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Abstract. An iterative algorithm for the robust M-estimation of the disper-
sion matrix of the form I + ¢%I, has been given. This algorithm converges
after some steps and reduces the effect of outliers on the covariance matrix.
The consistency and asymptotic normality of the estimator are established.
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1. Introduction

The covariance and correlation matrices are used for a variety of purposes.
They give a simple description of the overall shape of a point-cloud in p-space.
They are used in principal component analysis, factor analysis, discriminant anal-
ysis, canonical correlation analysis, tests of independence, etc. Unfortunately,
sample covariance matrices are excessively sensitive to outliers. Chen et al. (1974)
gave an example of how a principal component analysis can be sensitive to a few
outlying observations. The remedy for this difficulty has been found by robust
estimation of dispersion matrices, i.e. an estimate of the dispersion matrix from
the sample data which will reduce the effect of outlying observations. In this pa-
per, we consider the problem of the robust estimation of the dispersion matrix
I'+0%I,, where T is n.n.d. of rank ¢ (< p), 02 > 0 and both are unknowns and I,
is the identity matrix of order p. The above form of the dispersion matrix arises
in the area of signal processing.

2. Model and assumptions

Model. In general, the model in signal processing is as follows:

(2.1) X(t) = AS(t) + n(t)

where
X ()= (X1(t),..., Xp(t))' : px 1 observation vector at time ¢,
S(t) = (S1(¢),..., Sq(t)) : g x 1 vector of unknown random signals at time t,
n(t) = (n1(t),..., np(t))’ : p x 1 random noise vector at time ¢
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and

A= {A(Ql)a R A(Qq)]a
A(®;) : p x 1 vector of functions of the elements of unknown ®; associated

with i-th signal

and
q<p.

In model (2.1) X (t) is assumed to be distributed with mean vector zero and scale
matrix AVA’ + 021, =T + 021, where I' = A¥A’ and ¥ = covariance matrix of
S(t). We are interested in the robust estimation of I' + 621,

ASSUMPTIONS.
(a) w(s) is a non-negative, non-increasing and continuous function for s > 0.
(b) ¢(s) = sw(s) is bounded and let K = Sup,q ¢(s).

)
)
¢) ¢ is non-decreasing and is strictly increasing in the interval ¢ < K.
)
)

3. Literature review

There are several procedures in the literature about the robust estimation of
dispersion matrices. Details can be found in Huber (1981).

A few procedures are mentioned as follows:

(i) Mosteller and Tukey (1977, Chapter 10) suggested a procedure based on
the robust regression calculation that result in a robust covariance matrix estimate
S*.

(ii) Gnanadesikan and Kettenring (1972) and Devlin et al. (1975) suggested a
multivariate trimming (MVT) procedure as follows:

(a) Calculate X, S from the given data X; (i=1,..., n).

(b) Calculate d? = (X; — X)'S™1(X; — X), the squared distances of the

observations from X in the metricof §,i=1,..., n.

(c) If d? is very large (w.r.t. the distribution of d2) then throw the i-th obser-
vation and calculate X and S on the basis of the remaining observations,
and soon, fori=2,...,n.

(d) Continue this way untll ]z(“) — 2(#=1| < 1073 or after the 25th iteration,
where z(®) = Fisher z-transform of the correlation between two variables
at the u-th iteration.

(iii) Following Marona (1976), the estimates of ¢ and X are given by

— Z?:l wl(d’l):nlf
Ly wi(di) |

= =Y wn(d)(@: - m*)(@: ~ m*)
i=1

[

(3.1)
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where
p+f

Y

f is the number of degrees of freedom of the p-variate t-distribution, and £ and ¥
are the mean vector and the scale matrix of the distribution, respectively.

(iv) An alternative procedure considered by Huber (1977a, 1977b) is the same
as that suggested by, Marona (1976) except that

wl(dz) w2(dz2)7 2=1,,'I7,

62 w@={, b oase wd wd) =)

where k2 is the 90% point of a xf, distribution and [ is chosen so as to make S*
an asymptotically unbiased estimator of the covariance matrix in a multivariate
normal situation.

Devlin et al. (1975) compared the above four methods, (i), (ii), (iii) and (iv),
through numerical study and obtained the robust estimate of the principal com-
ponents.

Let us now discuss the robust estimation of the dispersion matrix I’ + o21I,.
We will follow Marona’s way (1976) and that of Joreskog (1967).

