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Abstract .  In this paper we consider the sampling properties of the bootstrap 
process, that is, the empirical process obtained from a random sample of size 
n (with replacement) of a fixed sample of size n of a continuous distribution. 
The cumulants of the bootstrap process are given up to the order n -1 and their 
unbiased estimation is discussed. Furthermore, it is shown that the bootstrap 
process has an asymptotic minimax property for some class of distributions up 
to the order n -1/2. 
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1. Introduction 

The bootstrap method may be reviewed from different viewpoints. In this 
paper, we intend to consider the sampling properties of the bootstrap process, that  
is, the empirical process derived from the bootstrap sampling, i.e. that  obtained 
from a random sample of size n (with replacement) of a fixed sample of size n of a 
certain distribution. Let X 1 , . . . ,  Xn be a sample of size n from a population with 
the distribution function F( t )  and let X ~ , . . . ,  X* be a bootstrap sample of size n, 
that is, a random sample of size n from X 1 , . . . ,  Xn. Let the empirical distribution 
functions obtained from (X1, . . . ,  Xn) and (X~' , . . . ,  X*) be denoted by Fn(t)  and 
F* (t), respectively. It is well known that v/~(F~(t)  - F ( t ) )  approaches a Gaussian 
process as n ~ oc, and, given Fn(t), v ~ ( F * ( t )  - F~(t))  conditionally approaches 
a Gaussian process with the same variance and covariance of v ~ ( F ~ ( t )  - F ( t ) )  
with F( t )  replaced by Fn(t) .  Hence v/'n(Fn(t) - F~(t))  can be considered to 
be the consistent estimator of x/~(Fn( t )  - F( t ) ) .  Note that v/-n(F~(t) - F ( t ) )  
can not be usually observed since F( t )  is unknown, whereas the distribution of 
x/~(F*( t )  - F~(t))  can be completely computed from the sample. We further 
investigate how v ~ ( F * ( t )  - F~(t))  will differ from v ~ ( F n ( t )  - F ( t ) )  in higher 
order terms and we discuss possible improvements on F~ (t). 

In many problems of statistical inference, the procedures will depend on the 
distribution of a statistic Tn under an unknown distribution F(t) ,  which in many 
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cases can be discussed in terms of vZn(Fn ( t ) -  F(t)) ,  at least asymptotically. Hence 
grn(F~,(t) - F~(t)) can be used instead of v/-n(F~(t) - F( t ) )  in the derivative of the 
asymptotic distribution of the statistic. It will be shown that the method is in a 
sense asymptotically efficient in a nonparametric (or semiparametrie) framework. 
A first order approximation was considered in the work of Efron (1979, 1982) and 
Beran (1982) considered a second order approximation from a different viewpoint. 
The purpose of this paper is to compute the cumulants up to the order n -1 and to 
show that the bootstrap process is in a sense, asymptotically, the best estimator of 
the empirical process up to the order n - 1 / 2  whereas in terms of the order n -  1 there 
are many complications and although a slight improvement is possible over the 
usual bootstrap process, no uniformly optimal results seem to be obtainable. The 
bootstrap method is used to estimate the distribution of some statistic T~ under a 
general unknown population distribution and it is shown that it is asymptotically 
best up to the second order in the sense that the estimator of the asymptotic 
variance as well as that of the asymptotic distribution of T~ can not be uniformly 
improved if the class of possible population distributions is sufficiently wide. 

2. Unbiased estimation of cumulants of the empirical process 

In the framework of Section 1, we put Wn (t) = v ~ ( F ~  (t) - F ( t ) )  and W~* (t) = 
vZ-n(F*(t) - Fn(t)). Consequently we have the following. 

LEMMA 2.1. The eurnulants of Wn(t)  are given, up to the fourth order, as 
follows: 

E[Wn(t)] = O, 

Cov(Wn(tl) , Wn(t2) ) = F ( t l ) ( 1  - / t~( t2)  ) fo r  t 1 ~_~ t2, 

Wn(t ), W (t3)) 
= ( 1 / v ~ ) F ( t l ) ( 1  - 2F(t2))(1 - F(t3)) f o r  tl <_ t2 <_ t3, 

t%(Wn(tl), Wn(t2), Wn(t3), Wn(t4)) 
= (1 /n)F( t l ) (1  - F(t4))(1 - 4F(t2) - 2F(t3) + 6F(t2)F(t3))  

f o r  tl <_ t2 <_ t3 <_ t4. 

The proof is given in Section 4, but Lemma 2.1 may be also derived from 
Lemma 3.1 of Withers (1983). From Lemma 2.1 we have the following. 

