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Abstract. In this paper we introduce a measure for the rate of generation of
information about the failure time of a system using mutual information mea-
sure. In the case of a system with multi-components what is really measured is
the interaction between one component of the system and the rest. Qur defini-
tion of measure is only a slight variation of existing classical definitions in the
information theory literature. We study properties of our proposed measure
and calculate information for several hypothetical systems.
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1. Introduction

Reliability of many stochastic systems depends on several characteristics that
are time dependent. Consider a system such that its reliability depends on k
characteristics. Let X;(¢), ¢ = 1,...,k, denote the value of i-th characteristic at
time ¢, and let A; be the corresponding permissible set for the i-th characteristic at
time ¢. For example, in engineering-systems, failure might occur when accumulated
damages to the system first exceed its known breaking threshold.

Consider the hitting times

(1.1) Tz(A,,) =Inf{t>0:X,'(t) EAZ‘}, t1=1,...,k,

where A; is the complement of A; with respect to the state space of Xi(t).

The random time in (1.1) is clearly the first time when the i-th characteristic
of the system is not within permissible limits. One can also reformulate T;(A;),
it =1,...,k, in-terms of a system consisting of k components with T;(A;) being
the failure time of the i-th component, ¢ = 1,...,k. Throughout this paper we
use the second formulation.

* This research was partially supported by the U.S. Air Force Office of Scientific Research
Grant AFSOR-89-0402.
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One of the most important problems in reliability is to size the amount of
information that can be obtained about any 7;(A;), failure time of the component
i, from the knowledge on behaviors of other components, that is, the behaviors
of the processes X1 (t), Xa(t),..., Xi—1(t), Xs41(¢),..., Xk(t). Information about
interaction between this component and the rest can help engineers to keep or
redesign the component.

Ever since the fundamental work of Shannon (1948) concerning the theory of
information, many papers have been devoted to various areas of this theory. In
particular, a significant number of works has been done in the following direc-
tions: 1) studying the properties of the basic concepts of the theory of information
and proving basic theorems; 2) calculating information content of discrete and
continuous sources; 3) studying relationship between decision and estimation the-
ory within the framework of the information theory. Among many such works
we should call attention to the articles and books by Shannon (1957), Kullback
(1968), Blahut (1987) and numerous references therein.

In the present work we introduce a measure for the rate of generation of
information about the failure time of any component say the component 3, T;(A4;)
by a process XD () = (X1(t),..., Xi_1(t), Xi31(t),..., Xx(t)). The proposed
measure is an application of the “mutual information”. Mutual information is
well-known measure of information and it has many useful properties (see Pinsker
(1964)). We give several properties of our measure. Sample calculations of the
information rate for a Poisson shock model, a white noise model and bivariate
processes are given. Throughout the paper we concentrate on the case when A;
is of the form A, = {x : z > a;}, ¢ = 1,..., k. Similar results can be obtained for
other cases. It should be emphasized that our goal in this work is not to come
up with a new measure but try to modify slightly the existing measures in such a
way that can be used in the area of “reliability”.

2. Preliminaries

In this section we summarize several well-known results that are used in the
next section. Most of the results can be found in Pinsker (1964). If (2x, Bx, Px)
and (Qy, By, Py) are two probability spaces induced by random variables X and
Y respectively, then the product of these spaces (2x Xy, Bx X By ) is the space of
points (¢, d), ¢ € Qx, d € Qy, together with the minimal o-field over the intervals
C x D which are all pairs (c¢,d) with ¢ € C and d € D, and the C € Bx and D €
By. Clearly, the pair of random variables X and Y can be interpreted in a natural
way as a single random variable with values in Qx x Qy. We will write this new
random variable as (X,Y). The distribution of the pair Px y(-) is a probability
measure in Qx x Qy which we shall call the joint distribution of X and Y. We
also define the product probability measure by Px x Py (C x D) = Px(C)Py (D).
The information of these random variables is defined by

Px,y(c?; X Dj)

(2.1) I(X,Y) =sup_ Px,y(Cix Di)log 5 (€Y Py (D;)’

1,3
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where the sup is taken over all possible subsets {C;} of the space fx and all
possible subsets {D;} of the space Qy. The number H(X) = I(X,X) = sup [ -
3. Px(C;)log Px(C;)] is called the entropy of the random variable X.

