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Abstract. Methods for deriving empirical Bayes estimators are generally
available. Corresponding general techniques for assessing the performance of
these estimators are not widely developed yet, however. In this paper we pro-
vide a general procedure for assessing and comparing the performance of the
empirical Bayes estimators and other estimators in a given data set.
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1. Introduction

The empirical Bayes (EB) sampling scheme covering a fairly general class of
situations can be described as follows. Let n independent past realizations of the
random variable (r.v.) © be 6,,65,...,6,. Each of these 8;, i = 1,2,...,n acts as
a parameter in the data distribution F(z | 8;) of a random variable X on which
a vector of m; observations x; = (2;1,...,Zim,) 1S made. These observations are
independent. The observed sequence of past observations i, ap,...,x, is then
used to construct empirical Bayes estimators (EBE’s) of the current 6 based on
the current observation £ = (z1,...,2,) from F(z | §). The EB scheme which
has received most attention is the special case when m; =m =1 (G =1,...,n).
Reduction of the general scheme is possible if all m; = m and if the observations
at each stage can be summarized in a sufficient statistic.

In practice one can expect sampling schemes to be much less tidy. Certainly
one may expect m; to vary, and reduction by sufficiency may not be possible.
Although particular cases of unequal m; have been studied in some detail there
has been surprisingly little systematic discussion of the unequal m; scheme. Three
matters clearly seem to need attention. The first two are, just how to construct
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642 J. S. MARITZ AND T. LWIN

EBE’s and what to do about lack of sufficiency. The third is the somewhat ne-
glected question of judging the goodness of EB estimation in a particular case,
relative to, say, maximum likelihood (ML) estimation. For details of general EB
developments and a discussion of unequal sample sizes see Maritz and Lwin (1989).

Attention in this paper will be confined to the case of estimating a single pa-
rameter §. Extension to a parameter of dimension d > 1 is possible, but will not
be considered here. We shall also not consider simple EB estimation, i.e. EB esti-
mation in which prior distribution G(#) of © is not estimated directly. There are
published studies of the unequal m;, simple EB problem, see for example O'Bryan
(1976), O'Bryan and Susarla (1977). However it does appear that actual construc-
tion of simple EBE's will generally involve selection of subsets of observations at
each stage, calculating the simple EBE for each subset and possibly averaging the
individual EBE’s over all such selections. Also, if the current m is greater than all
past m;, construction of a simple estimate of the actual Bayes estimate is impos-
sible. Published accounts of the performance of simple EBE’s indicate that EBE’s
based on direct estimation of G are better for finite n.

The performance of an estimate § will be judged by the expected squared
error W(6). The Bayes point estimate §¢ minimizes W{6) and is the mean of the
posterior distribution. We shall from time to time use notations like W{Bayes),
W (ML), W(EB) with obvious meanings. Well established practice is to judge
the performance of an EB estimate by the expected value of W(EB) over n past
realizations of ©, E,W(EB).

2. Construction of EB estimators

Construction of EBE’s for the current parameter 8 has been discussed for a
general vector parameter case (Lwin and Maritz (1989)). In this section, we repro-
duce a summary of the results as specialized to the uniparameter case. General
procedures for assessing the performance of EBE’s constructed here are discussed
in Sections 4 to 6 in detail.

2.1 EBE with parametric priors of known form

Let the prior distribution function of © be a continuous function G(; )
with a known functional form depending on a vector of unknown parameters
o = (0q,....ar). For notational convenience we shall express the likelihoods and
other expressions in the following in terms of probability density function (p.d.f.),
f(z | 6), of data distribution F(x | 8). Modifications for a discrete distribution
are obvious.

The Bayes estimator of 8, based on the current observation vector z is

(2.1) 0* (x;G,m) = 6" (z;a,m) = /HdB(H | z;G.m)

dB(0 | z:G.m) = p(x:0,m)dG(6;a)/q(x; a, m)
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is the posterior d.f. of © and

(2.2) :c@m:ﬁ flz;16)
and )
(2.3) g{z;a,m) = /p(m;ﬁ,m)dG(G;a).

The unknown parameter vector o is to be estimated from the previous data
xy,...,x, of the EB scheme.

The EBE of § is straight forward and is given by 9*(9:;6;,771) where & is a
“good” estimate of o based on the previous data. Thus the crucial problem here
is that of estimating e using all the information available in the EB scheme. We
consider the maximum likelihood (ML) estimation of .

