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Abstract. Simultaneous estimation of normal means is considered for
observations which are classified into several groups. In a one-way
classification case, it is shown that an adaptive shrinkage estimator
dominates a Stein-type estimator which shrinks observations towards
individual class averages as Stein’s (1966, Festschrift for J. Neyman, (ed.
F. N. David), 351-366, Wiley, New York) does, and is minimax even if
class sizes are small. Simulation results under quadratic ioss show that it
is slightly better than Stein’s (1966) if between variances are larger than
within ones. Further this estimator is shown to improve on Stein’s (1966)
with respect to the Bayes risk. Our estimator is derived by assuming the
means to have a one-way classification structure, consisting of three
random terms of grand mean, class mean and residual. This technique
can be applied to the case where observations are classified into a two-
stage hierarchy.

Key words and phrases: Bayes estimator, normal means, sum of squared
error loss, shrinkage estimator, Stein estimator.

1. Introduction

Let ¥ =(Y),..., ¥;)" have a p-dimensional multivariate normal distribu-
tion

(1.1) Y~ Nin, 1),
with unknown mean p = (u,...,4,) and the identity covariance matrix /.
An estimator i(Y) = (4(Y),..., Ax(Y)) of p is evaluated by the risk func-

tion

R(i, ) = El g~ pll?,
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P
where ||#(Y) - p|> = i§1 (4(Y) — w)* and E. stands for averaging over the

sample space with respect to the distribution (1.1).
James and Stein (1961) showed that if p = 3 the maximum likelihood
estimator ¥ is dominated by the estimator

=1 —-(p-2/IYIHY.

Several drawbacks of #°C have been pointed out and many efforts have
been made to improve them. One major drawback is that the region of the
parameter space where the risk of A°C (or some other estimators of a
similar type) is significantly smaller than that of ¥ is quite limited (see
Stein (1981) and Berger (1982)).

Improvements over ¥ when observations are classified into several
groups are considered below. Stein (1966) discussed Stein-type estimators
for designs admitting a completely orthogonal analysis of variance: com-
plete k-way classifications, Latin squares and Greco-Latin squares. Two-
way classification case was studied in detail. He showed that if sample sizes
are very large, the Stein-type estimator applied separately to each orthogo-
nal subspace is approximately better than the estimator which shrinks
observations towards the general average. Takeuchi (1980) proposed an
estimator very similar to Stein’s (1966) when observations are classified as
one-way or two-way.

Haff (1978) considered the estimator of normal means in situations
where means are close to each other. He assumed that means have normal
distributions with intraclass correlation structure, in which diagonal ele-
ments of the same value are larger than nondiagonal elements of the same
value, and derived a Bayes estimator. Replacing hyperparameters in it by
the mode of posterior density, he obtained a minimax estimator, which is a
modification of a Stein-type estimator, which shrinks observations towards
the grand average.

From another viewpoint, Efron and Morris (1973) considered the
estimation of normal means which are divided into two groups with
different prior variances. They showed that the Stein estimator applied
separately to the two groups is better than the estimator applied to the two
combined if the prior variances are largely different, and is worse if the
prior variances are almost the same. Based on this consideration, they
proposed a compromise estimator and improved the Bayes risk of the two
Stein estimators in a wide region of the ratios of prior variances. Berger
and Dey (1983) considered the estimation of normal means which are
divided into k groups with k different prior variances. It was shown that a
Stein-type estimator applied to the combined group often dominates, with
respect to the Bayes risk for normal or flat-tailed priors, the estimator
applied separately to each group.
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George (1986a, 1986b, 1986¢ and 1986d) considered situations where
only conflicting or vague prior information is available. For example, when
more than one of a broad class of minimax shrinkage estimators might be
effective, he proposed new minimax estimators, called multiple shrinkage
Stein estimators, which are derived from posterior means of mixture
priors. An estimator of this class is an adaptive convex combination of
shrinkage estimators which gives more weight to the estimator which
shrinks most.

The main objective of this paper is to propose a class of new
estimators in the estimation of components of u when observations are
classified into 4 groups of size B, and to show their goodness. Let Yi; be
independently and normally distributed,;

(1.2) Yii~ N(uij,1%; i=1,.,4; j=1,.,B.

