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Abstract. Broyden’s backward error analysis technique is applied to evaluate
the numerical stability of the ABS class of methods for solving linear systems.
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1. Introduction

We study the numerical stability of the ABS-class for linear systems of the
form

(1.1) ' ATz =b (AeR™™)

where the matrix AT is nonsingular. The ABS-class was developed by Abaffy et al.
(1983, 1984), Abaffy and Spedicato (1985) and Abaffy and Galantai (1986). Let
P =[p1,p2;-.., pn] and V = [v1, va,..., V] be n X n type nonsingular matrices
with column vectors p; and v; ( = 1,..., n). Denote by I the unit matrix of
n X n type. The ABS class has the following form:

Let xp € R™ be arbitrary.

Fork=1,...,n
Compute
(12) ap = ’U;{(ATCL‘k_l — b)/(p{A’Uk)
Ty = Tk—1 — QkPk—1
end for
where the ABS-update algorithm is given by
Set H1 =1

* Part of this work was done during a stage at the University of Bergamo supported by CNR
(Programma Professori Visitatori).
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Fork=1,...,n
Compute
(1.4) o = HF 2, T Avy, # 0)

(15)  Hiy1 = Hy — HoAvew{ He/(wi HeAvy) (i HiAvg # 0)

end for.

Algorithms (1.2)—(1.5) finitely terminate in n steps (Abaffy et al. (1984), Abaffy
and Spedicato (1985) and Abaffy and Galantai (1986)). The matrix V is scaling
the system ATz = b. The pair (P, V) is said to be the A7-conjugate (Stewart
(1973)) if VTATP = L is the lower triangular. The ABS algorithm generates all
AT _conjugate directions for suitable choices of parameters (Abaffy and Galantai
(1986)). Therefore the ABS class of methods coincides with those studied by
Stewart (1973). Results on the numerical stability of conjugate direction methods
are given by Broyden (1985) and Wozniakowski (1980). A stability analysis for
descent methods is given in Bollen (1984).

We investigate the stability of the ABS-class by the backward error analysis
technique due to Broyden (1974, 1985). Some basic results given by Broyden
(1985) are extended here. We show, for example, that the error is proportional
to k(A)k(V) for the whole class (1.2) and (1.3), where k(A) and k(V') denote the
condition number of matrices A and V, respectively. The condition for the residual
perturbation to be minimal is also given.

2. Backward error analysis of the conjugate direction methods

The basic idea in Broyden’s backward error analysis is the following. For the
solution of some problems we consider any finite algorithm in the form

(2.1) Xiy1=¥(Xx) (k=0,...,7)

where X, is the solution of the problem. Assume that an error €; occurs at step
j and that this error propagates further. It is also assumed that no other source
of error occurs. The exact solution X, is given by

(2.2) Xny1= ‘I’n{'l’n—l{' e {‘I’J(XJ)} -} = nn_j+1(Xj)

while the perturbed solution X, , is given by

(23) "’L+1 = Qn_‘H_l(Xj + Ej).

If the quantity || X,,+1— X, || is large, then algorithm (2.1) must be very unstable.

Broyden argues that it must be small for stable algorithms. Consequently, || Xp+1—
X, .|l is a measure of stability for algorithms. Broyden applied this idea to the

class (1.2) and (1.3) under the condition of AT-conjugacy. For Huang’s method
he showed that

(2.4) Zn+1 = 25 iall < E(A) €5l
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holds, where z], , ; denotes the perturbed solution.

Next we investigate the stability of the conjugate direction methods of the
forms (1.2) and (1.3) with a special emphasize on the ABS-update (1.4) and (1.5).
It is noted again that (P, V) is an AT-conjugate pair. We use a projector technique
due to Stewart (1973). Let us introduce the notation

(2.5) Py = prvi AT /(v AT pg).

The matrix Py is a projector of rank one with R(Py) = R(px). N(Px) = R*+(Avg).
The notations R and N stand for the range and nullspace, respectively. With the
notation Py the algorithm (1.2) and (1.3) has the form

(2.6) T = (I — Pk)Ik_l + di (dk = pkvzﬂb/(v;{ATpk)).

Denote by z* the solution of the linear system. Let e, = z* — ;. Then we have
the recursion
ex = (I — Pr)eg-1

with the solution
€ = (I - Pk) tee (I - Pl)eo.

