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Abstract. We consider the transformation model which is a generalization
of Lehmann alternatives model. This model contains a parameter # and a
nonparametric part Fy which is a distribution function. We propose a kind of
M-estimator of 6 based on ranks in the presence of random censoring. It is
nonparametric in the sense that we do not have to know F;. Moreover, it is
simple and asymptotically normal. For the proportional hazards model with
special censoring, we obtain the asymptotic relative efficiency of our estimator
with respect to the best nonparametric estimator for this model. It is quite effi-
cient for special values of 8. We also make a comparison between our estimator
and other proposed estimators with real data.
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1. Introduction

We consider the transformation model which is a generalization of Lehmann
alternatives model (Lehmann (1953)). In this model, we have samples from dis-
tributions with distribution functions (df’s) F; and F, = D(F};60) where D(-;6)
is a parametrized transformation. We then make inference about the parameter
# without knowing Fij. In this sense, transformation model is a semiparametric
model (Wellner (1986)).

For the first sample, let X7,X3,...,X;, be independently identically dis-
tributed (iid) positive random variables (rv’s) with df Fy. For each X7, there
corresponds a positive rv Cy; which is independent of X?’s and iid with df G;.

X[’s are survival times and Cy;’s are censoring times. We can only observe
(Xl, 61), (X2, 62), ey (Xm, 6m), where

XiéX,?/\Clia 6iéI[Xi=Xi°]7 i=1a2a"'9ma
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z Ay denotes min(z,y) and I4 is the indicator function of a set A.

Similarly for the second sample, let Y7°, Y7, ..., Y,? be iid positive rv’s denoting
survival times with df F,. Independent of the Y;’s, let Cy;, j =1,2,...,n be also
iid positive rv’s denoting censoring times with df G;. Then (Y7,¢€1), (Y2, ¢€2),. ..,
(Yn,€n) are observed where

A s .
Yj=Yj°/\ng, 6j=I[yj=yjo], i7=12...,n.

Further we assume all df’s Fy, F», G1, G2 are continuous and have pdf’s fi, fo,
g1, go respectively.

Under the above assumptions X;’s and Y;’s are iid with df’s H; and H, defined
by

(11) 1—H1(.’L‘)=P{Xi >:E}=(1—F1(:L‘))(1—G1(.’17)),
(1.2) 1 - Ha(y) = P{Y; >y} = (1 - B2(y))(1 - Ga(y))-

We define the following sub-df’s for later use.

(1.3) HY(t) 2 P{X; <t 6, =1} = /Ot(l — Gy)dF,,
(1.4) HE() 2 P(X; <t,6; = 0} = /0 ‘(1— PG,
(1.5) Hy(t) 2 P{Y; <t,e; =1} = /O (- o),
(1.6) HS(2) 2 P{Y; <t,¢; = 0} = /Otu _ F)dGy.

Then clearly we have H, = H{' + Hf and H, = H} + H3.
Now we shall define the two-sample transformation model precisely. Following
Miura (1985), the model is expressed as

(1.7) Fy(t) = D(Fy(t);0), 6€©CR!,

where © is a parameter space and for each 8 D(u;8) is a continuous df on (0,1)
whose functional form is known and has pdf d(u; #). Furthermore, we assume that
D(u;0) is monotonically increasing in § and continuously differentiable in both u
and 6.

In this model we consider inference for the parameter #. In the next section,
for the case when F) is unknown, we suggest a nonparametric estimator of  based

on ranks.
A particular example of our framework is the proportional hazards model.

Ezample 1. (proportional hazards model) Let D(u;0) =1 — (1 — )%, 0 <
6 < 0o. Then

(1.8) A1(t) = 0A2(2),
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where A1 and A2 denote hazard functions corresponding to F; and F; respectively
(Cox (1972)).

For other examples, see Dabrowska et al. (1989) (hereafter DDM). In the sequel
we mainly use the proportional hazards model for illustration of our procedure.

For the above model, without censoring DDM suggest two estimators based
on ranks and prove their asymptotic normality. In the present paper, we consider
an extension of one of them to the model with randomly censored data. In Sec-
tion 2, our estimator is defined in the presence of censoring. The estimator is a
kind of M-estimator and obtained by solving an estimating equation. It is rather
simple, especially for the proportional hazards model. Moreover, in Section 3, our
estimator turns out to be asymptotically normal under certain mild regularity con-
ditions. For the proportional hazards model with special censoring, we obtain the
asymptotic relative efficiency of our estimator with respect to the maximum par-
tial likelihood estimator, which is known to be the best nonparametric estimator
for this model. We see that our estimator is quite efficient near § = 1.

