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Abstract. In this paper we consider experimental situations requiring usage
of a row-column design where v treatments are to be applied to experimental
units arranged in b; rows and bz columns where row ¢ has size ki, 1 =1,..., b;
and column j has size k25, j = 1,..., bs. Conditions analogous to those given
in Kunert (1983, Ann. Statist., 11, 247-257) and Cheng (1978, Ann. Statist.,
6, 1262-1272) are given which can often be used to establish the optimality of
a given row-column design from the optimality of an associated block design.
In addition, sufficient conditions are derived which guarantee the existence
of an optimal row-column design which can be constructed by appropriately
arranging treatments within blocks of an optimal block design.

Key words and phrases: Row-column design, block design, incidence matrix,
balanced unequal block design.

1. Introduction

In this paper we consider experimental settings in which v treatments are to
be tested using a row-column design where n experimental units are arranged in
b; rows and by columns where row ¢ has size ki;, 7 = 1,..., b; and column j

has size k5, 7 = 1,..., by. If we let d denote some design which can be used in

such an experimental setting, then we shall let Ny, = (n((it;), Ny, = ("((12) and

Ng, = (n((i?;;) denote, respectively, the v x b; treatment-row incidence matrix, the

v X by treatment-column incidence matrix, and the b; x by row-column incidence
)] (2)

matrix, i.e., ny: = the number of times treatment ¢ occurs in row j, n,. =
» Mgij Iy Ty

the number of times treatment i occurs in column 3, and ng’;) = the number of

observations obtained in row i and column j. The model assumed here for the
data obtained from some design d specifies that an observation Yk obtained after

* Visiting from the Indian Statistical Institute.
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applying treatment i to an experimental unit occurring in row j and column k can
be expressed as

(1.1) Yism = p+ 05 + B + v + Eijw,
1<i<w, 1<j<b, 1<k<b,, OSZS"E;L

where u = the overall mean effect, a; = the effect of treatment i, 8; = the
effect of row j, yx = the effect of column k and the E;;;’s are all uncorrelated
random variables having expectation zero and constant variance o2. Under this
model, using diag(ay, ..., a,) to denote an n x n diagonal matrix, A’ to denote
the transpose of a matrix A, and A~ to denote a generalized inverse of A, the
coeflicient matrix of the reduced normal equations for obtaining the least squares
estimates of the treatment effects in d can be written as

(12) Cu= Ra— Ngy K 'Nj = (Na, — Nay K7 ' Nay)Cy (N, — Ny K Na )’
where

R, = diag(ras, ..., Tdv)s

r4; = the number of replications of treatment ¢ under d,
K, = diag(ki1, k12, ..., k1s,),

Cyy = Ko — NéaKleda,

Ky = diag(ka1, k22, ..., kob, ).

An equivalent formula for Cjy is
(1.3) Cy=Ryq— Ng K3 'N}, — (Nay — Ny, K3 'N;.)Cy. (N, — Ng, K5 ' N, )’

where
Ca, = K1 — Ny K5 ' N,

The matrix Cy is usually called the C-matrix of d and is well known to be
positive semi-definite with zero row-sums.

Throughout this paper we shall only be considering treatment connected de-
signs, i.e. designs whose C-matrices have rank v—1. Henceforth, D(v; b1, K, b2, k)
(K, = (k11, .- -, kip,) and K, = (kay, ..., k2s,)) is used to denote the class of treat-
ment connected row-column designs having v treatments assigned to experimen-
tal units arranged in b; rows of size ky;, ¢ = 1,..., b; and by columns of size
kai, i=1,..., ba.

With each row-column design d € D(v; by, K, be, k,) we associate two block
designs d; and d» having incidence matrices Ng, and Ng,, respectively, i.e., dy
is that block design which can be obtained from d by treating the rows of d as
blocks and ignoring column effects whereas d is that block design which can be
obtained from d by treating the columns of d as blocks and ignoring the row effects.

We say that d; is a binary design if nsgq = 0 or 1 for all p, ¢, otherwise we say

that d; is nonbinary for ¢ = 1, 2. The matrices Ng, N; = (Afil-;.) and Ng,N;, =

2,
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()\((122) are called the concurrence matrices of d; and dy. We will henceforth let
Dy (v; by, K;) and Dq(v; bg,K,) denote the classes of block designs d; and da,
respectively, corresponding to d € D(v; by, k), bz, k) and note that the coefficient
matrices of the reduced normal equations for estimating the treatment effects in
d; and dy are, under the appropriate two-way model,

(1.4) Ca =Ras— N4y K{'N;  and Cy, = Rg— Ny, K3 'Nj, .