The likelihood function of & based on the past observation vectors @y, ..., z,
is

n
(2.4) L(zy.....70) = [ [ a(zii0mi)

=1

where q(x;; &, m;) is as defined in (2.3) with &; and m; in place of £ and m. In fact
q(z;; a,m;) is the marginal p.d.f. of a r.v. X; whose realizationis @; (i = 1,...,n).

The log-likelihood function In L can be directly maximized. Alternatively, we
can apply an EM algorithm (Dempster et al. (1977)), to obtain an ML estimate é&,
of a. In either case one is concerned with the stationary points of the likelihood
equations

(2.5) (0/0a;)InL = Sj(z,a) =0; j=1,...,k
where .
Sj(:c,a) = ZUﬁ(a)
i=1
with
Ujila) = 0lng(z; a.m;)/0a.

Under certain regularity conditions (see also Lwin and Maritz (1989)), the likeli-
hood equations can be recast as

(2.6) ZE{‘?I“%(S'O‘)

XIIBZ'}: j"—'].,...,k

where the expectation is with respect to (w.r.t.) the posterior d.f. B(x,a, m).
This may be solved directly if an explicit solution can be obtained. In general an
iterative solution can be constructed as follows. Let S be a k x 1 vector whose
j-th element is

27 Si(zm..... 2 ZE [{5111965 | a)}a_am 'x _ %am]
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and J be a k x k matrix whose (j,¢)-th element is

H%Ing(® | a)}
2.8 Jis(@. ... 20l E
(2.8) Jt( 1 Ln; Z H 3%3% il

X = a:u,a(i)} :

In the above expressions a(® is the i-th iterative step estimate of a and oV is
taken as an initial estimate a. The estimates are updated by the equation:

(2.9) ot = _J7ls =12,

This can be shown to be the result of the EM algorithm. When the iterative
process converges, the resulting quantity &, is taken to be the ML estimator of a.

An approximate covariance matrix of @, is needed in evaluating the perfor-
mance of the EBE

(2.10) 0*(x; @, m)

based on ML estimate &,,. This will be discussed in more detail in Section 3. For
now we only note that if an alternative route of using observed information matrix
I, is to be used, one can follow the lines of Louis (1982) to extract I, as

(2.11) I =J-887

where J and S are evaluated at & = &,,. The use of (2.11) in an assessment of
EBE is also discussed in Section 3.

An attractive feature of (2.11) is that if the EM iterative process (2.9) can
be readily applied the quantities J and S are obtained as a by-product of the
iterative process, when convergence is achieved. No extra computation was nec-
essary. Furthermore the inverse of (2.11) can be used to estimate the covariance
matrix C of a,. Using (2.6) an approximation to C' is obtained as the inverse of
V whose (3, 7)-th element is V;; =~ cov(S;(z. @), S;(z,)). This is a special case of
the general result discussed in Section 3.

If T, = T;(xi1, ..., Tim, ), an estimate of ;, is based on a sufficient statistic,
the likelihood, apart from a multiplicative factor not involving a, becomes

(2.12) L{t;a) = ﬁ/h(tz | 0:,m)dG (6;; )
i=1

where h(t; | 6;,m;) is the density function of T;. The above analysis can then be
carried out equivalently by using L(t; @) in place of L(z;a).

If T; is not a sufficient statistic, then a conventional estimator, say an MLE,
6;, may be used to reduce the i-th sample. Such a reduction results in what we
shall call pseudo-Bayes estimation. The use of an MLE f; can be justified by the
asymptotic sufficiency of MLE’s (see Cox and Hinkley ((1974), p. 36)). In any case
the EB procedure described above remains the same with h(t; | 8;,m;) in place of

P(-’Bi ’eismz’)-
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Estimation of & need not be by the ML method. Sometimes other methods like
the method of moments may be much more convenient. Thus it may be possible
to write down tractable expressions, in terms of a for the moments E(T};), p =
1,2,...,k of the distribution hg(t;; m;, ). Then setting the observed moments,
(1/n) 3_ 7, equal to the theoretical moments estimating equations

(2.13) My(tie) =Y Wpla)=0, p=12...k
=1

are obtained whose solutions are the methods of moments (MM) estimates & of
a. One can use (2.13) and the matrix V mentioned earlier to obtain approximate
standard error of & satisfying (2.13). This is discussed in Section 3.