2. RAM estimator

First we shall consider the case when F) is known, and introduce the M-
estimator which depends on F;. For this purpose let us calculate the likelihood of
(Y1,€1),(Y2,€2),...,(Yn,€). If F} is known we only have to consider the second
sample, because by transforming

Ui = Fi(X:), W;2R(Y),
the joint distribution of Uy, ..., Uy, Wi, ..., W, has the following survival function
m n
JIQ = w)it = Go(FT )] - [](1 = D(wy; 0))[1 — Ga(Fy (w;))],
i=1 j=1

and therefore Wy, ..., W, are sufficient for 6.
Denoting the likelihood of a single observation (Y}, ¢;) by L(y;, €;), we have

oy o [ Pyl = Ga(y;)] if =1
s = { BN E) & 2T

= {f2(w5)[1 — Go(y)}* - {21 — Faly;)]}' .

Hence the total likelihood L of (Y1, ¢€1), (Y2, €2), ..., (Yn, €,) becomes

L=]] L)

Jj=1

=[] @)1 - G [[2w)l - Fw)l, 5=1,...,n,



316 HIDEATSU TSUKAHARA
where [],, and []. denote products over uncensored observations and over censored
ones respectively. Now the terms concerning g» and Gy may be considered as

constants for maximum likelihood estimation since they do not depend on 6, and
hence we may regard L as

L= Hfz(yj) H[l — Fa(y;))-
Taking logarithms gives

log L= _log fo(y;) + ) log[l — Fa(y;)],

where, similarly as above, 3 and ) . denote the sums over uncensored and
censored samples, respectively. Further,

alogL Fa(y;)
Z XC: 1 - Fa(y;)
where
. A O . A O
Falys) = pgf2lys),  Falys) = g5 F2(y))-
By (1.7)
f2 = fr-d(F;6), Fy = D(Fy;9),

d(u;0) = 3D(u 8), D(u;0) = %D(u;H),

hence we have

OlogL & d(w ;6) D(w;; 6)
(2.1) 50 “Z 2050~ 9T Diwy;0)

where w; = (yj). To obtain further expression, we state the following lemma
(c.f. James (1986)).

LEMMA 2.1. Assume that for d(w;6) the order of differentiation in 6 and
integration in w are interchangeable. If we set

(2.2) A(w;0) & 3?” z; gologd(w 9),
then
(2.3) —% = E[A(W°;0) | W° > w,

where Y° is a rv with df Fy and W° 2 Fi(Y°).
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PROOF.
BIAW30) | W° > ul = s | " A 0)d(w; 0)du*
- m . % i)
~ = p7 6!l ~ Dwi)
_ _% .

Using (2.2) and (2.3), (2.1) can be written as

al;’ﬁL = e Aw;;0) + (1 — &) E{A(W;8) | W° > w;}].

Jj=1

Note that E[0log L/06] = 0 and MLE is defined by 0log L/08 = 0. Now let 1 be
any function satisfying Eg[n(W°;8)] = 0. Then as proved in Lemma 3.1 below,
we can show

(24)  Elen(W;;0) + (1 — ) E{n(W*;60) | W° > W;}| = E[n(W®;6)] = 0.
Therefore a natural score function ¢ for M-estimation may be defined by

(25)  w(wyes50) 2 e5v0(w;; ) + (1 - &) E{o(W°;0) | W° > w;)

where v is any function satisfying Fg[v(W®;8)] = 0. For brevity, let us write
(2.6) V1 (wy;0) = E{spo(W°;0) | W° > w;},

so that
Y(wy, €55 0) = €;90(w;;0) + (1 — ;)91 (w;; 0).

Here we further assume that v, £ = 0,1 are monotonically increasing in §. We
then define an M-estimator (Huber (1981)) of € as a solution of the equation

Y $(Wi,e;50) =0

j=1

Now we turn to the main case where F; is unknown. Then we cannot transform
Y; by Fi1. However we can replace F; by some estimator of 1. For the censored
case we shall take Kaplan-Meier PL(product limit)-estimator Fiy,, as an estimator
of F; (Kaplan and Meier (1958)). It is defined as follows: let X1y < X(g) <-+- <
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X(m) be order statistics in the first sample, and 6(;) be the §; corresponding to
X(:). Then Fi,, is defined by

1 b
1_-—,—_ .f t< m»
1— Fig(t) = 11 < m—@+1) 1 i

X(i)st
0 if t> 7,

where 7,, = X(m)- In order that the proposed estimator is applicable for small
samples, we define

