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Abstract. This paper derives the asymptotic distribution of the weighted 
least squares estimator (WLSE) in a heteroscedastic linear regression 
model. A consistent estimator of the asymptotic covariance matrix of the 
WLSE is also obtained. The results are obtained under weak conditions 
on the design matrix and some moment conditions on the error distribu- 
tions. It is shown that most of the error distributions encountered in 
practice satisfy these moment conditions. Some examples of the asymp- 
totic covariance matrices are also given. 
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1. Introduction 

The fol lowing linear regression mode l  is widely used in practice: 

k 
(1.1) Y~i = x(ifl + e~/, j = 1,..., hi, i = 1,..., k, Z, ni = n ,  

i=l 

where  fl = (ill,. . ., tip)' is the u n k n o w n  pa rame te r  of  interest,  p is a f ixed 
integer, yu are the responses,  xu = (xol,...,Xop)' are k n o w n  design vectors,  
and e 0 are independen t  r a n d o m  errors.  Fo r  each i, eu, j = 1,..., ni, have the 
same d i s t r ibu t ion  with mean  zero and var iance  a 2. The  o .2 are u n k n o w n  
and unequal .  M o d e l  (1. l)  is called a heteroscedast ic  mode l  because  of  the 
presence of  unequa l  scale parameters  ai. Let  

P e = ( e l l , . . . ,  eln,,..., ekl , . . . ,  eknk)n×l , 

y = ( y . , . . . ,  y l , , , . . . ,  y k l , . . . ,  yknk)n× 1 , 

and 
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X : ( x , , , . . . ,  x k , , . . . ,  xk,J'x  • 

A matrix form of Model (1.1) is then 

y =  Xfl + e ,  

with the dispersion matrix 

(1.2) D = Var (e) = block diag. (azL,,..., trzLJ, 

where L is the t × t identity matrix. The design matrix X is assumed to be 
of full rank. Note that X and y depend on the sample size n, but the 
subscript n is omitted for simplicity. For each i, if xo are the same for all j ,  
then yij is the j - th  replicate at the i-th design point. Model (1.1) is slightly 
more general since xo, j = 1,..., ni, are not assumed to be the same. 

For a regression problem, it is usually difficult to obtain a large 
number  of replicates (see Fuller and Rao (1978)). Therefore, throughout  
the paper we assume that ni <- n=, i = 1,..., k, for a fixed integer n=. 

The ordinary least squares estimator (OLSE) of fl is 

(1.3) fl = ( X ' X ) - t X ' y .  

The OLSE may be improved by the weighted least squares estimator 
(WLSE) of fl: 

(1.4) f iw: (x ,  Wy) , 

where 

W = block diag. (wlL,,.. . ,  wklnJ, 

and w7 ~ are estimates of of, i = 1,..., k. 
If a~ is a smooth function of the design or the mean response, a 

consistent estimator of a f (k--, oo) can be obtained and the asymptotic 
distribution of flw is the same as f l = ( X ' D - 1 X ) - I X ' D - l y  (see Carroll 
(1982)). Therefore, /~w is more efficient than/~.  In the general situation, 
where a f is not related to the design, no consistent estimator of a~ z is 
available unless n i  ~ e~. If W, ~1 are inconsistent estimators of af, the 
asymptotic distribution of ~w is not well known and is different from that 
of ~. Thus, fl" may or may not be more efficient than ft. For comparing the 
efficiency of fiw and/~, and making statistical inferences based on/~", it is 
crucial to obtain the asymptotic distribution of fl". 

Several types of estimators of af are proposed by various authors (e.g., 
Hartley et aL (1969), Rao (1970, 1973), Horn  et aL (1975), Fuller and Rao 
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(1978), Shao (1987)) for the case where cr~ z is not  assumed to be related to 
the design. The empirical  results in Shao (1987) show that  the W L S E  is 
more efficient when the following est imator of a{ is used: 

(1.5) obi = nT' ~ r~ + his 2, 
j = l  

ni 

- ' " ( n  - p ) - I  where rij = yij xo~, S 2 = ~ ~ r~ and hi = n71 j~=l x~(X'x)-lx#" 
i = l j = l  "= 

Fuller and Rao (1978) derived the asymptot ic  distr ibution of ~w with 
-1 wi = -  oi, where 

(1.6) oi= n~' ~ r/~. j = l  

However,  the assumptions  they made  are rather restrictive: (1) the errors e0 
are no rma l ly  d i s t r ibu ted ;  (2) several  matr ices ,  such as k-~X'X and 
k-tX'DX, converge to positive definite matrices. Since a~ are unknown  and 
unequal ,  it is usually difficult to check if k-~X'DX has a positive definite 
limiting matrix. 