These matrices are called the C-matrices of d; and d., respectively, and possess
the same properties as Cy.

In this paper we consider the determination and construction of optimal de-
signs in classes D(v; by, k), bz, k). In Section 2 we define the optimality criteria
being considered and give our main optimality results. The results obtained are
similar to those given in Cheng (1978) for equally replicated row-column designs
and similar to those given in Kunert (1983) for repeated measurements designs. In
particular, it is shown that finding an optimal row-column design having unequal
row or column sizes can often be accomplished by finding a corresponding optimal
block design and then arranging treatments appropriately within blocks of the
block design. In Section 3 we discuss conditions under which optimal row-column
designs can actually be constructed from the corresponding optimal block designs.

2. Optimality results

In this section we give a method for determining optimal row-column designs
from their corresponding block designs. To this end, we shall let ¢ denote any
optimality function which is nonincreasing in the sense that ¢(C) < (D) for any
positive semi-definite matrices C and D such that C — D is positive semi-definite.
A design d* is said to be ¢-optimal over a given class of designs if for any other
design d within the class,

(2.1) $(Ca+) < ¢(Ca).

With this definition, we now give a result which is analogous to Theorem 3.1 of
Cheng (1978).

THEOREM 2.1. Suppose d* € D(v; by, K], ba, k) has d} which is ¢-optimal
in D1(v; by, Ky) or dj which is ¢-optimal in Da(v; by, k). If ¢(Cy-) = ¢(Cy;) or
#(Cay ), then d* is also ¢-optimal in D(v; by, K}, by, k).

PROOF. We shall only consider the case where ¢(Cy+) = ¢(Cqgz) since the
case where ¢(Cyr) = ¢(Cqz ) is similar. So let d € D(v; by, K}, by, k) be arbitrary.
Then by (1.3) and (1.4), we see that

Ca = Ca, — (Na, — Ng, K3 'N}; YC7 (Na, — Ny, K7 N, ).

Now, it is easily verified that Cy, is positive semi-definite, hence

(N4, — N, K371 Ng )Cy (Ngy — Ny, K37 'Ny Y
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is also positive semi-definite and ¢(Cyq) > ¢(Cy,). But then
#(Cq) > ¢(Cay) > ¢(Cas) = #(Can)
and we have the desired result.
With Theorem 2.1 in mind, we now give a useful corollary.

COROLLARY 2.1. Suppose d* € D(v; by, Ky, by, k).

(a) If d} is ¢p-optimal in Dy(v; b1, k,) and the rows of Nas — Nd;Kl_lNd;
are all multiples of J, », where J,, , denotes the m X n matriz of ones, then d* is
o-optimal in D(v; by, K, ba, k).

(b) If dj is ¢-optimal in Dy(v; by, Ky) and the rows of Ng: — Nay Ky ' Ny
are all multiples of Jy p,, then d* is ¢-optimal in D(v; by, K, by, k).

PRrROOF. We shall only give the proof for (b) since the proof of (a) is similar.
So to begin with, we note that the row and column sums of Cy; are zero. Thus, if

we let C';: denote the Moore-Penrose inverse of Cy:, it follows that C’(}E Jp,,1=0.

Hence, since by assumption the rows of Ng» — Ng; Ky Y c’l; are all multiples of
J1,b,, it follows that

(Nag; — Nay K5 ' N3 )Of (Nag — Nag K5 ' Nge ) = 0.

Thus Cy- = Cgs and ¢(Cy:) = ¢(Cd;) in this case and the result follows from
Theorem 2.1.

Comment. We note that a design d having Ny, with all positive entries will
have corresponding Cy, and C,, matrices of rank v — 1. Thus the only way such a
design can have Cy = Cy, or Cy, is if and only if the rows of Ny, — Ny, K~ 1N(,l3 or
N4, — N3, Ky IN éB are all multiples of Ji 3, or Ji ,, respectively. The situation
which arises most often in practice where d has Cy = Cy, or Cy, is when Ny, —
Ny K7 Ny, = 0 or Ny, — Ndez_lNél3 = 0. In the next lemma, we give some
sufficient conditions for a row-column design having different column sizes to have

Cq = Cyg,.

