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Abstract. Our aim is to investigate a way to characterize the elements of a
statistical manifold (the metric and the family of connections) using invariance
properties suggested by Le Cam’s theory of experiments. We distinguish the
case where the statistical manifold is flat. Then, there naturally exists an
entropy and it is proven that experiment invariance is equivalent to entropy
invariance. If the statistical manifold is not flat, we introduce a notion of local
invariance of selected order associated to the asymptotic (on n observations, n
tending to infinity) expansion of the power of the Neymann Pearson test in a
contiguous neighborough of some point. This invariance provides a substantial
number of morphisms. This was not always true for the entropy invariance:
particularly, the case of Gaussian experiments is investigated where it can be
proven that entropy invariance does not characterize a metric or a family of
connections.
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1. Introduction

In the very last few years, many authors have pointed out the importance of the
differential geometrical tools in Statistics (Chentsov (1972), Efron (1975), Amari
(1982, 1983, 1985, 1987), Amari and Kumon (1983), Millar (1983), Barndorf-
Nielsen et al. (1986) and Barndorf-Nielsen (1987)).

It seems that the natural frame in this context is the notion of statistical
manifold (Lauritzen (1984) and Le Cam (1986)) i.e. a Riemannian manifold with
a pair of dual torsion free connections. This is equivalent to consider a triple
(E,g,T), where E is a manifold, g a Riemannian metric, and T' a symmetric
covariant tensor of order 3. Indeed, it is worthwhile to consider most of the
introduced geometrical tools in this framework (Amari’s connections, Barndorff-
Nielsen’s expected geometry, family of connections associated to a y-estimator
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(Eguchi) or quasi-maximum likelihood estimators (Lauritzen (1984)).

Considering a particular triple (F,g,T) where E is a family of probabilities,
a fundamental problem raising then, is what is remaining of a statistical prob-
lem after a reduction to the statistical manifold. This problem has obviously two
faces: the first one consists in investigating the kind of morphisms that may be
statistically important for a geometry to be invariant with. The second part is,
of course, given a class of morphisms (statistically interesting), “what are the sta-
tistical manifolds that are invariant under this class and more precisely, when is
a geometry uniquely determined, or, in other words, what class of morphisms is
determining the geometry?” For the first part, our approach found its motivation
in the work of Chentsov (1972). In a decision theory framework, Chentsov con-
structed a geometry where two experiments F; and E; are equivalent if you can
pass from one to the other through two Markov kernels. This is perfectly natural
from a decision point of view, since, in this case, for every chosen loss function,
and every decision made upon E,, there is a decision made upon E» with the same
risk function, and conversely.

It is proven in Section 3 that, in linear exponential families, the Markov mor-
phisms can be characterized in terms of invariance of the entropy function. Hence,
the notion has a natural extension in a general flat manifold, where E needs not
to be a probability measure space. Another aspect of this class of morphisms
is that it can be relatively small: it is shown, in Section 5, that, although they
happen to determine the geometry in simple cases (for instance when the entropy
is quadratic (Proposition 5.1)), in the general case, this is not true (Proposition
5.2). This is one of the reasons why this class has been extended in Section 4, con-
sidering morphisms that are asymptotically preserving the Neyman-Pearson test
power function respectively at the first and second orders. The essential result
of this section is that those approximate Markov morphisms can be characterized
as those leaving invariant respectively the geometries (E, F) (the classical Fisher
Riemannian geometry) and (E, F,T) (the Amari’s geometry). Here again, the no-
tion has a natural extension in a general statistical monifold. But, this time, the
manifold needs not to be flat.

2. Definitions and notations

2.1 The experiment E

We consider a measurable space (£2, A) with a family of probabilities Py defined
on (©, A), 8 varying in an open connected subset © of R*. The family E = {P5,6 €
6} is assumed to satisfy the following conditions:

1) For every 8 in ©, P, is absolutely continuous with respect to a given o-
finite measure . We shall denote by p(-,6) the Radon-Nikodym derivative of Py

with respect to u:
dPy
p(z,0) = W(w)'

2) p(z,-) is in C3(O) for p-almost all z in Q.
3) If 8; denotes the differentiation 9/86;, and I(-,0) = logp(-,0), then the
functions 8;1(+,0) (i = 1,...,k) are in L?(dPy) and are linearly independent. This



STATISTICAL INVARIANCE OF MORPHISMS 47

shows that Fj;(0) = Eg(0il(z,0)0;l(x,0)] is finite for every ¢,j = 1,...,k and 8
in ©. In particular, the Fisher matrix F(8) = (Fi;(0))1<i<k,1<j<k is (strictly)
positive-definite for every 8 in 6.