—N—:_—l if 0 <t< X(l)’
Fin(t) 2 { Fim(t)  if X{) <t <7y,
N .
m if Tm S t,

where N 2 m +n and

Further we set Wj = Flm(Yj) and then define our RAM (Rank Approximate M)
estimator d of § by a solution of the equation

T

Y v(W,e50) =0.

i=1

More precisely, if we set

0N—sup{9 > bW, €5:0) 0} and

=1

o = 1nf{0 Y(Wj,e5:0) < o}
=1

.

then the RAM estimator is defined by

If Y1) < Y(3) < -+ < Y(n) are order statistics of Y1,Y2,...,Y;, then Flm(Y(j))
has the same information about § as rank of Y(;). Therefore we can interpret On
as an approximate M-estimator based on ranks. That is why we call it RAM
estimator as in DDM.

In the absence of censoring, Cuzick (1988) developed a similar estimation
procedure in the linear transformation model which is related to, but essentially
different from our model.
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Ezample 1. (continued) Under the proportional hazards model, we have
d{u;0) =0(1 —w)® 1, d(u;8) =1 +0log(l —w)](1 —u)? L.

Hence we compute

(27) vo(u; 0) —-%i = 7 +log(1 — u).

Similarly the equation D(u;68) = —log(l — u) - (1 — u)? leads to

D(u;6)

(2.8) ¥1(u;0) £ T D(w0)

=log(1 — u).

Then both %(u;6) and 9, (u;§) are nonincreasing in 6, and hence fxn becomes a
solution of the equation

> (87" +log(1 = Fym(Y5))) + (1 — €5) log(1 — Fym (Y7))] = 0.
7=1
Solving this we obtain

. Z;=1 €
2.9 O = p '
(2.9) N E;.‘=1[~ log(1 — F1m(Y5)))

Note that the numerator represents the number of uncensored observations in
the second sample, and that —log Fi,, in the denominator can be viewed as an
estimator of the cumulative hazard function corresponding to Fj.

3. Asymptotic theory

3.1 Notations and assumptions
Let us denote the empirical (sub-)df’s of Hy, HY, HS by

ZI[Y <t]€5s

3Iv—*

H2n é Z I[Y <t]s Hzn é
H2n é ZI[YJ<t] 1 —GJ

respectively. Next, we shall define the (sub-)df and empirical one of W; = F(Y;).
Hereafter we denote the composition of two functions f and g by fg. With this
rule we have

WP 2 Fi(Y?) A D(-;8), Fi(Cy) < GoFy Y,
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and so we define the (sub-)df of W; by
1-Ey 2 (1-D)(1 - GoFyY) = HoFy Y,
2 /0 ‘(1 - GoF-)dD = HYF-H (1),
ES(t) 2 /0 ‘(1 - D)AGF! = HEFL(2).
Empirical ones are also defined by

AN

E2n(t = ZI[W <t] = HZnFl ( )7

Hl>

E3 (¢) le]q = HEFY(1),

ES (H) 2 = ZI[W<t]1—eJ = HS F{' ().

Next let us define empirical processes which we need for the proof of the
asymptotic normality of . For the second sample, the processes

(3.1) Vi(Hg) 2 Vn(H;, ~ Hy),  Vi(H;) = vn(Hs, ~ H3)

appear and for the first sample we need the Kaplan-Meier process:

(32) Xm = M(Flm - Fl)

For the asymptotic argument of this process we define the following functions;

(33) ) 2 /0 (T_lH—IPdH}L,
(3.4) K(t) 2 1—%%)@

Furthermore let V; and V) be independent Brownian bridges and X 2 (1-F)B,
where B = §(C) and § is the standard Brownian motion on [0, 00). Here X =Y
means that X and Y have the same distribution. We denote the sup-norm over
an interval [a,b] by || -||2 and when a and b are omitted it represents the sup-norm
over [0, 00).

We now state our assumptions.

AssuMPTION 1. (1) If we set

e, Sinf{t: F1(t) =1}, 7¢, =inf{t: Gi(t) =1},
o, S inf{t : Hi(t) = 1} = 7, A TG,
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we assume that s, = 7g, = TH, = 0.
(2) Let Ay = m/N. Then, for some Ao € (0,1/2),

M SAN<1-)g, forall N2>1,
and there exists A > 0 satisfying

Av — A, as N —oo.

On the score functions % and 1, and the (sub-)df’s E», E3 and E§, we put
the following assumption.