Let Px; and Px» be the probability measures defined on the Qx and let {E;}

be partition of Qx. We define the entropy Hp,,(Px1) of Px; with respect to Px,
by

(2.2) Hpy,(Px1) = supZPm(Ei)log %%a

where the supremum is taken over all partitions of Qx. Obviously, I(X,Y) =

Hp, «py (Px,y)-
In obtaining the value of the information, the following result due to Gelfand
et al. (1956) plays an important role.

THEOREM 2.1. (1) If the distribution Px «y is not absolutely continuous with
respect to the distribution Px x Py (.), then I(X,Y) = oo. (2) If the distribution
Px vy (-) s absolutely continuous with respect to Px x Py, then

(2.3) I(X,Y)z/Q . (log ax,y(z,y))Px,y (dz, dy)

= / iX’Y (d}', y)PX,Y (dfl], dy)a
Qx XQY

where ax y(z,y) is the density function of Pxxy(-) with respect to Px x Py(-)
and ixy(z,y) =logax,y(z,y).

In many cases it is easy to obtain the form of ix y(z,y). If spaces Qx and

Qy contain countably many points x1,z3,..., and 4,%s, ..., then
. Px y(zi,y;)
1 ;1) = log =———>*—  and
Px y(zi,y;)
2.4 I{X,Y)= P zi, y;) log ———"—~.
( ) ( ) Z X,Y( 1 y]) gPX(.T;)PY(y])

i’j

However, if the distributions Px(-), Py (-) and Px y(-) are given in-terms of den-
sities px (*), py(-) and px vy (-) respectively, then

. —1o pX,Y(xay) an
@V =08y ey
- pxy (@)
(25) IX)Y)= /Q Xxny(px,y(w,y))log — m)py(y)mx(al:tc)uny(dy),

where pqo,(-), oy (") and pa, X pa, (1) are measures defined on (Qx,Bx),
(Qy,By) and (2x x Qy, Bx x By) respectively. For example if X and Y are
finite dimensional spaces then uq, and po, are Lebesgue measures.
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Let X, Y and Z be random variables taking values in the measurable spaces
(Qx, Bx), (y, By) and (Qz, Bz) respectively. We define

Pyzix(E x F x N) = / Py(a(F | 2)Pgo(N | 2)Px(d2)

Qx

and the average conditional information of the pair Y and Z given X as
(2.6) E(I(Y,Z | X)) =Hp,, ,(Pxy,z),

where Hp ,  is given by (2.2).
In the case where Px vy, z are absolutely continuous with respect to the measure

PY)(Z|X7

@7 Burz|x)= [ [ [ [ mezenz12)

pY,le(ya z | z)

Py | D)pze(z @) |TX (z)dzdydz,

x log

where py, 7|, is the conditional density function of Y and Z given X = z, py, is
the conditional density function of Y given X = x, pz), is the conditional density
function of Z given X = z, and px is the density function of X. Similarly, the
average conditional entropy of Pz with respect to Px and the o-algebra Qx is

E(Hpy (Pz | Qx)) = Hp, (10, (Pz),

where

(28) Px(E x F l Qx) = /E(Px(F l Qx)Pz(d’wz X Qx))

3. Definition of the information rate

Let X;(U, V] be the random variable consisting of the family of random vari-
ables X;(t), U<t <V,i=1,2,...,k. Then, we have the following definition:

DEFINITION 3.1. The rate of generation of information about the failure time
of any component say i (T;(a;)) by the process X (t) = (X1(t),..., Xi_1(t),
Xi+1(t), N ,Xk(t)) is

(.1) I(Ti(00), X9 (0) = Jim 1(Ti(ar), XO0,V)),

where I(X,Y) is defined by the equation (2.1), T;(a;) = Inf{t : X;(t) > a;}
and X®D(0,V] = (X1(0,V],..., Xi-1(0,V], Xi+1(0,V],..., Xx(0,V]). The pro-
posed measure is an application of the mutual information measure which is
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defined by the equation (2.1). We say (Ti(a;), X ()(t)) is information stable if
I[(Ty(a:), XD (1)) = 0.