LEMMA 2.1. Suppose d is a row-column design having dy such that N4, =
(Ndyy» -+ Nay,) where Ny, corresponds to a block design dy; having by; blocks of
size ky; for j =1,...,t. Further assume that the following conditions hold;

(i) Each treatment is replicated byjka;/v = ro; times in dy; forj=1,..., ¢,

(ii) "((1113 =ky/vfori=1,...,vandj=1,..., b,

(iii) Fori=1,..., by,

a;1 for1 <j < b,
3y p—1 p
"1 T Y ag forY b +1<5 <) by
=1 z=1
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where the a;p, p=1,..., t are nonnegative integers. Then Cq = Cy,.

PROOF. We shall prove the result by showing that Ny, — Ny, K5 'N 45 = 0.
To this end, we note that the (¢, j)-th entry of Ng, K} lNéa is given by

b2 b21 t—1 bai+-+b2 541
(2).~1,(3) _ Z 2)z-1, (3} Z Z (2) 7.—1 (3)
Z ndipk2p Ngip = ndipk21 Ngip + Nyipka, s+1M4jp
p=1 p=1 s=1p=bz1+--+bas+1
ba1 t—1 bo14-+b2 41
— (2) .1 (2)7,—1
= Z"dipkzl aj1 + Z Z Nipka, s+105,5+1
p=1 s=1 p=ba; +---+bzs+1
t—1
7—1 7—1
= ra1kyr @51 + E T2, s+1kz, s+1%5,8+1
s=1
t—1
_ _ _
- (b21a‘jl/v) + § :(b2,s+laj, s+1/v) = klj/v = Ngij-

s=1

1)

Since the (4, j)-th entry of Ny, K;'N, 45 is equal to ny,7, the result follows from

(1.3) and (1.4).

Comment. Suppose d € D(v; by, K|, bz, k;) is a row-column design which
satisfies the conditions of Lemma 2.1. Then it is easily seen that any row-column
design d obtained by combining the rows of d into b; rows, a < b; < by, again
satisfies the conditions of Lemma 2.1 and has C; = Cy,.

3. Construction of optimal designs

In this section we derive some sufficient conditions which can often be used
to establish the existence of a ¢-optimal row-column design d which satisfies the
conditions of the previous section and which can be constructed from its corre-
sponding ¢-optimal block design ds by arranging treatments appropriately within
the blocks of d,. However, we begin our discussion by introducing some notation
and definitions which are useful in the sequel and which are analogous to some
given in Agrawal (1966).

DEFINITION 3.1. If Sy,..., S, are n subsets of a given set S, then (Oy,...,
O,) is called an (my,..., m,) system of distinct representatives (SDR) if the
following conditions hold;

(i) 0; C S,

(i1) n(O;) = m,, where n(O;) denotes the number of elements in O;,

(i) O, NOj=¢fori#j,4,j=1,...,n.

If my =--- = m, = m, the sets are called an m-ple SDR.

Agrawal (1966) gives the following theorem which can be used to establish the
existence of an (mg,..., my,) SDR.
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THEOREM 3.1. Let Sq,..., S, be subsets of a given finite set S. Then a
necessary and sufficient condition for an (mq,..., my) SDR to exist is that

k
n(ShUSizU"’USik)ZZmij, 1<y <ig <+ <1 <m, 1<k<n.
j=1

Using Theorem 3.1, we now extend a result of Agrawal’s to the case of nonbi-
nary designs.

THEOREM 3.2. Let dy be a block design having v treatments arranged in
b = muv blocks of size k such that each treatment is replicated bk/v = ~y times.
Further assume that each treatment occurs [k/v] or [k/v]+1 times in each block.
Then the treatments can be rearranged within the blocks of dy to construct a row
column design dy € D(v; k, muJy k, b, kJ1,s) such that every treatment occurs m
times in each row.