2.2 EB estimation: Approximation of the prior distribution

When the form of G is not known it is feasible to obtain a good approximation
to the Bayes estimate through approximation of G by some means. One may use
a member of some chosen family of distributions, such as the family of natural
conjugate priors, where it exists. This would lead to an analysis with parametric
priors as treated in Subsection 2.1 above. A more versatile approximation to G is
a step function approximation of G as discussed in Maritz (1967).

Let G be ap}?roximated by a finite mixture G having jumps of size Aq,..., Ax
(0< A< Y A =1)at ay,a9,....ax. Then L(z,a) can be approximated
by

n k
(2.14) Li(z, ) = [[{ D_plai | ag,ma) s
i=1 | j=1
Two subapproaches are open. First, assume that A; = 1/k and treat o, ..., a; as

unknown parameters. One can then proceed with a likelihood procedure to obtain
estimates of a. For identifiability one must impose a restriction a; < ap < -+ <
ar as pointed out in Maritz (1967). The estimating equations are the same as
(2.9) with L{z, o) replaced by Li(z,a, A).

Second, assume that the A;’s are unknown, but the aq, as, ..., ax are known
selected values. In this case too, one can proceed with a likelihood procedure using
(2.14) with known or selected values of a. This is a typical problem of estimation
of mixing proportions of a finite mixture of known components. Thus it can again
be treated by an EM algorithm approach; see e.g. Dempster et al. (1977). In this
case application of EM algorithm results in a set of iterative equations for A;’s as
follows:

(2.15)
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In (2.15) ;\§i) is an estimate of A; at the i-th stage of iteration. At the initial stage

one can take 5\5.0) = 1/k. As is well known (2.15) leads to the ML estimates of
A;’s based on the likelihood function (2.14). In the simpler case when sufficient
statistics T; (i = 1,...,n) exist, the above procedure is still valid if we replace
[T0e, f(ziw | ;) by A(t; | a;,m;); the same procedure serves as a pseudo-EB
method when T; is a summary statistic but does not possess the property of
sufficiency.

Again following the lines of Louis (1982) the observed information matrix of
) based on the likelihood Li(x,a, ) is obtained as fik), a k x k matrix whose
(4, 4)-th element is

)= — ZP(”’U | iy m)p(@y | aj,mu)

(2.16) I® (G, )

T
u=1

where )

k
r(z,) = {Zp(:vu | at,mu)/\t} .
t=1

As before the inverse of I g(ck) can be used to estimate the covariance matrix C of
estimates of the unknown parameters A.

2.3 Linear EB estimation
Suppose that T is an estimate of 8. In this section T need not necessarily be
a sufficient statistic. Then a linear Bayes estimate of 8 can be sought in the class:

(217) 6(T;w0,w1) ZWQ+W1T

as the one with wg, wy chosen to minimize W{wy+w;,T). Except in special cases it
is not the actual Bayes estimate, but in the Bayes sense, it is the optimal estimate
in the class defined by (2.17). Estimates of this type have been discussed by many
authors; e.g. Griffin and Krutchkoff (1971). In this section our concern is with
the case when T is based on different sample sizes at different stages of the EB
sampling scheme. We specialize to the case where we are concerned with the
estimation of the expectation of T at the current stage.
Suppose that the distribution function F(z | #) is parametrized such that

(2.18) E(T|6)=6, E(T*|8)=6*+q(0)/m

at the current stage. Here ¢(f) is a function taking positive values for all # in the
support of F(z | §). When T; is computed from (Xj1,..., Xim,) at the i-th stage,
the same relationships (2.18) hold for T; with m; in place of m.

Now the choice of wg, w; which minimizes W (wg + wT') at the current stage
is given by

(2.19) E(1®) E(©?) +E1E:?3<@)}/m} Bﬂ B {5((52))} '
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Let v, = E(©P) and 02 =2 — 7. Also let v = E{q(8)}. Then

wo = (iv/m)/(of +v/m),

(2.20) wy =1—(v/m)/(c? +v/m).

For constructing EB analogues of the linear Bayes estimator, we need to construct
estimates of

(2.21) n=E@®), o5=EB0%-{E@®)) v=E{q6)}

based on the data (T7,...,T,).