Several comments are in order with regard to (3.1). First, in general the
equation (3.1) is difficult to compute. But, if {X@(t)}, t = 1,2,... be discrete
parameter process (I believe that this is true in many practical situations or at
least this is the way that most processes are observed), then the equation (3.1)
reduces to

62 I(Tfe), XP() = lim ~I(Ty(as), XO(),..., XD(n)).

n—oo N

Second if X¥ () = X = (X1,..., Xi1, Xir1,..., Xz), X&) is not dynamic,
then the equation (3.1) reduces to

(3.3) I(Ti(a;), XD () = I(Ty(as), XD).

If we have a system consisting of k components such that X;, j=1,...,k, j #1,
is the life-time of component j, then the equation (3.3) measures the interaction
between life-time of component i and life-times of the remaining components.
The number H(T;(a;)) = I(Ti(a:), Xi(t)), i = 1,...,k, is called the relative
entropy of the random variable T;(a;).
The following theorem gives several properties of our definition. These prop-
erties are similar to properties of “mutual information”.

THEOREM 3.1. a) 0 < [(Ti(a;), XC )(t))
b) If X;(t) is mdependent of Xll( )
1,...,m} is a subset of {X1(t) 1 (t

y - le( ), where A = {Xli(t);’i =
) 1+1( )y, Xk(t)}, then

I(Ti(a:), XD(2)) = I(Ty(as), XD (t)),

where A is the complement of A with respect to {Xi(t), Xa(t),...,X;_1(t),
H—l(t)a Xk( )}

c) Suppose Xi(t) is a subordinate to the random process X;(t), 1 <1,j < k.
(A random variable X is said to be subordinate to the random variable Y, if Y is
everywhere dense in the random variable (X,Y). A random variable X which is a
measurable function, X = f(Y'), of a random variable Y is obviously subordinate to
Y. If X; = {Xi(t);t > 0} and X; = {X;(¢t);t > 0}. Then we say that the random
process X(t) is subordinate to X;(t) if the random variable X, is subordinate to
the variable X;.) Then,

I(Ti(as), X;(t)) = I(Ti(a:), Xu(t)).

( S) If I(Ti(as), Xu(8) — I(Ti(ai), X;(2)) <€, then I(Ty(ai), Xu(2)) — I(Ti(a),
Xj 1)) <e.

e) I(Ti(a;), CYXD(#)) = I(Ti(a:), XD(t)), where C(t) is some known
Sfunction of t.
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PrOOF. The proof of these properties follows from the corresponding prop-
erties of mutual information (see Pinsker (1964) for properties of mutual informa-
tion).

Suppose {X®)(¢)},t =1,2,... be discrete parametr process. Then clearly the
parameter V, which is given in the equation (3.1), is an integer. In this case we
have the following theorem.

THEOREM 3.2. Ifa) X (")(n). is @ Markov process and b) the joint conditional
density function of Ti(a;) and X (n) given XD (j), j =1,...,n—1, is equal to
the joint conditional density function of Ti(a;) and X (n) given X (n — 1),
Then,

1T, XO@) = Jim, ~[1(Ti(a) - BH(T(as) | XO(m),

where I(Ti(a:)) = — [ fr,(a;)(#) 108 fr,(a,)(w)du and fr,(,,) is the density function
of Ti(a;).