Under  a weak condi t ion  on the design matr ix  X and some m o m e n t  
condit ions on the error distributions,  this paper  derives the asymptot ic  
distr ibution of flw with the reciprocals of the estimators (1.5) or (1.6) as 
weights. 

The  rest of the paper  is organized as follows. In Section 2, we state 
some assumptions and prove some technical lemmas. The main results are 
established in Section 3. The last section studies some examples and derives 
a large class of error distributions satisfying the assumptions for the 
asymptotic theory. 

2. Preliminaries 

The following assumptions  are used in deriving the asymptot ic  distri- 
but ion of flw: 

(A) There are positive constants  a0, a~ and c~ and positive integers 
no and n~ such that  tro <_ tri <_ try, no -< ni <_ n~ and IIxuII -< c= for all i and j,  
where ][x[[ = (x'x) l/z is the Euclidean norm of x. 

(B) There is a positive constant  Co such that  

Co <_ k- ~ (the min imum eigenvalue of X ' X ) .  

(C) The errors e 0 satisfy the following m o m e n t  conditions: 

(2.1) 
) [ /(n 

E eil e/~ = 0  and E eilei2 E e  =0 
"= j = l  
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for all i and t = 1,2, and 

(2.2) Eleiil2+~<_b and E (  ~°eZ)-I~+~)<b 
j=l  

for all i, where b and J < 1/2 are positive constants. 
Assumption (B) together with the boundedness of IIxuIj imply that 

X ' X  diverges to infinity at the rate O(k); i.e., there are positive constants Cl 
and c2 such that 

(2.3) Clip ~ k - I X ' X  < - c2Ip for all k .  

This is much weaker than k - 1 X ' X  converging to a positive definite matrix, 
a condition assumed in Fuller and Rao (1978). A sufficient condition for 
(2.1) is that the distributions of eu are symmetric about zero. It is shown in 
Proposition 4.1 that most of the error distributions encountered in practice 
satisfy (2.2). Define 

(2.4) 
" 2 

-- eo J 

Examples of the functions r can be found in Section 4. It is easy to see that 
under assumption (A) and (2.2), 

0 < r(noo) _< r(ni) ___ r(n0) < oo for all i .  

The results in Lemma 2.1 can be found in probability theory. The 
proofs are omitted. 

LEMMA 2.1. (i) Let {~i} be a sequence o f  independent random 
k 

variables with E l i  = l l i .  Put ~ = k- 1 ]~ ~i and ft = k- 1 • ~,li. I f  for  a positive 
k i=1 i=1 

J___ 1, k -II+al Z El~ill+a --" 0, then ~ - ~ t ~ p O ,  where ~ denotes conver- 
i=l 

gence in probability. 
(ii) Let {~i} be a sequence o f  random variables with supEl~ilx+~< oo 

i 
for a J >0.  Then lim m a x l ~ i l  ] = 0 .  

LEMMA 2.2. Suppose that assumption (A) and (2.2) hold. Let {zi} be 
a nonrandom sequence such that Iz, I <- z for all i. Then 

k k 
k -] Y~ ziui 1 - k -1 E zinir(ni)a72 ~ 0 , 

i=1 i=1 

where 
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(2.5) ui = n; l ~ e 2 . 
j = l  

PROOF. From (2.4), E(ziu:, 1) = zinir(ni)a;  2. From assumption 
and (2.2), 

k k 
l+J  1 + ~ - ~  k -(1+~) ]~ Elziu?l l  1+~ <- gl+Ok -(1+~) Y" EU7 (1÷~)<- z= n= o r  . 