If the class means y;.’s are almost the same, the Stein-type estimator which
shrinks Y;;’s towards the grand average,

asr= 7..+( 1-(AB-3) / (§§(K,~— Y,.)Z))(Yij— Y),

where Y. =X X Y;;/AB will have smaller risk than the Stein-type
i

estimator which shrinks Yi;'s towards individual class averages,
A° = 71‘.-}-( 1-1 / (bZI_I?(YU— Yi.)z))(Yij— Y,

where Y. =2 ¥;;/B and 0< 1/b < 2(A(B— 1) — 2). On the other hand, if
J

ui’s are largely different, %% will have smaller risk than ﬁST . We construct
an adaptive shrinkage estimator which behaves like i°” when &.’s are close,
and like #°° when they are different.

To derive such an estimator, assume a one-way classification structure
of p;

(1.3) Uij=p+aite;; i=1..,A4; j=1,.,B;

where p~ N(w,07), a:~ N(0,03), eij~ N (0,02 and these are indepen-
dently distributed. A limit of the Bayes estimator as g5 — oo is derived. We
estimate 1/(Boa + o> + 1) and 1/(c> + 1) in the limit estimator by suitable
statistics satisfying the order relationship. The estimator ﬂ‘* of (2.12),
which is an adaptive convex combination of g°7 and fi*® obtained by
different estimates of hyper-parameters of variances, is proposed in Subsection
2.2. This estimator is different from George’s which is a convex combina-
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tion of shrinkage estimators based on unbiased estimates of risk reductions.
But it is similar to Stein and Takeuchi’s ﬁss* of (2.13) which may be
regarded as an empirical Bayes estimator for the above prior distribution.
It is shown that if 4 > 4 the estimator #'* dominates #°® as #i** does. The
estimator fi'* is minimax even if A = 2 or 3, the case where A*°* cannot be
constructed. Further it is shown that g'* improves on #*** with respect to
the Bayes risk.

In Section 2, the estimator i'* is proposed and analyzed as stated
above. In the case where 4 and B are small, we calculate Monte Carlo
estimates of risk functions of positive part versions of g'*, #**, 4°7 and
for different combinations of between and within variances. It is observed
that i'* is slightly better than the others if between variances are larger
than within ones, and #** is the best if within variances are larger than
between ones.

In Section 3, we estimate components of g when observations are
classified into A classes, each of which can be divided into B subclasses
consisting of C components. Similarly to Section 2, an adaptive minimax
estimator is obtained, which is a convex combination of Stein-type estima-
tors which shrink observations towards the grand averages, towards indi-
vidual class averages or towards individual subclass averages. Furthermore
we estimate components of g in a special case where observations are
classified into two classes, each of which can be divided into two subclasses
of different sizes. This is the case where Stein and Takeuchi’s estimator
cannot be constructed. The estimator (3.6) is proposed and applied to the
estimation of American baseball team batting averages, which was discussed
by George (1986b). The sum of squared error loss, called actual losses, for
the estimator (3.6), George’s, which combines three estimators (3.7), (3.8)
and (3.9) to be a competitor to the estimator (3.6), and the others are
compared. The estimator (3.6) has a smaller actual loss than the others.

A

2. One-way classification case

Let Yi; be distributed as (1.2) and let its mean u;; be distributed as
(1.3). We also consider the case where u;; has the structure

2.1 MHij=a; + e,

where a; ~ N(0,02), e;; ~ N(0, 07) and these are independently distributed.
The assumption on u is a special case discussed by Lindley and Smith
(1972) to derive the Bayes estimator under a linear multiple regression
model for the means.

2.1 Shrinkage towards zero
Suppose that (1.2) and (2.1) hold. Write (2.1) in the matrix form,
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(2.2) p=Xa+e,

where @ = (ai,..., @4)" and X is an AB X A design matrix with 1 for the (i, j)
elements, B(j— 1)+ 1 <i=< Bj, and 0 for the other elements. For simple
derivation of the Bayes estimator, construct an A B-dimensional orthogonal
matrix P, of which the first 4 column vectors are normalized columns of X
and the remainder columns are arbitrary. Consider the orthogonal transfor-
mation

Z=PY and 6=Ppu,
where Z = (Z,..., Z4p) and 6= (0,,...,045)". The prior distribution of @ is
(2.3) 9 ~ NAB(O, 2:1) .

where E 1 is a diagonal matrlx of which the first 4 diagonal elements are
Ba; + 0> and the others are o2 The Bayes estimator under squared error
loss 1s

(1-1/(Boa+at+1)Z, if l<i<A,

(2.9) 6% = , .
(1-1/@2+1)Z, if A+1<i<AB.

