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Abstract. This paper formulates a nonlinear time series model which encom-
passes several standard nonlinear models for time series as special cases. It also
offers two methods for estimating missing observations, one using prediction
and fixed point smoothing algorithms and the other using optimal estimating
equation theory. Recursive estimation of missing observations in an autoregres-
sive conditionally heteroscedastic (ARCH) model and the estimation of missing
observations in a linear time series model are shown to be special cases. Con-
struction of optimal estimates of missing observations using estimating equation
theory is discussed and applied to some nonlinear models.
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1. Introduction

Quite often data analysts are faced with the problem of missing data. Data
that are known to have been observed erroneously can fairly safely be catego-
rized as missing. Erroneous data can also wreak havoc with the estimation and
forecasting of linear or nonlinear time series models. Abraham (1981) proposed a
procedure to interpolate the adjacent missing values on the basis of the known seg-
ments of an autoregressive integrated moving average (ARIMA (p, d, q)) process.
Recently Jones (1985) proposed a state space Kalman filter approach to handle
unequally spaced data in linear time series models.

In Section 2 we are concerned with the so-called conditionally Gaussian sys-
tem which is treated in a filtering theoretic context in Shiryayev (1984) and in
Ruskeepaa (1985). Exploiting this theory, we develop a state space approach and
discuss a general framework for estimating missing observations in a nonlinear
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time series model. In Section 3 we discuss a number of special cases of the model
in Section 2.

In Section 4 we describe the method of optimal estimation of Godambe (1985)
to estimate missing observations in a nonlinear time series model. This approach
extends the work of Ferreiro (1987) to nonlinear heteroscedastic time series models.

2. Nonlinear state space models
The linear state space system is given by
(2‘1) 011 = 010y + Brusya, Yt = Ap-10; + By_1vy

where 6; and u; are p x 1 vectors, y; and v; are ¢ X 1 vectors, a; and §; are p X p
matrices, and A; and B; are matrices of dimensions ¢ X p and ¢ X ¢, respectively.
{y:+} represents the observed time series, whereas oy, A;, (;, By are known matrices
of nonrandom functions while the vectors {u;}, {v;} are independent, each being
a sequence of independent normal random vectors having components with zero
mean and unit variances. In order to handle various deviations which may occur
in practice, several generalizations of (2.1) have been suggested. Among these
are conditionally Gaussian sequences given in Shiryayev (1984), nonlinear state
space models treated in Broemeling (1985) and Priestley’s state-dependent models
(1980).

In this paper we consider the model in (2.1) with random coefficients. We
allow the coefficients in (2.1) to depend on past observations: a; = a(t, FY),
By = B(t, FY), Ay = A(t—1, F_;) and By, = B(t—1, F}_,), where 7} denotes
the o-field generated by the observations up to time t. We refer to (2.1) under
these settings as the generalized model (2.1). This generalized model encompasses
some of the nonlinear time series models that have been proposed in the literature.

(i) ARCH models: Suppose that a; = a, A;_1 = A and B; = 0 so that

0141 = aby + Brusyr,  yr = Aby.

This is the ARCH model described in Engle (1982).

(ii) Dynamic linear state space models: When {a;}, {6;} and {B;} are con-
stant matrices and A;_; is a matrix of “known functions” at t — 1, (i.e. A;_; is
F}_, measurable) the generalized model (2.1) becomes

O =aby_1 +uy, Y= A_10:+v;

which is the state space model described in Harrison and Stevens (1976).
(ili) Doubly stochastic time series model (cf. Tjgstheim (1986)): When a; = 1,
B =1, upr; = €41 — €1 and By = 1, (2.1) becomes

Ore1 = Op + urr1, Y = Ar-16 + vr.
This corresponds to the doubly stochastic time series model

O =0+e +e-1, Y =0:f(1, 7?—1)+6t
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considered in Thavaneswaran and Abraham (1988). When f(t, 7} ;) = yt—1, this
turns out to be a special case of the RCA model of Nicholls and Quinn (1982).
Moreover, if we take 0; = a;_10;—1 + us, Y = 0 with oy = ¢ + mexp(—yy?_;)
then the generalized model (2.1) describes the exponential autoregressive model
of Ozaki (1985).

The following theorems give prediction and fixed point smoothing algorithms
for the generalized model (2.1).