i=1 i=1 

The result follows from Lemma 2.1(i). [] 

LEMMA 2.3. S u p p o s e  that  a s s u m p t i o n  
a > [2(1 + j)]-l ,  where 6 is given in (2.2). Then 

and  f o r  any 1 <_ h < n~, 

and 

PROOF. 

k -3~ ~E leil[ e - ' vO 
i : 1  

U sa ~, e~l leihl E ~ . /=I  J 1 e 0 

( 2 ° e~ )-1. Then Let ( i  : ~ J = I 

l eill ~ e ~  <- ~ e o  <_(?/2 j=l j=l 

e~l leihl j : l  ~ eo <- leml J =~le _< ( ? / 2  . 

Hence, the result follows from 

k-3a ~ (3/2 
i : 1  ~ 0 : s  

which is implied by 

E k-3a i~i3/2 ~ k -2a(l+a) E(, l+a < ~ 0 
i=1 

since a >  [2(1 + j)]-a. [] 
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(A) 

(A) a n d  (2.2) hold .  Le t  

LEMMA 2.4. Suppos e  that  assumpt ions  (A) and  (B) and  (2.2) hold.  
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Let 

and 
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H = block diag. (21011/n,,..., -1 zkvk 1.3 

G block diag. (zmlr(nl)a~2L, , . .  -2 = ., zkn~r(n~)a~ L ) ,  

where o~ is def ined in (1.6) and z~ satisfying 0 < zo <- z~ <_ z= < ~ .  Then 

k - l X ' H X -  k - I X ' G X - - ' p  0 . 

PROOF. The (t, s)-th element of k - ~ X ' H X  is 

k ni 

k -  1 ~--1 ZiO~ 1 y,  XijtXO's , 
i = j = l  

Let ui be defined in (2.5). Then 

~ u; 1) J "El xu, xos k k -x Z z i ( o ;  1 _ < _ C k - l Z  Iv; 1 - u ; l l  
i=I  = i=1 

where C is a positive constant.  F rom L e m m a  2.2, 

k ni 

k -1 Zildi Y-, xTtxus- k -1 
i= j = l  

k n, 

E zinir(ni)a[ 2 s~l xutx~is ~'p O. 
i=1 

Hence the result follows f rom 

k 
= ui I - p  O. k l~=xlo;1 - -1 

Fix an a such that  [2(1 + 5)1 -I < a < 2 - 1 .  Let Bi, = { max  [e,j[ < k -a }, Akl = 

i~Bik '  A/,2 = { max,.j 14~0[ > 2  1n&1/2k -a } and Ak = Ak~ U A~2, where 4~ij= 

x~(fl fl). Let A c he the complement  of the set A. On A c - -  k~ 

/'h th 

jE 1 le,JI -< ni2-1n&l/2k -a<_ z.,')-1"1/2,,• m a x  l e , j l j  - < 2 -1"1/2,,0o j=lE leo l  

and 

j~t= 4~,} -< hi4 ln&lk-2,,_< 4-' max e~ _ 4-1 ~, e,.} 
j j : l  ' 
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which implies 

- '  ~, (e~/ 4)0 2> 2-'n7' ~ e~- nT' ~ 4)2> 4-'n71 ]~ e~ 4-'u,. Oi = n i  - - -  - -  ~- 
j= l  j=l  j= l  j=l  

Hence, there is a constant C > 0 such that on A~, 

(2.6) ] I " I°Tl - uTl[ = nTl u71°71 j=l ~ (2e~/- qb0)~b// <~ Ck-~uTZj=~ l ed  • 

Thus, from Lemma 2.3, 

k-l[i:i~[u71-o711]l(Ak)<¢ _Ck- l -~[  ~ i: 'j:lleij[u72]l(A{) 

k nl 
<-- Ck -3" Y~ E leiilui 2 --'p 0 

i=l  j = l  

where I(A) is the indicator function of the set A. It remains to show 
P(AD --" O. Note that 

k 
P(Ak) <- i~, P(Bi,) + P(Ak2) 

and 

i~=lk P ( g i k )  = i~__lp ( k a ~  (m/ax I e/j[ :/-1 )<- i~=l P ( n71k2a < (j~l" e02 )'-1 ) 

)-(1+~1 k . (l+j) t_2(l+J)aa,:,/ ~_o 2 ~ O.  
<~ i=1 ~'* n i  ~ 15~j~=1 eo <- bn~l+a)k l-2ll+a)~' 

Under assumptions (A) and (B), lift - fill = Op(k-i/2). Hence k s m a x l 4 M  -< 
l,./ 

c~k~'llP - fill - '~  0 and 

P(Ak2) --* 0 . 

