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Abstract. Let 7* be an exact D-optimal design for a given regression model
Y. = X,;B8+ Z,. In this paper sufficient conditions are given for designing
how the covariance matrix of Z, may be changed so that not only 7* remains
D-optimal but also that the best linear unbiased estimator (BLUE) of 3 stays
fixed for the design 7*, although the covariance matrix of Z,» is changed. Hence
under these conditions a best, according to D-optimality, BLUE of 8 is known
for the model with the changed covariance matrix. The results may also be
considered as determination of exact D-optimal designs for regression models
with special correlated observations where the covariance matrices are not fully
known. Various examples are given, especially for regression with intercept
term, polynomial regression, and straight-line regression. A real example in
electrocardiography is treated shortly.

Key words and phrases: D-optimality, exact designs, correlated observations,
linear regression, robustness against disturbances.

1. Introduction

Designing problems for regression with correlated observations have, so far as
the author knows, only been solved in an asymptotic-optimal way (cf. Sacks and
Ylvisaker (1966, 1968, 1970), Bickel and Herzberg (1979), Bickel et al. (1981)).
Recently Nather (1985) gave conditions under which the best linear unbiased con-
tinuous estimator of the regression parameters degenerates to a discrete best linear
unbiased estimator. But since designing is mainly important if the costs or time of
an observation cannot be neglected, the experimenter is interested in exact optimal
designs.

Another hybrid approach is to choose a suitable design only from those which
are optimal in the uncorrelated case (cf. Kiefer and Wynn (1981), Budde (1984)).
Note, the covariance function must be known for designing in the cases mentioned
above.

In this paper exact D-optimal designs for regression models with correlated
observations are considered where the covariance matrices are not fully known.
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In fact, let 7* be an exact D-optimal design for a given regression model Y, =
XB+Z, andlet Yy = X, B+ Z, be a second regression model. Then sufficient
conditions are given for designing so that not only 7* is D-optimal for the second
model, too, but also that the best linear unbiased estimator (BLUE) of 8 stays
fixed for the design 7*, although the covariance matrix is changed from Cov(Z,+)
to Cov(Z~.,*). Hence under these conditions a best, with respect to D-optimality,
BLUE of 8 is known for the second model. The results may also be considered
as determination of exact D-optimal designs for regression models with special
correlated observations where the covariance matrices are not fully known. In
Section 2 the above problem is explained more exactly. For that purpose D-
optimal-invariance will be introduced and discussed in Section 2. Also a real
example in electrocardiography is treated.

In Section 3 sufficient conditions for D-optimal-invariance are given for a
rather general linear model, see Theorem 3.1. Afterwards in Subsection 3.1 Theo-
rem 3.1 is specialized in covariance matrices not depending on 7 and an application
to regression with intercept term is given. In Subsection 3.2 Theorem 3.1 is applied
to special covariance matrices depending on 7 and the result is illustrated by poly-
nomial regression. Afterwards two straight-line regression models are considered.
The proof of Theorem 3.1 is given in Section 4.

2. The regression model, the problem, and notations

Consider a linear regression y(t) = 87 - f(t), t € £, where t is the controlled
variable from the experimental region &, f = (fi1,..., fm)? is a given R™-valued
function on £ with linearly independent components, and 8 € R™ is the unknown
coefficient vector. Assume that under an exact design 7 = (t1,...,t,)T of size
n we have a linear model, where the expectation and covariance matrix of the
observations are X, and o2D,, respectively, and X; = (f;(t:))1<i<n,1<j<m, Dr
is a known positive definite (n X n)-matrix, and o2 > 0 known or unknown, but
independent of 7. This linear model will be written LM(X,, D). Denote by &,
the set of all exact designs of size n under which 8 is estimable, that is

En={r=(t1,..,ta)T :t; €€ foralli=1,...,n, and rank(X,) = m}.

