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Abstract. In the present note, asymptotic expansions for conditional and un-
conditional distributions of the score vector are derived. Our aim is to consider
these expansions in the light of differential geometry, particularly the theory of
derivative strings. Expansions for the distributions of the maximum likelihood
estimator are obtained from those for the score vector via transformation, with
a view to interpreting from the standpoint of differential geometry the various
terms entering the expansions.
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1. Introduction

Asymptotic expansions for the distributions of the maximum likelihood esti-
mator and the likelihood ratio statistic, with a view to the interpretability from the
standpoint of differential geometry of the various terms entering the expansions,
have been discussed inter alia by Amari and Kumon (1983), Barndorfi-Nielsen
(19860, 1988) and McCullagh and Cox (1986). On applied as well as theoreti-
cal grounds, the terms of main interest are those of order O(1), O(n~1/?) and
O(n™') under ordinary repeated sampling with sample size n. However, not all
of these terms have been given a differential geometric interpretation nor have all
the relevant types of expansion—conditional and unconditional—been considered.
The aim of this paper is to complete the picture by considering the expansions in
the light of the recently developed theory of derivative strings (Barndorff-Nielsen
(1986a), Barndorff-Nielsen and Bleesild (1987a, 1987b)), and by addressing also
the closely related question of asymptotic expansions for the distribution of the
score vector.

* The present work was carried out at the Department of Theoretical Statistics, University
of Aarhus, Denmark, with support from the Danish-French Cultural Exchange Programme.
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In fact, the score vector is a natural starting point for a discussion of problems
of the present type because of its intrinsic geometric nature, when considered as
a differential or as a covariant vector. It turns out that in the expansions for the
score vector to be derived below the “variant” aspect of its distribution is wholly
subsumed in the leading normal term, more precisely in the determinant of the
variance matrix, while all other terms are invariant and involve certain tensors,
the nature of which will be discussed in Section 5.

Expansions for the distribution of the maximum likelihood estimator may be
obtained from those for the score vector via transformation, and this procedure
provides an automatic separation of the terms into variant terms and invariant
terms. We shall also comment on the nature of the variant terms, as seen from
the theory of derivative strings.

The conditional distributions to be discussed are relative to an exact or ap-
proximate ancillary. We use the terms expected and observed geometries in the
sense of Barndorff-Nielsen (1986b).

Section 2 contains some background material. Sections 3 and 4 present the
various expansions for the score vector and the maximum likelihood estimator,
respectively, and in Section 5 we discuss the nature of the various variant and
invariant terms. Some concluding remarks are collected in Section 6.

2. Some background material

2.1 Likelihood quantities

Let M = {X,p(w;z),2} be a statistical model, where X is the sample space,
) the parameter space and p(w; ) is the probability density function for the data
x, with respect to some dominating measure ; on X and parametrized by a d-
dimensional parameter w. Let @ be the maximum likelihood estimator of w. Let
w=(w,...,w¥) and & = (&, ...,0%) be the coordinates of w and &, respectively,
for which arbitrary components are denoted by the letters r, s, £, ... .

For a given observed value x, we denote by [:

(2.1) w€ N — l(w;z) =logp(w; x)

the log-likelihood function of the model. It is assumed to be a smooth function in
w.
Partial derivatives of [ with respect to the coordinates w™ of w are written as:

(2.2) Loy (Wi @) = Opr1 -+ - O l(wi),  71,ecymp=1,...,d, p2>1,
and briefly as l,,....,w, or I,....,. The score vector for the model is then given by
(2.3) L(wi ) = (Ip(wi2))r=1,...d,

written briefly as l.(w) or [..
The joint cumulants of the log-likelihood derivatives are denoted as
K, = E(,)(=0),
(2.4) K, s = Cum(l,, 1), K.s = Cum(l,,),
Kr,s,t = Cum(l’!‘» lsa lt)a K’r‘,st = Cum(lr, lst) PN
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The following is discussed in detail in Barndorff-Nielsen (1986b): From the
viewpoint of conditional inference we shall assume that a k-dimensional sufficient
statistic ¢ and a (k — d)-auxiliary statistic a are given such that the correspondence
between (&, a) and ¢ is a smooth bijection. Note, however, that we do not assume
that ¢ necessarily constitutes a dimensional reduction of the original data z. In
fact, it is sometimes natural to let ¢ = z, for instance in the case of the typical
location-scale model. In applications, the statistic a is supposed to be ancillary,
i.e. exactly or approximately distribution constant, and then inference on & may
be carried out in the conditional model for & given a. In this framework, without
loss of generality, the log-likelihood function may be rewritten as I(w; @, a), and we
may then differentiate [ partially with respect to the coordinates @® of & as well as
with respect to the coordinates w” of w. We define the so-called mized derivatives
of | by setting for any r1,...,7p; s1,...,84 in {1,...,d}:

(2.5) lry ooy s (Wi @, ) = Or1 -+~ Oro O - + - Do l(w; @, @).
In particular, the observed information matriz j is given by
(2.6) Jrs(wi,a) = —lps(w;@,a), rse{l,...,d}.