The marginal distribution of Z is
(2.5) Z ~ Nas(0,27),

where X, is a diagonal matrix, of which the first A diagonal elements are
Bo: + 02+ 1 and the others are 62 + 1. Put Sy, = Z Z%and Spp = 2 z.

Suppose that some estimators 61(S11, S12) and O'z(Sn,Slz) can be used for
1/(Bok + o2 + 1) and 1/(d% + 1) in (2.4), respectively. The following compo-
nent estimator is obtained;

26 é”:{(l—&%(sn,sn))zi, if 1=<i<Ad,

(1-6%81,S2)Z, if A+1<i<AB.
Replacing a”%(-,-) and o”’%(-,-) in 8% by 1/aSn and 1/bS1; (a and b are

positive constants to be suitably chosen), respectively, we obtain Stein’s
(1966) and Takeuchi’s (1980) estimator 8° with components

@7 éss_‘(l—l/aSn)Zi, if 1<i<A,

(1-1/b8S)Z, if A+1<i<AB.
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It is trivial that 8% dominates 8¢ =P’ if 0<1/a<A—2 and 0<
1/b < 2(A(B— 1) — 2). However, against the order relationship 1/ (Boa+ 0% +
1)< 1/(¢% + 1), it happens that 1/aS1: > 1/bS1, in 8%, Observing 1/aS1 >
1/651, suggests a violation of (2.1) or (2.3). According to ideas on
estimates in Barlow et al. (1972) satisfying the order relationship, we obtain
the estimator

r(l — 1/ aSn)Zilws.=ps:(Z)
+ (1= (/a+1/b)/(Su + $12))Zilas.<bs:AZ) ,

‘ l (1 = 1/bS12)Zilas,=bs:AZ)
+(1 = (1/a+ 1/b)/(S11 + S12))Zilesi<esAL)
; if A+1<i<AB,
where

I, if aSu=b8n,
I[aSquSIz](Z) = .
0, otherwise.

Inverting %%, we get

(2.9)  AF=p(Sn, Si)(1 — 6H(Si, $12) Yy
+ (1= p(Si1, SN Y i + (1 — 65(Su, S))( Yy — Yi)),

A __
where p(Si1, S12) = Gi(S11, $12)/ 63(S11, S12). Note that §i = BE.l Y% and

Si=2 X (Y, — Y.)". The estimator fi' = P8' is a convex combination of
i

A% and a Stein-type estimator which shrinks Yi’s towards zero. The

estimator fi' is the same as % = P> in the case p(-,+) < 1, and is the same
as the Stein estimator ji°° in the case p(:,-) > 1.

To get conditions on the constant a such that the risk of the estimator
fi' is smaller than that of i’°, we use the following lemma which is well
known and can be verified by integrating by parts.

LEMMA 2.1. Let Z be a standard normal random variable. If f(-) is
absolutely continuous, then Es{ f(ZX(Z — 0)} = Eo{ f'(Z)}.

THEOREM 2.1. Suppose that A = 3. Then the risk of ' is uniformly
smaller than that of i*° if 0 < 1/a < 2(A - 2).
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PROOF. By the orthogonal transformation 8¢ = P/g*¢

. Zi, if 1<i<A,
| -1/bSw)Z, if A+1<i<AB,

it suffices to show that 4(8) = R(8°°,8) — R(#', 8) > 0 under the condition
of the theorem.

2Z(Z:i— 6) 3 1
i=1 aSn 02S11

s ("}: 21Z(Zi~0)
=1 S+ S S+ S

) I[aSnEbSlZ](Z)

) Tiasi<bs:Z) }

& 2Z(Zi-0) B 1
i=A+1 bS1»» b*S12

) I[aSn<bSIZ](Z) } >

where ¢; =1/a+ 1/b. Applying Lemma 2.1 to the first, third and fifth
terms of the above expression, we have

4(0) = Eo{ ( 2A4-2)- ) Iiaszb5.1(Z)

* ( m_ (AAB=2)— )= 3o ) ltasu<ss:i(Z) }

> Eo{ ( 204A-2) - —i‘) I1as,2b5.(Z)

aSn

Ci

m ( 24 — —) Tasu<bsif(Z) i

where ¢; = 2(A(B — 1) — 2) — 1/b, which is positive if 0 < 1/a < 2(4 - 2).