PROOF. The proof given here for this result is similar to the proof of Theorem
3.1 given in Agrawal (1966). However, because the proof demonstrates the basic
problems which arise when trying to construct a row-column design satisfying the
condition given, we include the proof in its entirety. So to start with, let us assume
that k = v[k/v]+ 8 and r = blk/v] + . Since bk = vr and b = mu, it easily follows
that @ = mB. We now form the sets Si, Sa,..., S, where S; is the set of all the
block numbers of the design dp containing treatment 7 [k/v] 4+ 1 times. Now

n(S;, US;,, U---US;,) > ha/f=hm, 1<i3<---<ip<v, 1<h<o,

as any treatment occurs [k/v]+1 times in exactly o blocks of dy and each particular
block of dy contains exactly (3 treatments [k/v] + 1 times. Hence by Theorem 3.1
we can choose an m-ple SDR, say (O, ..., Oy) from Sy,..., S,. Using this SDR,
we now write down the first Tow of ds by placing treatment ¢ in those columns
of the first row corresponding to the block numbers in O;, i = 1,..., v. Now let
S; =8 —{0;}, i =1,...,v. Then every S; contains m(3 — 1) different block
numbers and each block number appears once in (3 — 1) of the S;’s. Thus

n(S;, US;,, U---US;,) 2 h'm(B-1)/(B-1) = h'm,
1<t < <t <, 1Sh"§'v,

and by Theorem 3.1 it follows that we can choose an m-ple SDR (Os,..., 0,)

from Si,..., S,. We now write out the second row of dy by placing treatment ¢
in those columns of the second row corresponding to those block numbers in O,
i =1,...,v. Continuing in this manner we obtain the first 5 rows of the row-

column design AdAz. Finally, the row-column design dy is obtained by adjoining to
the 8 rows of dy thus far constructed the rows of the row-column design dy given
by .. .
dy diz - dim
. day doo -+ dom
do=1| . : )

~ - ~

dpl dp2 dpm
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where p = [k/v] and

12 3 -+ v—-2 v-1 v

2 3 4 v—1 v 1
X 3 45 v 1 2
dij = : :

v 1 2 . v-3 v-2 wv-1]

fori=1,....,p,5=1,..., m

THEOREM 3.3. Let da; € Da(v; ba1, k21J1,b,, ) where byy = mayv be an equi-
replicate block design which has each treatment occurring ka1 /v] or [ko1/v] + 1
times in each block. Let dy € Dy(v; bag, koz2J1,b,,) where byy = mogv be another
block design which has each treatment occurring [koz2/v] or [kaz/v] + 1 times in
each block. Furthermore, suppose kyy < koo and let do € Dy(v; by, k) have
Na, = (Nayy» Nay,) where by = bay + by and ¥y = (ka1Jh, by, 5 k22J1,85,). Then
there exists a row-column design dy € D(v; by, Ky, by, K,) corresponding to dp
which has C 5 = Ca, where by and K, are defined as above, by = koo and k) =
((ma1 4+ ma2)vJ1, ks, M22VJ1, by kg )-

ProoF. The proof is by construction. It follows from Theorem 3.2 that a
row-column design doy € D(v; ka1, ma1vJh kyy s ba1, k21J18,,) can be constructed
from dy; such that every treatment appears mo; times in each row of doy. Simitarly
a row-column design dyy € D(v; kaa, mogvJy ky,, boa, k22J1 b,,) can be constructed
from dos such that every treatment appears myz times in each row of d22 Finally,
we obtain d2 by letting dy = (d21, d22) The result now follows from Lemma, 2.1.

THEOREM 3.4. Assume the conditions of Theorem 3.3 hold and let d3;, d5,
and d5 be block designs such as described in Theorem 3.3 with d} being ¢-optimal in
Da(v; by, K,). Now let d € D(v; by, K,, by, K,) be a row-column design which can
be obtained from dj such that Czi; = Cqy. Then J; is ¢-optimal in D(v; by, K, bo,

k).
Proor. This directly follows from Theorem 3.3 and Theorem 2.1.

For the remainder of this paper, we shall concentrate on the construction
of optimal row-column designs which can be constructed from balanced unequal

block designs (BUBD’s).

DEFINITION 3.2. A design dy € Da(v; by, k) is called a BUBD if kCy, =
(F — NI, + M\J,, where k = H._l k2; and 7 and X are appropriate constants. If
all the elements of k, are equal then dj is called a balanced block design (BBD)

whereas if dj is a binary BBD, then d; is called a balanced incomplete block design
(BIBD).
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It is well known from the results of Kiefer (1975) that if d5 € Da(v; by, k) is
a BUBD such that

(3.1) nd, = lkgj/v] or [kg;j/v]+1 for di=1,...,v, j=1,...,by

then d is ¢-optimal in D(v; bz, ky) under most widely used optimality criteria in-
cluding the A, D, and E-optimality criteria. There are several techniques available
for constructing BUBD’s. For example, if d2; and dg2 are two BBD’s having differ-
ent block sizes but based on v treatments each, then dy having Ny, = (Ng,,, Ng,,)
is a BUBD. Gupta and Jones (1983) give a method for constructing BUBD’s us-
ing partially balanced incomplete block (PBIB) designs. The reader is referred to
Raghavarao (1971) for more information on PBIB designs.