Furthermore, for any symbol indicating a function of w and of (&, a) we write a
bar / through the symbol to indicate that we make the substitution & — w. For

example, we define }’TI.‘_TP;SIW% (w;a), or }’m,,.Tp;slmsq for short, by

(2.7) Viseompiss sy @3 0) = lyoorisy s, (Wi w, @),
and the matrix j by

(2.8) J(w,a) = j(w;w,a).

Notice that, by the definition of @, we have

(2.9) ), =0

which yields, by differentiation

(2.10) V.. + }’r;s =0
and thus,
(2.11) Irs =V, s

By differentiating (2.10), one gets

(212) yrst + yrs;t + yrt;s + yr;st =0.
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2.2 Geometrical structures

Under a differential geometric viewpoint, the statistical model M may be set
up as a differentiable manifold and, for this purpose, two parallel constructions
have been made. The first approach consists in equipping M with an “expected”
geometrical structure and is particularly useful in connection with Edgeworth ex-
pansions for the maximum likelihood estimator under curved exponential models
(see Amari and Kumon (1983), Amari (1985)). The second approach, based on the
conditional inference standpoint, has been developed by Barndorff-Nielsen (19865,
1988). In this framework the model is rigged with an “observed” geometrical struc-
ture and this construction requires mixed derivatives of the log-model function, as
defined by (2.5) and (2.7). We now recall briefly these two structures.

The expected geometrical structure

Here, the metric tensor is the expected information matrix ¢, defined by

irs = E(l;ls), r,s = 1,...,d, and a family of a-connections I', the erpected a-

[0 [0 a
connections, is determined by the Christoffel symbols I':, given by ' = i®“T,,
and

« 1 _
(2.13) Tyt = Elnsly) + —é—“Trst, a real,

where [i"®] denotes the inverse matrix of i and
(214) Trst = E(lrlslt)a

the so-called expected skewness tensor, is a covariant tensor of rank 3. Here and
in the following, we adopt the Einstein summation convention.

The observed geometrical structure

First the model is equipped with a metric tensor given by the matrix j. Then
a collection of connections, the observed a-connections on M, is defined by

« o
(2.15) to=Ji"r,,,, areal,
with
a | e
(216) Frst = yrs;t + Trrrst’
where
(2'17) Trst = _(yrst + }/rs;t[3])
is a covariant tensor of rank 3, analogous to the skewness tensor T4 and referred
to as the observed skewness tensor. The symbol [ | indicates a sum of similar

terms (here 3) corresponding to appropriate permutation of the indices.
We are mostly interested in the particular cases:

1 ~1
(218) Frst = yrs;t’ y rst — yt;rs’
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which constitute the first terms of the following geometrical objects which appear
in the various expansions we are concerned with.

Let
(2.19) Vi =0 Voam 21,
T grr’
(2.20) Veoo=1" Vs, =1

It is shown in Barndorff-Nielsen (1986a) that the sets of arrays 1_71 ={y t>

§1°°8¢7 7 =~
1} and 1—7—1 = {}’:1 s,»t > 1} are special instances of geometrical objects referred
to as connection strings. Notice that {}} , V7 .} and {} ,}; , } characterize
respectively the (1)- and (—1)-observed connections (see also Barndorfl-Nielsen
and Bleesild (1987a, 1987b, 1988) for general settings).
Now let wg be an arbitrary point of M and let (/%) be the coordinate system
around wqy given by

(2.21) P (W) = J* (wo) ¥y (woi ).

Then, in this particular coordinate system, the observed connection string ]?_1
reduces to
i) =0 and T§ , (=0 t>1

(cf. Murray and Rice (1987), Blaesild (1990)).

Using such a parametrization for the statistical model will lead to some sim-
plifications in the expansion for the maximum likelihood estimator, as will appear
from the following.

Finally, given any connection I', by repeated covariant differentiation of I'} ,,
relative to I', a special connection string referred to as the “canonical connection
string generated by I'” may be defined (cf. Barndorff-Nielsen and Bleesild (1987a)).

The (1)- and (—1)-connection strings F'! and I ~! and the canonical connection
strings generated by the connections ]Z‘l and F_l, respectively, will be considered
in Section 5.

2.3 Ezxponential models

We shall be concerned with a core, i.e. full and steep, exponential model S of
order k, in the sense of Barndorff-Nielsen (1988), with model function p(6;z) =
exp(6-z— K (8)), where K () denotes the cumulant function of a given dominating
measure i and where the parameter § and the statistic x are k-dimensional vectors,
0 = (0%)i=1,..x and = = (%i)i=1,...k- Let m = K'(8) = Ey(z). The domain of
values of m is denoted by T = K'(©), where © is the domain of the parameter 6.

The mean value m provides an alternative parametrization of S. We shall
denote by H the inverse of K', i.e. 8 = H(m) < m = K'(6).

By restricting 6 to be a smooth function of a d-dimensional parameter w
(d < k), that is 8 = {(w), such that the domain Q of values of w is open and
¢'(w) is of rank d for any w in 2, we obtain a curved subfamily M of S whose
model function is p(w; z) = exp({(w) - z — K(¢(w))). We denote by n(w) the mean
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value m expressed as a function of w, i.e. m = n(w) = K'({(w)). Geometrically
speaking, the model § may be viewed as a k-dimensional manifold and the model
M as a d-dimensional submanifold of §. We shall assume that M is a regular
submanifold in §.