So, for  ranging over £,, we have a class of linear models which we denote by
LM(X,, D, : 7 € £,). Now suppose that the covariance structure is changed from
02D, to k2C, for all T € &,, where C, are given positive definite matrices and
k2 > 0 known or unknown, but independent of 7. This leads to another class
LM(X,,C; : T € &) of linear models. Suppose that 7* € &, is D-optimal (for

estimating B) in LM(X,, D, : 7 € £,), that is
det(XL D X,.) = max det(XID71X,).

The question is, when 7* remains D-optimal and its BLUE for 8 remains un-
changed, when going to LM(X,C, : 7 € £,), that is

(2.1) det(XLCrX,.) = max det(X7C7'X,)
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and
(2.2) (XLeai x ) 'xLoenl! = (XL x,) ' xLplh

If this is true, then we want to call 7* D-optimal-invariant (for LM(X,,C, : 7 €
&n) and LM(X,, D, : 7 € &,)).

Condition (2.2) is a generalization of the question when the ordinary least
squares estimator and the BLUE of a given linear model are identical. There is a
large literature on this subject, see, for example, Zyskind (1967), Kruskal (1968)
and Haberman (1975).

Condition (2.1) means 7* is D-optimal in LM(X,,C; : 7 € £,). In a treat-
ment design situation, most papers to date assume that the underlying correlation
structure does not depend on the treatment allocation. More, exact D-optimal de-
signs for linear regression models are mostly only known if the condition D, = I,
is fulfilled for all 7 € £, where I,, is the (n X n)-unity matrix. Little is known on
D-optimal designs of polynomial regression for uncorrelated observations but with
variances depending on 7 (see Karlin and Studden (1966), Bischoff (1988) and
cf. Federov (1972)). Something is known about exact designs for special factorial
linear models with correlated observations not depending on 7 (see Budde (1984),
Kunert and Martin (1987)). Literature on exact D-optimal designs for correlated
observations depending on 7 is not known by the author.

Now let 7* be a known D-optimal design of LM(X,, D, : 7 € &,) then the
meaning of D-optimal-invariance is that 7* is not only a D-optimal design of an
in general more complicated LM(X,,C; : 7 € &) but also the best, according to
D-optimality, BLUE of 8 can be evaluated. This is not always possible, compare
the following example.

Ezample 2.1. Consider the linear model of straight-line regression on £ =
[-1,1], that is, X is a design matrix of the regression functions f;(¢t) = 1, fo(¢) =
t,t €& =[~1,1]. For 7 = (t1,-..,t,)T € &, let D, = I, and

Cr(a,b) = diag(ati +a+b,...,at, +a+b), a€[0,00), be(0,00).

-1 1 *
[n/2] [(n+1)/2]) and 75 =

([(n _:i) /2] [n>2]> are the only D-optimal designs for LM(X,,D, : 7 € £&,)
t

as well as for LM(X,,C,(a,b) : 7 € &,) where as usual k

are performed at t and [s] = max{k € NU {0} | £ < s}. (Note, even if we write
designs as above we want to understand them as elements of £,,.) But obviously
the BLUEs of 8 in LM(X;;, D,») and LM(X,+,C;:(a,b)) do not coincide nei-
ther for ¢ = 1 nor for ¢ = 2, if @ # 0. Hence, although all D-optimal designs
of LM(X,,Cr(a,b) : 7 € &,) are known no best, with respect to D-optimality,
BLUE can be calculated for LM(X,,C,(a,b) : 7 € &,) if a is unknown. This
shows also that (2.2) is not superfluous in the definition of D-optimal-invariance
in mathematical sense as well as from a practical point of view.