LEMMA 2.2. Given Fn( t ), the conditional eurnulants of W*( t  ) are given, up 
to the fourth order, as follows: 

E[W (t) I = 0, 

Cov(W~( t l ) ,  W~(t2) l Fn(tl), Fn(t2)) --- Fn(tl)(1 - Fn(t2)) 
f o r  

n3(W~( t l ) ,  W~(t2), W~(t3) l Fn(tl), F~(t2), Fn(t3)) 
= (1/v/-n)Fn(tl)(1 - 2F~( t2 ) ) (1 -Fn( t3 ) )  f o r  

t l  _~ t2, 

tl _<t2 _<t3, 
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t~4(W*(tl) ,  Wry(t2), Wry(t3), Wn(t4) l Fn( t l ) ,  Fn(t2), Fn(t3), Fn(t4)) 

= (1 /n)F~( t l ) (1  - F~(t4))(1 - 4F . ( t 2 )  - 2Fn(t3)  + 6Fn(t2)F~(t3)) 

f o r  tl  <_ t2 < t3 <_ t4. 

The  proof  is s t ra igh t fo rward  f rom L e m m a  2.1• On the  o ther  hand ,  we also 
have the  following• 

LEMMA 2•3• 

E[Fn(t l ) (1  - Fn(t2))] = {1 - (1 /n ) }F( t l ) (1  - F(t2) )  f o r  

E[Fn(t l ) (1  - 2Fn(t2))(1 -- Fn(t3))] 

= {1 - (1 /n)}{1 - (2 /n ) }F( t l ) (1  - 2F(t2)) (1  - F ( t3 ) )  

f o r  

E[F~(t l ) (1 - Fn(t4))(1 - 4Fn(t2)  - 2F~(t3) + 6Fn(t2)Fn(t3))] 

= {1 - ( l / n ) } { 1  - (2/n)}{1 - ( 3 /n ) }F ( t l ) ( 1  - F( t4 ) )  

• ( 1  - 4F( t2 )  - 2F( t~ )  + 6F(t2)F(t3)) 
- ( l / n ) { 1  - (1 /n ) }F( t l ) (1  - F( t4) )  f o r  

tl  <_ t2, 

t l  <_ t2 <_ t3, 

t l  _< t2  _< t3  < t4 .  

The  proof  is given in Section 4. From L e m m a s  2.2 and  2.3 it is seen tha t ,  
given Fn(t),  the  condi t ional  cumulan t s  of W~(t)  are not  unbiased es t imators  of 
the  corresponding cumulan t s  of Wn (t). 

LEMMA 2.4• The (unconditional) cumulants of  W*(t )  are given, up to the 
fourth order, as follows: 

E[W;(t)] = 0 ,  

C o v ( W * ( t l ) ,  W*(t2))  -- {1 - (1 /n ) }F( t l ) (1  - F( t2 ) )  f o r  t l  <_ t2, 

t~3(Wn*(tl ), W*(t2) ,  Wn*(t3)) 

= ( 1 / v ~ ) { 1  - (1 /n)}{1 - ( 2 / n ) } F ( t l )  (] - -  2 F ( t 2 ) ) ( 1  - g( t3 ) )  

f o r  t l  <_ t~ <_ t3, 

---- ( l / n ) { 1  - ( l / n ) } { 1  - (2 /n)}{1 - ( 3 / n ) } F ( t l ) ( 1  - F( t4)  ) 

• (1  - 4F( t2 )  - 2F( t3)  + 6F(t2)F(t3))  

- (1/n2){1 - ( 1 /n ) }F ( t l ) ( 1  - F( t4 ) )  

+ (1 /n )F( t l ) (1  - F( t4) ) (3  - 8F( t2)  - 4F( t3)  + 12F(t2)F(t3))  

- (2 /n2)F( t l ) (1  - F( t4) ) (3  - 10F(t2)  - 5F( t3)  + 15F(t2)F(t3))  

+ (3/n3)F(tx)(1  - F( t4) ) (1  - 4F( t2)  - 2F( t3)  + 6F(t2)F( t3))  + o (1 /n  3) 

f o r  t l  <_ t2 <_ t3 <_ t4. 

The  proof  is given in Section 4. F rom L e m m a s  2.1, 2.2 and  2.3 we also have 
the  following. 
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THEOREM 2.1. The unbiased estimators of the covariance Cov(Wn(tl),  
W~(t2)) and the third order cumulant ~3(Wn(tl),  W~(t2), Wn(t3)) are given by 

{ n / ( n -  1)} Cov(W*(t l ) ,  W*(t2) l Fn(tl), F~(te)) 

-- {1 / (n  - i ) }F~( t l ) (1  - Fn(t2)) for  tl < t2, 

{n2/(n -- 1)(n -- 2)}n3(W~(tl),  Wn(t2), Wn*(t3 ) [ Fn(tl), Fn(t2), Fn(t3)) 
= {nvr~/(n - 1)(n - 2)}Fn(t l ) (1  - 2F~(t2))(1 - Fn(t3)) for  tl < t2 < t3, 

respectively. 