The model S is equipped with a Riemannian metric tensor g;; given by

gU(G) = 8913931{(9) = KU(G),

or equivalently, in the m-representation of S, by a metric tensor g/ (m) where g%
denotes the matrix H'.

(o3
Then, a family of a-connections I';;x is defined by

[ 1 _
Lijr(8) = °

1—
Opi g3 Ogn K (6) = —QEKijk(e).

In the submodel M the log-likelihood function is denoted by

(2.22) Hwiz) = ((w) -z — K(¢(w)),
and the score vector I, = (I;)r=1, .4 i8
(2.23) br(w;z) = CJp(w){a: — Ki(C(w))},

where ¢} (w) = 8,-(*(w) and K;(((w)) = 0p:K(((w)) = mi(w). Moreover, the
second order partial derivatives of [ with respect to w are

(2.24) s (w3 7) = (g (@){ms = KilQ(w))} = ¢ (w) ¢4 (@) K (C(w))-

The model M may be equipped with a metric tensor g, given by

(2.25) Grs(w) = € (W)€, (@) 915 (¢ (W)
and with a family of a-connections %m given by

Byt (@) = ()07, ()91 (C () + Cin(@) (2, ()¢l (@) Tiga (),

This geometrical structure is that naturally induced on M when S is equipped

[¢4
with the metric g;; and the family I';;.
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24 Ancillary statistics for core exponential families

From the viewpoint of conditionality, the basis for inference on w is the condi-
tional distribution of the maximum likelihood estimator w of w given an ancillary
statistic a.

We shall recall briefly how an ancillary statistic ¢ may be introduced (see
Amari (1985) and Barndorff-Nielsen (1983, 1987, 1988) for further specifications)
for the model M.

First, notice that for the core exponential model S and for an observed value z,
the maximum likelihood estimator 6 of 8 is given by § = K’(z) and the maximum
likelihood estimator 7 of m is given by 7 = . For the model M, the maximum
likelihood estimator @ of w must satisfy the likelihood equations

(2.26) L=0 ie ((w{z-K(w)}=0 r=1...,d

Fo;’ any given w in 2, the d vectors ¢h (w),.. .,C}‘d(w), where (}‘r(w) =
(C;r(w))i=1,m,ka r=1,...,d span the tangent space T,, M of M at w.
We may define a (k — d)-dimensional submanifold A(w) by setting

(2.27) Aw)={meT:m—yw) e LM}

Let us consider the family A = {A(w),w € }.

Then, a coordinate system v = (vl)lzly,,,,k_d is introduced in each A(w) such
that the origin v = 0 locates the point n{w} in M and such that (w,v) may be
regarded as a local coordinate system of S around M. Let the smooth transfor-
mation from (w,v) to m be denoted by m = A(w,v) which reduces to m = n(w)
at any point (w, 0).

Let us consider for a while the function A : (w,v) — m = A(w,v), with
m € A(w).

We denote by B,1,..., B.r_q the k — d vectors spanning (Tle).

Then

(2.28) Aiji(w,v) = OyAi(w,v) = Bi(w).
Furthermore,
(2.29) (pw)Balw) =0, r=1,...,d I=1,...,k—d

In terms of maximum likelihood estimators, first notice that from (2.26) and (2.27)
we have x = m € A(@) and then we may represent the point z in terms of the new
coordinate system as = m = A(w, a) where the auxiliary statistic a is depending
on the family A.

The statistic (w,a) forms a sufficient statistic and the first log-likelihood
derivatives may be written as

Ir(w; @, a) = (W) {As(@, @) — m:(w)},
lrs (w3 0, 0) = (g (W){As(@, 0) = (W)} = (W) Ay (w).
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If we take partial derivatives of I, with respect to w we get
(2.30) Lrs(w;@,a) = C}T(UJ)A,*/S(L:J, a).

When S is locally parametrized by (w,v), the corresponding metric tensor g,s
evaluated at (w,0) is given by

(2'31) gaﬁ(w) = Ai/cx (w’ O)Ai/ﬁ(wv O)gij (TI(W)),

where the indices a, 3 relate to the coordinates of (w,v). Formula (2.31) reduces
to

(2-32) grs(w) = ni/r(w)nj/s(w)gij(w)
for the M-part, to
(2.33) gri(w) = 0

for the mixed part, by the use of (2.29), and to

(2.34) g (w) = Ay (W) Ay (w) g™ (w)

for the A-part. The matrix gg(w) is the metric of A(w) at v = 0 and it may be
assumed that the coordinate system v in any A(w) is such that

(2.35) gi(w) = constant
is valid for all w, at v = 0.
3. Expansions for the score vector

In this section we derive asymptotic expansions for the distribution of the
score vector in the following frameworks:

1) Approximation to the marginal distribution of the score vector.

2) Approximation to the conditional distribution of the score vector for a
given ancillary statistic a, under curved exponential models.

