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Abstract. Consider the problem of estimating the common regression coeffi-
cients of two linear regression models where the two distributions of the errors
may be different and unknown. Under the spherical symmetry assumption,
the paper proves the superiority of a Graybill-Deal type combined estimator
and the further improvement by the Stein effect which were exhibited by Shi-
nozaki (1978, Comm. Statist. Theory Methods, 7, 1421-1432) in the normal
case. This shows the robustness of the dominations since the conditions for the
dominations are independent of the errors distributions.
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1. Introduction

1.1 Motivations

In the problem of estimating the coefficients of a linear regression model, the
normality assumption on the errors distribution has often been criticized as being
too restrictive. Cellier, Fourdrinier and Robert (1989)—later denoted by CFR in
this paper—have shown that the usual Stein domination results hold under the
much weaker assumption of spherical symmetry. More precisely, for the regression
model

(1.1) Yy = X B + €,
(nx1)  (nxp) (px1) (nx1)

and for p > 3, the least squares estimator 3 is dominated by a shrinkage estimator
if € has a spherically symmetric distribution (i.e. the density of ¢ factorizes through
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678 T. KUBOKAWA ET AL.

llell?), and the domination conditions are independent of the distribution. In this
respect, we can speak of the robustness of the Stein effect. We give in Subsection
3.1 an application of CFR. results to the linear regression model (1.1). Note that
the results are also valid if ¢ has an elliptically symmetric distribution (i.e. when
the symmetric matrix defining the norm is not the identity).

Now, it may happen that several linear regression models are available with
the same unknown coefficients 3:

(1.2) v = Xi B+ &  (i=1,...k).
(nix1)  (naxp)(px1) (nix1)

For instance, one may want to consider the effect of several economic indicators
(X;) on the unemployment rate (y;) for EEC (European Economic Community)
countries (k = 12) and believe that the weights of each factor are the same for
every country. The number of observations for each country (n;) may differ, as
well as the distribution of the errors (¢;), due to different data collection methods
for instance. These distributions may even be unknown but a spherical symmetry
assumption is reasonable.

In this paper, we investigate the estimation of the parameter 3 in the spe-
cial case where k = 2. We establish the domination of the naive least squares
estimators, 3; and (2, by a compound estimator for every quadratic loss (Section

2). Furthermore, we prove that this combined estimator is itself dominated by a
class of shrinkage estimators (Subsection 3.2). Both results are independent of the
distributions of the errors and only depend on the spherical symmetry assumption.

1.2 Previous results
For the model (1.2), the least squares estimators are (i = 1,2)

(1.3) Bi = H ' Xy,
where H; = X X;, and the residual sum of squares are
(1.4) 8i = Yilln, — X:H ' X]lys

The model (1.2) is called a heteroscedastic linear model as the &; may have
different distributions, and the estimation problem of the common coefficients 3
has been studied in several papers. For the references, see Kubokawa (1989). Of
these, Shinozaki (1978), based on Graybill and Deal (1959), proposed a combined
estimator

(1.5) Bom = WiBr + Waba,

where

(81H2 + CSQHl) CSQHI,

(1.6)
Wz = (51H2 + CS2H1) 31H2.
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Note that

-1
Bem = /\ﬂ +(1- )\)ff_z} [/\51-[31 +(1- /\)ng2 )
82 81 52

where A = ¢/(1 + ¢). Therefore, the form of Bcy is quite natural, as a convex
combination of the two original estimators, the matricial weights being inversely
proportional to s;. Note also that Hi_1 is proportional to the covariance matrix of
B; (i =1,2) when it is defined.

Under the assumption that &; ~ Ny, (0,021,,), i = 1,2, Shinozaki (1978)
established that

(1.7) Cov(Bem) < Cov(B), i=1,2,
holds uniformly in 3, 0%, o2, if and only if

—p+2 2m-p-4)
1.8 MTPTE AP
(18) 2(n2—p—4)_c" ng —p+2

The inequality (1.7) means that the matrix Cov(ﬂ,) Cov(ﬁCM) is nonnegative
definite, and we call it the covariance criterion. As [31 and ,82 are unbiased, ﬁCM
is also unbiased (as Wi + Wy = I, and these two matrices depend only on s;,
1 = 1,2). Therefore, (1.7) is equivalent to

(1.9) E[(Bom — B)'Q(Bem — B)] < E[(Bi — BY Q(B; — B)]

for every nonnegative definite symmetric matrix Q; this is uniform domination over
the class of quadratic losses. This result extends Graybill and Deal (1959) and
Khatri and Shah (1974). As noted in Shinozaki (1978), we can choose ¢ satisfying
(1.8) ifand only if ny —p > 7, ny —p > 7 and (ny —p — 6)(ng —p—6) > 16.