PROOF. From Lemmas 2.1, 2.2 and 2.3 we have for t 1 __< t 2 

E[Cov(Wn(Q), W*(t2) I Fn(tl), Fn(t2))] = E[Fn(tl)(1 - Fn(t2))] 
= {1 - (1/n)}F(t l)(1 - F(t2)) 

= {(n  - -  1 ) / n }  Cov(Wn(tl),  Wn(t2)), 

hence 

{ n / ( n -  1)} Cov(W*(t l ) ,  Wn*(t2 ) I Fn( t l ) ,  Fn(t2)) = { n / ( n -  1)}Fn(tl)(1 - Fn(t2)) 

is an unbiased est imator of Cov(Wn(tl), Wn(t2)). In a similar way we obtain for 

t l  _< t2 _< t3 

E[~3(W*(tl), W~(t2), W*(t3) l Fn(tl), Fn(t2), Fn(t3))] 
= E[(1/v~)F~(t l )(1 - 2F~(t2))(1 - F~(t3))] 

= (1 /V~){(n  - 1)(n - 2)/n2}F(tl)(1 - 2F(t2))(1 - F(t3))  

= {(n - 1)(n - 2)/n2}t~3(Wn(tl), Wn(t2), Wn(t3)), 

hence 

- -  * t {n2/(n 1 ) ( n - 2 ) } ~ 3 ( W n ( t l ) ,  W~(2) ,  W~(t3) l Fn(tl), Fn(t2), F~(t3)) 

= { n v ~ / ( n  - 1)(n - 2)}F~(tl)(1 - 2F~(t2))(1 - F~(t3)) 

is an unbiased estimator of t~3(Wn(tl), Wn(t2), Wn(t3)). T h u s  we c o m p l e t e  the  
proof. 

! Remark 2.1. Let X ~ , . . . ,  X~_ 1 be a boots t rap sample of size n -  1, tha t  is, a 

r a n d o m  s a m p l e  of  size n - 1 f rom X I , . . . ,  Xn. We p u t  Wn* l ( t )  -- v ~ ( F * _ l ( t )  - 
Fn(t)) with the empirical distribution F~_l(t ) of X ~ , . . . ,  X ' _  1. Then it follows 
from Lemmas 2.1, 2.2, 2.3 and Theorem 2.1 tha t  

C ° v ( W n - l ( t x ) ,  ~/n*--l(t2) I Fn(tl), Fn(t2)) = {n/(n  - 1)}F,~(tl)(1 - Fn( t2 ) )  

is also an unbiased est imator of Cov(W.( t l ) ,  Wn(t2)), but  Cov(W*(t l) ,  W*(t2) I 
F~(tl), F,~(t2)) is not unbiased for it. Hence it is desirable to use the boots t rap 
sample of size n -  1 in place of size n. And also the biases of higher order cumulants  
become smaller. 
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3. Minimax property of the bootstrap estimator 

In this section we consider the estimation problem based on the i.i.d, sample 
X 1 , . . . ,  Xn on some real parameter 0 which can be defined as a functional 0 = 
• (F) of a continuous distribution F.  Then the natural estimator is 0,~ = kO(Fn), 
where Fn is the empirical distribution function. We shall show that  the bootstrap 
estimator of the distribution of 0~ has a minimax property for some parametric 
family of distributions• We assume the following condition• 

(A.1) The functional ko is Frbchet differentiable up to the third order, that  
is, there are functions O~/OF, 02gj/OFOF and 03gt/OFOFOF such that  

// (3.1) kO(G) - ~ (F )  = (Og2/OF)d(G- F) 
o o  

I/I/ + (1/2) (02~/O60F)d(G - F)d(O - V) 

>/_- + (1/6 3 

• dF(G - F)d(G - F)d(G - F) 

+ o(]la - Eli3), 

where [[G - F[] = sup~ [G(x) - F(x)l. 
Put t ing  Wn(x) = v~(Fn(x) - F(x)) ,  we have from (3.1) 

// (3.2) V~(On -- O) : C l ( x ) d W n ( x )  

/ / / /  + (1/2V~) C2(x, y)dWn(x)dWn(y) 
(3~ OO 

S?i/i + (1/6n) C3(x, y, z)dWn(x)dWn(y)dWn(z) 
o o  ~ o 0  

+ op(1/n), 

where e l (x)  = (OkO/OF)(x), C:(x, y) = (02kO/OFOF)(x, y) and Ca(x, y, z) = 
(Oko3/OFOFOF)(x, y, z). We also assume that  the following holds. 