4) The mapping § — F() is of class C1(6) and the quantities:

T,;5(0) = Esd;l(z,0)8;1(z, 0)0:l(z,0)  and
TLi(8) = E¢8:0;1(z,0)04l(z, 6)

are finite, with
2E90:0;0kl(2,0) = 0,F;(0) + 8; Fi(0) + 0 F3;(8) + T (6)

for every i,7=1,...,k and 8 in ©.

5) If Rg(-,h) denotes the remainder of the Taylor expansion of log p(z,8 +
h) —log p(z,8) up to order 3, we assume that k|3 Ry (-, k) is uniformly bounded by
a function ¥ which has moments up to order 3 for each 6 in ©.

Following Amari’s formulation (1985), under the previous assumptions, the
family F is sufficiently smooth to permit the introduction of a k-dimensional man-
ifold structure on the statistical model, with § € © playing the role of a coordinate
system.

Rao (1945) has proven that the Fisher-Rao metric F(f) defines a Riemannian
structure on E letting Fy(8;, 0;) = Fi;(6) where 0; denotes 9/96; the natural basis
vector of the tangent space at the pomt 8 and Fy(0;,0;) the inner product of the

[25
two vectors in the metric F(f). Amari (1985) introduced the a-connections V,

with T'(9;, 9}, 0k)|e = Ti;x(0), and if T(E) is the set of vector fields of E,

o 0
VX,Y,Z€T(E), F(VxY,Z)="F(VxY,Z) - ST(X,Y,2)

0
where V is the Riemannian connection associated with F.
A particularly interesting example for the experiment is the following linear
exponential family. Let B(R) be the Borelian o-algebra on R.

DEFINITION 1. A statistical experiment is a linear exponential family if and
only if there exist k measurable mappings: S; : (2, 4) — (R, B(R ( )) such that:
V6 € 8, p(x,0) = exp{(6, S(z)) — h(6)} where S = (S,...,Sk), =3>6:S;,
and exp h(6) = [, exp(8, S(z))du(z).

We shall take © to be the interior of the domain of definition of k& and assume
that it is convex.
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2.2 Statistical manifolds
Let us consider 3 statistical manifold (Lauritzen (1984)) e.g. a triple (E, g, R),
where F is a Riemannian manifold, ¢ is the metric and R is a covariant symmetric

e a
tensor of order 3. It is equivalent to consider (E,g,V,a € R), where the V are
constituting the family of torsion free connections associated to (E, g, R) through
the following formula:

o(VxY,2) = g(VxY.Z) - (a/2R(X,Y,Z), VXY,Z € T(E).

Y07 is the Riemannian connection associated with g.

At this stage, E does not need to be a family of probabilities, but if E is
an experiment most of the geometrical tools may be relevantly considered in this
framework (Amari’s connections (1985), Barndorff-Nielsen’s expected geometry
(1987), family of connections associated with a ¢-estimator (Eguchi (1983)), quasi-
likelihood (Lauritzen (1987))).

One says that (£, g, %’, a € R) is the likelihood statistical manifold associated

to an experiment E if g is the Fisher metric (Rao (1945)) and V are the Amari
connections (1985). In the particular case of the linear exponential family experi-
ment, the likelihood statistical manifold associated with the family E is such that,
in f-coordinate:

Fg(ai,aj) = F”(O) = 637h(9),
T(8;,8;,0)le = Tijk(8) = 0%,h(6).

2.3 Invariances of metrics and connections in manifolds

Let E' = {P,,0 € O’} be a regular submanifold of E and ¢ be a mapping
defined on E’ such that ¢ is a diffeomorphism on its image. Let ¢ be the associated
diffeomorphism defined on 8’ by ¢(Py) = P,(). Let us introduce the following
notations: for X, vector field of T(E'): X? is the induced vector field i.e. the
vector field such that for every C*® function k on ¢(E'):

X%k()gpy) = XKk($(-)) Py VP E'.
g® is the induced metric i.e.:
9(X?, Y g(py = g (X%, Y )Py VR EE.
V* is the induced affine connection i.e.:
VxeY®apy) = VosYp,, VPeE.

Let us recall the following definition (cf. for example Wolf (1967) and Spivak
(1979)).
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DEFINITION 2. Let ¢ defined as above. One says that ¢ is an isometry for
the metric g (resp. an affine diffeomorphism for the connection V) or that g (resp.
V) is invariant under ¢ if and only if, for every X and Y vector fields on E’,

(2.1) 9(X,Y) = g*(X%Y?)

(resp.

(2.2) VxY = V%, Y9).
Remarks.