Even if A =1 or 2 the estimator fi' is minimax under the following
conditions, although the estimator ﬁss cannot be constructed in that case.
This estimator is a convex combination of Stein-type estimators which

shrink Y;;’s towards zero or towards the average Y,.if A = 1.

THEOREM 2.2. Suppose that A > 1. Then fi' is minimax if 0 < 1/a +
1/b<2(AB~4)and0<1/b<2(A(B-1)-2).

Note. The MLE Y is minimax with constant risk AB. The risk of fi'
is uniformly smaller than that of ¥ under the above conditions on @ and b,
and approaches AB as || u|| — oo. Therefore ji' is minimax. Throughout this
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paper, an estimator dominating ¥ is minimax by the same reason.

_PROOF. Applying Lemma 2.1 to three terms of 4(6)= R(Z,0) —
R(#', 0) in a similar way as Theorem 2.1, we have

4(0) = Eo{ ( a;‘ ( 2(A~2)— ——) ) Tas,=bs.:(Z)

bSn
+ - aSu<bSp
S S1 (2(AB — 2) — ci)l1as.<bs(Z) }
>E l 1 — el 74
= 1.8 aS” 1 M {a8)=2b81]

—'-__2A 2— adn< 12Z
S11+S1_(( B —2) — ci)lasi<bsal )}

where ¢, and c; are defined in the proof of Theorem 2.1, which is positive if
the constants a and b satisfy the conditions.

Remark 2.1. The above theorems hold for a positive part version of
fi'. The positive part version of i' improves on fi'.

The estimator 8°° of (2.7) would be a natural competitor to the
estimator @' of (2.8). It is not known if @' improves 8% with respect to the
risk. However, it is shown that the Bayes risk of 6", that is, Es||0' — 0])°, is
uniformly smaller than that of 8 in a special case of the following
theorem. Ep denotes expectation under the prior distribution (2.3). Before
stating the result, we need the following lemma.

LEMMA 2.2. Let U be a linear space with an inner product (x,y) and
a norm ||x|| = (x,x)"* and let V be a closed convex set of U. For any E€ V
and any xe U—V, let y be the projection of x onto V. ||x —y| =
inf ([[x —vl|: ve V). Then ||E— x|| >[I - yll.

Remark 2.2. fU=R"and V={v=(v1,...,00): 01 S 0 < -+- < 0y}, then
the projection y of x onto V is an “isotonic regression” (Barlow et al.
(1972)). The lemma means that the isotonic regression has a smaller mean
squares error than the observations.

THEOREM 2.3. Let 0°®F be an estimator obtained by replacing
63(S11, S12) and 65(Si1, S12) in 0%F of (2.6) with (61(S11, S12)S11 + G5(S11, S12)
- $12)/(S11 + S12) in the case 61(S, S12) > 65(Sn, S12). Then the Bayes risk of
0°R is uniformly smaller than that of 8*".
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PROOF. First, we calculate the Bayes risk of 8°”.

Exl|8%° — 0]1* = A(1 ~ 1/(Bo} + o+ ) + AGB— 1)(1 ~ 1/(% + 1))
+ E{(1/(Bai + a2 + 1) = 68 + (1 (0% + 1) - 63},

where 6% = 63(Sn, S12); i=1, 2, and Ez indicates expectation under the
marginal distribution (2.5). The expression in the braces is a distance
between (1/(Bo + o2 + 1), 1/(6> + 1)) and (63, 63). Hence by Lemma 2.2,
the expression is reduced by replacing (63, 63) with its isotonic regression,
(65, 63), 66 = (61811 + 63812)/(Su1 + Sw2), if 61 > 2.

Remark 2.3. Replacing 6i(Si1, S12) and 65(Su, S12) in 8% of (2.6)
by min (1, [/aS11) and min (1, 1/bS12), respectively, we get the positive part
version of 8%, From Theorem 2.3, we can construct the estimator improving
on the positive part version of 8*° with respect to the Bayes risk.