This completes the proof. [] 

LEMMA 2.5. Suppose that assumptions (A) and (B) and (2.2) hold. 
Let 4)0 = x,~(/~ - p). Then 

(2.7) 
k 

Rtl= ~,nT~u72 ~ ~2 ~ x,me,h=op(k~/2) 
i=l  j = l  h=l 

and 
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(2.8) R,2 = Y~ ni-Zui-2-1oi ~ (2e0- - ~b/j)thu hYZ,=iXih,eih = o p ( k m ) .  
i=1  j = l  = 

PROOF. From assumption (A), there is a constant C > 0 such that 

k n,' 

k-~/21R,11 <- Ck  -~/2 II/~ - fill 2 i E, h_E~ leihlUT:. 

Since II/~ - /~11: = Op(k-'), (2.7)  follows from Lemma 2.3. Let Ak be defined 
as in the proof of Lemma 2.4. From (2.6), there are positive constants Cl 
and C2 such that 

( ) ( k -mlR t21I (A i , )  < - Clk  -1/2 max~b 2 ~ u ;  3 ~ leihl E leol 
i , j  i=1  h = l  j = l  

~:lu;3j"' :~ 2 0 - eiil eih I "---~P , < C2k-V211~-/~llZ / --El h=~ 

by Lemma 2.3 and liP-/~112-- Op(k-~). From the proof of Lemma 2.4, 
P(Ak) --" O. Hence (2.8) holds. [] 

3. The main results 

Let r(ni) be defined in (2.4). Define 

D1 = block diag. (tr;znlr(nl)In,,..., trk2nkr(nk)ln,), 
D2 = block diag. (tr12r(n0L~,..., tri,2z(nk)L,) , 

and 

X,~ = X ' D I X  + 4 X ' D 2 X  + 4 X ' D 2 X ( X ' X ) - I X ' D X ( X ' X ) - I X ' D 2 X  , 

where D is given by (1.2). Note that under assumptions (A) and (B), there 
are positive constants Co and C1 such that 

(3.1) Colp <_ k - lSk  <- Cl ip .  

We first derive the asymptotic distribution of/~w with w71 = vi given by 
(1.6). 

THEOREM 3.1. Suppos e  that a s sumpt ions  (A)-(C) hold.  Let  ~w be 
de f ined  in (1.4) with  w~ 1 = vi. Then 

(3.2) V;1/:(l~w - fl) --d N(O, Ip), 



(3.3) 

PROOF. 

(3.4) 

where 
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where --d denotes convergence in distribution, Vk 1/z = (V~/2)-1 and V~/2 is 
a square root o f  

Vk = (X'D~X)-127k(X'D~X) -~ . 

We first show that  

S i  1/2 Tk --d N(O, l p )  , 

with 

Tk = X'g"e  + 2 X ' D E X ( X ' X ) - I X ' e ,  

i f ' =  block diag. (u~L, , . . . ,  u-kllQ. 

Under  (2.1), ETk = 0. Then  

7] ' Var  (Tk) --- E(kT[, )  

= E(X" flee" # X )  + 2E[X" Vgee 'X(X'X)-1X'O2X] 

+ 2E[X 'D2X(X 'X ) -~X ' ee  ' i f 'X] 

+ 4 [ X ' D 2 X ( X ' X ) - I X ' D X ( X ' X ) -  I X ' D 2 X ]  . 

Since -2 2 . ui e0, J = 1,..., hi, have the same distr ibution,  

ni 
(3.5) E(u72e 2) = n71 E E(u72e~) = EuT~ 1 = t 7 7 2 n i , ( n i )  . 

j=l 

Then the expected value of  the (t, s)-th e lement  of X' I~ee ' f f 'X  is 

E ui 2 ~ xoteu } xose~ = Y~ Y~ ei ni (ni)xijtXijs. 
i=!  j = l  j 1 i = l j = l  

Hence 

E ( X '  lYe'ee' i f 'X)  = X ' D 1 X  . 