3) Approximation to the conditional distribution of the score vector for a
given ancillary statistic a, by the use of the p*-formula.
In the two first cases the model M is equipped with the expected geometrical
structure while the use of the p*-formula corresponds naturally to the model M
being equipped with the observed geometrical structure.

The three resulting expansions appear as formulas (3.4), (3.15) and (3.22)
below.
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3.1 Marginal expansion for the score vector

In this subsection we apply the Edgeworth approximation of order two to
the marginal distribution p(l,;w) of the score vector (see, for example, Skovgaard
(1986) for precise settings concerning multivariate Edgeworth expansions).

We need to introduce the Hermite polynomials H(l,;%) corresponding to the
score vector [, the covariance matrix of which is 7. We shall use a contravariant
version of the first polynomials H, i.e.

H' (i) =17, H™(lygi) =11 4",
H™4 (1 d) = 1T = 176°4[3), ...,

3.1

( ) Hrstuvw(l*;i) — lrlsltlulvlw _ lrlsltluivw[15] + lrlsituivw[45]
_ ,L"I“S,L'tui’v’w[lS]

where

(3.2) Fw) =i"lo(w), r=1,....d

denote the components of the contravariant version [* of the score vector.

The symbol [ ] indicates a sum of similar terms obtained by appropriate
permutations (see, for example, Barndorff-Nielsen and Cox (1989) for a general
definition and properties of Hermite polynomials).

The Edgeworth approximation of order two to the (unconditional) distribution
of the score vector is given by

(3.3) PP w] = pa(le; ) {1+ Qul) + Qa(1)}
where
1 .
Ql(l*) = EKr,s,t(l*)HTSt(l*;z)v
. 1 rstu . l rstuvw o
Q2(l*) - 24Kr,s,t,u(l*)H (l*, 7/) + 72Kr,s,tKu,v,wH (l*a Z)~

Under ordinary repeated sampling of size n we have, in wide generality,

(3.4) p(l;w) = @a(l ) {1+ Qi(l) + Q2(L)} + O(n=3/2)

where @ (l,) is of order n=/2 and Qy(1,) is of order n~'.

The only part of this expansion which is not invariant under reparametrization
is contained in the normal density function.

To see this, note first that the Hermite polynomials H(z;g), where z is any
quantity, are affine (or Cartesian) tensors. In the particular case where z = I, it
is easy to show that the Hermite polynomials behave as covariant tensors in the
w-argument. Further, the cumulants of [, behave as contravariant tensors in w.
Thus the correction terms in the Edgeworth expansion are invariant quantities; in
particular, ¢ (l,) and @2(l.) are both invariant under reparametrization of the

model M.
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3.2 Conditional expansion for the score vector under curved exponential families,
using expected geometry

Let w be the true parameter value and let us consider inference on w under
ordinary repeated sampling with sample size n. In the case when repeated ob-
servations are allowed, the geometrical structure of the parametric space is quite
similar to the geometrical structure we defined above in Subsections 2.3 and 2.4
and then we shall use the same notations.

By using Taylor expansions, Amari (1985) showed that the statistic T =
(& —w, a), where the statistic a is defined as an affine ancillary statistic, is asymp-
totically normally distributed with covariance matrix g®°.

Our aim is to follow the same procedure as Amari, that is first to obtain
expansions for the distributions of the statistics x = (l«,a), and a and finally to
derive from these expansions an expansion for the conditional distribution of [,
given a.

Let us first examine the local transformation

(3.5) (@.a) 2y = ®(@,a) = (I, a)

where [, = [, (w;w, a).
We denote by x, the generic component of x which is rewritten as

(3.6) Yr=10 or y;=ad.

Notice that (w,a) 2 (0,a) since Ly (w;w.a) = 0.
The Jacobian matrix of the transformation between x and (@, a) is given by

(3.7) Jap = Payp

with
Jrs(‘;’y Cl) = lr;s(w; w, a’)w

(3.8) Jrk(@,a) = Ol (wyw,a) = g;r(w)Ai/k(w,a),
(@, a) = duak = 5{‘.

The function A has been defined in Subsection 2.4. At the point (w,0) these
matrices reduce to

Is = Jrs(w, 0) = grs(w),
(39) Irk = J’I‘k(wvo) = C}r(w)Al/k(w7O) = 07
Ikl = Jkl(w,O) - (5lk
Thus J,p is invertible and hence the transformation @ is one-to-one around (w, 0).

In order to obtain an Edgeworth expansion for the joint distribution of (I.,a)
we expand y = ®(w, a) around (w, 0).
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Then

(3.10) Xa = Ba(w,0) + &q/5(w,0)T?