AsSUMPTION 2. Define
G60) 2 20 6:0), dn(t:0) 2 Zn(t:0), k=01
k\Y Bt bl 9 ] 89 ’ ’ bl

Assume that for @ in a neighborhood of the true parameter value o, the following
conditions (1)—(4) hold.
(1) For some § satisfying 0 < § < 1/2,

a) We(t:0) < It — 17/, b) [ (66)] < ML - 07/,

where M is a universal constant.
(2) For the same ¢ in (1),

1
/ 2 ICFT ()] 8/ 2d By (t) < oo,
0

uniformly in 6.
(3) For the same 6,

1
/F ( )(1 — 1) VP dE, () = 0p(m ™).
1I\Tm

(4)

1 1
2) / o (t: 0)dEL(t) < 00,  b) / dn (£ 0)dES(t) < oo,
0 0
uniformly in 6.

Let us interpret our assumptions. Assumption 2(1) is an ordinary assumption
on the smoothness of the score functions which has been very often used in non-
parametrics, and Assumption 2(4) has the same meaning on the smoothness in
the argument §. Assumption 2(2) is a technical and direct assumption ensuring
the convergence of the process, and so seems with Assumption 2(3). But, as easily
verified, it is concerned with the censoring distribution G; and a measure which
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reflects “the lightness of censoring”; it can be satisfied if the convergence of F(7)
to 1 is appropriately rapid. Noting that F(7.,) is the largest order statistic from
the distribution with df E; = H;F;"! and (1.1), E; should have a density whose
derivative at 1 does not exist, or at least sufficiently large. Therefore G; puts
mass on the part of the positive real line bounded away from the origin. A simple
sufficient condition for this is 1 — Fy(7y) = op(m~1/2).

Remark 3.1. If G, = 0, that is, if there is no censoring, easy calculation
shows that C = F; /(1 — F}), so that Assumption 2(2) reduces to Assumption 2(2)

in DDM. Also, Assumption 2(3) is satisfied since Fy(7m) Lu (0,1).

3.2 Asymptotic normality A
We begin with the integral representation of the statistic Z?:l P(Wj, €55 0)
which is used to define our estimator:

n

(35 Sn0) 2 Y leolW6) + (1— i (Wis0)
j=1

o0 . o< R
— / Wo(Fym; 6)dHE, + / 1 (Fum: 6)dHE,
0 0

The following lemma shows that the expectation of Sy (6p) is 0.

LEMMA 3.1. If the true value of 0 is 6y, then
e / olFisbo)dHE + | 1 (Fusbo)dHg = 0.
0 0
ProOF. By the change of variable,
1 1
u= [ woltiGu)dEz () + | wisosse
0 1]
1
- / Yolt;60)[1 — GoFy L (1)]dD(t:)
0
1
+ / 1(t; 00)[1 — D(t; 60)]dG2 F(8).
0
Using (2.6) and the identity 1 — GoFy () = [, dG2F[*(s), we obtain
1 1
p= / Yo (t; 6o) [/ dGzFfl(s)] dD(t; 6o)
0 t
1 1
+/ / ’@bo(s;eo)dD(S;oo)ngFl_l(t)
0 t

= /01 Po(t; 0o) [/tl dG2F1—1(S)] dD(t; 0o)
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/ o (s: 60) [ / Gy T ]dD(s 6o)

= /0 wo(t;ﬂo)[ /0 dGzFfl(s)]dD(t;%)

= /01 Yo(t; 60)dD(¢; 6o),
which is 0 because of the condition on v : Eg[¢o(W°;0)] =0, W° ~ D(-;0). O
We are now ready to prove the asymptotic normality of RAM estimator.
THEOREM 3.1. Under Assumptions 1 and 2, as N — oo,
VN(On — 8p) -5 N(0,0%(60)),

where
1

a2(9) = . 1-2 -
[ I do(Fr; 0)dHE + [ 4 (Fy; 9)ng]

n(6) + ;Tz(e)

?

and

n(@)2 [ (ki 0)PaHs + | wmsopans

0 0

00 fo's) 2
—{/ %(Fl;g)dH;‘-i-/ ¢1(F1;9)dH§} ,

m(6) £ 2{ J[ (1= A1 - FO)CE
by (s); O) (Fy (1); 6)dHE (o) dHE(D)
+ // (1= Fi(s))(1 - F(£)Cls A1)
O (Fy(5); 80, (1 (2); 0)dHY (s) dH (1)
" / | (L= Fi(a)(1 = RO)CEI (Fi(s)i0)

AR )5 ()RS
provided o2(8) > 0.