1) The essential meaning of this invariance is that ¢ preserves the curve length
(resp. maps geodesics into geodesics).

2) In coordinate (6y,...,0k), choosing X = 8;, Y = 8;, ¢ = (p',...,¢%),
then

opt 0
X% = le 50,500 X%Vl = (Delo gl Delo)s

and (2.1) is equivalent to:

(2.1) *ug(=)lo u = "u*Dolo g(—)|,(6) Dylo u
Vu € R*/Y u'd; € Ty(E'), WHeB,

where Dy is the Jacobian matrix of ¢, Dy is its transposed, and g(—) denotes
the matrix composed by the ¢g(3;,0x,)|p, (also denoted g;m(6)).

3) Let g’ be any metric on the statistical experiment which is invariant with
respect to ¢, then (2.2) is equivalent to g’(Vwa‘f’, Z%) = ¢/(VxY,Z) for every X
and Y vector fields on E’. So that, if I';;; denotes g(V5,0;, ), (2.2) is equivalent
to:

8p® 8" 8™ 0%¢® Op"
2.2 ; ——T 6 ————— G
22)  uiuduh { G5 o g Torm 016D + 352 S0 ()
= U1U2U3Fiﬂ(9)
Vuy, ug,uz € R*/u'd; € Ty(E'), VOe®O.

DEFINITION 2. A metric g (resp. an affine connection V) on a manifold E
is said to be locally (at the point §°) invariant under a morphism ¢ defined as
above on E' if ¢ is a local isometry (resp. a local affine diffeomorphism) i.e. if (2.1)
(resp. (2.2)) is true at the point °.
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3. Markov morphisms in experiments and entropy morphisms in flat statistical
manifolds

3.1 Markov morphisms
Let us recall some classical tools of the statistical decision theory (cf. Millar
(1983), Le Cam (1986)):
i) Let (Q, 4), (€, A’) be two measurable spaces. 7: 2x ) — R is a Markov
kernel from (2, 4) to (', 4') if:

Yw € 0, m(w, ) is a probability measure on (', A’)
VB e A, n(-, B) is A-measurable.

If P is a probability measure on (2, A) and = a Markov kernel, let us denote by
7P the probability measure on (¥, 4) : [ w(w, )dP(w).

ii) Let E = {P,0 € O} (resp. {Qg,0 € O}) be an experiment on (£, A)
(resp. (§¥', A’)) indexed by ©, E and E' are said to be equivalent if there exist a
Markov kernel 7 from (2, A) to (€', A’), and a Markov kernel 7’ from (', A’) to
(92, A), such that V6 € ©, Py = 7'Qg, Q¢ = mPs. This notion is natural from a
decision point of view, since, in this case, for every chosen loss function and every
finite decision made upon E, there is a finite decision made upon E’ with the same
risk, and conversely.

DEFINITION 3. Let E; = {Ps,8 € Ti} be a regular submanifold of £ =
{Py,8 € 8} of dimension r (r > 0). A diffeomorphism ¢ : Py — ¢(Fy) = Fy9) €
E, from E; to E; = {P,4),0 € T1} is called a Markov morphism of the experiment
E if the 2 sub-experiments E; and E» are equivalent.

3.2 Entropy morphisms in flat statistical manifolds

Let us recall that (£, g, R) is said to be flat if it is flat for one of the o-
connections (say ag). This notion is equivalent to the existence of a canonical
system of coordinates 7 (where the ag-geodesics are straight lines) and an entropy
function h such that ¢ and R are derived from h through the formulas:

95 =96 0;) = O, Amari (1985).

R,‘jk = R(ai, aj,ak) = 6ijkh, (81 = 3/871)
For instance, the likelihood statistical manifold associated to a linear exponential
family is flat, with ag = +1, 7 = 6. In this case, the following morphisms appear
to be particularly relevant: let E’ be an r-dimensional regular submanifold of E
(r > 0). E' will be assumed to be cp-convex (i.e. convex in T-coordinate).

DEFINITION 4. Let ¢ be a morphism defined on E’, ¢ is said to be an entropy
morphism of the flat statistical manifold E if and only if:

1) ¢ is affine in 7 coordinate.

2) The mapping h o ¢ — h is affine in 7 coordinate over E'.
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3.3 Markov morphisms in linear exponential families
The following proposition gives a characterization of Markov morphisms in
linear exponential families.