1 1
+ 5 Pay () 0OTPT™ + ééa/575TﬂT7T5 +

ie.
1 1
Yoo = TagT? + 5805, TPT" + £ @00,sTPTVTY 4 -

From (3.10) it is easily seen that the asymptotic covariance matrix ¢ of x given
by

(3.11) tap = Taa Ipg g™ ?

which may be decomposed into

(3.12) brs = Grss k=0, t=g"

Then, under mild regularity conditions, we may write the Edgeworth expansion of
the distribution p(x;w) of x as

(3.13) p(x;w) = e (0 ) {1+ Q1(x) + Q2(x)} + O(n~%/?)

where

1
Ql(X) = _KQ,B,wHaﬁ’Y(X)v

6
1 o 1 (87 €
Q2(0) = 57 Ka s H " (X) + 75 Kooy Ko,e, cH 1 (X)

and where the K-quantities denote the joint cumulants of x¥ and the H-quantities
denote the contravariant version of the Hermite polynomials in x with respect to

the matrix . The terms Q; and Q2 are respectively of order n~!/? and n~!
By integrating (3.13) with respect to [, one obtains

(3.14) pla;w) = r-a(a; ¢*){1 + ¢1(a) + G2(a)} + O(n™3/?)
where

¢1(a) = —Kk LmH*™(a),

~ 1 n 1 1 lmf

p2(a) = Zl“Kk,l,m,nHklm (a) + 72Kk Lm K v HEPEE™ (),
Now, since

p(x;w) L+0i(x) +@2(x)

plyyw|a) = pla;0) = @a(ls; grs) ¥ 1+ ¢1(a) + pa(a)
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one obtains the following expansion for the conditional distribution of the score
vector, using the expected geometry,

(3.15) pllsw | a) = @a(l; grs) {1 + C1(x) + Ca(x)} + O(n=%/?)

where

1
Ci(x) = E{Kns,tht(l*) + 3Kr,k,lHTu(X) + 3Kr,s,kHT8k(X)}
and
1
CQ(X) = ﬂ{Ka.,BJy,SHaB’Yé(X) - Kk,l,m,nHklmn(a)}

1 ryt ’
+ 5{Ka.5,7K5,e,cH°‘ﬁ”6€C(X) — Kipm Ky 1 HE* V™ (0}
1

26 Ketm H¥™ (a){ Kpr 0 s H¥ V™ (@) = Ko 5, H* (x)}.

+

It may be noticed that alternatively, at least in principle, we could apply
the Edgeworth approximation of order two directly to the conditional distribution
p(I*;w | a) of the score vector [, given the ancillary statistic a. Thus, if we let

Kr;s(l* i a)a K’r,s,t(l* | a)> Kr,s,t,u(l* | a)

denote the first conditional cumulants of the score vector, we obtain the following
expression

(316) p(l;w | a)
= (pd(l*;Kr,s(l* ‘ 0,))

1
x {1 + 5 Krso(le | @) H™ (L Kr (| @)

1
+ 57 Krstulle | Q) H™ ™ (1 Ko (L. | @)

L1
72
+0(n™3/?),

Knax(ls | @)Kuon(ls | @) H™0 (11 K, (1 | a))}

Usually the cumulants and conditional cumulants entering (3.15) and (3.16)
are not known explicitly and therefore they can only be found by approximation.
See for example McCullagh (1987), for more precise settings.

3.3 Conditional expansion for the score vector, using observed geometry

In this subsection we shall derive an asymptotic expansion for the conditional
distribution of [, given an ancillary statistic a.

The starting point is an asymptotic expansion for the conditional distribution
p(@;w | @) of the maximum likelihood estimator @, for fixed value of the ancillary
a, which was obtained in Barndorff-Nielsen (1986b).
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This expansion may be written as

(3.17) p(@iw | a) =p*(@jw ]| a){1 + O(n~*?)}
= (@ —w; ] H{1+ A1 + Az + O(n™3/2)}.

The terms A; and A, are given by

1 JT8 1 s 2
A= - 557 (yrs,t + Vo) 56 t(y”’t + -?;y”t)’

1 w gty foq
A2 94 _3(5t - jt ){Qlirs(yrstu + yrst;u + yrsu;t + yrs;tu)

~ 21
+ (zjrvisw - jrsjvw)(yrs;t + yrst)(tva;u + vau)}

#0784 OF )
=60 Yot o) (P + 20}
v = 0 (Y 5 ) (P + 3|

where [3], [15] indicate appropriate permutations of the indices, 6 = (& — w)?,
67 = 676°,..., A being of order O(n~1/2) and A, being of order O(n~!) under
ordinary repeated sampling.

We shall derive from (3.17) a similar expansion for the score vector. In fact,
given the ancillary statistic a, the maximum likelihood estimator @ is in one-to-
one correspondence with [, at least locally around w, and the Jacobian of the
transformation from @ to I, is |l.| where L. {(w;@,a) = [lrs(w; @, a)]rs=1,.. 4
When @ is close enough to the true parameter w, it is quite reasonable to consider
Iy as invertible because for & — w we have [,.. — j which is invertible in great
generality.

Hence we obtain from (3.17):

(318)  pllw]a) =Ll Mpal@ —wi ] 1+ A1+ A+ O(n73/%))}.

The next step consists in finding an asymptotic expansion for § = © — w in
terms of I* = j 1.
By Taylor expanding I, (w,w) in its second argument w around w, we obtain

1 1
(3.19) Lr(w;0) = V(W) + ), (w)é* + 3 Vo (W)8% + 5 Vyogpa ™+
which may be rewritten as
| R [
(320) lr(w;d)) =54 _2_ }/uvéut + 6 yuvwéuvw 4.

On solving for 6" one gets:

1 T Juv 1 r r uvw
(321) 5r:l7'_ §y1L’l)l - E{yuvw_:}yutyf)w}l + -
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with (¥7 = [V, [W¥% = WV .