Remark 2.4. For priors different from (2.3), the estimator (2.7) may
have smaller Bayes risk than the estimator (2.8). Suppose that 6~
N4p(0,2), where X is a diagonal matrix, of which the first 4 diagonal
elements are 71 and the others are 73. The estimator (2.7) seems to be better
than (2.8).

2.2 Shrinkage towards the grand average
Suppose that (1.2) and (1.3) hold. That is,

p=[1AB:X][€]+e,
a

where 14z=(l,...,1) and X is the same as (2.2). Construct an A4B-
dimensional orthogonal matrix P, of which the first A columns form an
orthonormal basis of the subspace spanned by the columns of [1,45: X'] and
the remainder columns are arbitrary. Consider the orthogonal transfor-
mation

Z=PY and 606=Pp.

It may be reasonable to assume that the prior on p is vague. Hence we get
a limit of the Bayes estimator as g, — oo;

Z, if i=1
(210)  6%={(1-1/(Boa+os+1)Z, if 2<i<A,
(1 -1/ + 1)Z, if A+1<i<AB.
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The marginal distribution of Z is
Z~ Np(0, %),

where 6’ = (\/—;ﬁ‘w, 0,...,0) and 23 is a diagonal matrix, of which the first
diagonal element is ABoi + Bos + o5 + 1, the second A — 1 diagonal ele-
ments are Bos + o>+ | and the remainders are o + 1. Suppose that some
estimators 61(S71, S12) and 63(S11, S12) can be used for 1/(Bos + o> + 1) and
1/(c>+ 1) in (2.10), respectively. The following component estimator is
obtained;

Z; it i=1,
(2.11) G%F* ={ (1 -6%(St, Sz, if 2<i<A,
(1-6%Sh, S)Z:, if A+1<i<AB,

A
where Si; = ;2 Z% and Sy, is defined in (2.6). Similarly to Subsection 2.1,

the following reasonable estimator is considered;

[ Z, if i=1,
(1 = 1/aS1) Ziliasi=bsA(Z)
+(1—(1/a+ 1/b)/ (St + Su)Zilsw<ssAZ) ,
(2.12) 6;*= if 2<i<4d,
(1 = 1/ b812)ZiIiasi=bs)(Z)
+ (1= (1/a+ 1/b)/(Sh + $12) Zilusi<bs(Z)
if A+1<i<AB,

where a and b are positive constants to be suitably chosen. Inverting 8%,
we have

A57* = p(Sti, Su)(Y. + (1 — 61(Sh, Si))(Yiy — Y.))
+ (1 = p(St1, S Y. + (1 — 6(S1, SN Yy~ Yi))
where p(-,-) is defined in (2.9). The estimator i'* = P8'* is a convex
combination of A°¢ and the Stein-type estimator which shrinks ¥;’s towards
the grand average.
Conditions on the constant a such that the risk of i'* is smaller than
that of A°C in the case 4 =4 are given. Also even if A=2 or 3 the
estimator £i'* is minimax under the following conditions.
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THEOREM 2.4. Suppose that A = 4. Then the risk of §'* is uniform-
Iy smaller than that of i*° if 0 < 1/a < 2(A - 3).

THEOREM 2.5. Suppose that A= 2. Then A is minimax ifo<l/a+
1/b<2(AB-5)and 0<1/b<2(A(B—1)—-2).

Remark 2.5. The Bayes risk of i'* is uniformly smaller than that of
Stein and Takeuchi’s (2.13) which is defined in Subsection 2.3.

2.3 Simulations of i** and other Stein-type estimators
We obtain Monte Carlo estimates for the case 4 =4 and B= 3, of the

risk of the positive part version of each of the following estimators; ﬁl*, ﬁsr

and ﬁSG which are defined in Section 1, and Stein and Takeuchi’s estimator

ASS¥

fi’"" obtained by
(213) A =Y.+(0~-1aSNY.-Y.)+(1-1/bSu)Yj— Y3,

where 0 <1/a<2(A—-3) and 0<1/b<2(A(B—1)—2). It is trivial that
i*** dominates i*°. The risk of each estimator for each choice of p is
estimated by the average loss ||fi— p||* based on 10,000 independent
samples of ¥ ~ Nia(p, I) (the normal random deviates are generated from
the FACOM SSLII routine RANN2).