(A.2) i ¢1 (x)dF(x) = O, i ¢2(x, t)dF(t) = i ¢2(s, y)dF(s) = O, 

i ¢3(x, y, u)dF(u) = / C3(x, t, z)dF(t) = i ¢3(s, y, z)dF(s) = O, 

and the functions ¢2(x, y) and ¢3(x, y, z) are symmetric in (x, y) and (x, y, z), 
respectively. 

Furthermore, using Tn = v~(t}n - 0), we assume the following condition. 

(A.3) E(T 4) < oc. 

LEMMA 3.1. Assume that the conditions (A•I), (A.2) and (A.3) hold. Then 
the asymptotic cumulants of Tn are given as follows. 
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~){/: : ? )) E(Tn) -- (~/2 ¢~(x, ~)dF(~) - ¢~(~, y)dF(x)dF(~ 

+o(1 /n )  

= (1/v~)b~ + o(Un) (~y) ,  

, ( T o )  = f - -  - ¢ l ( x ) d F ( x )  
J -  o o  

+/l~n/{/_~+,/x/O~/x,~/~/x/ 

~-2 ¢1 X x ¢2 x, y x y 
o o  ( ~ )  o o  

>{:: :_ :? >)' 4- (1/2n :2(x, x)dF(x) - ¢2(x, y)dF(x)dF(y 
o o  o o  o Q  

){I; : 4- (1/n ¢l(x)¢3(x,  y, y)dF(x)dF(y) 

- 2 ¢l(X)¢3(x, y, z)dF(x)dF(y)dF(z)  
c x )  o o  

f:/?/_~f: + ¢1(~)¢~(y, z, ~) 
0(7) 0 ( 3  O O  C O  

• dF(x)dF(y)dF(z)dF(u)I  + o(1/n) 

= vo + (1/n)vl + o(1/n) (say), 

~3(T,~) = E[{T,~ - E(T~)} 3] 

= ( l / v ~ ) { f ~ ¢ a l ( x ) d F ( x ) - 3 ( i _ ~ d ~ 2 ( x ) d F ( x ) ) ( : ~ ¢ ~ ( x ) d F ( x ) )  

2 ( l  ~ ()dF())3 + ¢~ z x 
o o  

(Z0~,)):  + 3 x)dF(x ¢2(x, x)dF(x) 
o o  

(: ))~?f: + 3 ¢l(x)dF(x Cz(x, y)dF(x)dF(y) 
o o  o o  o o  

+ o(1/n), 

= (1/v~)/~ 3 + o(lln) (say), 
~ ( T . )  : E[tT. - E(T.]~ 4] - 3.[V(T..)] ,2 = O(1/n). 
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The proof is omitted since Lemma 3.1 is similar to Theorem 3.1 of Withers 
(1083). 

Remark 3.1. With the condition (A.3) and from the fact that there exists a 
finite positive constant c such that 

P{supx /n[Fn(x ) -F(x ) [  > r }  <ce -2~ (Dvoretzky et el. (1956)), 

holds for all r _> 0 and all positive integers n, it follows that the above expansion 
of the remainder term is valid. 

For an estimator 0" based on the bootstrap sample X ; , . . . ,  X* of size n, we 
put 7* = v~(e:~ - e). 

LEMMA 3.2. Assume that the conditions (A.1), (A.2) and (A.3) hold. Then 
the conditional asymptotic cumulants of T*, given the empirical distribution func- 
tion Fn, have the following form. 

E[T* I Fn] = (1/x/~)bl + (1/n)~l + Op(1/n), 

V(T;  I F~) = Vo + (1/v~)~2 + (1/n)Vl + o,(1/n) ,  

~3(T~* I F~) = (1/v~)~3 + ( l /n)(3  + op(1/n), 

~a(T; I F~) = ~4(Tn) + Op(1/n), 

where ~1 = Op(1), ~2 = Op(1), ~3 = Op(1), and 51, Vo, vl and ~3 are constants 
given in Lemma 3.1. 

The proof is given in Section 4. 

Remark 3.2. In order to evaluate the bootstrap estimator ~*, it is seen from 
Lemmas 3.1 and 3.2 that the variance of (2 = x/~(V (Tn* [ Fn) - V (Tn)) + op (1 / x/~) 
plays an important part. 

LEMMA 3.3. Under the conditions (A.1), (A.2) and (A.3), the variance of {2 
is given by 

// }' V(~2) = ¢12(X){¢I(X) -- 2m}2dF(x) - ¢2(x)dF(x) - 2m 2 , 

whe~ m = f ° ~  ¢ l ( x ) d F ( x )  

The proof is given in Section 4. Now we consider a parametric family 9 r = 
{Fo: 0 E 0} of distribution functions, where O is an open set of R 1 involving the 
origin. Take Foo as the previous distribution function F. We assume that, for 
each 0 E 0,  the distribution function Fo is absolutely continuous with respect to 
a ~-finite measure #, and denote dFo(x)/d#(x) by fo(x). For each 0 • O, we put 

// {5 vo = ¢21(x)fo(x)dtt- ¢l(x)fo(x)dlt . 
O 0  
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Since (gn = q(Fn) is an asymptotically unbiased estimator of 0, we have by Taylor's 
expansion of vo around O -- 00 

= + [a.olOO]O=Oo( n - o 0 )  + op(l/v/-~), 

hence the variance of yon is given by 

V,o = (A,) + o(i/n). 