THEOREM 2.1. Let 6, = E[0, | F¥_], £t = E((6; — 6,)(8; — 6)T | F¥_)).
Then

ét+1 = atét + ke [y — Ge)s
et = BeBE + (o ~ ke Ay—1)Se(cs ~ ke AT + ke Be_1 BE (k]

where kt = atEtAtT_l[At_IZtAtT_l + Bt_lBér_l]-'- and ?;t = E(yt I f;y_l); MT and
M™ denote the transpose and the pseudo inverse, respectively, of a matriz M.

PRrROOF. A straightforward extension of results in Brockwell and Davis
(1987).

We now introduce another theorem on fixed-point smoother to obtain recursive
estimates of m missing observations say, ym = (¥t,,.- ., Yt;»-- -+ Yt ). The basic
idea here is the same as that in the derivation of the recursive estimate of a
parameter 6;; (j = 1,..., m), based on the observations up to time ¢ (t > t;), as
a function of the estimate based on t — 1 (¢ > t; + 1) and the observation at time
t. This will also enable us to get an idea of how the estimate of the parameter
(missing value) changes when a new observation becomes available.

THEOREM 2.2. Fort > t;, let émt = E[f;, | /] be the estimate of 6;, based
on the observations up to time t, ¥; be the covariance matriz

Y= E[(atj - étj)(et - ét)T | Fila)

and

E: = E[(otj - 0tj|t)(9tj - Btjlt)T f fty—ﬁ-
Then . _ ~ A

gtjlt = gtj|t—1 + kt(yt - At_.let), t> tj
where

ke = £, A7 A5 AT + BB )Y,
it+1 = it [at - k'tAt_l]T, E:—l = Et fO”' t < tJ and
Y=, S, AT kT t>t

PROOF. A straightforward generalization of results in Brockwell and Davis
(1987) or Shiryayev (1984).
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3. Applications to missing data

Missing values in time series have been usually estimated using two differ-
ent approaches. The first one, a Bayesian approach, uses the Kalman filtering
technique, while in the second one, a non Bayesian approach, the missing values
are treated as parameters (fixed). In this section we follow the Kalman type re-
cursive approach to estimate the missing values by replacing them with normal
random variables. This approach may be viewed as one which uses a prior for the
parameter which replaces the missing value.

3.1 ARCH type models with one missing observation

Now we indicate an appropriate way to modify a given nonlinear time series
to reflect the fact that the observation at time m is missing. Let {X,} be a time
series in which X, is missing and X = (X1,..., X;m-1, Xm+1,..-, Xn). If we
know the first two conditional moments F[X;4, | F¥] and Var[X;yy | FF], then
Xt41 can be written as

(3.1) X1 = E[Xpp1 | FE]+ Xig1 — E[Xepr | Y]
Suppose that the time series X; satisfies
(32) E[XH—I ‘ ftx] = at_lXt and Xt+1 - E[Xt+1 | ]_-t:r.] = ﬂt_lutH

where o;_; and (;_; are ¥ ; measurable and {u} is an i.i.d. N(0, 1) sequence.
Then X;,; has the ARCH representation

(3.3) Xiv1 = o1 Xe + B 1ues1-

Note. The restriction in (3.2) is introduced to apply the recursive approach.
However, the method of Section 4 can be applied in the more general set up in
which the coefficients of X; and u;,; are F; measurable.

Now we consider the estimation of a missing observation as a parameter esti-
mation problem in a particular formulation of the generalized model (2.1):

Orr1 = 016 + Be_1ugya,
(3.4) Xy = Ay10;,
Yt = Ai—10; + Bi_q1vy

with A1 =0, Bpo1 =1, A4 =1,t#m—-1;B;=0,t#m—1. Then Y =
(X1, Xen—1, Vs X1y s X,) is the extended observed series. Here vy, is
a normal random variable replacing the missing observation. Such a formulation
was also considered in Brockwell and Davis (1987).