PRrROPOSITION 3.1. If E is a linear exponential family, ¢ a Markov morphism
defined on an r-dimensional submanifold E' = {Py,0 € T'}, then:

1) ¢ can be extended as a Markov morphism to C(E') corresponding to the
convez hull of T' in © : C(E') = {Py,0 € C(T")}

2) ¢ is an entropy morphism of the likelihood statistical manifold associated
with E, i.e.

a) ¢ is an affine mapping:

0@ =A0+b, VOeC(T)

B) the mapping 8 — h(p(8)) — h(8) is affine i.e. Y0 < a <1, V6,,6, € C(T"),

(3.1)  h(af: + (1 — @)8s) — ah(6r) — (1 — a)h(6a)
= h(ap(8:) + (1 - a)p(82)) — ah(p(6:)) — (1 — @)h(p(62)).

The proof of Proposition 3.1 is based on the following lemma (Chentsov (1972),
IV, Section 18, Lemma 18.7).

LEMMA 3.1. If a pair of mutually absolutely continuous probability distribu-
tions on X, A, {Po, P} is Markov equivalent to a pair {Ro,R1} on Y, B, i.e.
two Markov kernels w3 and 721 exist, such that,

P,=R;omy, Ri=Pomg (1=0,1)

then the equivalence may be extended to the two Hellinger arcs, i.e.: if P, (resp.
R,) is the probability distribution with density with respect to the measure Py (resp.

Ry), . 1
(3—;1)) " exph(a) ('resp. (%) —aepr:I(a)>

-1

() o]

where

exph() = [ / (%) i,

(resp. exp H(a) =

then, P, = Ry o a1, Ry = Py 0 T2, and

(3.2) h(a) = H(a), for everya, 0<a<l.
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PROOF OF PROPOSITION 2.1. We must have: V0 < a < 1, V81,0, € T": if
afy + (1 — a)fy € T' then p(ab; + (1 — a)bs) = ap(f1) + (1 — a)p(d2), using
Lemma 3.1, otherwise, ¢ can be extended through the previous formula, i.e. ¢
becomes affine on C(T"): ¢(6) = Af + b. It is not difficult to see that if ¢ was a
diffeomorphism from 7" to T”, it still is from C(T") to C(T").

(3.1) is equivalent to (3.2) since h(a) = h(af; + (1 — a)8s) — ah(8;) — (1 —
a)h(6s), and the proof is complete. O

Let us take two familiar examples (Gaussian translation families and Gaussian
families with unknown mean and unknown variance) and examine in both cases
the Markov morphisms.

PROPOSITION 3.2. For E = {N(8,F;'),0 € R*}, where Fy is a fized posi-
tive definite matriz, then the set of Markov morphisms are the following: p(8) =
AG + b, where A is partially Fy unitary i.e. A fized subspace V of R exists such
that:

'y AFg Az =‘zFyx, VzeV.

Remarks.

1) The expression “partially” unitary is referring to the space V where the
equality of the two quadratic forms F and AFyA is true.

2) V is the vector space in R* spanned by all the directions of segments
contained in the convex hull C(T").

3) The proof of Proposition 3.2 is easily performed using Proposition 3.1: let
us observe that (3.1) is true if and only if, for any straight line v : [0,1] — C(T”),
we have:

2
& h(p(1(2) — hx(H)] = 0

which turns out to be the condition of Proposition 3.2
Let us now use the previous proposition to investigate an example:

PROPOSITION 3.3. For E = {N(u,0?),(u,0%) € Rx R}}, the Markov mor-
phisms consist in the following mappings: (in coordinate (u,02)) ¢*¢ : (u,0%) —
((cu+ d)/c%,02/c?), for any constants ¢, d, ¢ # 0.

PROOF OF PROPOSITION 3.3. In this proof, we shall always use the natural
coordinate system:

I ! _
elzﬁy 02= F; 9“‘(01702)

let us observe that ¢° is @ linear since, in # coordinate ¢ writes:
05%(01,82) = by + dbz,  5%(61,02) = C0s.

First we shall show that the morphisms ¢ considered in the proposition are actually
Markov morphisms: this is of the upmost simplicity since it is clear that each ¢
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can be associated with the following two Markov kernels: x;5(x, dy) is the Dirac
measure on ¢~ 'z + dc=2 and my (x, dy) is the Dirac measure on cz — dc™!. We
shall, now, prove the converse.

By proposition 3.1, we have only two kinds of Markov morphisms to consider:
those that are defined on a line segment in © and those defined on open sets of ©.
Only the first ones will cause some difficulties.