An advantage of this approach is that estimation of the above expectations
can be straightforward in certain important special cases. We demonstrate this
by considering a special choice of ¢(f) as

(2.22) q(0) = ko + k16 + k262

This choice covers the special cases considered in more detail in the following
sections.
Let

Y, = m,-(mi + k‘g)_l(ko + kT + kQTE),

k
T=Y Tin
=1

§3 =3 (T, - T)*/(n-1).

=1

Then define the estimators for v; and v as

2>

1=
= ZYi/n.
i=1

It can be readily shown that 4, and © are unbiased for v;,v. i.e.

)

3 Hg

(2.23)

gy

E(%1) = .
E(@p)=v.

Further by noting that

E(S%) =02 +vn7} Zm[l

=1

we obtain an unbiased estimator of 03 as

n
. - -1
62=52—-in IE m; .
i=1



648 J. §. MARITZ AND T. LWIN

It should be noted however that # and 62 could produce negative estimates for
small n. However, we exclude this possibility by assuming that sufficient amount
of previous data are available. Thus, under some conditions which allow Y; to be
defined, one can readily construct linear EB analogues of the linear Bayes estimator
0 (T;wp,w1) by using estimates wg and w; based on 41, o and (3(2).

We acknowledge here that the method of construction of # and 42 given above
has been applied to the case where F(z | 6) is a binomial distribution with param-
eter (n,0) by Southward and Van Ryzin (1972). Thus (2.23) gives an extension of
their result to the case of data distribution with properties (2.18) and (2.22).

It is also possible to estimate directly F(@?) for p = 1,2 using the moments
S TP /n (p = 1,2). In either case the procedure is the same as the method of
moments described in (2.13) and hence produces the same estimates.

3. Assessing the performance of EB estimators

Parametric G case

The quantities to evaluate for assessing the performance of an EB estimator
are W(ML), W (Bayes) and F, W (EB) mentioned in Section 1. In general each
of these quantities is a function of the parameters e, and can, in principle, be
estimated. The most troublesome is E,,W(EB), because it requires estimation of
the covariance matrix of the estimates of . In the following we denote an estimate
of @ based on a general method by & and in the case of a maximum likelihood
estimate we use &.

The general form of the estimating equations for « is

Sp(mia) = Up(a)=0. p=1,2,.. .k
i=1

and a large n approximate formula for the covariance matrix C' of the estimates is
(3.1) C =D 'v(DH)!

where the elements of

V are Cov{Sy(x; ), S;(z;a)}.

(3.2) D are {aEsgflx; a)}

for p,g=1,2,..., k. See for example, Maritz ((1981), p. 12).

The general form (3.1) is useful in many contexts, for two reasons. The first,
and more obvious one is that the reduction applying to the ML case does not
always hold. An example of this sort occurs when an approximation to the true
prior distribution is used. Other examples arose in alternative EB approaches, like
linear EB estimators.
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The other reason is that it is eminently realistic in some situations to suppose
that the m; vary randomly. In this case (3.1) is still applicable and we can estimate
the elements of C by

(33) Crn = Ty DAU(®) ~ Up (OHU(@) - Uy (&),
- p.g=1,2,...,k.

In the case of maximum likelihood estimation straightforward calculation
shows that D = V so that (3.1) reduces to the usual formula for the large sample
covariance matrix of MLE’s; D is the information matrix. The actual calculation
of estimates of C' can proceed either by finding expressions for D in terms of & and
then substituting the MLE & for ¢, or simply by using the observed information
matrix whose elements are

(3.4) {ZBUpi(a)/aaq} . pg=12...k
i=1

a=&

see for example, Cox and Hinkley ((1974), p. 302). In fact (3.4) reduces to (2.11)
when a is estimated by ML approach, i.e. C can be estimated by the inverse of
the observed information matrix in (2.11): C = I7 ().
Finite approximation to G

Next we consider the finite approximation to G as discussed in Subsection 2.3
where G is approximated by a finite step function G, with jumps of size A, ..., \x
at known steps ag, ..., ax. Here we have the observed information matrix for A as

given in (2.16), ¥ whose inverse can be used to estimate the covariance matrix
C of the estimate A.
Applications

Details of the use of the estimated C in estimating E,W(EB) vary with
the forms of data distribution and prior distribution, and are illustrated in the
following sections dealing with particular distributions.