Using Theorems 2.1 and 2.2 we have

ki = ap1 50 A1 [AF_ 50 + B )T,
Tie1 = ﬂtz_l + (og—1 — ktAt—-l)zzt + ’%23?—1-
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This implies that k; = oz, Leg1 = B2 1, t # m and

km =0 and Ty =051 +05 1Zm

Moreover, : 3
Zt+1 = t[at_l - ktAt—l] =0 for t 7é m,
i:m+1 = f:mam—l =Ynlm_1 = am—lﬂyzn_z'

Hence,

(3.5) ém]t = ém[t—l + kefye — As_10;]

sothat att=m+1
ém|m+1 = émlm + km+1[ym+1 - Amém—f-l]

where - 0
Ym+1 ﬁm—Zam— 1

kms1 = = .
Emt1 ﬂgl—l + a?rl—1ﬂ3n—2

Thus the estimate of the m-th observation based on X4 is

¥ ﬂfn—2am—l
3.6) X = m—_2Xm— Xma1 — Om—10m—2Xm—
(3.6) Xjm+1 m—2 1+ﬂ1?n—l+a?n—lﬁz—2[ +1 m—10m—2 1]

B2 00m—1Xm+1 + B2 10m—2Xm—1
BZ_1+a2_ 5%

It should be noted that SH—I = 0 for ¢ # m and hence IZ:H.I =0 for t # m.

Therefore, (3.5) yields
Xm“ = Xm|m+1 for t>m+1.

In the special case of a model with a constant conditional variance, 32,

2 _, = 02, the estimate of the missing value is given by

& am—le-H +am_2Xm_1
3.7 X = .
( ) m|m+1 1+ a72n—1

When S,,, = const and «,, = ¢, the estimate of the missing value (X,,) for an

AR(1) model, X;4+1 = ¢X; + ut+1, becomes

5 ¢
mlm+1 = W[Xmﬂ + Xm—1].

Moreover, for a nonlinear model of the form

Xit1 = 60Xy 1 Xy + ugg
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in which the m-th observation X,, is missing, the estimate of X, based on FZ%,,
or F7 is given by

v ¢Xm——1

Xmm 15— (Xm-2+ Xmy1).
| + 1+¢2X«,2n_1[ +]

Autoregressive models with deterministic time varying coefficients:
Models of the form

(38) Xt - a(t, ¢)Xt_1 = Ut

have been found to be quite useful, in particular in signal processing (c.f.
Charbonnier et al. (1987)). Asin (3.7), it can be shown that the estimate X |m+1
of the missing observation based on F7, ,, is given by

X — a(m + 17 ¢)X’m+1 + Ot(m, ¢)X‘m—l
m|m+1 1+a2(m+1, ¢) .

Bilinear models:
Consider the model

Xt —¢Xi—1 = cup + BXyouy

The estimation of a missing observation, X,,, can be obtained by writing the
model as
Xy = ap o X1+ Pr—2us

where
ar2=¢ and [Bio=c+BXi-2.

Hence the estimate of X, Xm|m+1 = E[X., | 1] can be obtained as in the
case of model (3.8) and is given by

X L= ¢ﬂ72n~—2Xm+1 + ¢)872n—1Xm—1
mim-+ 21+ 9262,

3.2 Two consecutive missing observations
We now consider a slightly modified form of the model (3.3):

Xiv1 = a2 Xy + Br_2u

where 82 = 02, X,, and X, are missing and o is ¥ measurable. The problem
is to estimate X,, based on the available data (X1, Xo,..., Xpm_1, Xmi2,-- -
X,). The corresponding state-space model may be written as

Or1 = ap—0bs + Br_ourr1, Xe=Ar16y,  ye = A16c + Biqvy

where A,,_1 =0,A4,,=0,B,, =1,B,,_1 =land B; =0, A; = 1 fort # m, m—1.
Then using Theorems 2.1 and 2.2 it is easy to show that for t # m, m—1, k; = oz
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and kp, = 0 = kjy1. Also it can be shown that for t #m, m+1, Xppq = o2 and
Eit1 = Bilow1 — ktArq] = 0.

Smi1 =0 (1402 ), Zmyz=01+a_+ak sl 1],

2 — 2
Y41 = 0 0m-2, Y2 = 0"am_10m_2.

Also k, =0, t# m+ 2 and

I:? A —10m—2
m+2 — .
[1+af,_ +al,_q02, )

Then the estimate of X,, based on F7, ,,, is given by

(Qm—2 + m-302,_ 1) Xm_1 + Cm—10m—2Xm+2
1+a2_,(1+a2,_,)

It should be noted that when a; = ¢ and the model becomes AR(1), the estimate
of the m-~th observation becomes

Xv - (¢ -+ ¢3)Xm—l + ¢2Xm+2
m|m+2 1+¢2 + o8
_ (- ¢1)pXm-1+ 6*(1 = ¢*) Xim 2
(1-¢°)
Similarly, we can also obtain Xm+1,m+2. These estimates are the same as those
obtained by Abraham (1981) and Miller and Ferreiro (1984).
As noted before (see the note after equation (3.3)), the approach presented

in this section can only handle some of the nonlinear models mentioned before.
Hence we consider a more general approach in the next section.