In Section 4 we will discuss the derivation of the estimate. Asymptotic nor-
mality and strong consistency of the estimate are discussed in Sections 5 and 6.
Section 7 describes, through numerical study, the convergence of the iteration
process for the estimate.

4. Derivation of the estimate

Let X(t1), X(t2),..., X (t,) be n observed p-component signals at n different
time points which are independently and identically distributed as an elliptically
symmetric distribution (Kelker (1970)) with mean vector zero and scale matrix
I' + 02I,, where I, 02 and I, are explained in Section 3.

Since T is of rank g (< p), we can assume I' = BB’, where B is a p X ¢ matrix
of rank ¢ and B'B = Diag(6,,..., 6,), where §; > 62 > --- > 6, are the non-zero
eigenvalues of I'. Hence, we can write the log-likelihood as follows:

(4.1) log L = —g log [BB' + oI, + 3 _log h(tr(BB' + 0I,) ‘z:z])
i=1
where ; = z(t;), 7= 1,..., n and h(-) is a convex function from [0, 00) to [0, 00).

Following Lawley and Maxwell ((1963), Chapter 2), we have

OlogL | n ;27 a—1

—~ W(d})
i) BB/ 2I =1, o/ / 2ny—1 —
+1_E—1 h(df)( ( +o°l) xx] (BB +0°I)"")|2B=0 or

> HE-T)E7'B=0
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and
dlog L _ 1 1y
where
d? = z/(BB' + o) ',
dh(d?) AcN
(a?) = 2% =Ll

3

Y=BB' +o%, T= 7% w(d)aia,.

i=1

1l

Using Rao (1983, p. 33) we can write
(4.5) ! = (BB + 42!

1 B

where ,

B'B .
= '——0—5— = D1ag(01/02,. cey 0q/02).

Using (4.5) in (4.2) we get

1 4B, B 1
(16) (E—T);[IP—B(I+D) F}B‘O’ E-T)=U+D)" =0,
(E-T)B=0
or
4.7) TB = BDiag(81 +02,..., 0, + 02, o%,..., o%).

From (4.7) it is clear that the columns of B are the eigen vectors of T and that
the estimates of 8; +02,..., 8, + 02 and o2 are based on the eigenvalues of T. We
choose the eigen vectors of T such that these are orthonormal. From (4.3), (4.5)
and (4.6), we have

(4.8) tr [E'l (1— Uiz {T—EB(HD)*%})

It can be shown after calculation that (4.8) can be deduced to

1 BB T 1 BB T
(49) tr [;‘5 ([-{-—;—-;)J =0 or tr [;—2- (I+ 0_2 —g)} =

where

B=B(©-0%I)? and
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© = Diag(ly, ..., ly),
(4.10) I; = i-th ordered eigenvalue of T when these are in decreasing order
and B'B = I,.

From (4.6) to (4.9) we are using the fact that

dlog L _0
6B |p_p
From (4.9) we get
1 Lli-0?) & A2 imgr1 bi
(411) ; p-l-‘ —’0_2——29 =0 or 0'=——p—_q—
i=1 =1

Thus,
(4.12) %= B(A-6%1)B +4%I,
where,

B= (wy: - wy),

A = Diag(ly, ..., 1),

l; = i-th ordered eigenvalue of T,

w; = i-th orthonormal eigen vector of T corresponding to l;, i =1,..., p.

So in order to get, the robust estimate of ¥ we can apply the following algorithm:

() The observations are x;, @, ..., &,. Calculate S = (1/n)Y 1 | zz] =
$(0)

(i) Calculate dZ,, = #/S~'a; and TV = (1/n)} 1, w(d?,) 2z where
w(dz(l)) is a decreasing function and we choose, for practical purposes, w( 1(1)) =
(m +p)/(m + d? (1)) which is the maximum likelihood estimator from a p-variate
t-distribution Wlth m.d.f.

(iii) Compute the eigenvalues of T and order them as follows: Lh>l>-. >
lg 2 lg+1 2 - -+ 2 1 and the corresponding eigen vectors are w,, ..., wy, Wyt1,.- .,
w,. Finally, compute () = 37 (I; — 6*)wyw] + 621, where 62 = ( tmqi1li)/
(P9

(iv) Calculate d2 ) = T x(1 )~la; and T® = (1/n) 7 1w(df(z)) T

(v) Repeat steps (111) and (iv) until the iteration converges, i.e., ||2 (r) _

S| < e, where (") = estimate of ¥ at the r-th iteration and ¢ = some
pre-assigned small numbers.