By inserting (3.21) in each term of (3.18) and Taylor expanding, we obtain,
after some algebra, an expansion of p(l,;w | a) in terms of I*. The last step consists
in collecting terms into invariant terms. Details of all these calculations are given
in the Appendix. The result is the following:

Under ordinary repeated sampling and with relative error of order O(n=3/2)

(3.22) plleiw | a) = a(le; )){1 + B1 + B2 + O(n™%/2)}
with B; = (1/6)H"*"T ., and

1 rstu 1
By = ﬁH {Trstu - ihrs;tu[(i]}

1 T8 gt 1 rsty
- ZH j uhrs;tu + 5 * varstTuvw’

Bj and Bj being of order O(n~1/2) and O(n~!) respectively. Here the H-quantities
denote the contravariant version of the Hermite polynomials defined in terms of [,
and j. The other quantities are covariant tensors given by

(323) Trst = ﬁ(yrst + /V'r's;t[?)])’

(324) hrs;tu = yrs;tu - Iyrs;v yw;tujvw’

(325) Trstu - (yrstu + yrst;u{4] + %(yrs;tu + yrs;thuvjvw[G])> .

We shall discuss these various quantities in Section 5.
4. Expansions for the maximum likelihood estimator

4.1 Ezpansions for the maximum likelihood estimator under curved exponential
families
For completeness, we mention here that a detailed study of the unconditional
and conditional expansions for the maximum likelihood estimator, under curved
exponential families and using the expected geometrical structure, has been made
in Amari (1985) and Amari and Kumon (1983).

4.2 Conditional expansion for the mazimum likelihood estimator, using the
expected geometrical structure

From the viewpoint of invariance and geometrical interpretation, it is relevant
to derive the conditional expansion for the maximum likelihood estimator @ via the
conditional expansion for the score vector. As mentioned in Subsection 2.5, using
the (locally) one-to-one transformation [, — @ yields an asymptotic expansion
for the distribution of the maximum likelihood estimator, which is divided in two
parts, a variant and an invariant.

In Barndorff-Nielsen (1986b), 6 = & — w is modified into the bias corrected
form as &’ = & — w — p1, where the bias term p; is given by

« l-ar-s 11 48
(41) by = 51 lityr;st = -éygt ‘
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and is of order n7!.
Now, making the one-to-one transformation [, — &, one obtains from (3.22)

(42) pwla)

= |lipu)a(le; ){1 + B1 + By + O(n™3/?)}

= 0a(8'; i N palle 1)/ 0a(8' i lea {1+ B1 + B2 + -}
where

pales ) ea8: 17 = 1 e { S0 - ).

Next, we derive expansions for exp{(1/2)(8* —1"*)]_.} and |l,..||j | by inserting
(3.22) in these two expressions. The explicit forms of these expansions are given in
the Appendix. The last step consists again in Taylor expanding and then collecting
terms of the same order.

Finally one obtains the following expansion for the bias-corrected maximum
likelihood estimator:

43)  piw|@) = pud TN+ B4 Bat o} 4G Gt )
where C; = —(1/2) }’t;rsHmt is of order n=1/2, and

1

02 = 5 yr;stu(lTStu - [3]1r8ltu)

1 8 v o yTr
A (e e AR

_ 4ltviuers _ ltujUwHTs + lrsijtu
_ Qvajrsjtu + 4lsvitriuw _ 4lijts‘iru)

is of order n~!.

The symbol | | indicates here a sum of 3 similar terms obtained by permuting
the indices r, s, t.

It may be noted that [ — [3]j"*I** is a contravariant tensor of rank 4 in
w. Also, the factor in C multiplied by the quantity }, .¥,.,,, is a contravariant
tensor of rank 6.

The expansion we have obtained involves the product of two expansions, the
first of which (with terms By, Bs,...) is invariant. The second is related to the
observed (—1)-connection.

Thus, if we use the special coordinate system given in (2.21) as a parametriza-
tion for the model, the quantities ¥'%,,, Vi, .. can be made to vanish. With
this choice of parametrization, the expansion for & reduces to

(4.4) p(8';w | a) = pa(6';] {1+ B+ By +---},
since in such a coordinate system one has

. t’ . 4
yt;rs = Xtt’ yrs = Jtt"srt*s =0
and

E / o !
yr;stu = jrr’ y:tu = frr'é.:tu =0.
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5. Interpretation of terms

The aim of this section is to discuss the geometrical aspects of the different
terms involved in the various expansions we have been considering.

In the expansion (3.4) for the score vector all the correction terms are com-
posed of tensors, as has been already pointed out in Subsection 3.1.

In the case when we consider a curved exponential model, the expansion (3.15)
for the score vector obtained by using the expected geometry has not been inter-
preted yet.

In the expansion (3.22), using the observed geometry, other types of tensors
are considered.

First the observed skewness tensor T’ ., given by (2.17), which is analogous to
the expected skewness tensor T,.,;.

Two other tensors, T, ., and ..., given in formulas (3.25) and (3.24), appear
in the expansion.