Similarly,  the expected value of  the (t, s)-th e lement  of  X'IYVee'X is 

E ui xijteg ~ Xose ~ - 1 2 = E(ui eo)x~,xos = E Z xo,xos, 
i j = l  j = l  i= j = l  i = l j = l  
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r / i  

since E(u~le~ .) = nf  1 E E(u~te  2) = 1. Hence 
j = l  

E [ X ' D 2 X ( X ' X ) - I X ' e e ' W X ]  = X ' D 2 X ( X ' X ) - 1 X ' X  = X ' D 2 X ,  

This shows 

Var ( Tk) = Zk . 

Let l be a fixed nonzero p-vector  and 2k = Zk- 1/2 l~ ( l ' Z f  1l)1/2. Then ]] 2k I] = 1 
and 

d 2 Var (MTk) ( l 'Xk l l ) - l l ' S i~ /2Z~xk l /21  ( l ' E [ l l ) - l l ' l  
k ~ - -  ~ ~ ° 

Let 2k~ and ~/~ be the s-th elements of 2k and 2(X'X)-IX'DzX,~k, respective- 
ly. Then 

k p n, 

2/,Tl, = Z Z Z ()tk~uilxij~eo + rlk~X~iseo) . 
i= s = l j = l  

F r o m  assumpt ion (A), I I r/,ll 2 = 4 2 ; X ' D 2 X ( X ' X ) - 2 X ' D 2 X 2 k  <_ C~, where C1 
is a positive constant.  Let O be given in (2.2). Then 

-1 + EI21,~ui xo~eu rlk~XoseuI 2+'~ <-- C2(EuT~ (l+'~/z) + Elei l l  2+'~) < C3 

where C2 and C3 are positive constants. Hence 

k P n, 

dT, 12+~) Z Z Z El2k~uTlx~seg + rlksXijseij] 2+~ <_ C3n=pkd i  (2+6) . 
i=1 s = l j = l  

F r o m  (3.1), kdk-(2+~)~ Co l-~/2k -~/2-" O. Hence the Lindeberg's condi t ion 
holds and therefore 

d~:12;Tk = l'Ei, a/zTk/ ( l ' l )  1/2 --'d N(O, 1). 

Since I is arbitrary, the p roof  of (3.4) is completed. 
Next, we show that 

(3.6) X ' W e -  Tk = op(km)  . 

- 2 0 - 1  z 0 F r o m  o~ -1 = u; 1 - u ; 2 ( o i -  u~) + ui i t i -  u~) 2, the t-th element of X ' W e  is 

k n, k n, 

E oi 1 Y~ xoteo = Y] u~ 1 ]~ xijte~ - R ,  + Rt2 + 2Rt3 , 
i=1 j = l  "= j = l  
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where Rtl and Ra are defined in (2.7) and (2.8), respectively, 

R,3 = ]E ~=, n;'u; 2 ~ Xih~eih ( f l~-  fls) 
s=l i= "= h=l ' 

and /05 is the s-th element of ft. From Lernma 2.5, Rtl = op(k ~/2) and 
R,2 = 0~,(kl/2). Note that the t-th elements of X ' W e  and X ' D 2 X ( X ' X ) - I X ' e  
are, respectively, 

k n~ p n~ 

,~1 u T I ' :  j = l  ~ Xijteij and s=~lO';2"c(r/i) jY~ 1 :  ' :  XijtXijs(~s -- f l s ) .  

Hence it remains to show that 

P k n~ 
(3.7) s:lY~ ,~ a'-2r(n') ' :  jY~x: xotxo~(fls - fls) - R,3 = op(kl/2) . 