Remark. Here, we assumed that the value of ¢ is known. If ¢ is unknown,
Zhao et al. (1986a, 1986b) gave some model selection method to estimate ¢.
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5. Asymptotic normality of the estimate

The asymptotic normality of the estimate (52, Bn) will be proved by using
the result of Huber (1967).

LEMMA 5.1. Let
(i) W be the function from RP x ©° into ©° defined by ¥(z, 0) = (¥y(z, 9),
Uy(z, 0)) where

__ OlogL

(51) ‘I’](.’E, 9) = W = tr[Z_l(E - T)E—l],
(5.2) Uy(z, ) = 8L _y-15_pys-ip,
dB
6 = (az, B ) ,
pXq
e° =R, x 6,

© = Set of p X q regl matrices,

R, = Set of positive real numbers.

(i) XB) = (M(89), A2(0)) = Ep¥(z, 8) where P is the underlying distribution
and E denotes the expectation operator.

(iii) The vector space 8° is normed with ||0|| = max{c?, ||B||}.

(iV) Uj(xa 8, 5) = Sup||91—-0|l<6 ”\I’j(x7 01) - ‘I’j(m1 0)”3 j=12

(v) There ezist positive numbers b, ¢ and 8o such that EU;(x, 6, 6) < b6 and
Esz(:c, 8, 6) < cb for ||0 — bp|| + 6 < 8o, j =1, 2, where Oy is the true parameter.

(vi) The derivative (D))g, is non-singular, then Vb, — 6p) L Normal dis-
tribution with zero mean and covariance matriz (DA)g 1C'(D/\)goll, where C is the

covariance matriz of ¥(z, 0) and 6, = (62, By).

ProOF. Since Ep((dlog L)/86) = 0, we have A(fp) = 0 and this satisfies
the assumption (N — 2) of Huber (1967). When P, is the emperical distribution,
the estimator 6, = (62, B,) is defined by Ep, ¥(z, ) = 0. Lemma 5.1 follows
from Huber’s (1967) theorem and its corollary.

LEMMA 5.2.

n

LS pllaf)

i=1

Ep =p, where ¢(s)=sw(s), s>0.

Proor. We have from the likelihood equation,

(5.3) tr[z"HZ -T)Z " =0.
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If ¥ = I, then (5.1) can be deduced to

1 n
Etr (Ip - Zw(mlz)mﬂ:{) =0 or

=1

—j;}:qs(rm‘*)] =p

E

LEMMA 5.3. Let

s

=[- (Bo®1 Y{(Bo @ I)P* + (I, ® Bo)} + Ipg|lpg — (I; ® ET |5=1)]
(BO Q1 )’(ET ‘E:I ®Ip) {(BO ®IP)P* (I &® Bg)}

C=F

—(Bo® I,) E=—=

OB’

where P* is the permutation matriz given in Rao (1982) and By is such that
6o = (02, Bo) is a unique solution of the likelihood equations with o3 # 1. Then
C is a non-negative definite matriz.

PRrROOF. We have for I # 0,

V(I - ET [z}l =V (I,, - E% Zw(]a;ilz):ci:c{) !

i=1

(5.4 = V1= 23" BlaiPu(|nf) B =)

i=1

(5.5) =ll- E( Z¢> ) L
=0 (by Lemma 5.2).

Note that (5.4) and (5.5) are true because z; = x;/|z;| ~ uniform distribution
over a unit sphere, independently of |z;| and hence, E(l'z;)? = |I[>/p. Hence the
matrix Iy ® (I, — ET |g=;) can be ignored w.r.t.the definiteness of the matrix and
it is easy to show that the matrix — (Bo® I,)'E(0T/8B) is n.n.d. and the matrix
[B4ET [s=1 ®I,)[(Bo ® I)P* + I ® By is n.n.d.; hence, Lemma 5.3.

LEMMA 5.4.

U @)V (z) ,8U’ ov’
g = (VO L) o + (L ®U)

where
U(z) is a p X ¢ matriz function of x  and

V{(x) is a ¢ x r matriz function of z.
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PROOF. The proof of Lemma 5.4 is given in Rao (1982).