The tensor T, .,

from the tensor T
1
connection ¥ and by symmetrization, namely T, . = (1 /4)(12)i(Trst)[4] The K-

tensor was introduced by Barndorff-Nielsen (1986a) in a paper discussing strings
and tensorial combinants. In that paper, the §-tensor is derived from the observed
(1)-connection strings by a construction referred to as “intertwining” of strings.

The K-tensor may be related to the observed (1)- and (—1)-connection strings
in different ways and in particular to the observed (1) and (—1) Riemannian cur-
vature tensors.

rstu

was introduced by Barndorff-Nielsen (1986b). It is obtained

st Dy covariant differentiation with respect to the (1)-observed

1 1
First, consider J' and let us introduce the curvature tensor R, . associated

1
with 7.
By definition,
1 11

1 1 1 1
(51) R'rstu = (8wr gt - 6“,5 :')t)jﬂuu + (Fr’uu TS}t - Fsvupgt)'

Since .
awTF:t = adrjvu yst;u + ivw(ystr;w + yst;rw)’

and
11

yrqugt = yrv;u yst;wivw’

one obtains
1
Rrstu = jvw{(yvur + yvu;r + yvr;u) yst;w - (yvus + yvu;s + yvs;u) yrt;w}
+ yst;ru - yrt;su'
By using the equation },,, + ¥ ., + Vyp.o + Vg = 0, ome finally gets

1

(52) Rrstu = hst;ru - Mrt;su'
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-1 -1

In the same way, considering ¥ and R one finds

rstu?

-1

(53) R‘rstu = M‘ru;st - hsu;rt'

There is a similar relationship for corresponding expected quantities from curved
exponential families R, = Hgs.roy — Hrt.su where Hgy.ry, is the inner product of
the (1) and (—1) imbedding curvature tensors, i.e. Hgpyy = H slt“ H_lig,, where
Hl¥ and HZ! are the components of the imbedding curvature for the (1)- and
(—1)-connection, respectively (see Amari (1985)). This interpretation can be ex-
tended beyond curved exponential family models by using Amari’s idea of local
exponential family, see Amari et al. (1987); see also Vos (1989). Because of the
structure of the J-tensor, it is not obvious that a similar interpretation of the
H-tensor may be derived for the observed curved exponential approximation. A
clearly geometric meaning of the K-tensor is still missing.

However, it is possible to relate the H-tensor to the observed (1)- and (—1)-
connection strings also in the following way.

Since

1 1 1
M’rs;tu + yrst;u = 8‘Ut y‘;l")sjvu + Ft'uu :'}S

1 1 1 .
= (a.d‘ ?:s + F?sy‘gw)jvu’

O
we have, denoting covariant differentiation relative to I and with respect to w? by

pe,

(54) Mrs;tu = ﬁ)t (fgs)jvu - yrst;u
= D)~ Vo
= D) = (o) Yo

We get a similar expression for the observed (—1)-connection, namely
1v v p
(5'5) Mtu;'rs = {Dt (lrs) - lrst}l'uu'

Therefore formula (5.4) expresses the Ji-tensor as the difference between 12); ()
1

which belongs to the canonical string generated by J' and the corresponding term
1

in the connection string . Except for this, we could not find any satisfying
geometrical interpretation of this K-tensor.

One has an analogous result for the i-tensor expressed in terms of the observed
(—1)-connection.

We may notice that for (k,k) exponential models one has T, , = Krs4,
T, otw = Krsitwand W ., = 0. The conditional expansions for the score vec-

tor, given in (3.16) and ‘(3.22), are quite similar. We may relate the observed
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tensors T, , and T, — (1/2)H,,,[6] to the cumulants of order 3 and 4 in (3.16),
respectively (for (k,k) exponential families these observed tensors reduce to the
observed cumulants of order 3 and 4). The extra term in (3.22) which is now found
in (3.16) should be ascribed to the different geometrical structure involved.
Finally we shall comment on the variant part of the expansion (4.3) obtained
for the conditional distribution of the maximum likelihood estimator.
The correction term of order n~1/2 contains the Hermite polynomial H™*(L,; )

-1
and the term J, . = ¥ .., In the correction term of order n~" we collected terms
in order to emphasize the various terms }, ., ¥ ..., entering it and which belong to
the (—1)-connection string. The remaining terms are not explained yet. In Amari
and Kumon (1983), they give an expansion for the conditional distribution of the
maximum likelihood estimator with correction terms of order n~1/2 and n~!. It
may be noted that only the correction term of order n~1/2 is given a geometrical
interpretation.

6. Concluding remarks

The score vector appears to be a main tool in constructions of expansions that
can be expressed in terms of invariant and geometrical quantities. Nevertheless
the last expansion obtained in (4.3) is not quite satisfactory, since all the terms
contained have not yet been given a clear geometrical interpretation. The question
is how to build a procedure, based on the intrinsic geometrical properties of the
score vector and the theory of strings, giving a geometrical interpretation.

Another point concerns the link between the order of the correction terms ap-
pearing in the expansions obtained above and the corresponding tensors contained
in these correction terms. It appears that for approximations with error of order
n~! the tensors required are the metric tensor and the skewness tensor, in both
the expected case and the observed case. If we consider correction terms of order
n~! other tensors appear, namely the § and T, ,,, tensors, which are again related
to the observed geometrical structure defined on the model. Thus, these tensors
seem to be fundamental geometrical objects but in a sense which has not been
fully elucidated yet.