Satz 6.5 of Bischoff (1988) implies 77 = (

means k experiments
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The results of this paper are applicable to many practical situations. For
example, consider body surface potential mapping (BSPM), which is the repre-
sentation of cardiac electric potentials as they occur on the body surface during the
electric activity of the heart. If cylindrical regression (see Bischoff et al. (1987))
is used to evaluate the data by the BLUE, then the covariance matrix C of the
observations is needed. If C = ¢%I,, then a D-optimal design 7* is well-known
(see Bischoff et al. (1987)) but if the data are obtained at the same point of time
as usually, C = 021, is not suitable. Then C' = x2I,, + k2117 is more convenient
(cf. Bischoff et al. (1987)) where 1 = (1,...,1)T € R". The next example may be
considered as one of the simplest models of BSPM.

Exzample 2.2. Consider the linear model of trigonometric regression on £ =
[0,2mr), that is, X, is a design matrix of the regression functions

H@) =1, for(t) =coskt, fap+1(t) = sinkt,
tef=[0,2n), k=1,...,r (reN fixed)

(that is, m = 2r + 1) and for 7 € &, let D; = I, and
C.0)=1I,+6-11T, 6 (~1/n,c0) known or unknown.

It is well-known that the design 7* = (0,27/n,2 - 2r/n,3 - 27/n,...,(n — 1) -
2m/n)T € £, is D-optimal in the ordinary trigonometric regression model, that is,
in LM(X,,D, : 7 € &,). Corollary 3.2 will show that 7* is D-optimal-invariant
for LM(X,;,D; : 7 € &,) and LM(X,,C.(0) : 7 € £,) for each 6. So, even if the
true 6 of C,(6) is unknown, the best, according to D-optimality, BLUE of f in
LM(X,,C,(8) : T € £,) is the ordinary least squares estimator (X1 X, ) 1 XZ.

3. Statement of the main results and examples

In the following, no distinction is made between a matrix and the linear map-
ping induced by that matrix in respect of the standard basis of unit vectors. In
this section let

V; :=range(X,), U, :=nullspace(XT), 71€&,,

and the set of all real symmetric positive definite (n x n)-matrices is denoted by
M. In the sequel for D € M and a subset W of R" the following subset of M is
needed

(D;W) = {D+Za,~-aiai"reMIreN;aiER,a.iveorizl,...,r}.
i=1

THEOREM 3.1. Let 7™ € &, be D-optimal in LM(X,,D, : 7 € &,). IfC, €
I'(D;;V; UD.(U7)) and

(3.1) det(XTD-1X,) - det(D,) - det(Cir+)
< det(XL D71 X,.) - det(D-) - det(C,),
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for all T € &, then det(XTC:1X,) < det(XLCA'X,.) and (XFC1X,)™1 -
XTC ! = (XITD71X,) ' XED;Y for all 7 € &,, and hence T* is D-optimal-
invariant.

Remark. (a) Notice, range(C, — D;) C V. U D,(U;) is sufficient for C, €
I'(Dr;V, U D,.(U,;)). (b) Since 7* is D-optimal in LM(X,,D; : 7 € &,) the
condition

(3.2) det D, -det C.« < det D,- -det C,

is sufficient for (3.1). (c) Condition (3.1) may not be omitted as the following
example shows.

Ezample 3.1. Consider the linear model LM(X,,C; : T € £3) of straight-line
regression on £ = [—1, 1], that is, X, is a design matrix of the regression functions
fit) =1, fo(t) =t,t € £ =[-1,1] and let be

V1 = (tl,tz,t3)T €&:Cr =1+ |t1 1y t3, -117T,

It is well-known that 7* = (1,1, —=1)7 € &3 is D-optimal but 7o = (1,0, -1)7 € &;
is not D-optimal in LM(X,, I3 : 7 € &). Put D, = I3 then range(C, — D,) C
range(X,) for all 7 € €. But condition (3.1) is not fulfilled for 7* and 7 = 7.
Further we obtain det(XZ C X+ ) = 2 < 6 = det(XZ C; ' X, ), that is, 7* is not
D-optimal in LM(X,,C, : 7 € £3).

The next two subsections concern with specializations of Theorem 3.1. In
Subsection 3.1 the case is considered that D, = D and C, = C for all 7 € &,,
afterwards in Subsection 3.2 the matrix C; may depend on 7.

