0 otherwise.

The contour map and the stereogram of the true image are shown in Figs. 7 and 8,

and those of the artificial data are shown in Figs. 9 and 10. The true image in the
first data set was very smooth. This may be a favorable setting to the proposed
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Fig. 7. A contour map of the true image in Example 2.

e
MU

Fig. 8. A stereogram of the true image in Example 2.

model. In the second data set, the true image was assumed to involve stepwise
changes, and a relatively large variance of the observation noise was employed.
This is a quite unfavorable setting to the proposed model. Using this data set, we
checked the performance of the method.

The obtained maximum likelihood estimate of A was 42.22. The contour map
and the stereogram of the estimated trend are shown in Figs. 11 and 12. As
expected, the proposed method could not trace the stepwise changes of the true
image exactly. In addition, small oscillations appeared everywhere. These are



32 NOBUHISA KASHIWAGI

Fig. 9. A contour map of the artifical data in Example 2.

Fig. 10. A stereogram of the artifical data in Example 2.
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Fig. 11. A contour map of the estimated trend in Example 2.

Fig. 12. A stereogram of the estimated trend in Example 2.

caused by the assumption that X is constant. That is, the estimate of X is too large
and too small for tracing the stepwise changes and the flat surfaces, respectively.
However, in spite of those insufficient results, the proposed method may be said to
succeed in reconstructing the main shape of the true image, because the generated
data are very dirty. We can at least interpret Figs. 11 and 12. To trace stepwise
changes and flat surfaces exactly, a modification of the method will be necessary.
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