Assume that the Fisher information amount 1(0) exists, i.e. 

/? 0 < I(0) = {Ologfo(x)/OO}2fo(x)d# < ec, 
o ~  

then we have by Cram~r-Rao's inequality that  

(3.3) nVoo (v~,) > ([0vo/00]O=Oo)2/1(0) + o(1), 

provided that the differentiation under the integral sign is allowed. We further 
restrict our attention to a family of subclasses Z'~ = {Fo: dFo(x)/d# = fo(x) with 
the form log(fo(x)/foo(X)) = c(O) + O¢(x) a.e. [#] with c(0) = 0} of ~', where 
¢(x) is a function with finite variance at foo. Then we have the following. 

THEOREM 3.1. Assume that the conditions (A.1), (A.2) and (A.3) hold. Then 
the bootstrap estimator O~ has a minimax property in the above family, i.e. 

maxmin nVoo (V~n ) = nVoo (V~, ) + o(1), 
2% on 

provided that the differentiation under the integral sign is allowed. 

The proof is given in Section 4. 

Remark 3.3. From Theorem 3.1 we see that the maximum of relative effi- 
ciency of the bootstrap estimator 0~ is equal to 1 + o(1), i.e. 

max[~minnVoo(vo~)~/nVoo(VO,)] = 1 +  o(1). 

It also follows from Theorem 3.1 that in a semiparametric situation where the 
class of distributions is sufficiently wide to include 9rV, it is impossible to get an 
estimator with a smaller asymptotic variance than v~ .  
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4. Proofs 

In this  sect ion the  proofs of l emmas  and  theorems  are given. In order  to prove 
L e m m a  2.1 we have the  following. 

LEMMA 4.1. Let Z be a real random variable. Assume that, for each i = 
1, 2, 3, 4, Yi = 1 for Z <_ ca, Y~ = 0 for Z > ci, where Cl <_ c2 <_ c3 <_ c4. Then 

t~3(Y1, Y2, Y3) = E[(Y1 - Pl)(Y2 - P2)(Y3 - Pa)] = p1(1 - 2p2)(1 - P3), 

a4(Y1, Y2, ]I3, ]I4) -- E[(Y~ - px)(Y2 - p2)(Y3 - p3)(Y4 - pa)] 

- eov(Y, ,  Y:) Coy(Y3, Y4) - Coy(Y, ,  z3) Coy(y2,  v4) 

-- Coy(Y1, ]I4)Cov(Y2, ]I3) 

-- p l (1  - pa)(1 - 4p2 - 2p3 + 6p2P3), 

where for each i = 1, 2, 3, 4, pi = P { Z  ~ ci} and Coy(-, -) denotes the covariance. 

PROOF. It is seen t h a t p l  _<P2 _<P3 _<P4- Since E(Yi) = p i  (i = 1 , 2 , 3 ) ,  
E(Y1Y2) = E(Y1) = Pl, E(Y2Y3) = E(Y2) = P2, E(YIY2Y3) = E(Y1) = pl ,  it 
follows t h a t  

 3(Y1, Y3) = E l ( Y 1  - pl)(Y  - p 2 ) ( Y 3  - p3)]  

= E(YIY2Y3) - plE(Y2Y3) - p2E(Y1Y3) - p3E(Y1Y2) + 2plp2p3 

--~ Pl(  1 -- 2p2)(1 -- P3)" 

In a similar  way, we have 

E[(Y1 - Pl)(Y2 - P2)(Y3 - p3)(Y4 - P4)] 

= {p1(1 - 2p2)(1 - P3) +PlP2P3}(X - P4), 

Cov(Yi, Yj) = pi(1 - p j )  (1 _< i < j _< 4). 

Hence we ob ta in  

a4(Y~, Us, ]I3, ]I4) = E[(YI - pl)(Y2 - p2)(Y3 - P3)(Y4 - P4)] 

- Cov(Y~, Y2) Coy(Y3, Y4) -- Coy(Y1, Y3) Coy(Y2, Y4) 

- Cov(Y~, ]I4) Coy(Y2, ]I3) 

= p 1 ( 1  - p 4 ) ( 1  - 4p2 - 2p3 + 6p p ). 

T h u s  we comple te  the  proof. 