As estimators S, and S1; follow the noncentral chi-squared distribu-
tions with 4 — 1 and A(B— 1) degrees of freedom, respectively, we put

5= (B (fi.~ £ /(A= 1)" and ow = ( ; >; (uij — i)’/ A(B — 1)), where

noncentralities of S{; and S, are (4 — 1)o3 and A(B — 1)ow, respectively.
We estimate the risk values of the above four estimators for sixteen choices
of pu, varying oz = 0.0, 1.7888(0.4472) and ow = 0.0, 1.2(0.3). The values of
1/a and 1/b in i'* are A —3 and A(B-1) -2, respectively. The values
l/a=A—-3and l/b= A(B— 1) - 2 are the midpoints of possible values of
1/a and 1/b in g%¥, respectively, whose risk is known to be minimum at
these values.

Table 1 shows that if 65 > ow the estimator '* is slightly better than
the others. It is observed that the estimator #** is better than the others
when o is small and ow is large.

3. Two-stage hierarchical classification case

Let components of ¥ be classified into A4 classes and let each class be
divided into B subclasses consisting of C components. Let ¥;;x be indepen-
dently and normally distributed;

(3.1) Yy~ N(uij, 1%, i=1,..,4; j=1,...B; k=1,..,C.
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.

Table 1. The risk values of positive part versions ofﬁlt, u”*. AT and i*°for A=4and B=3.

gs ~g» 0.0000 03000 0.6000 0.9000 1.2000

0.0000 3.9 4.5 5.8 7.4 8.5
3.9 45 5.9 7.3 8.4
2.3 29 4.4 6.3 7.8
53 5.9 73 8.7 9.8
0.4472 4.1 47 6.1 7.6 8.7
42 47 6.1 7.6 8.6
28 34 4.8 6.5 19
53 5.9 73 8.7 9.8
0.8944 4.6 5.2 6.5 8.0 9.0
4.7 5.2 6.6 8.0 9.1
4.1 4.6 5.7 7.1 8.3
5.3 5.9 7.3 8.7 9.8
1.3416 5.0 5.6 6.9 8.4 94
5.0 5.6 7.0 8.4 9.5
5.8 6.1 6.9 7.9 8.7
5.3 5.9 1.3 8.7 9.8
1.7888 5.2 5.8 7.1 8.6 9.6
5.2 5.8 7.1 8.6 9.6
73 7.5 8.0 8.6 9.2
53 5.9 73 8.7 9.8

The four lines in each entry correspond to the risk values of ﬁ‘*, ﬂ“*, A7 and @*¢

The standard error of each estimate is less than 0.05.

, respectively.

An adaptive shrinkage estimator will be obtained. It is shown that this
estimator dominates a Stein-type estimator which shrinks Yijx’s towards
individual subclass averages,

A% = 75_;‘.“!'(1“1/(CZi;Z%(ijk—Yi/-)z))()’ijk—yw.),

where 0 < 1/c¢ <2(AB(C — 1) — 2). Also it is shown that it is minimax even
if A is small. To derive such an estimator, assume a two-stage hierarchical
classification structure of g;

3.2) Wik =i+ Bij+eijx  or  pik=p+ a+ fi+ ek,

where a; ~ N(0,62), fi; ~ N(0,05), eijx ~ N(0,0s), u~ N(w,os) and these
are independently distributed.

3.1 Shrinkage towards zero

Suppose that (3.1) and the first of (3.2) hold. From the matrix form of
(3.2), construct an 4 BC-dimensional orthogonal matrix P. Consider the
orthogonal transformation
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Z=PY and 6=Ppu,

where Z = (Zi,..., Zapc)’ and 0= (6,,...,045c)’. The Bayes estimator under
squared error loss is

(1-1/(BCos+ Cap+as+ 1)Z, if 1<i<A,
(3.3) #={(1-1/(Cd}+0>+1)Z, if A+1<i<AB,
(1-1/(c? + 1)Z, if AB+1<i<ABC.