PROOF. From the equation (3.2),
- : 1 ,
I(Ti(a;), X9 (t)) = lim HI(Ti(ai),X<z>(o,n]).
Now,

(3.4) I(Ty(a;), X(0,n))
= I(T:(as), (XP(1), ..., XO(n))
=j/MWWM%hmMMM+EWﬂWHXm®D
n—1

+ 3 E(I(Ti(a:), X9 + 1) | XO(1),..., XD(5))).
j=1

Let us consider the [-th term on the right side of (3.4). Using the definition of
conditional information, conditional entropy, and assumptions a and b,

(3.5) E(I(Ti(a:), XD +1) | XD(1),...,X9(1))
= —E(H(Ty(a:) | XD (1 + 1)) + E(H(Ti(a:) | XD (1)),

Combining equations (3.4) and (3.5) we get the result.

THEOREM 3.3. Let {X;(t)} be a discrete time process, t = 1,2,..., with
values in the measurable space (Qx,, Bx,) and let X;(1), Xi(2), ... be independent.
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n—00

= — lim -Tl—L{Fﬂ(ai)logF““(ai)

+ (i Filai) - Fi- l(az)le(az)) log Fi1(a:)
I

n—1

+ (Fij+1(ai)Fij(as) - - Fir(as)) log Fi j41(as)
3=1

+ Z Fi,j+1(ai)"‘Fi,l—l(ai)Fil(ai)IOgFi,jJrl(ai)]},
i=j+2

where Fy;(a;) = P(X;(j) > a;) and F;j(a;) = P(X;(5) < ;).
PROOF. We will prove this theorem for the case that X;(¢) has a finite state

space. Similar arguments can be used for other cases.
We consider the relative entropy of T;(a;) defined by

A(T(a)) = lim %I(Txa@-),(Xi(n,-..,Xim))),

where I(T; (az) (X:(1),..., Xi(n))) = I(Tifas), Xi(1)) + 3252, E(I(Tilas), Xa(5 +
1) | Xi(l)’ z(]))) NOW

3.7 I(Ti(a:), Xi(1))

= Z P(Ti(a;) = 1, X:(1) = 1h)

hi€fx;q)
L PIe) =1,%0) =)
* 198 P (ar) = DPOGL(D = )
+> P(Ti(a) = n, Xi(1) = 1)
P(Ti(as) = n, Xi(1) = )
* 1% PTi(a) = mP(X (1)—11)}
= —{[Fﬂ(ai)log Fi1(ai)]

[Z Fia(ai)Fia(as) -+~ Fimo1(a:) F, n(az)] logﬂ-l(ai)}.

n=2
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Also, let us consider the I-th term on the right side of the equation (3.4), (second
part),

E(I(Ti(a;), Xi(L + 1) | Xi(1), ..., Xi(1)))

x|

NgE

ii

n

I+1
x [log(P(Ti(a:) = n, Xu(l + 1) = a(+1) |
P(Tia) = n | Xi(1) = 2(1), ..., Xi(0) = 2(0))

X PX(14+1) = ol + 1) | Xu(1) = 2(1),..., X;(D) = x(l»)]},

where the summation is taken over Qx, 4.1y X Qx, 0y X -+ X Qx, (1),

(3.8) = "{Fz‘,zﬂ(ai)Fz'l(aé) -+ F1(a;) log Fz‘,i-}-l(ai) + (log F111(as))

X ( Z Fi,l-}-l(“i)"'Fi,n-l(a'i)pin(ai)) }

n=l+2
Combining (3.7) and (3.8) we get that

(3.9) I(Ti(a:), Xi(1),...,X;(n))

= ——{ Fil (al) log Fil(ai)
0 _—
+ Z Fﬂ(ai) e E,n—l(ai)Fi,n(a’i) log Fil(ai)
n=2

n—1
+ Z {[(Fi,j+1(ai)Fi3€ (as) - - Fir(a;)) log F; j11(a;)]

COROLLARY 3.1. Suppose Fy;(t) = P(X;(j) <t) = F(t) and 0 < F(a;) < 1.
Then,
H(T;(a;)) = —F(a;) log F(a;).