PROOF OF LEMMA 2.1. Since Wn(t)  = v ~ ( F n ( t )  - F( t ) ) ,  it  is easily seen 
t h a t  E[Wn(t)] -- 0 and  Cov(Wn( t l ) ,  Wn(t2))  ---- F ( t l ) ( 1  - F ( t2 ) )  for t l  _ t2. F rom 
L e m m a  4.1 we have 

t~3(Wn(tl),  Wn(t2),  Wn(t3))  = (1/v/-~)F(tl)(1 - 2F( t2) ) (1  - F( t3) )  

for t l  _< t2 _< t3, 

t~4(Wn(tl), Wn(t2),  Wn(t3),  Wn(t4))  

---- ( 1 /n )F( t l ) (1  - F( t4) ) (1  - 4F( t2)  - 2F( t3)  + 6F(t2)F( t3))  

for t I < t~ < t3 _< t4. 
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This  comple tes  the  proof.  

In o rder  to  prove L e m m a  2.3 we have the  following. 

LEMMA 4.2. Suppose that, for each i = 1, 2, 3, 4, Yi is a real random variable 

with mean E(Yi )  = mi .  Then 

ELY1(1 - Y2)] - m l ( 1  - m2) - a~e, 

E L Y 1 ( 1  - 2 Y 2 ) ( 1  - Y3)]  = m ~  - m ~ m 3  - 2 m l m ~  + 2 m l m 2 m 3  

-- 0"13 -- 20"12 q- 2ml0"23 + 2m2o13 @ 2m30-12 + 2t~123, 

E[Y1 (1 - Y4)(1 - 4Y2 - 2113 + 6Y2Y3)] 

= ml - 4(0"1~ + m1~) - 2(~ + ~m~) - (0"~ + ~im~) 

+ 6(t~123 + m1623 + m2a13 + m3drl2 + m l m 2 m 3 )  

-}- 4(~124 -}- mlG24 -}- m20-14 -}- m4a12 + mlm2m4) 

+ 2(t~134 q- m10-34 + m30-14 q- m4crl3 + mlm3m4) 

-- 6(~1234 + m4t~123 + m3t~124 + m2t~134 + mlt~234 

+ mlm4ff23 + m2m40-13 + m3m40-12 -4- m l m 3 a 2 4  + m2m36r14 

q- mira20-34 + mlm2m3m4 q- 0"120-34 -~- 0"130"24 -q- o.140-23), 

where, for 1 < i < j < k < r < 4, a~j = Cov(Y~, Yj), ~ j k  = ~3(Y~, Yj, Yk) and 

l~ijkr = t¢4 (Y{, 5 ,  Yk, Yr). 

PROOF. T h e  first one is easi ly der ived.  Since 

E(Y1Y2Y3) = t~123 + mlo '23 + m2o'13 + m3o'12 + m l m 2 m 3 ,  

it follows t h a t  

E[Y1 (1 - 2II2)(1 - Y3)] = E(Y1)  - E(YIY3)  - 2E(YIY2)  + 2E(Y1Y2Y3) 

: m l  - m l m 3  - 2 m l m 2  + 2 m l m 2 m 3  

-- 0"13 -- 20-12 -~- 2ml0-23 + 2m20"13 + 2m30"12 @ 2t¢123. 

Since 

E[Y,  Y2 Y3Y4] 

= /~1234 @ O'120"34 @ 0"130"24 -~- 0"140"23 q- m4/~123 Jr- m3~124 -+- m2/~134 -~- ml/~234 

mlm4~r23 + m2m40-13 + m3m4~r12 + mlm30-24 + m2m30-14 + mira20-34 

+ mlm2m3m4, 

it follows t h a t  

ElY1 (1 - II4)(1 - 4Y2 - 2113 + 6Y2Y3)] 

= m l  - 4E(Y1Y2) - 2E(Y1Y3) - E(Y1Y4) + 6E(Y1Y2Y3) + 4E(Y1Y2Y4) 

+ 2E(Y1Y3Y4) - 6E(Y1Y2Y3Y4), 
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hence the desired result follows. 

PROOF OF LEMMA 2.3. For i = 1, 2, 3, 4, we put  Y~ = F~(ti) and mi -- 
F( t i )  = E[F~(ti)]. Then we have aij  = (1/n)mi(1 - mj) ,  ~ijk = ( 1 / n v ~ ) m i ( 1  - 
2mj)(1 - mk), ~ijk~ = (1/n2)m~(1 - m~)(1 - 4mj - 2ink + 6mjmk)  for 1 < i < 
j < k < r < 4. From Lemmas 4.1 and 4.2 we have the conclusion of Lemma 2.3. 