PROOF. Let 8 = 6, + N~1/2p, and decompose Sy (8) as follows:
Sn(0) = Sx(6) + Sx(6),

where

S4(6) 2 / Vo(Fum; O)AHY,  S5%(6) 2 / 1 (Fum; 0)dHS,
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In view of the symmetry of the assumptions on ¥y and ¥;, we have to show only
the convergence of S (0), for the convergence of S§ (6) can then be proved quite
similarly.

As a method of proof, we shall adopt the so-called Pyke-Shorack approach
(Pyke and Shorack (1968)), by which we obtain almost sure convergences of the
processes on the specially constructed probability space. However, it should be
remarked that only convergences in distribution is true on the original space.

We note that the convergences in the sequel are all true uniformly in b satis-
fying |b| < B for any fixed (sufficiently large) B < oo.

Now let us show the convergence of Sk (8). A simple algebra leads to the
expression:

VN §%(8) = Ain + Ao + Asy + 7,

where
A 2V [ " ol Fus0)d{ H, — Hy),
Ay 2 \/'/ W) (F1; 0)(Frm — F1)dHY,
Aoy & VN / [o(F: 6) — wo(Fy; 60)|dHY,
e 2 VE [ WolBini0) — bolFii6) ~ G4(Fis6) Fi — Fi)JAES,
# V[ (3 0)(Fu — Fr)A{H, ~ ).

Here we used Lemma 3.1 implicitly. Using the results of Shorack and Wellner
(1986) and Gill (1983) (see the Appendix), we can show the weak convergences of
Ain, Aoy and Asn and asymptotic negligibility of ry.

(i) Ain.

Ay = \/gfo‘x’ Yo(F1;0)d{v/n(Hz, — H})}
1 ! u u
= o= = /0 Po(t; 0)d{v/n(E (t) — E3(t))}
1
_ _1_ / Wo(t; 0)d{ ViA(E3(2) — Vo(E3()}
t;,0)dVo(EZ(t)).

m/ ol

By Proposition A.2 in the Appendix, the first term converges to 0 almost surely
as N — oo. Thus we get

(3.6) AN =5 (t;60)d Vo (E3 (2)).

\/Tj—/%
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(i) Agy-
T [, u

fon =[5 [ b(EsOVm(Fin ~ Fr)a;
N Jo

i [ [,
YR / Yo (P 0) XdHS + 1) — / Wo(Fu; 0) (X — X )dHY
AN Jo AN Jo

ﬂ/f;/m B (Fy;0)v/m( — Fy)dHY

= Aoyin + Aoon + Az,  say.

Then

x
Ann =5 —\/I—X-/ Yo(F1;60) X dHY  and
0

1-F
1-K

Tm 1-K
Agan] < M / R - R 2 x, - x)t " P
1]

1-F

Tm

S T—F [K1 - K)|[1-072

0
_/Tm K(l—&)/2F1—3/2+5(1 _ K)—(1+6)/2(1 _ Fl)_1/2+6ng.
0

If we see the integral on the right is finite, then Asan -, 0 since the factor before
the integral is 0,(1) by Proposition A.4. In fact, using Proposition A.5,

/Tm K(l-&)/zFl—3/2+6(1 _ K)—(1+5)/2(1 _ Fl)‘1/2+5dH§‘
0

S /Tm K(l_é)/2F1—3/2+5(1 _ K)—l+6/2dH§l,
0

Tm
< / F1—2+6cl—6/2dH£L
0
1
< [ eEocr ) ras )
0

which is finite due to Assumption 2(2). Here the first inequality follows from the
fact 1 - K < 1 — F, and the second one from F; < K and K = C/(1 + C).

Therefore, we obtain Asan £,0. Finally,

e o}
|Azan| < M | [Fi(1 - F1)] "% /m(1 — Fy)dH}

Tm

< M/ Vm(l — Fy)~Y# g

= Mym (1 —t)"12+8qEY ().
Fy (Tm>
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This converges to 0 in probability by virtue of Assumption 2(3), and therefore we
conclude that

1 o0
(3.7) Aoy o = /O W (Fy; 60) X dH.
(iii) Asn. By the mean value theorem, we can write
w -
Asn = \/]V/ Yo(F1;6")(0 — 6p)dHy,
0

where §* assumes a value between # and §,. Noting that 8 = 6, + N~1/2p, it
follows from Assumption 2(4) that