4. Optimal estimation of missing observations

Following Godambe (1985), the optimal estimation of parameters in adaptive
as well as nonadaptive nonlinear time series has been discussed in Thavaneswaran
and Abraham (1988). In this section, we briefly describe the estimation of missing
observations considering them as parameters.

Let y1,..., yn be an observed time series with y,, (1 < m < n) missing
and the parameters §; be those known from the generalized model (2.1). Then,
when considering y,, as a parameter we can obtain its optimal estimate as in
Thavaneswaran and Abraham (1988).

Ezample 4.1. (ARCH model) Consider the model y;41 = ouys + Brugys,
where oy = a(t, 7, 6), By = B(t, Y, 8) and {u;} are a sequence of i.i.d. random
variables having mean zero and finite variance 02. Here it should be noted that
we are not making any distributional assumption on the errors. It can be shown
that the optimal estimate of y,, satisfies

n

(4.1) Ea:(yt+l —ouy) =0
t=1
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where

0
E —(yt+1 — YY) \ -7'-5/

OYm
B2a2

(4.2) a; =

In the special case of an AR(1) model, y¢4+1 = ¢y; + ur41, the estimate of y,, turns
out to be the solution of

(gm - ¢ym—l) - ¢(ym+l - ¢'§'m) =0
and the optimal estimate is

. OYm+1 t Ym-1)
Ym = -
14 ¢2

This is the same as what we obtained in Subsection 3.1.
Ezample 4.2. (RCA model) Let

Yt = (¢ + Be)ye—1 +us

where {u;} and {8;} are zero mean square integrable independent sequences and
V(u) = 02 and V(B;) = a?,; B; is independent of {u:} and {y;—1}. Then the
optimal estimate of y,, (treated as a parameter) can be given as a solution of the
nonlinear equation

(4.3)  ((Ym — OYm-1)/ (0292 _1 + 05N — 6(Ym+1 — dYm)/ (05 + Y5,05) = 0.

It can also be seen that the least square estimate of y,, is the solution of

(44) (ym - ¢ym—l) - ¢(ym+1 - ¢y'm) =0

and is given by
gm(LS) = ¢(ym—1 + ym+1)/(1 + ¢2)

This is the same as that previously obtained for an AR(1) process. However, the
optimal estimate will not be the same in both cases.

This estimate depends on the conditional variance of the observed series which
in turn depends on the missing value, y,,- Hence we first find the least square
estimate §,n(LS) of y,, and then use it to obtain the weights wy = 02 + 0332, _;
and wy = 02 + cr%ﬁfn (LS) to calculate the optimal estimate.

We propose to find the optimal estimate using the following steps.

Step 1. Obtain §,,,(LS)

Step 2.

R _ d(W2ym 1 + W1Ym+1)
Jm(op) = w1 + wy

where wy = 62 + o5yZ,_,, wa = 02 + a 592, (LS).
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In this algorithm we assume that the model parameters ¢, o2 and 0?3 are
known. Such an assumption about the model parameters is not uncommon in the
context of estimating missing observations (for example, see Abraham (1981)).
However, in practice, model parameters may be estimated using part of the data
(Abraham (1981)). Such an approach for optimal estimation in nonlinear models
will be pursued in a subsequent paper.

The extension of the results to the p-th order RCA model

P
Yyt = Z(¢z + Bit)yr—i + us

=1

is immediate.