Since 11/~ - fill = Op(k-l/2), (3.7) follows from 

XijtXOs- 2 n ; l u ;  2 ~ xote U ~ Xih~eih = op(k)  (3.8) i--~10"72 T (r/i) j~l i=1 j = l  h=l " 

From (2.1) and (3.5), 

E[  nilu72(j=l ~xij'eO )( h:l~Xihseih ) ]=  a[2r(ni)j~= xOtXijs. 

b ( )( )1 ( 2 -1 -2 Eleol <¢~u; 1 Hence Also, n ~, lu7,2 ~ xgte# ~ XihsPih " ~  Cmni Ui - -  . 

j = l  h=l 3=1 

(3.8) follows from Lemma 2. l(i). This proves (3.6). 
Finally, from (3.4) and (3.6), 

(3.9) Xi  1/2X' We --'a N(O, Ip) . 

Since/~w _ fl = ( X ' W X ) - ~ X ' W e ,  

(3.10) S7, 1/2(X'D1X)(flw - fl) = Z ;  a/2(X'D1X)(X'WX)-1S;/2S~, 1/2X; We.  

Note that 

S ;  1/2 ( X 'D1X  )( X '  W X  )-1S,~/2 

= Sf, 1/2(X'D1X)[(X'WX)-I  - (X'DIX)-1]Z';/2 + Ip. 

From Lemma 2.4, k [ ( X ' W X )  -1 - (X 'DIX)  -1] ---p O. From (3.1) and X'D1X <_ 
nooao2r(no)X'X, 
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S ;  ~/2 ( X '  Dt X )( X '  W X  )- ' S~/2 --'p Ip . 

Thus, from (3.9) and (3.10), 

(3.11) z ~  '/2 ( X ' D , X ) ( f l w  - fl) ~a  N(O, Ip) . 

That is, we have shown (3.2) when (X 'DIX) - IS~ /2  is taken to be a square 
root of Vk. For  an arbitrary square root V~/2, (3.2) follows from (3.11) by 
using the same argument as in Fahrmeir  and Kaufmann ((1985), p. 349). 
This completes the proof. [] 

The next theorem shows that (3.2) also holds for flw with a 2 estimated 
by o7 given in (1.5). 

THEOREM 3.2. Suppose  that assumptions (A)-(C) hold. Let flw be 
the W L S E  with w-~ I = obi. Then 

V; m (flw _ fl) --a N(O, Ip) . 

and 

PROOF. Let 

Wl = block diag. (v-ilL,,..., o-klL,) 

b -1/~ b -1 W2 -- block diag. ((ol) ,,,..., (ok) I, ,) .  

The result follows from 

(3.12) 

and 

X '  W2e = Tk + op(k 1/2) 

(3.13) ( X ' W 2 X ) - I ( X ' W 1 X )  --.p Ip, 

where Tt is defined in the proof of Theorem 3.1. Following the proofs of 
Lemma 2.5 and Theorem 3.1, (3.12) follows from 

max Jr/b - oil = Op(k -1) 
i<_k 

which is implied by max hi = O(k  -l) under assumptions (A) and (B). For 

(3.13), it suffices to show that 
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(3.14) max lo/bo?' - 11 --'p 0 
i<k 

which follows from 

max h~o:, 1 --'p 0 .  
i<_k 

Since max hi = O(k- 1), it remains to show 
i<_k 

(3.15) k -t max o71 
i<-k " * p  0 . 

Let Bk = { m/<akXlZ~iuil I > 1/2 }, where zli= o i -  ui = n~ 1 j : l  ~ (;b~" - 2ni 1 2:, ~ ~b°e/J" 

On Bg, 

- 1  max Oi 
i<~k 

no 2 )-1 
< 2 -1 max u~ -~ _< 2-1n~ max 5'. e# . 

i<_k i<_k ~j=1 

Since k- 1 max e 2 
i<_k \ j : l  

P(Bk) ~ O. Note that 

~p 0 by Lemma 2.1(ii), (3.15) follows from 

. ,  { },/2 
Izliu711 _< ni-~y~ [x~(]~--fl)]2u71 +2  n; '  ~ [x~(/~-fl)] 2 u; 1/2 . j=1 

Hence P(Bk) --" 0 follows from II/~ - fill 2 = Op(k -l) and 

maxi<_k { nZl i=1 ~ [x/~(fl - p)]2u;1 } _< cLIIP - #ll 2 max u; 1 

< c2nool]~ _ ~112 max ( ~ e 2 )-1 
- i_<k ~ j : l  - ' p  0 .  

