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Abstract. A new estimator of a regression function is introduced via min-
imizing the L;-distance between some empirical function and its theoretical
counterpart plus penalty for the roughness. The Li-risk of the estimator is
bounded from above for every sample size no matter what the dependence
structure of the observed random variables is. In the case of independent er-
rors of measurement with a common variance the estimator is shown to achieve
the optimal Li-rate of convergence within the class of m-times differentiable
functions with bounded derivatives.
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1. Introduction

Let us consider the problem of identifying a real valued trajectory r(t), t €
(t,%), of a physical object under investigation. We assume that the function r(-)
is smooth, say m-times differentiable, and that the limit values of r(V)(t), i =
0,1,....m, are fixed and known at both boundary points ¢ and ¢, which may be
finite or not.

One can give many practical examples corresponding to the above model.
Consider, for instance, an electric circuit, where the charge r(t) is concentrated
inside a condenser at time ¢ = 0 while at { = oc the state of stability with
r(t) = r'(f) = 0 is achieved. Other examples one can find in mechanics, astronomy
and so on.

The problem of our interest is how to identify the function r(-) on the basis of
a finite number of observations of r(¢;)+¢;, ¢ = 1,...,n, where ¢; is a random error
of measuring. In this paper we treat the case where ¢,’s are independent random
variables with a common absoclutely continuous distribution function. Knowing
the distribution of ¢;’s, one can transform them to the random variables uniformly
distributed on (0,1). Also the boundary conditions for r can be assumed, without
loss of generality, to be of the form r((¢) = r(#) =0, i =0.,1....,m.
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So let us consider independent uniformly distributed on (0, 1) random variables
Ti,...,T,. Let r be an unknown regression function on (0,1). Consider random
variables Y7, ....Y, which are assumed to satisfy

Yi=r(T)) +e.  i=1.....n,

where €,,...,¢, are independent of T1,...,7T, random errors with Fe; = 0 and
cov(e;,€5) = 045, 1,J = 1,....n. The problem is to estimate r given that r is
from the class R™ of functions with a bounded m-th derivative on [0,1] and
such that r(?(0) = r(¥(1) = 0, i = 0,1,...,m. The least squares estimation is
meaningless in the present context unless we modify the method e.g. by adding
f |r™)|2, the penalty for roughness, to the sum of squares. This leads to smoothing
noisy data by spline functions (see Silverman (1985)). On the other hand, the
spline smoothing is asymptotically equivalent to using variable kernel method (see
Silverman (1984)). We refer the reader to the paper of Jennen-Steinmetz and
Gasser (1988) for references concerning the kernel methods.

Another possibility of smooth estimation of 7 is to minimize the sum of ab-
solute deviations Y., |Y; — r(I;)| penalized, if wanted, by adding [ [r(™)|. For
general motivation, historical background and characteristic properties of least ab-
solute deviation (LAD) methods, we refer the reader to the book of Dodge (1987).
Asymptotic results concerning LAD estimators of regression function from a finite
dimensional space one can find in Pollard (1990); a nonparametric case was partly
treated by van de Geer (1990). Here we investigate a different approach to the
LAD regression function estimation. As is well known the accuracy of estimating
r is limited by the fact that there does not exist an unbiased estimator of r from
the class R™. Still, for the function

(1.1) R(t) = /tr(s)ds
0

an unbiased estimator is available. Since (1.1) defines a one-to-one map on R™,
we shall use the notation R € R™ whenever the corresponding r = R’ belongs to
R™. We start our investigations with constructing an unbiased estimator of R.
To this end let us consider an empirical counterpart of R,

1 n
i=1

It can be easily shown that R, is an unbiased estimator of R.

Let || ||; denote Li-norm in the space of functions which are integrable on
(0,1]. Though E|R, — R|ly = O(n"'/%), R, is not a smooth function. The
minimum L;-distance smoother R,, of R, is defined via minimizing the functional

Jn(R) = IR, — Rlls + BIR™ V|

over the class of (m-+1)-times differentiable on R functions with a bounded support,
where 3 = 3(n) > 0 are prescribed smoothing parameters. The minimum L;-

penalized distance (MPD) estimator of R(), i = 1,...,m is defined as RY.
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The main idea of the above definition follows the idea of the MPD estimation
of a density and its derivatives, which is investigated in Gajek (1990) and earlier,
in the case of Ly and L distances, in Gajek (1989). In the present paper we
show that a similar approach leads to the regression estimator which achieves the
optimal rate of L,-convergence.