LEMMA 5.5.
‘;—% =[(BRL)(E 'S W(BRL)P*+(I,®B)} + (I, ®T7")]
' [Ipq - (Iq ® 2_1T)]
+ (7B L)Y(T®L)(E ' HW)(BeL,)P*+(I,® B)}
T
OB’

B (2_1B ® Ip)l(Ip ® Z3_1)

where P* is the permutation matriz given in Rao (1982).

PROOF.
(5.6) ¥, 0x-1B 9%-ITE-IB
' 0B’ 0B OB’
Now,
0X-1B ,05-1
(5.7) 55 =(B®IL) —= 55 + ([ ®% 1) aB' (by Lemma 5.3)
=—(BL)(Z oL 1)(,)B,+(Iq<z§>2‘1).
Similarly,
0X-1T%-1B ) ,05-1T 1 0Z1B
(5.8) —a5 = =(Z7'B® ) 35 + ([, ®X7'T) o5
,0571 oT
_y—1 '
=(Z7'BRL) |(T® L) = 35 + (L, ®T )63,
0X-1B
I -t —

Lemma 5.5 follows from (5.6), (5.7) and (5.8).

THEOREM 5.1. Let
(i) the function s¢(s) be bounded
(ii) P be a radial distribution
(iii) the likelihood equations have a unigue solution 6y = (63, Bo), where o # 1
(iv) Ep{lzl*¢'(|z*)} > 0.
Then \/ﬁ(én — 0o) has a limit normal distribution.

PrROOF. Here, we will apply Lemma 5.1 in order to prove Theorem 5.1. So,
we have to verify the conditions in Lemma 5.1. If we can show that | D¥(z, 6o)| <
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d, where d (> 0) is some constant, then by the Mean Value Theorem, the condition
(v) in Lemma 5.1 will be verified. From (5.1) we have,

ov¥, 0

5.9 tre! —try 7!
902 do?

=tr [2‘1(2T2‘1 ~LE Y W/ (d)ma T e

i=1

Similarly,
(9‘111 1 -1 -1 ~1v—1 & 2 1032 ry—-1
(610) o =227'(2T% ~L)TT'B+ TSy diw' (&) (T B.
=1
Hence,
0wy _ v,
s 28 ve(2)

=2(x71(2TT™! - I,) ® B') Vec(Z™1)
+2 (2'12—1 Z 2w’ (d))zz! ® B') Vec(Z71).
i=1
From (5.2) we get,

(612) 33 = 52 ~ 552& ‘T 7'B)

n
= —27lgIB4+ BTINTITE B+ 2T ) dPw/(d) e/ B
=1
+y Ty iniB.

So,
v, o0,
(5.13) S0z = Ve (a 2)
— (271 @ B') Vee(S™Y) 4+ (Z7'S7IT ® B') Vee(E71)

+ (2'12"1 dew'(df)mﬂ{ ® B') Vec(Z71)

i=1

+ (X772 ® B') Vec(E71)

The expression for 0¥,/8B’ is given in Lemma 5.5.

Now,
ov, 0¥, _ _
(5.14) E!—? Fi: A2 8‘1’ 1 _6_‘12 %
) 3_\1’3 3_‘1’_2 Bo? 8]3" Oo? OB’
do2 OB’

< B
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where B is a constant depending on ||Z|| and || B||. We get (5.14) by using

(i) (5.9), Lemma 5.5, (5.11) and (5.13),

(i) the fact that d; !|z;| < [|Z]|*/2,

(iii) |A® Bl = Al - B,

(iv) the function ¢(s) is bounded for s > 0. Now, we will verify the other
conditions in Lemma 5.1, i.e. ED¥(z, 6) is non-singular.

Without loss of generality, we assume that P is spherically symmetric and we
take ¥ = I, so that 8y = (02, By), where 03 # 1.

Note that

(5.15) w'(s) = s7H(¢'(s) — w(s))-

Since P is spherically symmetric, we will use the property that 2z, = x;/|;| and
|z;| are independently distributed and 2, = ;/|®;| ~ uniform distribution over
the unit sphere. Hence,

1 n
1 ET __—E*E wlle |V x!
(5.16) lo=1 - (o |*) =]

i=1
1 . 2 2 i
=~ Elalfu(|z)®) - B2z
1=1
l n
== E¢(mf) Bz,
i=1
Now, from (5.9) we have,

oY,
(5.17) Epsy

n

(2T |p=r ~Ip) + Y w'(I=m*)@lzl’e] | -
i=1

= Ep tr
=]

Using (5.15) and (5.16) in (5.17) we get,
v 1 1o
3 =E;Z(ﬁ(lﬂ&'lz)+E;Z|$i|2¢'(l-’ﬂi|2)*p
i=1 i=1

(5.18) E B0
>0 (using Lemma 5.2 and Condition (iv) of Theorem 5.1).