The proof will be made in three steps: First, it will be proven that, if a Markov
morphism ¢ is defined on a set consisting of a line segment parallel to one of the
axis, then ¢ is of the form described in the proposition. Secondly, it will be shown
that, if ¢ is a Markov morphism defined only on a line segment in ©, then there
is another Markov morphism ¢, strongly connected with ¢, which is defined on a
line segment parallel to one of the axis. Thirdly we shall prove, because of the
relationship between ¢ and (, that ¢ is the form described in the proposition.

i) Assume that p(8) = A9 + 6°, with

A=<011 021) 90:(9?)
a2 az /)’ 63
is a Markov morphism defined on 7" that contains a line segment parallel to the

second axis (resp. the first), say the one connecting the points (61,82), (61,65)
((61,02), (87,62) resp.). We observe that (3.1) becomes: V0 < o < 1:

92 9?
— b +log (0 + a6y — 05)) + ot
(65 + (62 — 63))

(3.3) ).

—alogby + (1 - a)gg —(1—a)logh,
_ _(a1161 + 02165 + 67 + alan (62 — 63)])?
T (@120 + az20) + 69 + afanz (02 — 63)))
+ log(a126; + 2265 + 63 + afazs (62 — 65)])
a(allel + ag102 + 67)?
(21201 + ag202 + 63)
(a1101 + 0&19& + 9[1))2
(a1201 + a220'2 + 03)
— (1 - a)log(a126; + 2263 + 63).

— alog(aigh + agefs + 69)

+(1-0a)

First, let us remark that, because of the functions involved in (3.3) the equality is

true not only for 0 < o < 1, but on the definition range of (3.3). If we let in (3.3)

a tend to —65/(02 — 65), then LHS tends to —oo. This implies that it must do

RHS i.e. 89 +a120; = 0. Rewriting (3.3) and let again o tend to —685/(62 — 65), we

obtain az20% = (a110; +69)? i.e. on the segment [(61,02), (61, 60%)], ¢ coincides with

the morphism indicated in Proposition 3.3 associated with the following values:
00

C=a11+9—1, d=ay;, iff#0,
1

C= Qg , d=a21, 1f91=0
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An analogous evaluation (a tends to infinity), in the case of a segment parallel to
the first axis proves that a?; = asg + 69/6,. This implies that also in this case
¢ coincide on the considered segment with a morphism of the form described in
Proposition 3.3, with ¢ = a3, d = a1 + 69/t2. 1t is easy to see that if 7' contains
an open set in R2, the two previous statements agree together as well as with the
form indicated in Proposition 3.3.

ii) Suppose now that an arbitrary Markov morphism ¢ is defined on a set T"
containing a segment of line [#, §’] which is not parallel to the axis. It is then easy
to establish that ¢ o ¢°¢ is a Markov morphism defined at least on (¢°¢)~1[4,6]
for a chosen pair (c,d). As ()~ is easily found to be equal to ¢ =4¢° to
obtain the second step of the proof we must show that every segment [0, 6] may
be mapped into a segment parallel to one of the axis: this may be accomplished
by choosing for example: dc=2 = (6; — 6)/(62 — 65).

iii) By the first step, @ o ¢ is some ¢ . If o(6) = A + b, then @ o ¢ =
AC8 + b, where C is the matrix associated with ¢°?. Thus it follows that b = 0
and AC has the same form as C, therefore A has the same form as C i.e. ¢ is also
some . This concludes the third step. O

We will not go further on with examples. Let us only mention that Proposition
3.2 can also be used to prove the classical Chentsov’s result e.g. in multinomial
experiments the Markov morphisms are the morphisms obtained by permutations
of the atoms (Chentsov (1972)).

Our conclusion of this section is that the Markov morphisms together with
the entropy morphisms certainly are natural and genuine to consider but may
eventually form a very sparse collection depending on the considered family F
(even then reduced to one point—the identity—in Poisson or Inverse Gaussian
distribution families for example).

4. Approximate Markov morphisms and morphisms leaving a statistical manifold
locally invariant

4.1 Approzimate Markov morphisms

As we saw in the previous section, one of the major interests of Markov equiv-
alence of two experiments E and E’ is that for every loss function and every finite
decision on E there exists a finite decision on E’' with the same risk (Le Cam
(1986)). Another consequence is the following: let 5(6,6’,a) be the best test
power one can obtain by testing # against 6’ at the level a. If ¢ is the Markov
morphism associated with E' = {Ps,0 € T’} and E” = {P,(p),0 € T’}

B©,8',a) = Be(8),p(0),a), V6,6/ T

(Torgersen (1970)). As we previously indicated the differential geometrical argu-
ments are especially powerful for the first and second order approximations. This
suggests the introduction of the following asymptotic point of view: suppose that
we have now n iid observations of our model available. Let (3,(6,6’,a) be the
power of likelihood-ratio test of 6 against €', based on the n iid observations at
the level a.
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DEFINITION 5. Let k be an integer greater than or equal to 1. ¢ is an
approximate Markov morphism of order k (amk) of the experiment E at the point
60 if:

1) ¢ is defined on E’, an r-dimensional regular submanifold of © (r > 0),
containing Pyo, E' = {Py,0 € T'} and sufficiently regular.