3.1 The covariance matrices do not depend on T
Theorem 3.1 implies Corollary 3.1 and Corollary 3.2 is a consequence of Corol-
lary 3.1.

COROLLARY 3.1. If m* € &, is D-optimal in LM(X,,D : 7 € &,) and if
C e T'(D; V;UD(U,)) for allT € &, then T* is D-optimal-invariant for LM(X,, D :
T € &) and LM(X,,C : 1 € &,).

COROLLARY 3.2. If 1 € &, is D-optimal in LM(X,,D : 7 € &,) and if
1 eV UD(U;) for all T € &, then T is D-optimal-invariant for LM(X,, D :7 €
E,) and LM(X,,D + 0117 : 1 € £,) where § € (—n"2 .17 D1, 00) is known or
unknown.

Ezample 3.2. If 7* is a D-optimal design for an ordinary polynomial or
trigonometric regression or in general for every linear model with intercept term
then Corollary 3.2 implies that 7* is D-optimal-invariant for LM(X,, I,, : 7 € £,)
and LM(X,, I, + 8117 : 7 € £,,) where 8 € (—1/n, c0) is known or unknown. For
ordinary polynomial regression of order k and special numbers n of observations as
well as for ordinary trigonometric regression of each order exact D-optimal designs
are well-known, cf. Federov (1972); see also Gaffke (1987).



234 WOLFGANG BISCHOFF

3.2 The covariance matrices depend on T

Consider the linear model LM(X,, D, : 7 € &,). In short, we only investigate
the case C; € T'(D,;V;) in the following, although it would have no difficulties to
consider C; € I'(D,; V; UD.(U,)). Let a(r) € V;\{0} then for all 8 € [0, 00) we
define

(3.3) C.(6) =D, +0[a(r)' D a(r)] ! a(r)a(r)T.

Obviously range(C-(f) — D,) C V; for each 7 € &, and 6 € [0,00). Using a
standard matrix result we get det C;(8) = (det D) - (1 + 6). So condition (3.2) is
fulfilled and Theorem 3.1 can be applied. Hence the following result is proved.

CoroLLARY 3.3. If1* € &, is D-optimal in LM(X,,D; : 7 € £,) then 7* is
D-optimal-invariant for LM(X,,D, : 7 € &,) and LM(X,,Cr(8) : 7 € £,) where
C:(6) is defined in (3.3) and 8 € [0,00) is known or unknown.

Ezample 3.3. Consider the linear model LM(X,, D, : 7 € &,) of polynomial
regression of order k with

D, = diag(v(t1),...,v(tn)), v:& — (0,00) arbitrary function

where 7 = (t1,...,t,)T € &,. For special variance functions v and for n = k + 1
Karlin and Studden (1966) determined exact D-optimal designs. By Corollary 3.3
these designs are also D-optimal-invariant for LM(X,, D, +6-[a(r)T D7 la(r)]"!-
a(t)a(r)T : 7 € &) and LM(X,, D, : 7 € £,) where a(r) € range(X,)\{0},
6 € [0,00) are known or unknown. For example, it may be chosen as a(r) = 1 for
all r € &,.

Now we give two further examples where Theorem 3.1 may be applied.

Ezample 3.4. Consider the ordinary straight-line regression LM(X,I, : 7 €
&) on £ = [-1,1], that is, X, = (1 7) for 7 € &,. It is well-known that 7,
i = 1,2, considered in Example 2.1 is D-optimal in LM(X,,I,, : 7 € &,). Let
c>1,0€(0,00) and for all T € &,

Cr(8,¢) := I, +0(rTr) ¢ o7
then 7;* is D-optimal-invariant for LM(X;, I, : 7 € £,) and LM(X,,C;(0,¢) : 7 €
En) where ¢ > 1 and 6 € (0,00) are known or unknown; indeed, the assertion
follows by Theorem 3.1 since