Ezample 3.1. Consider the row column design dy having 4 rows and 18
columns which is given by

3 4 5 3 2 4 1 2 3 4 5 6
(22:24 5 1 2 4 5 6 1 2 3
2 3 1 5 6 4

5 6 4 2 3 1

The BUBD d, corresponding to ds is constructed as described in Gupta and Jones
(1983) by combining the PBIB designs S2 and R18 given in Clatworthy (1973).
Since dp is a BUBD which satisfies the conditions given in (3.1) and dy satisfies the
conditions of Theorem 3.4, it follows that dz is ¢-optimal under most optimality
criteria in D(6; 4, (18, 18, 6, 6), 18, (2J1 12, 4J, 6)). We also note that any row-
column design which can be obtained from ds by combining the rows of dy in
some manner will satisfy, as mentioned in the comment following Lemma 2.1, the
conditions of Lemma 2.1. Hence any such row-column design will also be ¢-optima1
in its corresponding class of row-column designs. For example, the row-column
designs d; and dy given by

1 35 4 2 6 1 5 3 2 6 4 1 2 3 4 5 6
d2=l:246531531642454123

2,3 3,6 1,4 52 63 4,1

24653153164 242553,6861,4152 263 3,41

~ [135426153264 1 2 3 4 5 6}
2

are both ¢-optimal in their corresponding classes of row-column designs since
they satisfy the conditions of Lemma 2.1. In the designs d2 and dy given above,
treatment sets written like 4, 2, 5 indicate that these are the treatments assigned
to experimental units occurring in the appropriate row and column, i.e., in ds,
the treatment set 4, 2, 5 indicates that treatments 4, 2 and 5 are the treatments
assigned to experimental units occurring in row 2 and column 13 of dy. We note
that dy for both dy and ds is the same as dy described above corresponding to d2
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Ezample 3.2. Consider the row-column design ciz with 14 rows and 10
columns given by

"1 2 3 45 1 2 3 4 57
2 3451234651
345123451 2
4512345123
1234512345
2 345123451

) 3451234512

B=ly 512345123
512345123 4

123 45
2 3 45 1
3451 2
4512 3
i 5 1 2 3 4.

Here dy is a BUBD obtained by combining the BBD’s dy; € Dy(5; 5, 9J15) and
da2 € Dy(5; 5,14J15). Since dy satisfies the conditions of (3.1) and since dj
satisfies Theorem 3.4, it follows that d5 is ¢-optimal in D(5; 14, (10J1 9, 5J1 5), 10,
(9415, 14J1 5)) under most optimality criteria. We note again, as with Example
3.1, that any row-column design dy obtained by combining the rows of dy into
by rows, 1 < b; < 14, will again satisfy the conditions of (3.1) and Theorem 3.4.
Thus any such row-column design d; will be ¢-optimal in its appropriate class of
row-column designs under most optimality criteria.

Comment. The results given in this section, such as Theorem 3.4, only es-
tablish the existence of optimal row-column designs which can be constructed
from corresponding optimal block designs. Specific methods for constructing such
row-column designs are not given. The problem of actually constructing optimal
row-column designs from optimal block designs essentially reduces, as indicated
in the proof of Theorem 3.2, to the problem of choosing SDR’s. Hall (1945) gives
a specific algorithm for choosing SDR’s which can be implemented to construct
row-column designs such as those described in this section when trial and error
methods fail. For more information on this algorithm, the reader is referred to
Hall (1945).

THEOREM 3.5. Let dy be a binary block design having v treatments arranged
in by blocks of size k such that each treatment is replicated bok/v = ro times.
Further assume that by = mv +t, t(v — k) = v and dy has Ngy = (N4, Nay,)
where Ny, is the incidence matriz of a block design doy which has t blocks with
every treatment occurring once in tk/v = roy blocks of doy. Then the treatments
within the blocks of dy can be arranged to form a row-column design dy which has
t — 1 rows with every treatment appearing the same number of times in each row.