(e 9] [ ¢}
(3.8) Asy = b/ Yo(F1;0%)dHY = b/ Po(t;0*)dES (t)
0 0
1
b / do(t; 00)dEL (8).
0
(iv) rn. We shall decompose ry as follows: ry = 71y + ron, where

riy 2 VN / [0 (Fim; 6) — bo(F16) — Y(F1: 0)(Fim — Fy)|dH,

ron 2 VN / b (Fu; 8)(Fum — Fy)d{HY — HY}.
0

(iv-a) rin. Let v > 0 be sufficiently small, and "y = TN + r12v +
713N, Where the ranges of integration in 711y, T12v and ri3y are (0, Fy 1('y)),
[F7'(7), F7 (1 = ) A7) and (F; (1 = ) A Tym, 00) respectively, while their in-
tegrands are the same. And F} denotes a random function assuming the value
between Fy,, and F;. For ri1, let € > 0 be given. Then the fact that there exists
some Ny such that for all N > Ny, with probability greater than 1 — ¢,

(3.9) Wby 0) — h(Fi;0)| < 2[(Fy A Fy)(1 — Fy A Fy)]~3/2+9
< 2M[Fi(1 - Fy)) 73/,

and the obvious relation |Fy,, — Fi,,| €1/(m + 1) together show that

TN

F,
run] < M / [Fi(1 = Fy)]~3/2%%| X, |dH, .
0

It follows from an application of Proposition A.4 that

(3.10)

“1—1{ Xom _o,0)

1-F [K(1- K)|0-9)/2
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And then, as in the argument of Aszx, we obtain
¥
runl <0, [Tt CA0ay,
0

which converges to 0 in probability as v | 0 and N — 0.
Next we work on r12n. Since 4 is uniformly continuous on [F{!(v), Fy1(1 -

D, 1FY = Fi|| < || Fim — Fi| 220, and | Xm || = Op(1), we have, for any fixed ~,
FI (AT
[rizn| = / o VNG(F}:0) — 4 (F1; 0)](Fim — F1)dHE,
FI_1 ¥

Fl_l('Y)/\Tm , ,
< mo,(1) [ N T~ Ui O,
1 0

Hence, as N — 00, m1on 0.

Concerning 713y, it is obvious that it should be 0,(1) on (F7 (1 — 7), 7] as
before, so that it suffices to show that it converges to 0 in probability as N — oo on
[7m, 00). But this follows immediately from (3.9), Proposition A.1 and Assumption

2(3). Therefore, we conclude that P 0as vl 0and N — o0.

(iv-b) ron. Let ro1nv and roon equal oy with change of the range of integra-
tion into [0, 7,,) and [ry,, 00) respectively. Then, using (3.10), the same argument
as for Agon leads to

1 Trm — u u
raw] <€ —= /0 [Fy(1 — Fy)]~3/2%%)|X,.,|d| H, — HY|

< 0p(1) /01 tH(CFT (1) 2| By (8) — E3(8)],

which converges to 0 in probability as N — oo by Proposition A.1. As for A3y,
it is easy to show that roan also converges to 0 in probability.
Therefore, we finally conclude that, uniformly in b (b < B),

1
VNS (6) 2 ﬁl__A /0 dolt: 60)d Vo(EX ()

1 1
+ /0 W) (t:60) X (F () dER (1

1
+b /0 ol 60)dEL (2).

As mentioned at the beginning of the proof, convergence of S§(6) can be shown
quite similarly; that is,

1
vVi=2X

1 1
+ / W (t; 60) X (F(£) dES (1)

1
VNS5 () £ /0 1 (t; 80)d Vi (EZ(1))

1 -
+b / Gt 60)dE5(t)
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uniformly in b satisfying |b| < B. Uniformity in convergence may be easily verified
by the monotonicity of Sy(6) in b and the compactness of the interval [-B, B).
Now set

T, £

[/ o (t: 60)d Vo (B2 (t) /wl(t 60)d V3 (ES(t ))}
[ / U (t:60) X (FT () dER () + / VA ts60) X (F7 (0)dE3(0)]

T; = / ’tpo (t 90)dE2 / ’lﬁ1 (t;00)dES(2).

Then the result above is rewritten in a form of well-known asymptotic linearity:
uniformly in b (|b] < B),

(3.11) VN Sn(0) 25 Ty + T + bT5.