In the non-normal case, similar results have been obtained by Swamy and
Mehta (1979) (see also Cohen (1976), Bhattacharya (1981) and Akai (1982)).
However, the domination conditions always assume a certain knowledge of the
error distribution. In Section 2, we prove that (1.8) is necessary and sufficient
under the spherical symmetry assumption.

Shinozaki (1978) also established a sufficient condition for the domination of
Bem under normality assumption and a quadratic loss. We give in Subsection 3.2
the robust equivalent of this result.

The following lemma is essential for our purpose; it is derived from CFR and

can be shown by integration by parts. A similar result is also to be found in Berger
(1975).

LEMMA 1.1. Let0 < f € L*([0,+00)) and h an absolutely continuous func-
tion. Define F(z) =271 f:oo f(t)dt and assume that
(a) _+:: Ih(z)llz — t|f((z — )2 + a*)dz < 00, for any real a, t,
(b) limy— 100 R(2)F(£?) = 0.
Then
+o00

(1.10) /_ T @)@ — 1) (2 — 1) + ) = / W (2)F((z - 1) + a?)da.

-



680 T. KUBOKAWA ET AL.
2. Uniform domination by combined estimators

In the model (1.2) with k = 2, we suppose that £; and e, are independent and
that for ¢ = 1,2, the density of ¢; is given by f;(|le:|?) where f; € L!([0,+00)).
It is noted that we do not assume f; to be known. Also note that the spherical
symmetry assumption on ¢; allows to deal with models where the components may
be dependent (though they are still uncorrelated). We now prove that Shinozaki’s
(1978) result still holds under the spherical symmetry assumption.

THEOREM 2.1. Assume that E[G/H;3;] < 0o and n; > p+5 for i = 1,2.
Then the combined estimator Bom given by (1.5) dominates both 51 and B2 under
the covariance criterion if and only if
ny —p+2 o< 2(ny —p—4)

2.1 _ .
(2.1) 2ng—p—4) - T ng—p+2

PrOOF. We first write

Cov(fcm) = E[(Bom — B)(Bem — B)']
= E[W1 (81 — B)(b1 — B) W] + Wa(B2 — 8)(B2 — B) W,
+ Wi (81 — B)(B2 = B)'Wy + Wa(B2 — B) (61 — B) W],
Note that there exists a nonsingular matrix P such that H; = PP! and Hy =
PD)P' for Dy = diag(M,...,Ap). Put uy = (u11,...,u1p) = P'fy and vy =
(vi1,...,v1p) = P'B. It can be seen that there exists a m; x n; orthogonal
matrix P, such that Py, = (u},v}) and y;(In, — X1H{'X})y1 = |v1|? for
v1 = (Vi1,-..,V1.n,—p) (see Nickerson (1987), p. 98, for example). Then e, |? =

Iy~ X8 = (5 — BB B )+ 44U~ XuHy Xy = s — P+ o
Similarly we can write us = Di\/ 2Py, vy = Di/ >P'B and ||va|? = s, and get
(2.2) P'Cov(Bcm)P
= F{(cs2)?[s1Dx + cs21] 7} (ug — v1)(uy — v1)'[s1Dx + cs21] 7
+ 831Dy + cszl}“lDiN(uz — vo)(ug — vz)’Dilz[le)\ + cspI] 7t
+ cs18a[s1Dx + esod] 7 Huy — vy) (ug — uz)'D,l\/g[leA + ¢cspI) 7t
+cs182[s1 Dy + CSQI]—ID}\/z(U2 — vo)(uy — vy)'[s1Dx + esoI] 71}

ol (cs2)? Y
=FE [dlag{ G5k, 1 057 (u1; — v15)
2
31’\1' 2} ]
(5125 +cs2)2( 2 = vaj) j=1,0p
T (cllvall®)? o,
‘EP%LMWM+wmm*% “15)

o1l o
o+ cloae ”mhﬂ ..... J
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where the second equality in (2.2) follows from the symmetry of the distribution
of u;; — v;j. Here using the identity (1.10) for u;; — v4; conditionally on the other
coordinates gives that