In fact we have proven somewhat stronger result; Theorem 2.1 gives an upper
bound for the L;-risk of the MPD regression estimator which is valid for each
sample size n no matter what the dependence structure of the sample is.

In order to admit approximate solutions to the problem of minimizing J,(R),
one can define MPD estimators as the ones minimizing J,(R)+6n, 6, > 0. Clearly,
if 6,, tends to zero quickly enough, the asymptotic counterparts of the results
presented in the paper are still valid.

2. The main result

THEOREM 2.1. Let R™(L,S) = {R € R™ : sup|R| < L,||[R™V|, < S}.
Then for eachi=1,....m

sup  E|RY - R

ReR™(L.S)
. 1/2
< [))—i/(m+1) {Ajl/gl/Q(m+1) (Z o + TLLZ) /’I’l
i=1
1/2
+ Mo [2 max((), Zaij):] /n+ Mgﬁ},
1< g

where My, My and M3 are constants given by (2.5), (2.6) and (2.7) below.

PrROOF. Let k be a m-times differentiable function on R such that
(i) suppk = [~1,1],

(i) [ k(u)du =1,

(ii) f1, u'k(u)du=0fori=1,...,m.

Let us define
Ru(z) = h! /k (”’ - t) R, (t)dt

and fori=1,...,m,

(2.1) RV (z) = h-f-l/k“‘) ("" ; t) Rn(t)dt.

From Theorem 2.1 of Gajek (1989), we have that if the kernel estimator (2.1) has
the bandwidth h(n) = C18(n)Y/ ™+ with

4

_ ‘ 1/(m+1)
(2.2) C, = [z’”k(’)ﬂl(m—i)!//|v|m+1”llk(v)|dv}
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thenfori=1,...,m
E|RY — RV, < CB(n) /™D EJ,(R,),

where
. m+1 , ;
. = ——— kD)o
(2.3) Ca m+l—i“ 11C;
Since J,(Rn) < Jn(Rp), using the triangle inequality, we get
(24)  E|RY - ROy < CoB(n) ™/ VET(Ry) + BB} — ROy

From Lemma A.2 of the Appendix, we have

n 1/2
EJ.(Rp) < n~'gY/2m+D) (Z oii + nL2> c}/?

z=]

-{/|v|1/2|k(17)|dv+0{m_1/|v|1/2|k(m+1)(v)|dv}

+ n—lﬁl/(m+1) [2 max (0’ Z Ui])

i<

1/2

Ch

| [tk + et [l oy
+ BCTHH RV
. {/ [o|™ k(v)|dv/(m + I+ C;™ ! / Uc(v)idv} .
Now, using Lemma A.1 of the Appendix and (2.4), we get

E|RY - RY||,

< B—i/(m+1)

n 1/2
Aﬁ/@l/?(mﬁ-l) (Z o+ an) /n

i=1

k]

1/2
+]w’2/31/(m+1) {2max<0,20ij>} /Tl‘}'Mgﬁ

i<y

where

(2.5) M; = C}/Q{Cg [/|u11/2|k(v)|dv+0;m‘1/|v|1/2yk<m+1>(u)|dv]
+Cy / |rv|1/2|k<“(v)|dv},

(26) My=0, {02 [l €t [ofiem o

+ Ot / |v||k<i>(v)|du}

and
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(2.7) M;= 50{”“{02 {f’v!m+ljk(1))[dv/(m+ 1! +Cl_m_1/]fc(v))dv}
+Cfi/|v|’"““‘|k<v)ldv/(m+ 1- 1)!},

for C; and C; defined by (2.2) and (2.3), respectively. O

Assume that >, <0 S0 Then an optimal choice of 3 is given in the
following corollary.