To show the convergence of VN (éN — ), according to the spirit of Shorack
(1970), we have to check that |v/NSy(6)| is bounded away from 0 for b outside
[—B, B] with probability sufficiently close to 1. For if this is proved, then, for
sufficiently large N, a unique minimizer of |v/NSxn(8)] is VN (8n — o), and this
converges to —(Ty +Ty)/T3 which minimizes [T + Ty +bT3|. Now set up v = Asn.
Then, by triangle inequality,

(3.12) VNS (O)] 2 |VNISn(6) = x| = VWl

We have already seen that vV N(Sn(8) — s n) £, T\ + T, uniformly in b, and

hence it is Op(1). On the other hand, it was shown that VN b, N £, bT3 also
uniformly in b. Thus, for an arbitrary sufficiently large M > 0, we can take
B > 0 so that Bps|Ts| > M + 1, and then for this Bjs we can choose nys such
that |v/ Ny x —bT3] < 1 for all |b| < Bar and all N > nyps. It then follows from the

monotonicity of up x in b that v N|us x| > M for all |b| > Bys and all N > npy.
This, together with (3.12), implies that for a given ¢ > 0, there exist a B, > 0 and
an integer m. such that for all N > n,

P{l\/NSN(H)I > % for all |b| > Be} S1-¢

which shows the assertion stated above.
Consequently we arrive at the following:

A T
(3.13) VN @y ~ 60) = _L;S—TZ.
3

Clearly the mean of the rv on the right hand side is zero. For variance, note that

Cov[X(s), X(t)] = (1 - Fi(s))(1 — F1(t))C(sAt) and
Cov[Vo(E3 (s)), Vi(E3(9))] = —E5(s)E3(t).
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These follow from Proposition A.2 and A.3. Since X and Vi (k = 0,1) are
mutually independent, direct calculation shows that the variance of the rv on the

right in (3.13) is given by o2(6). O

Remark 3.2. By the above proof, it is easy to see that the effect of estimating
F; by Fy,, appears in the asymptotic variance in the form of 72(0).

Remark 3.3. If G| = 0, that is, there is no censoring, asymptotic variance
02(8y) of On coincides with the one obtained in DDM. This is easily verified by
noticing that the PL-estimator agrees with the empirical df in this case.

3.3 Estimation of variance

Apparently it seems possible to estimate asymptotic variance by replacing Fi,
H,, HY, HS and C in the expression of 02(#) by their empiricals. In the case of
continuous Fj a consistent estimator of C is given in Shorack and Wellner (1986)

by )
Al & i} i—1\"~
Cim(t) = — do{1- - ™ Iixy<0186)-

i=1

However, here one is faced with difficulty: the value of Cy,,(t) for t > 7, is always
infinite, that is, co. This fact makes it impossible to estimate C' by Ci,, if the
largest order statistic Y{y) is greater than 7,,, (see the expression of 75(6)). In this
case, we shall modify Cy,, slightly by

m

, 1 i—1\"?
Cim(t) = EZ< o ) Tix oy <080)-

i=1

This may underestimate C in comparison with Ci,, because of replacing (1 —
i/m)~1 by (1 — (i — 1)/m)~!, but considering the definition of C in the case that
Fy is not necessarily continuous (see Shorack and Wellner (1986)), our definition
of Clm seems natural.

Ezample 1. (continued) In the proportional hazards model (1.8), the asymp-
totic variance 02(0) of 6y of (2.9) is given by

n(6) = 5 [H (00) — H3(o0))
+ ; [/0 log(1 — Fy1)dHY — H3(00) /Ooo log(1 — Fl)de]
oo oo 2
+/0 [log(1 — F1)]?dH, — [/0 log(l—Fl)ng] :

2(6) = 2 /0 " C()[1 — Ho(s)|dHa(s),

and

[ dotmsoany + [~ inirisorans)| = fmeor
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For this model, it is known that the maximum partial likelihood estimator (MPLE)
(Cox (1975)) is the best nonparametric estimator of 6 (for precise statement, see
Begun and Wellner (1983)), so that one would like to compare the RAM estimator
with the MPLE. Set

}_e/m 1 - H AH
02 Jo A-N"11-H)+6A11-Hy) %

then the asymptotic variance of the MPLE is given by #%02. In order to obtain
tractable asymptotic relative efficiency (ARE), let us suppose that the censoring
mechanism is given by 1 -Gy = (1—Fy)", (k = 1,2) as in Kalbfleisch and Prentice
(1981). Then we find that the asymptotic variances of the RAM estimator and
MPLE are given by

prtl 6 (p+1)?
T-X  X20+207,— 71— 1

and
-1

2 ' _ —1,1—-6—6v, —1;—v11-1
e[/o{(a N8t ANy lge

respectively for § > 1. For A = 1/2 the ARE of the RAM estimator with respect
to the MPLE is tabulated in Table 1 for various values of 8, v;, v2. We see from
Table 1 that the RAM estimator is quite efficient for 8 € [1, 2.