It is often easier to evaluate the difference
(3.5) E,W(EB) — W (Bayes) = E,Eq{6*(z,&,m) — 6*(z,a,m)}?

where Eq is the expectation with respect to marginal distribution of X, Q(z, G, m)
whose p.d.f. is ¢(z; G,m) in (2.3).

4. The Poisson distribution
If the distribution of X for given # is Poisson with mean 0, the statistic T' =

(X1 + -+ X,,)/m is sufficient for #. The probability distribution of Z = mT
conditional on 6 is Poisson with mean (m#6) and the moments of T are given by

(4.1) E(T|6)=6, E(T?|60)=6%+0/m.
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(i) Parametric G case
If the prior distribution G is assumed to have the Gamma (a4, ;) then the
p.d.f. is

98| @) = {af? /T(ag)}9*> 7! exp(—ai0); 6> 0.

and the posterior distribution of © given T' = ¢ is also a Gamma(a; +m, as +mT).
From (2.6),

Uila) =az/a; —E(© | T =t;) = az/aqr — (g + mst;) /(a1 + m;),
(42) Ugi(a) = Ilna; ~- 1[1((12) + E(ln@ | T= ti)
= lnoy — 1n(a1 + mz) - w(ag) + w(ag + m;t;)

which provide elements of S in (2.6). Also the matrix J~! can be evaluated as

J-1= —aof [lﬁ/(az) 1/041}
n{agd’(ag) — 1} | /an  ag/of |’

Hence the iterative equations can be readily constructed. The observed informa-
tion matrix can be estimated by

Sui@ Y Uu@Uan@)
(43) L=n —f‘z(d? L/d, }_ i1

L R A 7Y D Un@Unla) Y Uia)
=1 i=1

In (4.2), ¥(-) is the digamma function.

It should also be noted that the expressions for Uy;(a) and Uy;(a) and the I,
can be directly obtained from the marginal probability distribution of Z = mT
whose explicit expression is,

Pe(z) = m*af?[[(az + 2) /{T(a2)21}](aq +m)*2 "=

Alternative method of estimating a by MM technique may also be used by
exploiting the moment expressions of a Gamma(a;, as) distribution for #. The
resulting estimate & of o is obtained as the solutions of

> W) =0, r=1.2
=1

where
Wii(a) = t; — ag /o,

ng(a) = tlz — O(g(az + 1)/&% — ag/(almi).
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The matrices D and V in (3.1) are now given by:

- nas n
ol e
1 1
D= 2naz(a2+1) ~1 (202+1) 1 R
————t 5 )y m; Sn—a—"-— ) m
L (241 (0% ay (83}
(4.4) & n
D (b= 0l Y (s — bty
v=| " = where ., = E(T))
Z(Hgi — Haild;) Z(/‘ili - #521
Li=1 =1

the expectation being taken with respect to the marginal p.d.f. of T;.
For a given set of past data we can now obtain an EBE of the current § by
substituting & or & for & in the formula

b¢(t) = (a2 + mt)/ (a1 +m)
for the Bayes estimate. Similarly, W (Bayes), given by
(4.5) W (Bayes) = az/{ai(a1 + m)},
is estimated by substituting & or é.

The difference E,W(EB) — W (Bayes) can be estimated by using (3.5).
For the EBE based on MLE’s of a we then have

(4.6) W(EB) — W(é¢g) = {5‘2 + mag /oy oo+ mag /o }2

a1 +m a;+m
(o1 — &n)? '
[(&1 + m){a7 +m))?

var(Z)

where var(Z) is the variance of Z with respect to the marginal distribution Pg(z).
A simple approximation for E,W(EB) — W(Bayes) is obtained by replacing &; in
the denominators of the expression above by « in which case we obtain

var(Gg) + (ag/a1)? var(d;) — 2(aa/ay) cov(ay, dy) N var(d; )

S (a1 +m)? (a1 +m)*

var(Z)

where var(Z) = (maz/o)(1 + m/a) which can be estimated in the obvious way
using the estimates of var(é;), var(ao) and cov(di, Gs) or through the use of the
observed information matrix (4.3).
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(ii) Linear EB estimation
For the Poisson data distribution comparing (4.1) and (2.18), we have g(6) = 6.
The solution of (2.19) for this case is

wo = (11/m)/ (72 = ¥ + 11/m) = wo(Y),

4.8
(48) wi = (12 =)/ (72 =¥ +m/m) = wi(v)

giving the linear Bayes estimator,

(4.9) 6c(T;wo,w1) = 0a(T;7) = wol(Y) + wi (V)T

The linear EBE is obtained by substituting an estimate 4 for  in (4.9). One
such estimate ¥ is obtained by estimating v, = E(6P), p = 1, 2, from the estimating
equations

n
Y Wrm)=0 p=12
=1
where
Wii(v) =ti —m,
ng('Y) = t? - ’Yl/mi - 2.