THEOREM 3.4. Let X (t) be a discrete time process, t = 1,2, ... with values
in the measurable space (Qx ), Bxw) and let XD (1),..., X (n),... be condition-
ally independent given T;(a;). Then,

I(Ti(a) X9 (1) = Jim [}j I(Ta), XO @) + HXOQ), .., X9 (n))} .

=1



INFORMATION THEORY AND FAILURE TIME 471

PrROOF. Use the fact that for a sequence of random variables X,
Yi,...,Y,,... such that Y3,Y5,...,Y, are conditionally independent given X, we

have
n

E(I(X,(Y1,...,Yo) = Y _I(X,Y:) + HY,...,Yy).
=1

4. Examples

Ezample 1. A device is subjected to shocks occurring randomly in time ac-
cording to a homogeneous Poisson process (HPP) with intensity A (for the def-
inition of HPP see Barlow and Proschan (1981)). The i-th shock causes a ran-
dom amount Y; of damage, where Y7,Y5,... are independently distributed with
common distribution function F. The device fails when the total accumulated
damages exceed a specified threshold, say a, that is the failure time of the device
is T(a) = Inf{t : NP y; > a}.

Suppose that the counting process { N(t)} was observed at discrete time points,
t=1,2,..., (N(0) = 0), and our goal is to obtain the amount of relative informa-
tion about T'(a) by the process {N(t);t =1,2,...}.

_THEOREM 4.1.  The relative information about T(a) by {N(t);t = 1,2,...}
is I(T(a), N(t)) = b, where

b= i,wlhi_x?_’oo{ i i (/01 zhi:F(k+h1+...+hi_1)(a) <’;:)g(u))

h1=0 hn,=0 k=0

h4
i L hi e—)\n)\h1+---+hn
x (logZF(’H'h“L +h;_1)(a)<k>g(u)) du R }7
! -

k=0

g(u) = (hi — k) 511 — w)* — k(u)?~*(1 — w)*! and F(™) is the m-fold
convolution of F' with itself. There are situations that b can not be computed. In
those situations we recommend to use appropriate approrimations.

PROOF. By the definition (3.2) we get
I(T(@), () = lim - I(T(@), (V)N Nm),

where

4.1y I(T(a),(N(1),...,N(n)))

+ 3 BUI(T(@), NG +1) | NQ),...,NG))]

=1

= — /Ooo fr(a)(t) 10g fr(a)(t)dt — E(H(T(a) | N(n),...,N(1))).
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Now,

P(T(a)>t|N@)=1,i=1,...,n)

N{t)
=P[> Yi<a|N(@)=l,i=1,...n

i=1

F®(@P(Nt)=k|N@) =l,i=1,...,n)

I

>

= F(’°+li—1>(a)(};)(t—(z’—1))’“(i—t)hi-’“ if i—1<t<i

k=0
(hi = li —li_]_,lg = O,Z = 1,...,TL)
> 1
=Y (F*H)(a)(A(t — n))¥ exp(—A(t - )y if t>n.
k=0 ’

(It is assumed that (0)° = 1.) Consequently the density function of T'(a) given
N@G@)=1l,i=1,...,n,is

42) f|N@)=li=1,....n)

( h1
F(k+li—1)(a) hi
yrea )
x[(hs — k)(i — )P k1t — i 4 1)*
.y —k(i — )Rt — g 4 1)R71, if i—1<t<g
= 1
kzzoF(k+l")(a)H
X [\F1(t — n)* exp(—=A(t — n))
{ “Xek(t —n)*lexp(=A(t —n))], if t>n.

Using the equation (4.2) the second term in the equation (4.1) can be written as

~ NQ1) = hgy....N(r) = N(n— 1) = hp))

x log(f(t| N(1) = hy,...,N(n) = N(n — 1) = hn))dt]

1
% ((exp(_n)\)))\h1+h2+ +h") hl'hz' e Rt }



INFORMATION THEORY AND FAILURE TIME 473

h1=0 hp=0

X (hi —k)G =) P L (t—i + )P — k(i =)kt —i + 1)’“—1)>

hi R
x <logZF(k+h1+'”+h"‘1)(a) ( k) (hi —k)(i— )M %1t — i+ 1)*

k=0

|

{Z Z {/n ZF(“'“* +hn) (g );!