=1

Now, from (5.13) we have,

8%,
1 —
(5.19) B

B=T

{(2ET ls=r —1p)

1 & ,
+EEZI$iI2w’(|zi|2)mi$i} ® By | Vec(Ip)
=1
1 n
B H (%ZEeﬁ(th?)-Em;dp)
i=1
1 - 12 47 AW ey
+;ZEI:¢;I ¢'(|@:!”) - Eziz
i=1
1 = 2 7
- = %) Ez 2] B.| Vec(L,).
ngEaﬁ(lmzl) %}@ o| Vec(ly)
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Using (5.11) we get

o, L 0

(5.20) E?ﬁ o 2F o |,
It can be shown using Lemma 5.5 that

2
(5.21) C=Ess .

= ~(Bo® Ip) [{(BO ® I,)P* + (I, ® By)}

or
{1y ® (Ip ~ ET [s=1)} + Eos z:z]

+I,® (I, — ET |g=1)
+H(BYET |g=r ®I,)[(Bo ® I,)P* + (I, ® By)].

Now,
(5.22) D(z, ) = P =1
E—2 c
Oo?
=1
b 2d
“la C |’

where b = E(0¥1/80%) |g=1, a = E(0¥3/80?) |5=; and C is given by (5.21).
Now, we will evaluate the function D¥(z, 8) at some point (o2, Vec(By))
where 02 € R} and Bj € ©.
Now,

(5.23) (03, {Vec(Bo)}') [ Z 23} (VejBo))

= bog + 302[Vec(By)]a + [Vee(By))' C[Vec(By)).-

Thus, in order to show that (5.22) is non-singular, it is enough to show by using
(5.18) and Lemma 5.3 that [Vec(Bp)|'a > 0. From (5.19) we have,

vy

=]

= H;ﬁ- > E¢(l@i|?) - Ezzl - I

i=1
1 k(3
+ 13 mar g m) Eziz;} ® By Vec(l,)
i=1

= [M ® B} Vec(I,),
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where
1 - 2 2.7 2 I
(5.25) M == (E¢(lzl’) + Elail*¢' (")} Eziz] ~ L.
i=1
It is easy to show that M is positive definite. Hence,

[Vec(By))'a = [Vec(By)]'[M ® By Vec(I,)
= [Vec(p)]'[I, ® Bo|[M ® By) Vec(I,)
>0  (since [I, ® Bo][M ® By] is n.n.d.).

Hence Theorem 5.1 follows by using Lemma 5.1.
6. Consistency of the estimate

LEMMA 6.1.
tr(271T) = p.

ProoF. From likelihood equations we have,

(6.1) tr(TH(Z-T)Z7 ') =0 and
(6.2) N -T)E'B=0.

From (6.2) we can write,

(L, -7 'T)s7'BB' =0, I,-E7'T-0’S7! +o%S7'TE ! =0,
p—tr(Z7IT) - 2 tr(TI(E-TEH) =0 or tr(X7!T)=p.

LEMMA 6.2. ) o
'z
'yl > (——l—) where
I = smallest eigenvalue of 3,
z = corresponding unit eigen vector.
Proor.

!
Yl =tr Xz’ > (le—z (by the Von-Neumann (1937) inequality)

_ (x'x)(2'z)
{
S (z'z)”

(by the C.S. inequality).

THEOREM 6.1. Let x,..., &, be ii.d. with a common distribution P. Let
¥, = B,B!, +021,, where 62 and B, are the solutions of the likelihood equations
based on @i, ..., &, with P, being the emperical distribution. Then lim, ., ¥, =
Y as.
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PRrROOF. Wolfowitz (1954) established that for S € R™, the lim,_,o Pn(S) =
P(S) uniformly in S with probability one. It is easy to verify that P, satisfies the
assumption (e) given in Section 2. We will prove the consistency of X, by using
Huber’s (1967) result. It is easy to verify the conditions (B-1), (B-2’) and (B-3)
of Section 3 in Huber. According to Huber's Theorem 2, it is enough to show the
existence of a compact set K C © such that with probability one, the sequence
¥, ultimately stays in K. It is very difficult to check condition (B-4) of Huber,
which would entail the desired result. It suffices to prove the existence of a finite
constant B such that with probability one,

(6.3) limsup ||Z; Y[ < B or
(6.4) equivalently [' < B’ < oo,

where [,, = smallest eigenvalue of 3,,.