@) [ e s =l =l o P

wol12)2
- // (Hvlngi\uj —2%-”c|)|v2||2)2 Fi(Jlus - Vl”2 + |‘Ull|2)du1dvl,

where du; = [[}_, du;; and dv; = [[;2," dv;. Further, using the identity (1.10)
for vqy yields

Cl|v
24 // ool s = sl + Do)
n2—p 2 2
co|jv
Y [ s et = sl + e
J

_ // cA(na —p + 2)(Jor)*A) + cllval*)lvall® — 4e®|lva|*
- ([o1l2A; + clloa|1?)?
. F2(”u2 - 1/2“2 + Ilv2||2)d'lt2d'l)2.
Combining (2.3) and (2.4), we obtain that

(clual?)?
(25) B [(Ilvl 2, + clfoa B2 Y )}

//// (2 = p+ 2)(lvs[2A; + ellvall?) Jva]|? — 4¢* va|*
(loal2A; + cliwall?)?

Fi(lluy — w1 )* + I |?) Fa(fluz — va| + ||ve|[?)duidvr duzdvs,.

Similarly,

ROk
([oal2A; + cllvall

//// i(n1 = p 4 2)([[lo1]PA; + cllva])vr |2 — 422 ]|vy |4
(lo1l2A; + cllvz]|2)3
- Fi(Jlur — v + o))

- Fy(lug — na]|? + ||v2||?)durdvy dugdus,
so that from (2.5) and (2.6),

(cllon )2
@7 B [(Hvllm T ool

= [[[[tairs + ety

[{(n2 —p 4+ 2)l|v2 )1 + X; (1 — p+ 2)|on||?}
“(lol2As + cllvzl|®) — 4P vz ||* — 4X3 v ||
- Fi(Jluy = [ + Jlva[|?)
- Fyp(|lug — v2||® + [|v2]|*) duy dvy dugdu,.

(26) A 'E [ 2)2(uzj - sz)Q}

loa1*A;
(lv1lI22; + cflwe]

72 (w1; — ;)% + 72 (uz; — ve;)?
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On the other hand, the similar representation of P’ Cov(Bl)P can be derived by
taking ¢ = o0 in (2.7) as

(28) P COV ﬁl

(//// _n [0z ”2 Fy(|lug = va]? + [lve]?)

Fz(“’U,Q - 1/2”2 + ||v2||2)du1dv1du2dv2) Ip.

Indeed, since E{||u1]|?] < oc, we can apply the dominated convergence theorem to
get (2.8). Hence from (2.7) and (2.8), Cov(Bcym) < Cov(B;) uniformly in 8, o2,
o3 if for z = cllua||?/(Asllval®),

%(1 +2)3[(ng —p+2)cz(l +2) —4e2’ 4+ (my —p+2)(1 4 2) — 4

Sn2—p—27

which is always satisfied by the condition (2.1). Similarly, it can be verified that
Cov(ﬂCM) < Cov(ﬁz) under the condition (2.1), and the sufficiency of Theorem 2.1
holds. If ﬂCM dominates Bl and B2 under the covariance criterion for any f; and
f2, then the same domination holds for e; ~ Ny, (0,021,,) and €3 ~ Ny, (0,031,,),
so that the necessity follows from the result of Shinozaki (1978). Therefore the
proof of Theorem 2.1 is complete.

Since Bcu is unbiased, Cov(Bom) = E[(Bom — B)(Bem — B)'). This is the ma-
tricial mean square error (MMSE), and the domination under MMSE is equivalent
to that under the set of quadratic losses as noted at (1.9).

3. Further domination by shrinkage estimators

In this section, we consider the quadratic loss function

(3.1) L(B,8) = (B-B)YQ(3 - B),

where @ is a positive definite and known matrix. As noted above, the domination
result in Theorem 2.1 remains true under the loss (3.1). For p > 3, ﬁCM is further
dominated by a Stein type estimator. In fact, this was demonstrated by Shinozaki
(1978) for the normal case. Under spherical symmetry assumption, we develop a
shrinkage estimator dominating ,@CM relative to the loss (3.1). Since the essence
of the derivation is given by CFR, we first introduce their result for one sample
regression model (1.1). Notice that the proof of Theorem 3.1, as well as the model,
makes things more readable than CFR original developments.
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3.1 Robust shrinkage estimators