h1=0
x ARt — n) exp(—A(t —n)) — A¥k(t — n) L exp(~A(t — n))]

% [log Z Flethit+hn) (a)

k=0
1

x IVt = n)* exp(—A(t — n)) — Atk(t - n)?

e—n)\/\h1+--*+hn

From (4.3) it is clear that

lim ——E( (T(a) | N(i) =1;,i=1,...,n))

S S S (L (Err ey

h1=0 k=0

X ((hs — k)(i — )1t — i+ 1)* — k(i — )P (t — i+ 1)k—1)>

h; hs
X (1ogZF<k+h1+"'+hi—1)(a)(k’) ((hi — k)@ — )P R 1t — i+ 1)k
k=0

b1t rtha
L R (R B 1)“))} dt}(exﬂ-m”m} ="

(Note that the second term in equation (4.3) goes to zero as n — co. We use the
fact if a1, as,... be a sequence of non-negative numbers such that a, = 3. ; @i,
where the a,;, i = 1,...,n; n =1,2,... are non-negative and bounded such that
lim; 5, n—i—oo @ni = @, then lim,_,(an/n) = a.) The first term in the equation
(4.1) can be written as

- / Frta) (t) 108 fray(t)dt
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I

- Ae M (A)F — Nbgh—1pe— Xt
xlongF(k)(a) (A¢) o ”dt}.
=0

e—At(/\t)k _ /\ktk—l ke——)\t

F®)(g)2 .

Asn — 00, —=(1/n) [;° fr(a)(t) 108 fr(a)(t)dt — 0. Therefore,
I(T(@). N(t)) = lim ~~B(H(T(a) | NG) = lii = 1,...,n) =b,

_ COROLLARY 4.1. Suppose F9)(a) = 1, j = 0,1 and = 0 for j > 1. Then
I(T(a), N(t)) =0, that is, T(a) and N(t) are information stable.

Corollary 4.1 simply tells that for the system which satisfies the assumptions
of this corollary, observing only N(t¢) at discrete time points does not give any
information about the failure time of the system.

Ezxample 2. Consider a white noise process X (t), t = 0,1,2,... such that
X(t) is normally distributed with mean zero and variance 1. (The process X (t) is
said to be a white noise process if X(0), X(1),... are independent and have com-
mon distribution function.) From Corollary 3.1, H(T'(a)) = —®(a) log ®(a), where
®(a) is the cumulative distribution function of a standard normal distribution. Ta-
ble 1 gives H(T(a)) for several values of a. From Table 1 it is clear that we have
maximum relative entropy whenever we want to hit 0. That is, given that X(t) is
observed at discrete time points we have maximum relative uncertainty about a
system failure whose failure time is 7°(0) and minimum relative uncertainty about
a system whose failure time is T'(—3).

Table 1.

a  H(T(a))
-3 .0092
-2 .086
-1 .29

0 .35
1 .15
2 .02
3 .0013

Ezample 3. Consider a bivariate process {(Xn,Yn);n > 1} such that
(X1,Y1),(X2,Y2),... are independent with common joint distribution function
H(m,y) = P(Xl <z, < y)' Let F(‘T) = P(Xz < .’L'), G(y) = P(YZ < y)a h(:z:,y)
be the joint density function of X; and Y;, W(z,y) = f:o h(z,y)dz, W(z,y) =
[Z h(zy)dz, Ulm,y) = P(X >z |Y =y) and U(z,y) = P(X <z | Y =y).
Define T(z) = Inf{n > 1: X,, > z}. Then we have the following theorem.
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THEOREM 4.2.
T(.”L‘), {Yn}) =0,
that is T(x) and {Y,} are stable.