The covariance matrix for 4 can be obtained using the method of (3.1). We have
for this case

D=

-n 0 J
1 ;
-3 o n
while V is the same as the expression in (4.4).
The difference E,,W (linear EB) — W (linear Bayes) is given by

En{(00 — wo)? + 271 (00 — wo) + (01 — w1)?y2}

which can be evaluated to second order by expanding the above expression in
terms of Taylor series in 4 and using the covariance matrix C of 7.
The quantity W (linear Bayes) can be directly evaluated as

W (linear Bayes) = w? + 2wo(w; — 1)m1 + (w1 — 1)%72 + wivy /m.

5. The binomial distribution

The binomial distribution has been previously studied; but even for the case
when the parametric form is assumed to be known, say a conjugate beta prior
d.f., the assessment of the standard errors has not been properly made except in
some special cases. Simulation studies have been carried out sporadically, but by
its nature these cannot provide a comprehensive study. The linear EBE for the
binomial case has been proposed by Griffin and Krutchkoff (1971) who also gave
the linear Bayes estimator for a general case. Martz and Lian (1974) compared
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various methods of EBE for the binomial case which contains the linear EBE. But
except for a few methods the existing results are based on simulation studies.

The r.v. X is Bin(1,0) so that, in the current stage, mT = (X; + --- + X))
is Bin{m, #) and T is sufficient for 8. Also note that

o(1 - 0)

(5.1) E(T|6)=60, ET*|6) = + 62,

{i) Parametric G case
Consider the case when 6 is distributed according to a Beta(a;, a2) distribu-
tion. Then

[(a1 + a3)

ar—1l77 _ pgyaz—1
F(oq)l“(az)e (1=9)

(5-2) g0 ]e) =

and the posterior distribution of O is given T is Beta(a; + mT,az + m — T'm).
From (2.5),

Ulila) = ¥(oq + az2) = v(ay) + E(In© | T = t;)
P ( Ylag) — vl + az +m;) + ¥(ar + mat;),
Uzi(a) = (o + a2) — ¥(az) + E(In(1 - 0) | T =1t,)
( Y(ag) — (a1 + az + m;) + ¥(ag + m; — mst;).

These quantities define the vector S in (2.11). Also. we have

(5 4) J-l = _1__ w/(al + OQ) - ’lp"/(ag) _d’/(al + a2)
' ! nd - (a1 + a2) Y (on + ag) — ¥ (o)

where
d=¢'(a1)¥ (a2) — ¢'(a1 + a2){¢' (1) + ¥/ (a2)}.

Hence the iterative equation for updating a vector of initial estimates

(d(lo) . dgm) can be readily written down. The covariance matrix of & is obtained

as the inverse of V whose elements are

4

Vip =Y var{v(e, + mT))},

=1

(5.5) Vig=Voy = Zcov{zp(al +mT;), ¥(ae + mi(1 — T;)) )
i=1

Voo = Y var{w(az + mi(1 - T))}.
i=1

The Bayes estimator of 8 is

0*(t:a.m) = (a1 +mt)/ (a1 + az + m)
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and the EBE of 8 is obtained by replacing a by & An approximation for the
E,W(EB) is obtained from the approximate relation

(5.6) E,W(EB) — W(Bayes)
a3 var(du) + of var(dg) + 20109 cov(dy, dip)
- (01 + az)?(a1 + ag + m)?
var(éy ) + var(ég) + 2cov(dy + Gg)
(a1 + a2 + m)4

var(mT)

where ) )
meai(og + 1) + majas 9 af

—m .
(01 +a2)(og + a2 + 1) (a1 + a2)?

var(mT) =

Approximate expressions for variances and covariance of &1, G are obtained from
V~! and the Bayes risk is

(5.7) W (Bayes) = ajas/{(a; + a2)(a; + as + 1)(a; + as + m)}.