Let y = X3 + ¢ be a regression model given by (1.1). Assume that ¢ has a
spherically symmetric and unknown density f(||¢||?) where f € L!([0,00)). Stein
(1956) and James and Stein (1961) exhibited the inadmissibility of the least squares
estimator g = (X’X)"1X'y for p >.3 and @ = X'X in the normal case, and
various extensions and investigations have been studied since. Recently, CFR
showed a robustness of the Stein phenomena. Consider shrinkage estimators of
the form

b5 = (I-97'¢(g,9)Q" H),
where g = BiHQ YHfy/s, s = /(I - XH™'X")y, H = X'X and ¢ is a positive
function.

THEOREM 3.1. (Cellier et al. (1989)) Letp > 3. Assume that E[B,HA) <
oo and E[s?/B,Hfo] < 0. Then 35 dominates Gy relative to the loss (3.1) if
(a) ¢(z,y) is nondecreasing in T and nonincreasing in y,

(b) 0< ¢(z,y) <2(p—-2)/(n—p+2).

PRrROOF. We give a simplified proof in the case when ¢ is differentiable. The
extension to more general functions is given in CFR. The risk difference is written
as

A = E[(B5 — BYQ(B5 - B)] - El(Bo — B) Q(Bo — B)]
= Elg~{#(g,5)}26HQ " HpBo — 297 ¢(g, 5)ByH (5o — B)]

:EHI‘{;{ o5, n?)} 1o (S P )utu-v)|

where R = HY/2Q'H'Y2. By the identity (1.10), for v = (ua,...,u,) and

v=(v1,...,15),

8 B[ (T i Justos - )]
- [/ [ (i)

2t (g 1) (X v

i=1

u'Ru L
2
o (T 1) (s )

Flu— vl + [olP)dudo,

where R = (ri;) and ¢(; (x1,22) = (0/07:)¢(z1,72). Also the identity (1.10) for
v; gives that for v = (v1,...,vn-p)’,

@ e[ )} o)
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- [ [EE o)} (e ) } oz
ralbo( o)

(i 141) = o (i ) 1

F(ffu— vf? + [o]|?)dudv.

From (3.2), (3.3) and the condition of Theorem 3.1,

= Jflemrenimelo (o)) o (i o)

46 o 0 ) { Lokt (1017 = oty (e o)

g P (R NT
200~ 2) o (o WP ) [ Ol = o1 4 ol

<0

b

which proves Theorem 3.1.

It should be noted that the conditions of Theorem 3.1 do not depend on the
distribution of €; the Stein effect is robust with respect to the distribution of the
errors.

3.2 Improving on the combined estimators
Now we return to the common mean problem defined in Section 1. Recall that
the combined estimator 3oy given by (1.5) is better than both the uncombined

ones (3 and 3, for the loss (3.1). Here we show that by the Stein effect, Bcum is
further dominated by

2
(3.4) Bont =Y Wi(B: — eiiffy),
i=1
where for i = 1, 2,
b = aigy (WIQW) T Hy, g = BHi(W]QW;) ' H.f:/s:,
H; = X[X; and a1, ag, €1, 5 are nonnegative constants satisfying e; + e = 1.

THEOREM 3.2. Letp > 3. Assume that E[3{H;5] < oo and E[s?/8/H;f;] <
oo fori=1,2. Also assume that fori=1,2,

2(p—2) chi(Q'H;)
3:5) O<as ni—p+2 chy(Q1H;)
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where chi(A) and chy(A) designate the smallest and the largest eigenvalues of a

p X p matriz A. Then BgM given by (3.4) dominates Bom under the loss (3.1).
When Hy, Hy and Q satisfy the inequality

(3.6) WHQ 'Hou>0  for any wu € RP,
the above sufficient condition on a; is relared as

(3.7) 0<a;<2(p-2)/(ni —p+2).