1
(6.5) Suppose that (6.4) is not true, i.e. o> B’;

n

then we have from Lemma 6.1

(6.6) p=tr(Z;'T)

1 n
= oz m)
i=1
= Epnqb(m'Z_lw)
= / H(x'S"1z)dP, + / ('L z)dP,
{z:|z'z|<c} {z:|z'z|>c}

{(where ¢ > 0 is a constant)
> P {x:|z'z| > c}$(c?*B)
(by Lemmas 6.2 and (6.5), and Assumption (c) of Section 2)
D

a . .
> <_I€ + 5) (K —b) (by Assumption (e) of Section 2)

for some b > 0.

There exist b > 0 such that the expression in (6.6) is greater than p. Hence, we
get a contradiction.

7. Convergence of iteration in Section 4 through simulation

In Section 4 we have introduced an algorithm for the estimation of a dispersion
matrix, which involves an iterative procedure. In this section we give a numerical
example to show that the iteration converges after some steps.

We give some simulation results as follows:

S0 = Initial Covariance matrix,

S = Final Covariance matrix after iteration.
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Table 7.1.

Number of simulations: 1001

n=10,p=2,g=1, m=4,¢=0.10

5O _ 0.366 0.032 & _ | 0.099 0.023
- 0.175 |’ - 0.015
Iteration No. Epsilon
1 0.3116
2 0.0571

Maximum of Iteration No. in the remaining 1000 simulations = 4.

Table 7.2.

Number of simulations: 1001

n=10,p=3,¢q=1, m=4,¢=0.10

0.170 0.006 0.355 0.323 0.007
50 = 0509 0517|, S= 0.063
2.823
Iteration No. Epsilon
1 2.8956
2 0.1472
3 0.0931

Maximum of Iteration No. in the remaining 1000 simulations = 8.

Table 7.3.

Number of simulations: 1001

n=10,p=3,¢g=2, m=4,¢=0.10

0.457 0.410 1.987 2.040 0.038
S0 = 1.278  3.4181, 5= 0.083
13.369
Iteration No. Epsilon

1 14.3252
2 0.4838
3 0.3385
4 0.2943
5 0.2310
6 0.1626
7 0.1070
8 0.0675

Maximum of Iteration No. in the remaining 1000 simulations = 17.

— 0.026
—0.001

0.065

0.010
0.032
0.043
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Table 7.4.

Number of simulations: 1001

n=10,p=4,9=1,m=4,¢=0.10

0.326 0.023 0.597 1.004 0.400 0.143 -—0.808 -—0.231
50) — 0.394 0.7056 0.939 g 0.082 -0.308 —0.089
4324 5939 |’ 1.757 0.497
8.667 0.170

Iteration No. Epsilon

1 12.7429

2 0.3709

3 0.4288

4 0.3897

5 0.2868

6 0.1655

7 0.0711

Maximum of Iteration No. in the remaining 1000 simulations = 19.

Table 7.5.

Number of simulations: 1001

n=10,p=4,9g=2, m=4,e=0.10

0.878 0.810 3.693 2.047 0991 0.163 —1.317 —0.397
50 — 1.449 5.058 1.999 5o 0.068 —0.210 -—0.021
21.801 10.062 |’ 1.872 0.634
8.123 0.479

Iteration No. Epsilon

1 28.1115

2 0.8442

3 0.6229

4 0.3742

5 0.1961

6 0.0845

Maximum of Iteration No. in the remaining 1000 simulations = 22.
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Table 7.6.

Number of simulations: 1001

n=10,p=4,¢g=3, m=4, ¢=0.10

0.979 0.956 3.959 2.319 0.634 0.118 —-0.753 —0.115

50 _ 1.649 5.408 2.375 g_ 0.106 -0.227 - 0.027
22.506 10.377§° 1.036 0.342

8.893 0.494

Iteration No. Epsilon

1 29.2105
2 0.5352
3 0.2494
4 0.1375
5 0.0821

Maximum of Iteration No. in the remaining 1000 simulations = 23.
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