Introduce the notation
(I=Pe)---(I - P;) = Qx,;

for k > j. Let us suppose that an error occurs at the (k — 1)-th step and only at
it. The perturbed result of step k — 1 is denoted by z},_,. The perturbed results
of further steps are denoted by z; (j =k,..., n). Then we have

n—k n n—j—1
T, = H(I—Pn—j)w;c—l +Z ( H (I- Pn—t)) d;

from which it follows that the error occuring in the final step

n—k

o' —ap =2 —ah = [[U = Pacj)(@h-1 — Tho1) = Qni(Tho1 — Thoy).
=0

The matrix @, x can be considered as the error matrix. Hence we have the error
bound

(2.7) zn — 20l < 1@n kll llzk—1 — zh 1.

A method of the class (1.2) and (1.3) is considered to be optimal in the sense of
Broyden (1985) if ||@Qn k|| is minimal for all k.

First we characterize Qn x. Using the AT-conjugacy property, one can show
in order (similarly to the proof of Theorem 2.6 in Stewart (1973)), that P,P; =0
(t<3), PQnk =0 (k <t <n), (I-P)Qnk=Qnk (k<t<n)implying that
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QnikQnik = @nk, which means that @, x is a projector. Note that the projectors
Py,..., P, are called conjugate by Stewart (1973), if P,P; = 0 (¢t < j). By
observing that R(/ — P;) = N(Ps) and N(I — P) = R(Py) we easily find that

(2.8) R(@nix)= [\ N(P), N(@Qnui)=) R(P

j=k =k

It is also easy to see that

R(Qni) = | B (Avy) = RH(AV™*H)
=k

and
n

N(Qnk) = ZR(PJ) = R(P"“k+1l) — RL(AV“"'I).

=k

Here we used the Householder notations defined as follows. Given any matrix A
the matrices A*, Al* A% and A*| denote the submatrices consisting of respectively
the first k rows, the first k columns, the last k rows and the last k& columns of A.

For the sake of completeness we show that the symmetric projectors have a
minimum property both in the Frobenius and in the spectral norm.

LEMMA 2.1. If A® = A and A # 0 then ||A||r > v/m (m = rank(A)) and
|All = /m if and only if A is symmetric.

PROOF. We use the facts that the Frobenius norm is invariant under unitary
transformations and it is possible to choose an orthogonal matrix U for which

Tarr —n_ |Im B2
U'AU =B = [ 0 On—m]
where Bj is some matrix. Consequently ||A] = ||B| > ||I|| = v/m. As B is
symmetric if and only if A is so, the equality relation holds only for By = 0 and
therefore only for a symmetric A.

LEMMA 2.2. If A2 = A and A# 0 then ||Allsp > 1 and ||A| =1 if and only
if A= AT,

PROOF. The spectral norm is also invariant under unitary transformations.
Thus ||Al|sp = || Bllsp = [p(BT B)]*/2. By elementary calculations one has

I, Bz}

T _
B B‘[BQT BB,

Making use of the similarity transformation

I, 0 BTRB I, 0 — Im+.B2.Bg1 B,
-BY I,m BY I, 0 0
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we find that BTB has n — m zero eigenvalues and m eigenvalues given by
det{ByBY — (A = 1)I,,} = 0. If By # 0 then B,BI is positive semidefinite,
implying that its eigenvalues are nonnegative and there exists at least one positive
eigenvalue. Hence there is an eigenvalue of BT B which is greater than 1 implying
that || BT B||s, > 1. For a symmetric B (or A) it is obvious that || B||sp = 1.

A projector P is symmetric if and only if R(P) = N+(P). Hence @, is
symmetric (and has minimal norm) if and only if

(2.9) R(AVI*=1y = RE(AV 7=+,

A method is optimal in Broyden’s sense if and only if (2.9) is satisfied for all %.
The latter condition is equivalent to

In matrix formulation it means that VT AT AV = D, where D is diagonal.

THEOREM 2.1. The method of class (1.2) and (1.3) is optimal in the sense of
Broyden if and only if (2.10) or equivalently VT AT AV = D holds with a diagonal
matriz D.

This result was originally obtained by Broyden (1985) in a different way. The
projector technique gives us a much deeper inside look at the structure of the error

matrix Qn ; resulting from the following estimation of the whole class (1.2) and
(1.3)

(2.11) |Qn.kll < E(A)K(V)

in spectral or Frobenius norm. It simply follows from the fact that @, x, which
is a projector onto R (AV™*+1) along R+(AV!¥~1)  can be represented in the
form

(2.12) Qni = (ATTV Tl (YT AT)E-T
Since ||B'%|| < ||B]| and ||B¥|] < ||B]| are both in Frobenius and spectral norms, we

may bound Qn by ||Qnk < ATV T |[VTAT|| < k(A)k(V), which is exactly
(2.11).