Acknowledgements

I am indebted to the referees for their thorough readings of the paper and very
constructive comments.

Appendix

PROOF OF FORMULA (3.22). From (3.18) and (3.21) we obtain the following
expansions:

D) (L D/ =1 =070l
+ _;_{ITS yr;sr yz-u + jlsvjwr yv,wu yr;st - jrs y'r;stu
+ jlrsivw yr;st yv,wu}ltu +ee
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Here we use the differentiation formulas: 8, log|A| = a’*0ra;; and 8,09 =
—a*4Y8,ax; where A = [a;;] is any positive definite matrix and A= = [a%].

1 T8 3 1 TS Y
2) exp{—§5 jrs}: exp{—§l jrs}
1 NV | .o
x {1 + §yr;stl - gy‘r;rsytul st
1 T TS
+ E(yr;stu - 3yr;s‘r ytu)l f

1
3l Ll 4 O .

1, 1., 2
3) Al = - 51 (yrs;t+ yrst)lt+ 55 t(yrs;t + §yrst)

U W+ L) Vi
- (2 yrs1’ + yrs;‘r[g]) :ulTStu + O(n—3/2)}'

4) The term As, of order n~1, in (3.17) is rewritten in terms of I” ... , just
by making the substitutions 6" — {", 6™ — {"*... . Finally we obtain

p(lew|a)=pi(ls; [){1+ B1+ By + -}
where
1, 1., 2
B, = - 51 lt(yrs;t+ yrst)+§l t<}/rs;t+§yrst>

; 1 s
- jrslt yr;st + Ql tyrs;t

is of order n~1/2 under ordinary repeated sampling of size n, and
1 .t \
32 = - g(ltu - 1 u){ers(yrstu + yrst;u + yrsu;t + yrs;tu)

+ (zj{m}j,sw - f"sj”w)(}lrs;t + yrst)(va;u + vau)}
1 4TS tu T 1 478 T
+ Zi I (Y’I‘S;T + yrsv')ytu + 51 ltuyr;sr ytu
1 S8V JWT by 1 T8 1tu
+ —2'18 jw lt tyv;wu iyr;st - 51 lt yr;stu
1 " u YU 1.7‘ u yow
+ ijrslt 1 wyr;st y’u;wu + 51 slt (yrs;t + yrst)yv;wul

+ i(lrstu - jrsjtu[3]){(3yrstu + Syrst;u + 6yrs;tu)

00 Vot o) (P + 300 )
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1 rs 2 oW
- 51 e <yrs;t + g yrst) yv;wul{

1 rstu JUw 1 rstu JVW
- §l yr;st ?yv;wuj - §l yr;st(va;u + vau)j

1 8 T 1 rstu T
- glr t yr;rs ytu + gl ot (y'r;stu - 3Y7‘;sr ytu)
1

- ZZTStu(2yT'ST + yTS,T[3]) y:u
1 rstuvw yT8 ytu yvw 2

+ g(l - X li j [15]) iva;u + vau yrs;t + g yrst
1 rstuvw 2 1 rsituvw

+ Zl ! <yrs;t + gyrst) yv;wu + gl ’ yr;st Yu;vw
1

is of order n™-.

The last step consists in collecting terms such that geometrical quantities
appear.

For B, it is easily seen that

Bi= g B (1 )T rar

For the terms of order n~! the calculations are longer but the expression of
Bs finally reduces to

[V ]

. 1 Tstu 1 1 T8 ytu
- EZH (Trstu - §Mrs;tu[6]) - —Q—H j hrs;tu

1 rstuvw
+ 72H Trst'ruvw‘

PROOF OF FORMULA (4.3).

By

g 71— 1 T8 78\ 7
(palts)oal®57 ) = W exp {567 = 1)1, .
Introducing the expansion (3.21) for § in this expression and developing leads to

(alle; )/ (6a(8';1710)) = 111 7H1 + Ay + Ap + -}
where

A,l = _§YT;stl st + _Q—yt;rsl lt

is of order n~'/2 and
1

A= — =

1 rstu yOW JUw JUW

+ gl K (4yr;sv yw;tuj + yv;rs yw;tul - yr;st yu;ij )

1 u yTS yVW
+ glt j j (_2yv;rs yw;tu + yt;rs iyu;'uw)

1 1 18 gt g
+ g yr;st yu;vwlTStuvw + g yt;rs Yu;mujrsftujvw

lrstu
r;stu



GEOMETRICAL EXPANSIONS 83

is of order n~1.

Using the same method for |l...||j|™! we get |L..||j|7' = 1+ Ay + A) + ---
where Ay = j"*I'},  is of order n~1/2 and

1 w yTS yoWw
Ay = §lt 1 1 (yr;sty'u;wu - yr;'wu yv;st - yr;sv yw;tu)

)
+ 51 °r yr;stu

is of order n~1.

Inserting these two expressions in formula (4.2), developing and collecting
terms yields the final result (4.3).
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