PROOF. We shall prove the result by constructing row-column designs do;
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and Ciog from dp; and dgs, respectively, such that ng and &02 each have t — 1
rows with each treatment being equally replicated in each row. The final design
do is then obtained by letting d() = (d(n, d02) To begin, we note that from the
conditions given, k = (¢t — 1)(v — k) and dp; is an equi-replicate binary block
design with b = mv blocks. Thus, by Theorem 3.2, we see that we can arrange
the treatments within the blocks of dy; to form a row-column design do1 having
k rows such that every treatment appears m times in each row of dy;. We now
obtain the desired design do1 by combining succeeding sets of v — k rows in do;.
Thus dg; is a row-column design with ¢ — 1 rows having each treatment occurring
m(v — k) times in each row. Now, to construct the appropriate design from dyj,
let us define Bj, j = 1,..., t, to be the set of treatments which occur in the j-th
block of dyz. Then each treatment occurs in rgo = t — 1 of the sets By,..., B;
and n(B;, UB;, U---UBy,) > hk/(t —1) = h(t — 1)(v — k)/(t — 1) = h(v — k),
1 < h < t. Hence, by Theorem 3.1, a (v — k)-ple SDR (Oy,..., O) exists for
the sets B;,..., B;. We now form the first v — k rows of a row-column design
do2 by choosing one treatment out of each set O;, j = 1,..., ¢, to appear in each
row. Now define B; = B; — {O;}, j = 1,..., t. Then B; contains k =2k —v =
(t — 2)(v — k) treatments and each treatment occurs in t — 2 of the B;’s. Thus
n(B;, UB;,U---UB;,) > hk/(t-2)=h(v-k),1 <43 < - <ip <t 1<h<t
and by Theorem 3.1 we can select a (v — k)-ple SDR (Oy,..., O;) for the sets
Bi,..., B,. We now write down the second set of v — k rows of dgz by choosing
from each set O; one treatment to appear in each row. Continuing in this manner,
we can construct the remaining rows of dop so that doy has t — 1 sets of v — k
rows with each treatment occurring once in each set. To obtain the desired design
corresponding to dgy from dgy, we combine the v — k rows contained in each of
the t — 1 sets given above to form the row-column design do2 which possesses ¢ — 1
rows with each treatment occurring once in each row. The final design dy is given

by lio = (Cim, C202)-

COROLLARY 3.1. Let dy € Dy(v; by, kJ1p,) be a block design such that
each treatment is replicated bok/v = 1o times. Further assume that each treatment
occurs [k/v] or [k/v]+1 times in any block, b = mv+t, k = v[k/v]+8, t{v—0B) =v
and do has N4, = (N4, , Nao,) where Ny, is the incidence matric of a block design
doz which has t blocks such that every treatment occurs tk/v = roy times. Then
the treatments within the blocks of dg can be arranged to form a row-column design
dy having [k/v]t + (t — 1) rows with each row containing every treatment the same
number of times.

ProOF. To begin with, we note that dg; is a block design which has bg; =
mu blocks with each treatment replicated ro1 = mvk/v = mk times. Thus, by
Theorem 3.2 we can construct a row-column design do; by arranging treatments
within the blocks of do; so that dg; has k rows with each treatment occurring
the same number of times in each row. Now, from dgy;, we can form the row-
column design do; by combining successive sets of (v — 3) rows so that dp; is a
row-column design having [k/v]t + (t — 1) rows with each treatment occurring the
same number of times in each row. We now show that a row-column design Ci()g
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can be constructed from dgo which has properties similar to those of dm. To this
end, let B;, j =1,..., t, be the set of all treatments which occur [k/v] + 1 times
in the j-th block of dg2 and let dy, be that block design having B;, j =1,..., t as
its blocks. Then, as in the proof of Theorem 3.5, we can construct a row-column
design dgz from dy; such that each succeeding set of v — 3 rows in do2 contains
each treatment once and there are (¢t — 1) such sets. Now consider the row-column
design

where dy; appears [k/v] times in dp; and is given by

i 1 w=-8)+1 20-3+1 -+ (=1 (v—-0F)+1T
w-0+2 20w-F+2 .. (t-Dw-0)+2

(v 8) 2B  w-B) - tv—p)