THEOREM 2.2. For the error propagation model (2.1)—(2.3) and (2.7) the
class (1.2) and (1.3) yields the bound

(2.13) lzn — 27| < K(AR(V)|lzk-1 — Ths |-
If V is a unitary matrix then k(V) = 1 and ||Qn x|l < k(A). For the original

ABS class, of which Huang’s method is a special case, the matrix V = I. Conse-
quently the error propagation is proportional to k{(A) for that class. The same is
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valid for the generalized ABS class (Algorithm (1.2)—(1.5)) with a unitary V. It is
noted again that V can be considered as a scaling of the linear system ATz = b in
the form VT ATz = VTb. In this context we just refer to the well-known scaling
techniques (Golub and Van Loan (1983)).

Defining the residual perturbation as rj = AT (z) — z}), we have

(2.14) i = ATQrr A Tr)

for the model (2.1)-(2.3) and (2.7). Using the relation (AB)*(CD)* =
A{B*C*}D and (2.12) we find that

(2.15) ATQuiA™T = (V-T)l=1(yT)F-1

is a projector onto R((V~T)*¥-1) along R((V~T)*~*+1). The bound |+’ ||
|ATQne AT |l||7%| is minimal if and only if

IA

(2.16) R((V-T)F=1y = R (v T)n++,

An algorithm of the class (1.2) and (1.3) can be called optimal for the residual
perturbation r}, if (2.15) holds for all k. This condition is obviously satisfied if and
only if (V-T)I(V~-T) = D! for a suitable diagonal matrix D from which the
condition VTV = D follows.

THEOREM 2.3. The residual error v}, is minimal for all k if and only if
VTV = D is satisfied for a diagonal matriz D.

As a result of Theorem 2.3, we can see that for a unitary V the ABS-class is
optimal for the residual perturbation.

The structure of algorithm (1.2) and (1.3) yields the following simple extension
of Broyden’s model. Assume that instead of (1.2) and (1.3) we have the following
recursion

(2.17) = (I - P)(zh_y +ex—1)+d (k=1,...,n)

where €;_1 denotes the error which occured at the (k — 1)-th step. Then we have
n
(2.18) Tn—Tn =) _ Qnih-1
k=1
from which the bound
n n
(2.19) Iz = 24ll < D 1Qnklt len-1ll < K(ARV) Y llex—1l
k=1 k=1

follows. For the optimal method, k(A)k(V) is obviously replaced by /m or by 1
depending on the norm chosen.
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THEOREM 2.4. For the extended error propagation model (2.17), the class
(1.2) and (1.3) satisfies the inequality (2.19).

Finally we show the result on an ABS update. First we need to recall the
result of Egervary (1960) on the update Hy. Namely,

(220) Hk+j = Hk - HkAVk,j(Wg:ijAVk’j)—lW,;I:ij

holds for j > 0 provided that Hy is of rank no less than j. The matrices Vj ; and
Wi,; denote [vk, ..., Vkyj—1] and [wg, ..., Witj—1), respectively.

According to Broyden (1974), assume now that an error occurs in the calcu-
lation of Hj and no further errors occur in the procedure. Denote the perturbed
Hy by H. Furthermore, we assume that rank(H;) = rank(Hy) and the error
¢ = H}, ~ Hj satisfies the inequality

(Wi He AV ) Wk s AV sllIN < 1~ 1/K (K > 1).

We recall that for any regular matrix A, (A + F)~! = A~! + ¢ holds with ¢
satisfying ||| < A7 *)IF|l/(1 = [JA7 | F]) provided that [|A=*[[[| || < 1. The
error in Hy, results in a perturbed Hy,; denoted by Hj , ;. Then by an elementary
calculation we obtain the estimation

1Hky; — Hersll < L+ 20 HelA + KN Hel2A?) 9l + (A + 2KA%)l9* + KA? (9],

where Q = (W}z:ijAVk,j)—l and A = ||Q||Wk;[I[[AVk,;l- It is noted that in
general no one can expect an estimation of H;  ; like that in (2.19) because the
update algorithm is nonlinear.
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