[] 

From the above theorems, Vk defined in (3.3) is the asymptotic 
covariance matrix of /~w. A consistent estimator of Vk is required for 
making statistical inference based on/~w. Let wT' be either oi or o~, 

U block diag. -1 = (n, Wlln~,..., n--,lwkI,,) 

and 

~'~k = ( X t W X )  -1-~- 4 ( X ' W X ) - I X ' U X ( X ' W X )  -l 

+ 4(X'  W X ) - I X '  U X ( X ' X ) - 1 X '  W - ' X ( X ' X ) - I X "  U X ( X '  WX)-1 . 

The following theorem shows that l?k is consistent for Vk. 
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THEOREM 3.3. 

PROOF. 

JUN SHAO 

Suppose that assumptions (A)-(C) hold. Then 

vk )  0 . 

F r o m  Lemma  2.4 and (3.14), 

k - 1 X ' W X  - k - I X ' D 1 X  --'p 0 

and 

k - I X ' U X -  k - IX 'D2X-- -p  0 . 

It remains to show that 

(3.16) k - I X ' W - I X  - k - I X ' D X ~ p  0 . 

k t/i 
When w71= o~, the (t ,s)-th element of k - I X ' W - ~ X  is k -1 ~1 ]~ xijtXtisOi. Let 

i= j = l  

ui be defined as in (2.5). F r o m  L e m m a  2.1(i), 

k ni k nr 

k-1 i=~=l j•l= xijt"~osUi - k-l  t~l: j~l: x°txijsG2 ~ O. 

0 - l  ~__ F r o m  the p roo f  of Theo rem 3.2, max[  iui - 11 maxlAiu:, l[  = Op(1). 

Hence (3.16) holds. The same argument  shows that  (3.16) also holds if 
- 1  o b. This completes the proof. [] Wi z 

In some situations the parameter  of interest is 0 = g(fl), where g is a 
funct ion f rom R p to R q and is differentiable at ft. A natural  es t imator  of 0 
is 0 = g(~W). Let 

Vk g = Vg(fl) Vk(Vg(f l)) ' ,  

where Vg(fl) is the gradient of g at ft. We have the following result. 

THEOREM 3.4. Let 0 = g(~W) with w:, l = either oi or obi. Suppose  that 
assumpt ions  (A)-(C) hold, Vg is cont inuous  at fl and Vg(fl) is o f  f u l l  rank. 
Then 

(3.17) 

and 

( Vkg)- 1/2(0 -- O) ""~d N(O, Iq) 

(3.18) k I?~ - k V~ --'p O , 
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where 

Vg( W) , 

PROOF. From Theorems 3.1 and 3.2, and the continuity of Vg, 

0 -  0-- Vg(/~)(/~ w -  fl) + op(k-'/2). 

Let l be a fixed nonzero q-vector, lk = (Vkg)-ml and 2k = V~/2(Vg(fl))'lk/ 
(l~Vg lk) I/2. Then 

1'( v g ) - l / 2 ( 0  - O )/ (ltl) 112 =/~Vg(fl)(fl  w - fl)/ ( l tVg lk) '/2 

+ l'( V~)- v20p(k-l/z)/(l,l)1/2 

= 2[Vi ' /2( f l  w - fl) + op(1) --*e N(0, 1), 

by Theorems 3.1 and 3.2, and 112kll = 1. This proves (3.17). (3.18) follows 
from Theorem 3.3 and the continuity of Vg. [] 

Let M denote a nonnegative definite matrix. If the map M--* M 1/2 is 
continuous with respect to the norm IIMII = [trace ( M ' M ) ]  1/2, then the 
square r o o t  M 1/2 is said to be continuous. An example of continuous 
square root is the Cholesky square root. 

Statistical inferences such as testing hypothesis and setting confidence 
region for 0 can be made by using the following result. 

COROLLARY 3.I. Let  (t?kg) 1/2 be a cont inuous  square root  o f  I?g. 
Under the conditions o f  Theorem 3.4, we have 

( 17"~)-vz(t~ - O) -~a N(O, Iq). 