2) Vu such that 8y + u/n'/2 belongs to 1",

lim n*=Y/2[3, (69,80 + u/n'/?, a) — Bu(p(80), ¢(80 + u/n/?),a)] = 0.

n—x

Remarks. The sequence of classes of approximate Markov morphisms of order
k is a decreasing sequence. It is a consequence of Torgersen (1970) that Markov
morphisms are amk for every k. Amk could be useful, generalizing this approach,
to determine what sort of tensors should be kept in mind at order k. But in this
paper we restrict to £ =1 and 2.

4.2  Morphisms leaving a statistical manifold locally invariant
Let now (E, g, R) be a general statistical manifold.

DEFINITION 6. ¢ is a local statistical morphism of order 1 (Is1) of the sta-
tistical manifold (E, g, R) if:

1) ¢ is defined and sufficiently regular on E’ an r-dimensional submanifold of
E (r > 0) containing 6°.

2) g is invariant under ¢ at the point 6°.

DEFINITION 7. ¢ is a local statistical morphism of order 2 (1s2) of the sta-
tistical manifold (E, g, R) if:
1) ¢ is an Isl.

[23
2) V is invariant under ¢ at the point 6°, for every a.

Remarks. Obviously, condition 2) of Definition 7 may be replaced by the two
following conditions:

1) The Riemannian connection % associated to the metric ¢ is ¢ invariant at
the point 6°.
2) The tensor R is ¢ invariant at the point 6° i.e. VX,Y, Z vector fields of
T(E),
R?(X%,Y?%,Z%)|g0 = R(X,Y, Z)|go.

4.3 Characterization and examples of approzimate Markov morphisms

Let us remind the reader that whether ¢ is an amk or an lsk its definition
depends on a particular point §° and a particular r-dimensional manifold contain-
ing this point. The following theorem makes the link between the two preceeding
definitions.

THEOREM 4.1. Let E be an experiment, and ¢ a sufficiently smooth mapping
defined in a regular submanifold of E, E' on a neighborhood of 6p,
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i) ¢ is an aml if and only if ¢ is an Is1 associated to the likelihood statistical

manifold of E.
ii) @ is an am2 if and only if ¢ is an Is2 associated to the likelihood statistical
manifold of E.

The results of Theorem 4.1 directly follow from the following lemma describing
the behavior of 3, in terms of the previous geometric quantities.

LEMMA 4.1. Under the hypothesis quoted above, for ¢ sufficiently smooth
the following holds:

Bn((6°), p(6° + un~1/%))
— N(N"Y(a) + Jupl)
/3
— 0 (N (@) + DV gty w.0) 2
(¥ = Vagup,ug)N @) fupl?} + oln™/2)

Where u = t(u',...,u¥) is a fived point in R*, n and N denote respectively the

density and the repartition functions of the norma{ law with zero mean and vari-

ance equal to 1. u.¢ denotes the vector field u*0;¢’0; and the scalar product and
[23

norm are those associated with the Fisher metric, whereas V is the a-connection
introduced by Amari (1982). Both of them are taken at the point (6°).

PROOF OF LEMMA 4.1. We follow a classical way in Edgeworth expansions:
cf., for example Akahira and Takeuchi (1981), where the same expansions are given
in the one dimensional case with ¢ identity. Let T,, = Y., [logp(Xi, ¢(6°)) —
log p(X;, p(8"))], 8 = 6° + un~'/2. By expanding around #°, we obtain the fol-
lowing;:

1/3
Ep00)Tn = u]?/2 4+ (V wprsp, u.0)/2n'/? + o(n~Y/2),
1
EW(QO)(Tn — E¢(30)Tn)2 = ”U(p||2 + (Vu.q,u.go, u.(p)/n1/2 + o(n‘1/2),
L g 1/2 1/2
E(P(QO)(Tn - E¢(90)Tn)3 = (V = Vu,u.p, u.@)/2n 2 4 o(n~ / ).
The same expansions can be obtained near #’. By observing that:
0 0
Fiu(0(8") = Fji(0(8°)) + {(Vupdi, 8;)lp00) + (Vup85, 8i)l o0y} /mH/?
+o(n~1?),
-1/
EponTn = —lu.gll 2g0)/2 = ( V wpttp,up)lg(e0)/20' + 0(n™'/?)
and dropping the subscript ° in RHS,
-1
Ey(o)(Tn = EppnTn)? = w0l + (Vapup, ugp)/n'/? + o(n/?),

1 -1
E 0T — EponTn)® = (V = Vg, ugp)/2n'? + o(n~1/2),
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It follows from Edgeworth expansion of T}, (cf. Akahira and Takeuchi (1981)) that
Py(go)(Tn < ¢n) = Poooy({Tn — lu-ll*/2}/lu-gl| < an)

1/3
= N(an) — n{an)n 2{( V upu.p,u.0)/2llu.g|
1
+ @n (Vo o0, .0) /2| u.p]?