Ezample 4.3. (Doubly Stochastic Time Series) Consider the model

(4.5) Yt = QY1 + U
where ¢; is a moving average sequence of the form
(4.6) pe=¢+te+e

such that {¢:}, {€:} are square integrable independent sequences; {e;:} and {u;}
are zero mean independent Gaussian sequences with variances 02 and o2. Then

pt = E(ee | FY) and v, = E[(e; — pe)? | F7] satisfy the recursive algorithms (see
Thavaneswaran and Abraham (1988)),

(4.7) pe = 02y—1[(Ye — (@ + pe—1))ye—1)/[02 + y2_1 (02 + 1-1)],
(4.8) v =02 — (Yi1)/lon + yi1 (0% + 7-1)]

with the initial values 70 = 02 and po = 0. Suppose that y,, is missing, then u,
and ; can be computed up to t = m — 1 using (4.7) and (4.8). It can be shown
that the optimal estimate for y,, is the solution of

(49) [ym— (¢ + ﬂm—l)’)’m—l]/wm—l —(o+ l/’m)[ym+1 — (¢ + tm)Ym]/wm =0

where wp, = 02 + yZ (62 + 7). Since the estimator depends on the unknown g,
and +,, we propose to use the following algorithm to estimate y,,.

Step 1. Use §m = (¢ + tim—1)Ym—1 as an initial value for y,, and obtain p,,
and p,.

Step 2. Obtain the least square estimate of y,,:

gm(LS) = [(d’ + Nm—lym——l) + ym+1]/[1 +o+ /.l«m]gm'
Step 3. Calculate the weight

W = 02 + 92,(LS)(02 + vm)

and obtain the optimal estimate from (4.9) by replacing w,, with @,,.

Limited experience with this algorithm indicates that few iterations are nec-
essary before the final estimate is obtained. As in Example 4.2, we assume that
the model parameters are known. These parameters may be estimated using part
of the data (see the last part of Example 4.2).
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5. Concluding remarks

The occurrences of missing observations is quite common in time series and the
generalised model (2.1) may be used to characterise such situations. This paper
offers two alternatives for estimating missing observations. The methodology in
Section 3 can be applied for a restricted class of models whenever the normality
assumption is made on the errors while the optimal estimation method in Section
4 is more general and is useful when a practitioner has doubts about specifying
a particular distribution for the errors. As can be seen from Sections 3 and 4,
these procedures yield some of the known results as special cases. For example,
the well known results of Abraham (1981) and Miller and Ferreiro (1985) for linear
time series models become special cases of the results obtained here. It should be
noted, however, that the procedures may not cover all the non-linear time series
situations and the methods should be adapted to meet particular needs.

Appendix

A.1  Proof of Theorem 2.1
Let vy = y¢ — ;. Then

v = Ay_10s + Bi_1v, — A;_16;
= At—l(gt - ét) + Bi_104.

Epf | FLL\| = A1 DAL + By BL o, B8 | F2Li] = E[(6: —ét)";‘r | Fi_i]
since E[6;v] | FY_,] = 0. Moreover it follows from the definition of X; that

E[(6, — 6T | Y.} = E|(6. - 0){Ac-1(6: — 6,) + Booyui}" | 2]
= EtA"tr_l.

Using the fact that the o-field generated by the observations up to time ¢, namely
F?, is the same as the o-field generated by v;, F}, we have

bi41 = El0er1 | F¥] = atE[0, | F¥] = aiE[0, | Fi_y, vil-
Using the properties of normal random vectors we have
wEby | Fi_y, ve] = ar B0y | Fe_y] + kelye — ¢]
where k; = a: E[00F | FY_)[E[vevf | F2_y]]T. Hence
Oip1 = as0 + ke (ys — §:)  and ke = a;T, AT [Ae—1 D0 AT | + Be1 B )T
Moreover

01 — ét—{-l = a0 + byuryr — atét — ke(ye — Uz)
= as(0; — 01) + byury1 — ke[As_1(8: — 6¢) + Be—114]
= btut+1 -+ (at — ktAt_l)(Gt — ét) —~ ks By_1v4.
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Thus

Se41 = E[(O41 — 0141) (0141 — Org)” | Y]
= btb’tr + (at — ktAt_l)Et(at - ktAt_l)T -+ ktBt_lB;r_lk;T.

Hence the theorem follows.

A.2  Proof of Theorem 2.2
For a fixed t;, we observe the following

Bu,1e = El6s, | F¥) = Bloy, | Fiy, vi)
where 1y = 4 — ;. Applying again the results from normal theory we have
étj|t = étj|t—1 + kv

where

ke = Elby,v] | FL{Elvwl | Feoal}t

Note that the second factor remains the same as the “innovation” variance as in
k:. Hence it can be obtained as in Theorem 2.1. The rest of the proof is similar
to that of Theorem 2.1 and hence is omitted.
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