COROLLARY 2.1. Let 3 = Myn~—(m+1)/Cm+1) 5ng > ic;0ij < 0. Then for
eachi=1,...,m

sup  E|RY — RV,
RER™(L,S)

< =M/ @D A ArL AT L M A M
The optimal choice of My in the above bound is

My = {2Mz(m + 1 —4)/[M;(2i — 1)]}~2(m+1)/(2m+1)

Remark 2.1. As pointed out in Gajek (1989, 1990), the L;-properties of the
MPD estimator do not follow from the bounds for its L,-risk via the Cauchy
inequality.
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Appendix

LEMMA A1, Let L = supy<,<; [r(t)]. Then for eachi=1,...,m

n 1/2
BI|R - ROy < A1/ (Z o + nLQ) / [of/2 9 () dv

i=1

1/2
+h‘i+1n"1 (2 max (O,ZO’@j)) /|Ui|k(1)(v)|dv

i<j
vk (v)|dy

m+1—i (m+1) f|
+h 1B (m+1- %)
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PROOF. Since

R (z) = h~i! /k(“ (m }: t) R(t)dt
hv m
+ // B—&R(m“)(:r — 2)k(v)dzdv,
0 m:

therefore

(A1)  ERY - RP|<h™'E ‘/[Rn(x — hv) — R(z — h)]kP (v)dv

hv _ m
+ // (i—hf’-)n—RW“)(x—z)k(v)dzdv.
0 m.

Observe that for v > 0
{E|Rn(z — hv) — Ry(z) — [R(z — hv) — R(2)]|}?
< Var[Rp(z — hv) — Ry (z))

Z Yvil(z‘—hv,z) (Tz)

i=1
n

2 E{Var ZYil(x—hv,z)(Ti) |T
=1

+Var{E

where T = (T3,...,Ty,). Since

E {Var Z Y'i]-(a:—hv,a:)(Ti) l T } = min(x, hU) Zaii + 2min2(x, h’U) Zai]’

Li=1 J i=1 i<

=n"?Var

=n"

}

n
an(x—hv,z)(Ti) | T:| } )
i=1

and

Var{E Z}’}l(x_hv,x)(l}) |'T } = n Var[r(T1)1 (g~ hv,z) (T1)]

< nL? min(z, hv),
therefore
(A.2) E|R,(x — hv) - R(x — hv) + R(z)|

1/2
<n~t |h|y| (ZO’H +nL2) + 2(hv)? max (0 Za,])}

1<y

1/2
<nt h!v} <ZU“ +nlL )}

1/2
+n"thjy| [2max (0 Zcr”)} ,
1<
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where the last inequality follows from the fact that va + b < v/a+vb, a,b > 0. It
is easy to prove that (A.2) holds also for v < 0. Now, using (A.2) and the identity
JE®D()dv=0fori=1,...,m, we get

E l/[Rn(a: _ hv) — R(z — ho)k® (v)dv

n 1/2
< n"1pl/? (Z Tii +nL2) /|v|1/2|k<i>(v)|dv

=1
1/2
+n~'h [2max O,Zaij /lv”k(i)(v)'dv.
i<j
Since
/ hv (=M™ pnsn) (4 )k(v)dz| d
(m——l)' v)az|av l

o] ™ k(v)|dv

< hm+1—i“R(m+1)“1 f (m - i)‘

?

therefore the assertion follows from (A.1). O

LEMMA A.2. The following inequalities hold:

n 1/2
(i) BIRTTV| < hmmo/2pt (Zaii+nL2) / o] /216 ) () | dw

i=1

1/2
4+ h Ml l:Qmax <O,Zaij)} /|u||k(m+1)(v)|dv

1<J

+ IR, / k()] do:
" 1/2
(i) E|&n - Ralls < A0 (Zai.i+nL2) / o] 1/2 k() do
=1

1/2
2 max (0'2033)} /{v\{k(v){dv

+hn!

1<)

4 BRI [ ol (o) do/(m+ 1)
PRrROOF. (i) Observe that
R (z) = pmm1 /[Rn(x — hv) — Rp(z) — R(z — hv) + R(@)k™ D (v)dv

+hp ™t / [R(z — hv) — R(z)]k\™ ) (v)dv

and
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/ [R(z — hv) — R(z)]E™ ) (v)dv = AT / R™ ) (2 — ho)k(v)dv.

The rest of the proof is similar to the proof of Lemma A.1.
(ii) Since

hve ¢ m
/[R(a: — hv) — R(z)]k(v)dv = — //0 %R(m“)(r — 2)k(v)dzdv,

therefore

|Rn(z) — Rp(z)] < ,/[Rn(a? — hv) = R,(z) = R(z — hv) + R(z)]k(v)dv

hv _ m
+ // Eh—'v)R(mH)(x — 2)k(v)dzdv|.
0 m!

Now, the assertion follows as in the previous cases. O
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