(v=-0B)+1 2w-8)+1 3w-p8)+1 - 1

(v—-0)+2 20— +2 3w-F)+2 - 2

Goa = : : : : :

2(v - B) 3(v—B) 4v—-0) - v—-f3
t-—Dw-0)+1 1 v=-8+1 - (F-2v-B+1
(t-—1)w-p)+2 2 w=-8+2 - (t-2)v-p)+2
| tw-p) voB  e—p) - (=D -h) ]

Now, by combining succeeding sets of (v — 3) rows in dgs we obtain a design doo
which has [k/v]t + (¢t - 1) rows with each treatment occurring exactly once in each
row. The final design do is given by do = (dol, doz) and has [k/v]t + (t — 1) rows
with each treatment occurring the same number of times in each row.

THEOREM 3.6. Letdy € DQ(U; b21k21.]1,b21) and doyy € Dz(’v; baa, kQQJLbn)
be two block designs which satisfy the conditions of Corollary 3.1 with by; = mojv+
ty, bgg = mov + tg, ka1 = 'U[kzl/’v] + 61 and kop = ’U[kgg/v] + (9. Further
suppose b]] - [k‘gl/’v]tl -+ (tl e 1), b12 = [kzg/'l)]tQ + (tz - 1) and bll < b12.
Let dy € Da(v; bo, ky) have Ny, = (Ny,,, Ng,,) where by = b21 + by and K, =
(k21J1,byy » k22J1,by, ). Then there exists a row-column design dz having C’d = Cly,
in D(v; by, Ky, ba, k) where by and K, are as defined above, b; = by, and K, =
('U(m21 (’U - 161) +1+ m22(v - 162) + 1)J1,b117 'U(mgg(’l} - /@2) + 1)J1yb12_b11)'
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PrOOF. The proof follows by construction. By applying Corollary 3.1 to
the block design dg;, we see that we can construct a row-column design cfgl €
D(v; b11, v(meo1(v—01)+1)J1 6y, b21, k21J1,5,, ) such that every treatment appears
mgy(v — B1) + 1 times in each row of da. Similarly, it follows from Corollary 3.1
that we can construct from dy; a row-column design Cigg € D(v; bia, v(maoz(v —
B2) + 1)J1 b1y, b22, ka2J1s,,) such that every treatment appears moz(v — 3) + 1
times in each row of dps. The desired row-column design dy is now given by
dy = ((321, cim). It is easily verified that dy satisfies the conditions of Lemma 2.1,
hence that Cj, = Cl,.

COROLLARY 3.2. Assume the conditions of Theorem 3.6 hold and let d3,, d3,
and d} be block designs such as described in Theorem 3.6 where dj is ¢-optimal in
Dy(v; ba, k). Now let dAa € D(v; b1, K, by, k) be a row-column design that can be
obtained from d5 such that CA; = Cqy. Then 625 is ¢-optimal in D(v; by, Ky, ba, k).

Proor. This result follows directly from Theorem 2.1.

In the remaining portion of this paper we shall show the existence of several
classes of BBD’s that satisfy the conditions of Corollary 3.1. To begin with, let
do be a BBD with b blocks of size k and having each treatment occur [k/v] or
[k/v] + 1 times in each block. Further, as in the proof of Corollary 3.1, let B;,
j=1,..., b, be the set of all treatments which occur [k/v] + 1 times in the j-th
block of dy and let d, be the block design having B;, j = 1,..., b as its blocks.
We note that d is a BIBD and we shall henceforth refer to d; as the component
BIBD of dg.

COROLLARY 3.3. Let dy be that BBD based on v = 2t treatments, t > 1,
arranged in b blocks of size k = v[k/v] + (v — 2) which satisfies (3.1) and is such
that d, is that irreducible BIBD whose blocks consist of all the (v —2)-ples that are
possible to choose from the v available treatments. Then dy satisfies the conditions
of Corollary 3.1.

PROOF. To begin with, we note that since the blocks of d, consist of all
(v — 2)-ples that can be formed from the treatments 1,..., v, we can find blocks
Bi,..., B; in dg such that B; does not contain treatments 2(j — 1) + 1 and 2j.
Now let Ny, = (Ngo,, Nao,) Where Ny, is that set of blocks in Ng, corresponding
to Bi,..., B;. The result now follows since all treatments in Ny, are equally
replicated and (v — 3) = t(2t — 2(t — 1)) =2t = v.