PROOF. From (3.17), it suffices to show that 

(3.19) (12~)V2(V{)-m - Iq ~ O . 

From (2.3) and (3.18), (V{ ) -mf"~(V{ ) - l /Z - Iq - - . pO.  Then, (3.19) follows 
from (2.3), the continuity of the square root (IT'f) 1/2 and the result in 
Gourieroux and Monfort ((1981), p. 85). [] 

4. Some examples  of error distributions 

The following are examples of the distributions of eo and the function 
r defined in (2.4). 
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Example 1. If  e0 have normal  d is t r ibut ion  N(0,  a~) and ni >- no = 3, 
then a s sumpt ion  (C) holds and 

"c(ni) = ( n i -  2 )  -1 . 

Thus,  the result in Fuller  and R a o  (1978) is a special case of  our  results. 

Example 2. Let the dis t r ibut ion of  e0 have a densi ty 

fi(t) = [ F ( a ) ] - l A j I  tl 2a-1 exp ( -  t2/2i), 

nl 
where a > 0 and 2i = a2/a. Then the densi ty o f j Z  1 e 2 is 

f ( t )  = [F(nm)]-12['"t "~-1 exp ( - t/ 2i), t >_ O . 

Thus,  a s sumpt ion  (C) holds if and only if 

niot  > n o a  > 1 , 

r(ni) = a(nia - 1) -1 . 

When  a > 1, (4.1) holds for  no = 1 and therefore,  there is no restr ict ion on 

ni ' s .  

Example 3. Let e,j be uni formly  dis t r ibuted on [ - 31/:ai, 31/2ai]. Then 

Ee~ 2 = 

Note  that  e0 = a71eo are un i fo rmly  d is t r ibuted  on [ - 3 1 / 2 ,  31/2]. Let  0 < g < 
1/2,  m _> 2 be an integer, c = (3m) -I1+~) and d = 3 -II+z). Then 

(4.2) E(:~le2)-(l+a)=r= [ m 2 Jc Ptj~=l~°< t-1/(l+~) ) dt 

f? (4.3) = 0z/12)m/z[F(m/2 + 1)] -1 t-'/12+ZZldt 

+ P j--~l etj < t- 1/( 1 dt, 

which is infinity if m = 2. W h e n  m _> 3, the first t e rm in (4.3) is equal  to 

(4.4) (zc/12)m/2[F(m/2 + 1) ] - t [m/ (2  + 23) - 1]-13 m/2-11+zt . 

(4.1) 

and if (4.1) holds,  
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Thus,  assumpt ion  (C) holds if and only if ni -> no = 3. If no -> 3, 

"f(ni) = 3-1(lr/4)n'/2[F(ni/2 + 1)]-1(nil2 - 1) -1 + A(ni)  , 

where 

t" 3n, _ l n~ 2 ) 
A ( n i ) = J 3  s 2 P [ j ~ = l e i j < s  d s .  

381 

The fol lowing result gives a large class of distr ibutions satisfying 
assumpt ion (C). 

PROPOSITION 4.1. A s s u m e  that ni >_ no = 3 a n d  eo has a densi ty  f ( t )  

which is s ymmet r i c  about  zero and  satisfies f l t lz+6f(t)dt  <_ C and  f ( t )  <_ C 

when  t ~ [ - a, a], where  a a n d  C are pos i t i ve  cons tants  a n d  independent  o f  
i. Then assumpt ion  (C) holds.  

(5~ ° )-"+~) PROOF. We only need to show that  E e~ < ~ .  Let A = ~j=x 
[ - a,a] × [ - a,a] × [ - a,a]. For  0 _< 6 < 1/2, f rom (4.2)-(4.4), 

f A ( t  2 + t22 + t]) - I I+6l f ( t t ) f ( t2) f ( t3)dt ,d t2dt3  

< c 3 f A (  2 tl + t 2 + t2)-(l+~)dtldtzdt3 < oo 

The result follows f rom 

fAc(t~ + t 2 + t])-II+Olfi(t l)f(h)fi(t3)dtldt2dt3 <_ a-211+61 < [] 
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