PROOF OF LEMMA 2.4. From Lemmas 2.2 and 2.3 it follows tha t  

E[W*(t)] = E[E[W*(t) I Fn(t)]] = 0, 

C o v ( W * ( t l ) ,  W*( t2 ) )  = E[Cov(W*(t l) ,  W*(t2) I Fn(tl), Fn(t2))] 
= {1 - (1 /n)}F( t l ) (1  - F(t2)) for t l  < t2, 

t~3(W,~(tl), W*(t2), W*(t3)) 

-- E[n3(W*(tl) ,  W*(t2), W*(t3) l Fn(tl) ,  Fn(t2), Fn(t3))] 

-- (1 /v~){1  - (1/n)}{1 - (2 /n)}F( t l ) (1  - 2F(t2))(1 - F(t3)) 

for t l  _< t2 _< t3. 

In a similar way, we have 

t~4(W*(tl), W~(t2), Wn(t3), W*(~4)) 
= E[a4(W~,( t ;) ,  W,~(t2), W~(t3), W*(t4) I Fn(t ,  

+ Cov(Cov(W*(tl), Wn*(t2) Fn(t l ) ,  Fn(t2)) ,  

Cov(W~(t~), w;(t4) 
+ Cov(Cov(W~* (tl), w~* (t~) 

Cov(W~* (t~), w; (t~) 
+ Cov(Cov(W~* (t~), Wn* (t~) 

F~(t3), F~(t4))) 

g~( t , ) ,  gn(t~)) ,  

Fn(t2),  Fn(t4)))  

Fn(t l ) ,  Fn(t4)) ,  

Cov(W*(t2), W*(t3) F,,(t2), Fn(t3))) 
= E [ n 4 ( W ~ ( t l )  , Wn(t2), W,~(t3), Wn(t4) I Fn(t l  

"~- "/4 (say). 

), F~(t2), Fn(t3), F,~(t4))] 

), F~(t2), F,,(t3), Fn(t4))] 

Since, by Lemma 2.2, 

Cov(W*(ti) ,  W~(t j)  I Fn(ti), Fn(t j ) )  = Fn(ti)(1 - Fn(tj)) for ti <_ tj, 

it follows tha t  

Cov(Cov(W~(tl), w~(t~) I Fn(tl), tn(t2)), 
Cov(W:(t3), W~*(t4)I F~(t3), Fn(t4))) 
= Cov(Fn(tl)(1 - Fn(t2)), Fn(t3)(1 - F~(t4))) 

= E[Fn(t~)(1 - Fn(t2))F~(t3)(1 - Fn(t4))] 
- E[F~( t l ) (1  - Fn(t2))]E[Fn(t3)(1 - Fn(t4))]. 
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We p u t  I:/ = F n ( t i )  and  m i  = F ( t i )  = E [ F n ( t i ) ]  for i = 1, 2, 3, 4. T h e n  we have 
f rom L e m m a  4.2 

"/4 = E[Y1 (1 - I:2)I:3(1 - 1:4)] - ElY1 (1 - Y2)]E[Ya(1  - I:4)] 

+ E[Y~ (1 - 1:3)I:2(1 - I:4)] - E[YI(1  - Y3)]E[Y2(1  - I:4)] 

+ E[Y~ (1 - Y4)Y2(1 - Y3)] - E[YI(1  - Y4)]E[Y2(1  - I:3)] 

= ( 1 / n ) m i ( 1  -- m4)(3  -- 8m2 -- 4m3 + 12m2m3)  

- ( 2 / n 2 ) m 1 ( 1  -- m4)(3  -- 10m2 - 5ma + 15m2m3)  

+ ( 3 / n a ) m l ( 1  - m4)(1  -- 4m2 - 2m3 + 6m2m3)  + o ( 1 / n 2 ) .  

Hence  we ob t a in  f rom L e m m a s  2.2 and  2.3 

~ 4 ( w ; ( t l ) ,  w ; ( t 2 ) ,  w*~(t3), w : ( t 4 ) )  

= ( 1 / n ) { 1  - ( l / n ) } { 1  - ( 2 / n ) } { 1  - ( 3 / n ) } F ( t l ) ( 1  - F ( t 4 ) )  

• (1 - 4 F ( t 2 )  - 2 F ( t 3 )  + 6F( t2 )F( t3 ) )  

-- ( l / n 2 ) { 1  -- ( 1 / n ) } F ( t l ) ( 1  - F ( t 4 ) )  

+ ( 1 / n ) F ( t l ) ( 1  - F ( t 4 ) ) ( 3  - 8 F ( t 2 )  - 4 F ( t 3 )  + 12F( t2 )F( t3 ) )  

- ( 2 / n 2 ) F ( t l ) ( 1  - F ( t 4 ) ) ( 3  - 1 0 F ( t 2 )  - 5 F ( t 3 )  + 15F( t2 )F( ta ) )  

+ ( 3 / n a ) F ( t l ) ( 1  - F ( t 4 ) ) ( 1  - 4 F ( t 2 )  - 2 F ( t 3 )  + 6F( t2 )F( t3 ) )  + o(1 /n3) .  