Table 1. Asymptotic relative efficiency of RAM-estimator with respect to MPLE for special

censoring.
=1 6=2 =4

v1\v2 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
0.0 1.000 0.986 0.978 0.951 0.934 0.927 0.864 0.850 0.844
0.5 0.863 1.000 0.991 0.981 0.951 0.938 0.886 0.864 0.854
1.0 **x* 0951 1.000 1.000 0.971 0.951 0.913 0.878 0.864

Y1\72 0.0 0.5 1.0 0.0 0.5 1.0
0.0 0.756 0.746 0.741 0.647 0.640 0.637
0.5 0.772 0.756 0.749 0.657 0.647 0.642
1.0 0.789 0.766 0.756 0.668 0.654 0.647

Table 2, from Pike (1966), gives the times from insult with the carcinogen
DMBA to mortality from vaginal cancer in rats for two pretreatment regimens.
Table 3 gives the results of estimation of § for the data of Table 2 using four
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different estimates. Besides the RAM and MPLE estimates we consider the two-

step estimate of Begun and Reid (1983) and the average hazard ratio estimate of
Kalbfleisch and Prentice (1981).

Table 2. Days to cancer mortality in rats.

Group 1 143, 164, 188, 190, 192, 206, 209, 213, 216, 216+, 220, 227, 230,
234, 244+, 246, 265, 304

Group 2 142, 156, 163, 198, 204+, 205, 232, 232, 233, 233, 233, 233, 239, 240, 261,
280, 280, 296, 296, 323, 344+

+ indicates censored.

Table 3. Estimation for the data of Table 1.

Estimate of # Estimate of Estimated standard

B =logb error of 8
Two-step estimate .553 —.593 1.165
MPLE .551 —.596 1.086
Average hazard ratio estimate 547 —.603 1.045
RAM estimate .615 —.486 1.153

Begun and Reid make use of the relation
(1 - Hy)dHS = 6(1 — Hy)dHY
and proposes an estimator, using some score function J,

a Jo J(— Him, 1 — Hyn)(1 ~ Him)d(1 - Hg)
JooJ(1 = Him, 1 — Hp)(1 - Hp,)d(1 — HE)

Im

6(J)

Two-step estimate is constructed by taking J,(s,t) = [As+8°(1—\)t]~!, where §°
is a preliminary estimate obtained with J =1 in the first step. It is fully efficient
with respect to the MPLE.

Kalbfleisch and Prentice define the average hazard ratio by

v= [ T AR/ e () + A Ol - FR).

The parameter 6 > 0 is a weight to be chosen. Under the proportional hazards
model, we have § = v/(1 — v). The average hazard ratio estimate is obtained by
replacing F; and F3 with their PL-estimators.

The estimation principle of RAM estimator is intelligible and compared with
these estimators, RAM estimator is easy to compute and so it is of practical use.
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Appendix

In this appendix, we summarize the results on PL-estimator in Shorack and
Wellner (1986) which we used for the proof of Theorem 2.1. Proofs of these
propositions are not given, so the reader should refer to the above book or Gill
(1983). Notations are the same as in Subsection 3.1.

ProPOSITION A.l. (Glivenko-Cantelli) As n — oo, we have

|HE, - Hy| 20, |Hs, - H5l| 250,  |Hzn ~ Ha|] 25 0.

PROPOSITION A.2. On the specially constructed probability space we have,
as n — 0o,

| VA (HE) - Vo(H)| £50, || ViE(HS) - Va(HD]| 250,
where Vo and Vi are Brownian bridges whose covariance is given by

Cov[Vo(H3(s)), V1(H3(%))] = —H3 (s)H;(2).

PROPOSITION A.3. On the specially constructed probability space, for any
fized T < Hq(1), it follows that

| Xm — X3 250, m— oo
Covariance function of X is given by
Cov[X (s), X(8)] = (1 — Fy(s))(1 - Fy(£))C(s A2).

PROPOSITION A.4. On the specially constructed probability space we have

Tm

—0

) m — 00,

HI—K'Xm——X
1-F qK)

0
provided the function q(t) on [0,1] satisfies the following conditions:
q(t) / on [0,1/2], and symmetric about t =1/2;

dO)/VEN on [0,1/2]; / lg()]2dt < oo.
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PROPOSITION A.5. We have Fi < K. Moreover if both Fi and G, are

continuous, then
1-F
1-K

~ A [t dG t dHE
C(t)z/o ST ECAE =/o AR

so that (1 - F1)/(1 — K) is monotonically increasing.

= 1+/ CdF,,
0

where
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