The marginal distribution of Z is
Z ~ NABc(o, Zl) .

where 2\ is a diagonal matrix, of which the first A diagonal elements are
BCoi+ Coj + g+ 1, the second A(B— 1) dlagonal elements are Coj +
o+ 1 and the remainders are o2+ 1. Put Sz = E 72 Su= 2 Zl and

ABC

Su=_2X Z%. Suppose that some estimators UI(S21, S, Sza), 02(S21, S22,
i=

S») and 63(Sa1, S22, S23) can be used for 1/(BCos + Caf + o2 + 1), 1/(Caj +
6+ 1) and 1/(c>+ 1) in (3.3), respectively. The following component
estimator is obtained;

(1-6%Sa, Sz, S3))Z;, if 1<i<A,
(34 0P ={d-6%Su, S, Sn)Z;, if A+1<i<AB,
(1 - 63(Sa1, Sz, S3))Z;, if AB+1<i<ABC.

Since 1/(BCoi+ of + a2+ 1)< 1/(Caj + 62 + 1) < 1/(6% + 1), the compo-
nent estimator corresponding to the estimator (2.8) in Subsection 2.1 is
considered;

() H1/aSu<1/bSn<1/cSy,

(1-1/aS:)Z;, if 1<i<A,
Gi={(0-1/bSn)Z, if A+1<i<AB,
(1-1/c8Su)Z;, if AB+1<i<ABC.

(2) If 1/¢S:3<1/bS» and 1/aSy < (1/b+ 1/c)/ (S22 + S23),

gl (1-1/a82)Z, if 1<i<Ad,
(1=(/b+1/¢)/(S+ S2)Zi, if A+1=<i<ABC.
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(3) If 1/eSos < 1/bSn and (1/b + 1/¢)/ (S22 + S23) < 1/aSn,
= —(1ja+1/b+1/¢)/(Su+ Sn+ 8Su)Z, i=1,.,ABC.
(4) If 1/bSn < 1/aSy and (1/a + 1/b)/ (S + S2) < 1/cSa,

g (= War 1/D))(Su+52DZ, if 1=i=4B,
-1/ eSn)Z, if AB+1<i<ABC.

(5) If 1/bS2<1/aSy and 1/eSp; < (1/a+ 1/b)/(Sa1 + Sn),
i=(1—ja+1/b+1/c)/(Su+ S+ Su)Z, i=1,..,4BC.

The coefficients a, b and ¢ are positive constants to be suitably chosen.
Inverting 8°°, we have

A2 =661 — 6D Y+ (1 - 8/ — ) Yiju + 6374

+ (61163 — 61 BN ~ B Yipx + G363 Y 1./ 6Y)

where ¢} = 6%(Sx, S», S); i=1, 2, 3. Note that $x=BCZ YZ Su=
CEX(Yy-Y:.) and Sn=2 2% 3 (Yipe - Y.:)%. The estimator ' = P8’ is
[ L

a convex combination of Stein-type estimators which shrink Yiji’s towards
zero, towards the class average Y. or towards the subclass average Y.

Conditions on the constant a such that the risk of @' is smaller than
that of i°° in the case 4 > 3 are given. Also even if 4 =1 or 2, then i is
minimax under the following conditions.

THEOREM 3.1. Suppose that A =3 and B=2. Then the risk of i’ is
uniformly smaller than that of BCifo<l/a<2A-2) and 0<1/b<
2(A(B—-1)-2).

THEOREM 3.2. Suppose that A= 1 and B=2. Then fA' is minimax if
0<lfa+1/b+1]c<2ABC—6),0<1/b<2A(B—1)—2)and0<1/c<
2AB(C—1)—2).

Remark 3.1. The Bayes risk of ji' is uniformly smaller than that of
Stein and Takeuchi’s corresponding to (2.7) in Subsection 2.1.

3.2 Shrinkage towards the grand average

Suppose that (3.1) and the latter of (3.2) hold. A limit of the Bayes
estimator as g- — o is derived and the hyperparameters are estimated by
suitable statistics. We get
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A = (&Y. + (1 - )Yk — Y.)
+(1-81/8)(1 - 6D)Y.. + 6iY.)

+(63/6% - 61161 - )Y + 6363Y ./ 6D,

where 8% = 65(Sh1, Sz, Si3);i= 1,2, 3; and S§1 = BCZ (Yi.— Y.)% S» and

S»s are defined in (3.4). Suppose that '* corresponds to ji'. The estimator
fi'* is a convex combination of Stein-type estimators which shrink Yi;i’s
towards the grand average, towards individual class averages or towards
individual subclass averages. We obtain similar results to those in Subsection

3.1

3.3 Estimating American baseball team batting averages

We estimate g when components of ¥ are classified into two classes,
each of which can be divided into two subclasses of different sample sizes.
It is applied to estimating American baseball team averages (a problem
discussed by George (19865b)).