Vre&, :detC (8,c) =148 -(7T1)1 ¢ > 146 (77T7)17° = det Cr»(8,¢)

Ezample 3.5. Consider the linear model LM(X,, D, : 7 € &,) of straight-line
regression on £ = [—1, 1] with

D.(v) = diag(v(t1),...,v(ts)), v:& — (0,00) arbitrary function



ON EXACT D-OPTIMAL DESIGNS 235

where 7 = (t1,...,t,)T € £,. Bischoff (1988), Satz 6.5, showed that 7, i = 1,2,
considered in Example 2.1 is D-optimal in LM(X.,D,(v) : 7 € &,) iff v(¢) >
[(t—1D)2v(=1)+(t+1)20(1)]/4 for all t € £. If we assume v(—1) = v(1), v(t) < v(1)
for all t € £ and for the sake of simplicity v(1) = 1 the inequality above is equivalent
to:

(3.4) VieE: %(t"’ +1) <o) <1
Now let 8 € (—1/(2n), 00) and
C,(v,0) := diag(v(ty),...,v(ts)) +6-117

where 7 = (t1,...,tn)T € £, and v fulfills (3.4). Obviously range(C,(v,6) —
D, (v)) C range(X,). Since det C;(v,0) = [[;—, v(t:)-(1+80- 31, v™1(t:)) we get
for each 7 € &,:

det D, (v) - det Cr(v,0) = det Dr; (v) - det D(v) - (1 +6- Z v_l(ti))
i=1
> det D (v) - det Dr+(v) - (1 +6 - n)
= det D, (v) - det C;» (v, 8).
So by Theorem 3.1 follows that 7 and 75 are D-optimal-invariant for

LM(X,,D,(v) : T € &) and LM(X,,C(v,8) : T € £,) where § € (—1/(2n), 00)
and v satisfying (3.4) are known or unknown.

4. Proof of Theorem 3.1

Let X be a real (n X m)-matrix with rank(X) = m, let &; € R" be the i-th
columnvector of X, and let D € M; we define

V :=range(X), U :=nullspace(XT), Up := nullspace(X7D7!),
Vz,z € R": (x,z)p = 2T D '2.

Note, Up = D(U). Before Theorem 3.1 is proved we consider some lemmas.

LEMMA 4.1. Let @py1,-..,a, € R™ be chosen so that x1,. .., T, Gpiy,. ..,
@y, is a basis of R, define A := (apm+1 |-+ | @), and let D € M then

det(XTD71X) -det(ATD™'A - ATD1X(XTD ' X)"1XTD~14)
=det(XTX) - det(ATA - ATX(XTX)1XTA) - det D1,

PROOF. Let B be an (n X n)-matrix that is partitioned as follows B =

(Bu B12), where Bj; is a real (n; x n;)-matrix, 4,j = 1,2, and where n; +
B21 Bz

ng = n. If By is a nonsingular matrix, the determinant of B can be written
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as det B = det By - det(B22 — Bngl_llBlg) (cf. Graybill ((1983), Theorem 8.2.1,
p. 183)). Hence, we obtain for the patterned matrix (X | A):

det((X | ATD }X | 4))
_get (XEDTIX XTD 1A
- ATD-1x ATD 1A
=det(XTD71X)-det(ATD A - ATDIX(XTD'X)"1XTD' A).
On the other hand, since (X | A) and D! are (n x n)-matrices we obtain:
det((X | A)TD7Y(X | A))
=det((X | A)T(X | A))-det D!

= det(XTX) - det(ATA - ATX(XTX)"1XTA) -det D71 0

Let P denote the unique matrix representation of the projector on U along V
in respect of the standard basis of unit vectors: P = I, — X(XTX)"1XT.