PROOF. Since 83y, = er (Wi (I — 1) 31 +Wafo} +ea {W1 51 + Wa(l —2) B2},
from the convexity of the loss function, it suffices to show that

(3.8) Ay = ROWy (I — ¢1)B1 + WaBa) — R(Bem) <0,
(3.9) Ay = R(W1By + Wa(I — 2)B2) — R(Bem) <0,

where R(3) = E[(3 — 8)Q(3 — 8)]. We first prove (3.8). Note that the risk

difference A; is rewritten as
A, = Elaisig7* - QGlgfléiHl(B1 - B)]
= Elad|lv1l®g7" — 2a197 ') (ur — 1)),

where

g1 = u}[s1Dx + csoI) Ry 51 Dy + csal]uy /{s1(cs2)?}
= (oA + eso)([[valPA; + eso)rsjuriu; /{]lval|*(es2)?},

2]

and Ry = (ry;) = P'Q1P for the matrix P defined in the proof of Theorem 2.1.
Similar to (3.2) and (3.3),

(3.10) Elgi 'uy(uy — v1) | 2]
- / / (0~ 297 Fy(llur — 1 + o1 durdos,
(3.11) E[llv1]*g7" | 2]

n —p+2 _
g1
- [Z(nvlu% ' CSQ)AJ.TUUMUU] }
1,7
-Fi(lug — ] + o1 )1?)duydo; .

If (3.6) holds, then 3, -(|lus 12X; + es2)Ajrijuasu1; > 0, so that we get that

A < E[ / / % {(m =+ Dar - 2p - DIFi (s ] + ||v1u2)du1dv1],
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which is less than zero for the condition (3.7), and (3.8) is proved under the
restrictive condition (3.6).
Next we treat the general case without assuming (3.6). Note that

(3.12) chi(P'Q™'P)h; < g1 < chy(P'Q™1P)hy,

where
hy = ui[s1 Dy + csoI)?uy /{s1(cs2)?}.

For simplicity, put d; = ch;(P'Q~!P). From (3.10), (3.11) and (3.12), we observe
that

Ay < Elaffjor]*(diha) ™" — 2a197 'uy (ur — 1))

af {ng—p+2 4 d
=k - - 2. 2.
[// [dl { h1 (csghy)? ;(“vl” At 682)’\“‘11}

- 2(p = 2Daagi” | Falus =+ ol |

_ 1@
< //[al(nl —p+2)d;' —2(p— 2)dp1]h—iF1(||U1 —n® + [[01]*)duy dos,

which is less than zero for the condition (3.5). Hence (3.8) is proved without the
condition (3.6). (3.9) can be established in a similar way and the proof of Theorem
3.2 is complete.

The condition (3.7) is available if @ = (1 — a)H; + aH; for 0 < o < L.
This type of loss is quite natural when we want to mix the two regression models
according to their covariances.

4. Comments and generalizations

Theorem 3.2 shows that we can improve upon a simple composite estimator
like Bom by taking advantage of the Stein effect in a semi-nonparametric setting.
In fact, we do not need to specify precisely the distribution of the errors for the
two regression models; we have only to assume that they are spherically sym-
metric. Moreover, the two distributions may be completely different, apart from
the removal of the much restrictive normality assumption. This point is inter-
esting as it allows, in practice, to make use simultaneously of obviously different
sets of observations. The best example is when the two regression equations deal
with two places where the data collection methodology completely differs. In such
cases, the error distributions are presumably different. Even under such unfriendly
situations, we can yet improve upon estimators like B uniformly.

A straightforward generalization of this result would be to consider k simul-
taneous regression equations with common coefficients as Shinozaki (1978) did for
the normal case. As one can see in the proofs of this paper, the simultaneous
diagonalization theorem we use cannot be extended to more than two equations.
One would have then to use more complicated spectral algebra (see Fraisse et
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al. (1987)) or to consider other techniques, as those involved in ridge regression
analysis (Casella (1980, 1985)). However, the problem is more technical than
fundamental, in our eyes, as the (already) long history of shrinkage estimators
indicates that such an extension is presumably true.

Another direction of work would be to examine the problem where the coef-
ficients of the two regression models are presumably equal, but with some degree
of uncertainty. In such a case, an empirical Bayes analysis could draw a bridge
between the estimator B(S]M and some estimators like (B{, ﬁé)’ , 1.e. estimators de-
duced from each model separately (see Ghosh et al. (1989) or Robert and Saleh
(1989)).

A last step would be the removal of the spherical symmetry assumption, in
the direction shown by Shinozaki (1984).

Finally it is noted that a corresponding domination of the joint least squares
estimator is impossible. In fact, if the two equations have normal errors with the
same variance, the common least square estimator is the best unbiased estimator
(the Gauss-Markov theorem) and thus cannot be dominated by the weighted sum

Bem.
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