PRrOOF. From Definition (3.1) we get that
(44) I(T(), {¥}) = lim lI(T(x) (Yi,...,Ya))
= lim ZP(T(Q:)— 7)

x log(P(T(z) = j)) — E(H(T(z) | Y1,..., Ya)) |-

The first term in the equation (4.4) can be written as

(45) -3 P(I(z) = j)log P(T(z) = )

- [E P\ () F(z) log(Ff‘-lmF(:c))}
j=1

= —log F(z) — IP; g; log F(z) = L (@)1og F(x% q(uxir(x) log F(z)

The second term in the equation (4.4) can be written as
EH(T(z) | Y1,...,Yn))

Z/( ZP(T(z)—g,Yl—m Yo = )

yn)] 1
xlogP(T(z) =3 |Y1=u1,- . Yn = Yn)dys - - dyn,

=3 {Fj—lm ([ wawoeta)

7j=1

+(j - DF'"*(z)F(z) /oo W (z,y)log U(m,y)dy}

+ Z {(nF (z)FI~ ) ( / W(z,y)logU(z, y)dy)

j=n+1

+(J —n—1)F "} 2)F(z)log F(z) + F~ 1(96)1’(26)10gl[’(1)}
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Combining (4.4) and (4.5) we get that

I(T(z),{Ya})

= lim 1 F(z)log F(z) + F(x)log F(x)
nTmee n F(z)
Jo W (z,y)log U(z, y)dy
F(z)
+ ?gg /_ W@ y)logU(n,y)dy

+nbn(@) [ Wiz, ) logUle,y)dy

n+2 T _
+ %()—)logF(ﬂEHF"(iv)lOgF(m)} =0.

One application of Theorem 4.2 is that if we have bivariate random vector,
where X has the cumulative distribution function F and Y has the cumulative
distribution function Y. If we take a sequence of random sample from F and a
sequence of random sample from G, then even though X and Y are dependent
but still the rate of information about T'(x), the first record value larger than z,
by {Y,} is 0.

Example 4. Let X;,Xs,... and Y1,Y5,... be mutually independent random
variables, the X, having the common distribution F and Y; having the common
distribution G. Let T(0) = Inf{n : X; <Y;}. Then we have the following result:

THEOREM 4.3. (a) I(T(0),{Y(n)}) = —w, (b) I(T(0),{X(n)}) = —a, where
w= [ F(y)(log F(y))dG(y) and a = [(G(y)log G(y))dF (y).

ProOF. We will prove part (a). Similar arguments can be used to prove part

(b).
Using the definition (3.1) we get that

(46)  I(T(0),{Y(n)}) = lim —l{ Y P(T(0) = j)log P(T(0) = j)

+ E[H(T(0) | Yi,... ,Yn)]}.

Given that R = P(X; < Y;) = [G(z)dF(z), G = 1-G, i = 1,2,..., the first
term in the equation (4.6) can be written as

(4.7) > P(T(0) = j)log P(T(0) = 5)

Jj=1
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M

P(X1 >Y,... Xj_l > Yj_l,Xj < Y])

.
Xn

1
log(P(X1>Y1,...,X;-1 > Y1, X; <Yj))

(1-RY~'Rlog(1 - R’R

pHg

o,
J|
MR

(RlogR + (1 — R)log(1 — R)).

ml

The second term in the equation (4.6) can be written as

(4.8) EH(T(0) | Y1,...,Yn))

o0

= —[w+u] + Z nR(1 - R)’ " lw
j=n+1

o0
+ Y R(1-RY'logR

j=n+1
+ Y (j-n-1)RA- Ry 'log(1- R)
j=n+1
1 1
E(w-ku) +nw+ (1 - R)"logR+ (1 - R)""(log(1 _R))ﬁ‘
Here u = fo (F(y)log F(y))dG(y). Combining (4.7) and (4.8) we get that

IT0), {¥}) = Jim ~(T0), (V... Ya)) = —w.

An application of Theorem 4.3 in reliability is that one can take X; to be the
strength of a system which is subjected to the stress Y; at discrete time point 3,
then T°(0) is failure of the system. Theorem 4.3 says that the rate of information
about failure time of the system from its strength and the stress are —a and —w
respectively.
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