1 -1

+(ah = D(V = Vuyup,u9)/6lupl’} +o(n™17?),
where a, = {cn — [Ju.¢||?>/2}/|lv.pll. In order to obtain P,goy(Tn < ¢,) = a +
o(n='/?), a,, must be chosen such that:

1/3 1
an — N7H@) = {(V wpu,u.9) /2 usp] + N7 ) (Vapug, u.p) /2] up|

1 -1
+ (N"H@)? = 1)(V = Vaugup,up)/6llupl} +o(n~V/?).
The same calculations applied to P‘p(o,)(Tn < ¢,) conclude the proof. O

The first thing to observe is that 1s1 are relatively easy to construct as can be
seen in the following corollary:

COROLLARY 4.1. Let ¢ be defined, in @ coordinate on a neighborhood of Pgo
included in a submanifold of E, E' in E, by ¢(0) = A(6 —6°) + 6%, then, if A is
a fized matriz in R partially unitary:

tptAg(—)|gr Az = tzg(~)|gox, Vz € Tyo(E'),

¢ is an lsl.

Notice that, here again, the word partially unitary is referring to the subspace
where the two norms are equal. Let us observe that the ls2 also are forming a
substantial set: let us give an example. For the sake of simplicity let us choose a
system of coordinate  such that g(—)|qo is the identity matrix, and in this system,
let us consider the following mapping:

P(6) = A0 - 6°) + 6% + V(6 — 6°)%/2
7 is defined in a neighborhood of #° in the following affine space:

1
0
0
0

A is a matrix (a;;) such that a;; = 0 if (4, ) # (1,1), a1 = —1, V is a vector of
0
R*. ¢ is obviously an Is1. If Tjy; = 0, then ¢ is also an 1s2 for V! = —2T'11; (fp):

T ={6°+ ) LAER

1 1 1
. N 0 0 0 .
Relation (2.2") with u; = X\ ol w2= A2 ol = A3 0 writes:
0 0 0

/\1/\21\3{(—5f)(—5f)(—5T)ﬁsmr(0o) + Ve(~61)gsr(60)} = )\1)\2/\3%111(90)
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(where 5; is the Kronecker symbol) ie. /\1/\2/\3{—%111(00)—‘/1} = A1A2A3%111(00),
which is verified for Ty1; = 0, and V! = —2I'111(6p).

5. Invariance under entropy morphisms in flat statistical manifolds

In this section, we consider (E, g, R) a flat statistical manifold (let h denote
the associate entropy function) and investigate the invariance properties of metrics
and connections under the associate entropy morphisms. It will be proven that

o
the metric g and the connections V are invariant under the entropy morphisms,
but the converse is not true (i.e. even in simple cases there exists metrics and

[0
connections different from g and V that are invariant).

Since in Section 3, we characterized the Markov morphisms of linear expo-
nential families as the entropy morphisms of the associate likelihood statistical
manifold, the statistical meaning of this section is important. Moreover, the ex-
amples and counterexamples we consider are always cases where (E, g, R) is the
likelihood statistical manifold of a linear exponential family.

DEFINITION 8. A metric ¢’ (resp. a connection V') on F is said to be entropy
invariant if and only if it is invariant under every entropy morphism of the flat
statistical manifold (E, g, R).

THEOREM 5.1. In a flat statistical manifold (E, g, R), the metric g and every
a-connection are entropy invariant.

The proof is immediate, differentiating twice (resp. once again) the condition
2 of Definition 4. Moreover in certain cases the only entropy morphism is the iden-
tity. In those cases the result is not entirely surprising. We shall now investigate
the converse: suppose that g’ (resp. V') is some entropy invariant metric (resp.
connection) on E, is it true that necessarily ¢’ = Ag for some constant A > 0 (resp.

o
V' = V for some constant a)? For this purpose, we investigate two examples: one
where the property is true, a second where it is not.