Comment. It follows from our discussion so far that if we start out with a
block design dy = (da1, daz) where do; € Da(v; by, ka1J1,p,, ) is a BBD satisfying
the conditions of Corollary 3.1 and dgz € D2(v; baeg, ka2J1s,,) is a BBD satisfying
the conditions of Theorem 3.2, then we can construct a row-column design which
is ¢-optimal in the appropriate class of row-column designs.
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Ezample 3.3. Consider the row-column design (f{, arranged in 11 rows and
21 columns given by

[1234546123456135 123456
234561234561246 234561
345612345612351 345612
456123456123462 456123
561234561234513 561234

d; = | 612345612345624 612345

112233554466124 123456

224411663355356 234561

335644115622213 345612

561156342234465 456123

L 561234 |

Here d} = (d3,, d55) is a BUBD where d3, € D»(6; 15, 10J7,15) is a BBD
satisfying the conditions of Corollary 3.3 and d3, € D(6; 6, 11J;6) is a BBD
satisfying the conditions of Theorem 3.2. Thus, applying Corollary 3.1, a row-
column design J;l € D(6; 10, 15J; 10, 15, 10J1 15) is obtained from d3; and a
row-column design 332 € D(6; 11, 6J; 11, 6, 11.J; ) is obtained from d3,. Now, the
row-column design d} given by d3 = (d3;, d3,) satisfies the conditions of Theorem
3.4 and hence is ¢-optimal in D(6; 11, (21J1 10, 6J1,1), 21, (10J4,15, 11J16)) under
most optimality criteria.

We now give two additional classes of block designs which can be used to
construct optimal row-column designs of the types given in Corollary 3.1.

DEFINITION 3.3. Let dy be a binary block design based on v treatments
arranged in b blocks of size k. The complement of dy, denoted by dj, is that
design whose incidence matrix is given by Ny = Jub — Na,.

DErFINITION 3.4. Let dg be a binary block design based on v treatments
arranged in b blocks of size k. We say dy is resolvable if its blocks can be divided
into classes Sy,..., S; each containing the same number of blocks, such that in
each class, every treatment is replicated once.

A number of families of BIBD’s can be constructed using finite geometries.
In particular, if s is a prime number or a power of a prime number, then two
families of BIBD’s having the following parameters can be constructed using finite
geometries (see Raghavarao (1971), p. 78):

family l:v=8s+s+1=b, r=s+1=k, A=bk(k—1)/v(v-1)=1
(32) family2:v=(s+1)(s*+1), b=(s>+1)(s*+s+1), r=s?+s+1,
k=s+1, A=bkk—1)/v(v—-1)=1.

Using the families of BIBD’s described in (3.2), we now give our final result.



390 MIKE JACROUX AND RITA SAHA RAY

COROLLARY 3.4. Let dy be that BBD based on v treatments arranged in b
blocks of size k which satisfies (3.1) and which has dy which is the complement
of one of the BIBD’s described in (3.2) for an appropriate value of s. Then do
satisfies the conditions of Corollary 3.1.

PrOOF. We shall consider two cases.

Case 1: d, is the complement of some design from family 1 of (3.2).

In this case, for an appropriate value of s, d; is a BIBD which has parameters
v=3s%b=s(s+1) and k' = k—v[k/v] = s* —s. Also, it follows from Raghavarao
(1971) that d, is resolvable. Thus we can find blocks By,..., By in d; where
t = s such that each treatment occurs in By, ..., B; exactly once. Now let Ny, =
(Ndg, > Nay,) where Ny, is that set of blocks in Ng, corresponding to By,..., B,
of dy. The result now follows since all treatments in Ny, are equally replicated
and t(v — k') = s* =v.

Case 2: d, is the complement of some design from family 2 of (3.2).

Here, for an appropriate value of s, d; is a resolvable BIBD having parameters
v=233b=5%s2+s+1)and k' = k - v[k/v] = s® — s (see Raghavarao (1971)).
Thus we can find blocks By,..., B; in d; where t = s? such that each treatment
occurs in Bj,..., B; exactly once. The proof now follows as in Case 1 since
tlv—k) =53 =w.

Comment. The comment made following Corollary 3.3 holds for the designs
given in Corollary 3.4 above as well and designs such as given in Example 3.3 can
be constructed.
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