Let Yijx be independently and normally distributed;

Yir~ N(uijr, 19;  i=1,2; j=1,2, k=1,..,C,

under the assumption (3.2). Put C = 2(C + (). Construct a C-dimensional
orthogonal matrix P and consider the orthogonal transformation

Z=PY and 6=Pp,

where Z =(Z,,...,Zc)" and 0= (61,...,0c). We get a limit of the Bayes
estimator as g — oo;

Zi, if i=1,
(1-1/2Dgi+ Dos+ ot + 1)Z, if i=2,
(3.5)  B5={ (- 1/(Cios + %+ 1) Z, if i=3,
(1 = 1/(Cs0} + 62+ 1)Z, if i=4,

\ (1= 1/(c2 + 1)Z, if S<iscC,

where D = 4C;C;/ C. The hyperparameters in (3.5) may be estimated by the
following statistics; 2Dos by aZ3; Daj by bi(Z3 + Z3); Ciof by bo(Z3 + Z2);
C

C205 by bs(Z3 + Z%) and o> + 1 by ¢ 1_;5 Z3. The coefficients a, b1, by, b3 and

c are positive constants to be suitably chosen. Therefore, we get
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Z, if i=1,
(1 - 1/(aSs + biSn + cSu)Z, if i=2,

(3.6) 0% ={ (1~ 1/(b28 + cSn)Z, if i=3,
(1= 1/(b385 + cS»))Zi, if i=4,
(1—-1/cS»)Z, if S<i<cC,

C
where Sy =273, Si=23+ Zi and Sy = _Zs Z% Notice that Stein and

Takeuchi’s e§£imator cannot be constructed from (3.5). Inverting 6", we
have ji* = P§*. The estimator fi* is minimax under the following condi-
tions.

THEOREM 3.3. Suppose that C>9 and 1/c=C—6. Then i* is
minimax ifa=1/(C—-9), b1 =1/(C—4), b, = 1/(C—9) and bs = 1/(C - 4).

In George (1986b) the batting averages of all 26 baseball teams
through their first 300 official at bats of the 1984 season are listed. He
regarded the estimator based on the team batting averages through the first
300 official at bats as the predictor é, and the team batting averages over
the remainder of the season as the true values p. Arcsine transformations
of the averages are approximated by normal distributions. American and
National Leagues were regarded as the classes and East and West as the
subclasses. Here we consider the following three positive part versions; the
estimator which shrinks Y;;:’s towards the grand average,

3.7 4= '17...+( 1 —( 1A23 (;zg(m— 7..)2)))(1/,-,-k— Y.),

where a A b = min (a, b), the estimator which shrinks Yi;’s towards class
averages,

(3.8) Al = 'Yi-..+( 1 —(1/\22/ (g:z%(mw 7,-..)2)))(16-,-1(— Y.,
and the estimator which shrinks Y;«’s towards subclass averages,
3.9) Al =Y. +( 1- ( 1A 20 / (;}T),;(Y,-jk— Yi_,-.)z)))(njk— Yi).

Further we consider three estimators of George’s i*’ using ¢ = 1, 2, 5 in the

calibration (2.7) in George (19865) which combine the above estimators
37", 45" and #°°*. The sum of squared error loss || — pl|®, called actual
losses, are computed for 7", 4°¢", 4°°", the MLE Y and a positive part
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version of g* with 1/c=1/20 and the following lower limits of the
constants a, by, b2 and b3; a=1/17, by =1/22, b=1/17 and b3=1/22 in
Theorem 3.3. The results are shown in Table 2. However, the smallest loss
(¢ = 5) among three George’s is presented in Table 2. Notice that a positive
part version of fi* has the smallest loss.

Table 2. Actual losses for positive part versions of ﬁ*, A7, 3%, 15, g% and Y.

F ﬁ* ﬂST ﬁSG ﬁSC ﬂEG Y

16— pl* 421 4.24 4.94 730 438  26.53
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