(ii) Linear EB estimation
For the Binomial distribution we have

E(T|6) =9,
E(T?16)=6*+6(1-6)/m,

so, as in the Poisson case, we need estimates of v, = E(6P), p = 1,2. They are
obtained by solving

i=1
where

WE(Y) =ti = 7,
(5.8) . 5
Woi(y) =ti —v2 — (M1 — 7y2)/mq

and an estimated approximate covariance matrix of the estimates 4 of vy can be
calculated as in the ML case. The solution of (2.19) for the binomial distribution
is

wo = {1 (m — v)/m}/{re = + (n1 — v)/m},
wi = (12 =)/ =71 + (n — v2)/m}.

Also
W (linear Bayes) = w§ + 2wp(wy — )71 + (w1 — 1)*v2 + wi(y1 — 72)/m

and E,W (linear EB) — W (linear Bayes) can be estimated as in the Poisson case,
using the estimated covariance matrix of &g, &, obtained from the estimated co-
variance matrix of 4 and the relation (5.8).
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6. The normal distribution

We take the distribution of X to be N (8, 0?) with ¢ known and fixed. Since
we have m > 1 current observations, and m; > 1 past observations at each stage
it is possible to calculate an estimate of o2 and use it in EB estimation. It is also
possible to develop EBE’s in which ¢ is allowed to vary from one experiment to
another so that we have the sequence (6, 02) of realizations of the two-dimensional
parameter random variable (6, ¥?). However, we shall here consider only the fixed
and known o? case.

The estimate T = (X; + - + X,,)/m of 6 is distributed N(§,0?/m) and is,
of course, a sufficient statistic. For the parametric G case we shall take the prior
distribution to be N (a1, a2); in our previous notations a; = y1, ag = vo — 7.

(i) Parametric G: © distributed N (a1, as)

The marginal distribution of T is N(a,as + 0%/m) hence it follows simply
that the MLE of a1, oy are the solutions of S;(t;e) =0, p = 1,2 as in equations
(2.5) or (2.6) with

Usi(a) = (ti — 1)/ (a2 + 0° /my),

(61) Ugi(a) = —1/(&2 + 02/mi) + (ti - 011)2/(C¥2 + 02/m¢)2.

The matrix J required for the iterative ML process is given by the elements

Ji1 = —n/as,
m;(t; — 1)
Jo=—-) ———=— = Jo;,
12 ; az(0? + myag) 2
n 2 2
o? a m; (tz - al)
J - —t .
2= 2a2 Z miap + o2 ; as(0? + myan)?

Now the elements of the approximate covariance matrix of & are given by V1
where elements of V are given by

Vil = Z 1/{az + o®/m;),

=1

Vig = Vo =0,
Vag = Z 1/{2(az2 + o*/m;)*}.
i=1
The covariance matrix of & is used, as before, in the following to assess the goodness
of the EBE relative to the MLE. We have
W{(Bayes) = 1/(m/c® + 1/as)

and after making approximations similar to those giving (4.7) and (5.6),
4 4

g ) g
E,W(EB) — W(Bayes) ~ mvar(al) + ——‘(02 T mag)?

var(ég).
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(ii) Linear EB estimation
For the normal distribution we have

E(T|§) =0,
E(T? | 6) = 6% + o /m.

Again, we need estimates of v, = E(#P), p = 1,2. These are obtained by solving

ZW* =0 p=1,2

where

l*’t (7) = tl - ’)/1«

(6.2) i . ‘
W3i(v) = t? — 72 Uz/mi

and the solution of (2.19) for the normal case is

wg = “;‘1(02/771)/{“/2 - ’Y% + UQ/m}~
w1 = (12 =)/ {12 = 71 + o*/m}.
Also
(v2 — Vf) ?
{o2 +m(y =)}

The quantity E,W (linear EB) can again be evaluated in terms of the covariance
of wo and w;.

W (linear Bayes) =

7. Discussion

The main contribution of this paper is to bring the assessment of empirical
Bayes estimators to the same level as the assessment of ML estimators in the usual
theory at least for the case when the prior d.f. can be represented by a parametric
d.f. This was made possible by the use of a second order result (3.1). A more
rigorous proof of this result is recently given by Brown (1985); the examples used
in this paper satisfy the required regularity conditions mentioned there.
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