Ezample 1. (E = R*, g = Fy, constant, T = 0) is a flat manifold correspond-
ing to the entropy function h(f) = *9Fy8. This example is, of course corresponding
to the classical statistical experiment E = {N (6, F;''),6 € RF}.

PROPOSITION 5.1. If the entropy function is a quadratic form, then if ¢’
(resp. V') is some entropy invariant metric (resp. connection) on E, necessarily

0
g’ = Ag for some constant A (resp. V = V).

PROOF OF PROPOSITION 5.1. For the sake of simplicity, let us take h(f) =
¥ | 62, In this case, it has been proven (Section 3) that the following ¢ defined

on an affine space parallel to a subspace V of R¥ by ¢(8) = Af+b with A such that
Vz € Vtzt AAz = 'z are Markov morphisms. Then choosing p(8) = A(6—6)+0,
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V = R¥, A orthonormal leads to the fact that ¢’ must verify, in @ coordinate:
tAggo(—)A = g(',-,o(—), hence géo(—) = A6o)I4, for A(6y) € R}.

Choosing then ¢(8) = 6 — 6y + 61 implies A(fp) = A(f1). Let us now turn to the
connection V. Let us observe that for those ¢ (2.2') now writes:

22)  wiuubala}al Term(9(0) = winhuTin(d),  Vur,uz,us € V.

For

AER Y, @) =A@0-0)+0, al=-1, a=0

OO O

for (¢,7) # (1,1). (2.2") says that I';11(6p) = 0. For

1 0
v=ialo|de| g MR, $(6) =A@ 60) + 0o,
0 0
d=al=¢ a=0
for (¢,7) # (1,2) or (2,1) (e = £1), (2.2") with u; = ug = ug says that I'y;;(6p) =
EF221(00) 0. For
1
v=_a[1 ] AeRY, o0) = A0 - bo) + 6o,
0
a}z—l, 0,%:1, agzl, af=0

for (¢,5) # (1,\;\l), (2,2), (3,3), (2.2”) with uy = ug = ug says that I'123(6p) = 0. O

Ezample 2. (E =R xR}, h(0;,6;) = 1/2[—log2n;+62/0;]) This exam-
ple is corresponding to the statistical family:

E= {N(iu’ 02)’ (#,02) € R x Rj}, 01 = u/cr2, 92 = 1/02'

PROPOSITION 5.2. In the present case of statistical manifold, the set of en-
tropy invariant metric is the following: (in 6 = (61,6,) coordinates)

911 =7/02  gia=g5=—761/03,  ghy =707/63+6/62

(9i; = 9'(0:,85)|(0,62))» for arbitrary positive constants v and 6.
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PRrROOF OF PROPOSITION 5.2. Using Proposition 3.3 of Section 3, one obtains
that, in the present case, the entropy morphisms are forming the following class:

{cpfd(01,92) = cb + dby, cpgd(91,02) = 6202,0 € R,,d e R}

Let us denote by g;;(01,02) the quantity ¢'(9;, 8j)|(91,92%. First, let us remark that
each point (0, 8,) is invariant under both ¢*1° and ¢~1°, this implies using (2.1')
(Section 2) that ¢;;(0,02) = O for i # j. Since we also have that ©®°(0,1) =
(0,c?), we find that, if we denote by 7 and § the constants g;;(0,1) and g22(0, 1)
respectively, then:

911(0,02) =7/62  and  g22(0,62) = 6/63.

In addition, as the point (6;,8,) is invariant under !¢ for d = 26, /83, we have
that —911(91,02)(01/92) = g12(01,02). Moreover, since for ¢ # 0, (pCd(01,92) =
(0,c%02) if d = —cb1/62, we must have g13(6y,82) = —76,/62 and go2(6y,6:) =
76% /63 + 6/03. Therefore, it remains to be shown that the g chosen as indicated
satisfies:

D g(—1)| ped(0,.05) D™ = 9(=)|(61,0)

for every admissible pair (c,d), (61,02). This, however, does not present any
difficulty and the proof is complete. [

Remarks.

1) The Fisher metric g corresponds to 7 =1, § = 1/2.

2) We did not investigate, the class of invariant connections in this case. Let
us just mention that the Riemannian connections associated with the previous
invariant metrics are invariant and it is not very difficult to see that these connec-
tions do not coincide with the Amari connections, which are invariant too.

3) Although we have no intuitive interpretation of this result, it could be useful
to notice that the set of invariant metrics we obtain in this case is, exactly the set
of Fisher metric gr on the univariate elliptic model E = {F((- — p)/0), (u,0) €
R x R*}, where F is varying in the set of all the probability distributions (cf.
Mitchell (1986)).
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