T h u s  we comple te  the  proof• 

PROOF OF LEMMA 3.2. F r o m  L e m m a  3.1, it follows t h a t  the  cond i t iona l  

cumulan t s  of  T*, given F~( t ) ,  have the  form of 

E(T n [ Fn) = (1/v/-n)b~ + Op(1/n) = (1/v/-n)bl + (1/n)~l  + %(1/n), 
V(Tn I Fn) = v~ + (1/n)v~ + Op(1/n) = Vo + (1 /v~)~2  + (1/n)vl + op(1/n), 
~3(T~ I F~) = ( 1 / v ~ ) / ~  + op(1/n) = (1/v~)/~3 + (1/n)~3 + op(lln), 
t~a(T* [ Fn) = (1/n)/3~ + Op(1/n) = (1/n)/34 + Op(1/n). 

This  comple tes  the  proof.  

PROOF OF LEMMA 3.3. Since W ~ ( x )  = v ~ ( F n ( x )  - F ( x ) ) ,  it follows t h a t  

~2 - - - -  x ) d W n ( x )  - (1/v/-~) ¢ l ( X ) ¢ l ( y ) d W n ( x ) d W ~ ( y )  
OC) O 0  O 0  

:? :/: - ¢1 ( x ) ¢ l  ( y ) d W ~  ( x ) d F ( y )  - ¢1(x)¢1  ( y ) d F ( x ) d W ~ ( y )  
O 0  ~ O 0  O 0  

= x ) d W ~ ( x )  - 2 m  ¢ l ( x ) d W n ( x )  
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where m = f_~ ¢l(x)dF(x). Then we have 

E(~2) = - (1 /  vrn)E [ /_~ / _ ~  ¢l (X)¢l (y)dWn(x)dWn(y)] 

:-(i/v~){/_~¢2(x)dF(x)- (/_~cc¢l(x)dF(x)l 2} 
= O ( 1 / v ~ ) .  
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PROOF OF THEOREM 3.1. Since the scaling of 0 is arbitrary, without  loss of 
generality, we assume tha t  00 = 0 and I(0) -- 1. It is enough to obtain @(x) which 
maximizes [Ove/OO]e=o under the condition 

/? /? 1 = {[(0/00) logfo(x)]o=o}2fo(x)d# - {c'(0) + ¢(x)}2fo(x)d#, 

tha t  is, to get @(x) which minimizes 

_~ {c'(0) + ¢(xl}2fo(x)d# 

under  the condition 

_~ ¢l(X){¢l(x)  - 2m}{c'(0) + ¢(x)}fo(x)d# = 1. 

We put  h(x) = ¢1 (x){¢l(x)  - 2m}. Wi th  the Lagrange multipliers A0 and A1, we 
have @(x) + c'(0) = Aoh(x) + A1 and it follows tha t  

F /? A0 h2(x)fo(x)dtt + A1 h(x)fo(x)d# = 1, 
o o  

/? A0 h(x)fo(x)d# + A1 = O, 
o o  

We also obtain 

ILl ] E(~ 2) = E ¢1 (x)¢,  (y){¢1 (X)¢l (y) - 4rn¢1 (x) + 4rn 2 }dWn (x)dWn (y) 

+ o(l/v~) 

/? = ¢ ~ ( x ) { ¢ ~ ( x )  - 4 r e e l ( x )  + 4m2}dF(x) 

/?F - -  ¢1 (X)¢I (Y){¢I (X)¢I (Y) -- 4m¢1 (x) + 4m2}dF(x)dF(y) 

+ o(1/v/-n) 

/? {/_" }' = ¢2(x){¢,(x)  - 2m}2dF(x) - ¢~(x)dF(x) - 2m 2 

+ 0(1/v/-n). 

Since V(~2) = E(~ 2) + o (1 /v~ ) ,  we have the desired result. 
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hence 

l J_: II Ao = 1 h ' ( x ) f o ( x ) d l ~ -  h ( x ) / o ( x ) d #  , 

~1 : -- {/~h(x)fo(x)d~t}/[L~c h2(x)fo(x)d~t- {/~c h(x)fo(x)d#}2] • 

From Lemma 3.3 we have 

- / [ J :  }] j _  {c'(0) + @(x)}2h(x)d# = 1 h2 (x ) fo (x )d#  - h ( x ) f o ( x ) d #  
C~D 

= 1/{Y(~2) + o(1)}, 

hence, by (3.3), 

maxminnVoo(V~ ) -- V(~2) + o(1) = nVoo(V~ ) + o(1). 

This  completes the proof. 
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