LEMMA 4.2. Let D € M, let amy1,-- -, G, be an orthonormal basis of D(U)
with respect to (-,-)p and define A = (@m+1 |- | an) then

det(XTD1X) = det(XTX) - det(AT PA) - det D1

PrROOF. Since ATD"'A =1, ,, and XTD7'A = O —m, where 0; ; is the
(i X j)-null-matrix, Lemma 4.1 implies:

det(XTD7'X) = det(XTX) - det(AT (I, - X(XTX) 1 XT)A) - det D~*
= det(XTX) - det(ATPA) - det D7, 0

LEMMA 4.3. Let D,C € M. Let Gni1,---,8, and byyq,..., b, be or-
thonormal bases of D(U) and C(U) with respect to (-,-)p and (-, )¢, respectively.
Further define A = (@my1 || @n) and B := (bpy1 | -+ | bn) then

det(XTC1X)

= det(XTD'X) - det(BT PB) - det(ATPA)™! - det D - det C~.

PROOF. Apply Lemma 4.2 to det(XTC~1X) and det(XTD1X) then the
result of Lemma 4.3 is a direct consequence. O

LEMMA 4.4. Let D, C € M then
(a) range(C — D) CV = Ve,z€ D(U): (z,2)p = (=, 2z)c,
(b) range(C — D) C D(U) =>Vz,z €V : (z,2)p = (x, 2)c.

PROOF. (a): Since range(C — D) C V implies Du = Cu for all u € U the
assertion follows. (b): Exchange V for D(U) in (a) then we obtain (b). O



ON EXACT D-OPTIMAL DESIGNS 237
For C, D € M we define
9(C) = (XTc*x)*xTct, ¢D)=(XTD'x)'XxTD™L
The next lemma gives a necessary and sufficient condition for g(C) = g(D).
LEMMA 4.5. Let C, D € M then g(C) = g(D) & C(U) = D(U).

PROOF. “=” follows since nullspace(g(C)) = C(U) and nullspace(g(D)) =
D(U). “<”: Remember V = range(X). Since

YoeVIye R™: Xy =v=> Vv e V:g(C)(v) =y = g(D)(v),
Vw e CU)=DU):C'weUD'welU
= Vw € C(U) = D(U) : g(C)(w) = 0 = g(D)(w),

and V N D(U) = {0} we obtain g(C) = g(D). O
We recall the definitions V, = range(X,) and U, = nullspace(XT).

PROOF OF THEOREM 3.1. Because C, ¢ I'(D;;V, U D,(U;)) implies
C.(U,) = D-(U,) we have (XTC71X,)'XTC;! = (XID;'X,) ' XTD;? for
all 7 € £, by Lemma 4.5.

Since C, € T'(D,;V, U D,(U;)) a matrix C, € M exists with C, € T(D,; V;)
and C, € I'(C,; D,(U,)) for all 7 € £,. By Lemma 4.4(b) we obtain X7 C1X, =
XTC:1X,, hence we may assume range(C,— D) C V; for all T € &, in the sequel.
Taking into account Lemma 4.4(a) there exists an orthonormal basis @n+1,..., 8,
of C,(U,) = D.(U,) with respect to (-,-)c, and (-,-)p,. So Lemma 4.3 implies

det(XTC-1X,)
= det(XT DX, ) det(AT PA) - det(AT PA)™! - det D, - det C; !
=det(XTD;'X,)-det D, -det C!
< det(XLD71X,.) det D,» - det Ct,

where A := (@41 | -+ | @,). Considering range(Cr» — Dy+) C V;+ and Lemma
4.4(a) there exists an orthonormal basis bpyt1,..., by of Cre(Upe) = Dype (Urx)
with respect to (-,-)c,. and (-,-)p,.. Again Lemma 4.3 implies:

.

det(XL D1 X,.) - det D,- - det !
= det(XZ. D7 X+ ) - det(BTPB) - det(BT PB) ™' - det D~ - det C1!
=det(XL.C X,.),

where B := (bp+1 | -+ | by). Hence 7* is D-optimal in LM(X,,C, : 7 € £,). O
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